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Summary

Ray-theoretic modeling requires accurate amplitude as
well as phase both for forward modeling and Kirch-
hoff inversion, among other applications. For the case
of linear sloth (slowness squared or inverse wavespeed
squared), analytical solutions of the ray equations do
exist, leading to a combined numerical analytical tech-
nique in tetrahedral models. The ray tracing with this
method is relatively fast. However, the wavespeed model
generated by this technique is not sufficiently smooth to
produce accurate amplitudes. Recent attempts to fur-
ther smooth the physical model defeat the advantage
of speed of the algorithm because the smoothness con-
ditions across the faces of the tetrahedra generate a
coupled system of equations of a size proportional to
the number of tetrahedra in the global physical model.
In 3D, this is not practical. Thus, we conclude that a
standard smoothed physical model on a Cartesian grid
is likely to lead to a computer code of competitive cpu
speed, when amplitude accuracy—dynamics—are of as
much concern as travel time accuracy—kinematics.

In either case, we use a wave front construction
technique, in which the size of triangular plates con-
necting three nearby rays on the isochron (surface of
constant travel time) are used as an indicator of ad-
equate density of rays. When the criteria for density
of rays are violated, data at new points on the wave-
front are interpolated into the family of rays and the
wave front construction continues. In this manner, the
method does not require excessive density of rays at
small travel times in order to maintain adequate density
of rays at larger travel times. The technique allows for
multi-pathing (caustics) and for amplitude propagation
along each of the branches of the wave front.

An application of the modeling technique is presen-
ted here; more will be presented in the talk.

Introduction

In this report, we address the problem of accurate and ef-
ficient determination of multi-valued 31> maps for amp-
litude as well as travel times or any other ray-related
variables throughout the target zone from any shot and
receiver position. The current interest in 31 seismic
imaging has considerably increased the importance of
ray tracing methods in wave field computations. Among
seismic modeling methods, ray tracing methods provide
a reasonable compromise between accuracy and compu-
tational efficiency. For the computation of travel time,
various methods have been described. Among those, the

finite-differencing (FD) method, i.e. FD-solvers of the
eikonal equation, has recently become a popular method
for calculation of “first arrival” travel times (Vidale,
1988). However, this method suffers from the disadvant-
ages that it is restricted to the computation of first ar-
rivals only and it produces unreliable amplitudes. Both
are severe disadvantages for Kichhoff-type algorithms,
such as the Bleistein/Cohen inversion (Bleistein et al.,
1987), where the calculation of amplitudes is necessary
to determine the weighting factor in inhomogeneous me-
dia. Furthermore, in complex media, such as near salt
domes and in sub-salt regions, later arrival travel times
should be considered to obtain better image quality.
Amplitudes can be used, among other things, to find

most energetic arrivals.

Simultaneous computation of travel times and amp-
litudes is possible by dynamic ray tracing (DRT). It can
be carried out either by numerical solution of ray tra-
cing equations in general smooth grid-based models or
by piecewise analytic solutions for certain simple velo-
city functions in tetrahedral models. The analytic ray
tracing is usually performed for models in which either
the velocity v(x), or 1/v(x), or 1/v?(x) is a linear func-
tion of Cartesian coordinates (C’erveny’7 1987; Meng &
Bleistein, 1997). However, this assumption leads to tet-
rahedral cells with artificial second-order discontinuit-
ies at their interfaces. As a consequence, this approach
produces unreliable amplitude coefficients across the in-
ternal boundaries. To overcome this problem, tedious
function smoothing at high cpu cost is necessary for dy-
namic computation. Kérnig (1995) chose to smooth the
sloth by making it quadratic in tetrahedra. Thus, the res-
ulting amplitudes were stable and accurate. The analytic
solutions of the ray equations for such a velocity function
are determined by using Laplace transform. However,
the problem of determining the cell constants in quad-
ratic sloth leads to a huge matrix inversion problem,
and is impractical in 3D. Only 2D implementation of
the travel time computation was carried out by Kornig
(1995). We have concluded that the analytic approach in
tetrahedral cells does not likely offer efficient algorithms
in dynamic applications.

The wavefront construction technique (Vinje et al.,
1996) is applied to numerical DRT in 3D complex mod-
els for estimations of both travel times and amplitude
coefficients. The numerical DRT is performed by shoot-
ing a fan of rays from the source and extrapolating travel
times and amplitudes away from the rays into their
nearby regions. The dynamic interpolation of new rays
assures that the wavefront has sufficient ray density at
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each computational step. Linear interpolation of travel
time with respect to the simulated wave fronts and linear
interpolation of amplitude in terms of the tube cross sec-
tional area are performed at grid points that fall into the
sub-volume formed by every two successive wavefronts.
A grid point can be passed by different sequences of
wavefronts and, thereby, multi-valued arrivals can be de-
tected and recorded. In this manner, accurate—perhaps
multi-valued—travel times and amplitudes are available
at all grid points of interest.

In the following sections, attention will be focused
first on the possibility of applying analytic solutions in
tetrahedral models for amplitude estimation. Thereafter,
we address some important issues in numerical DRT
such as interpolations of data at new rays and at grid
points. We also propose a smooth gridded model rep-
resentation for the purpose of computational efficiency.
Finally, we show results of applying this method to dif-
ferent velocity models. These results demonstrate that
gridded, smooth velocity models are good candidates for
dynamic ray tracing.

Dynamic ray tracing

It is known that the realistic velocity field of interest
is often rather complicated and usually does not allow
a general analytic solution of the ray tracing system.
However, analytic ray tracing plays an important role
in wave field computation. This is due, in part, because
the analytic solutions are valuable in the cell approach, in
which the whole model is subdivided into a set of tetra-
hedral cells with simple velocity functions within cells.
As we have mentioned before, the constraint of linear
physical models does not provide enough smoothness
for amplitude estimation. In this section, we discuss the
analytic solutions for quadratic sloth.

The quadratic sloth distribution, denoted as g, is
defined as a quadratic function in space,
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The analytical solutions for this distribution were found
by Koérnig (1995) using the Laplace transform. In the
Laplace domain, the ray coordinates, X;(s), are ratios
of polynomials of sixth and seventh order, respectively,
in s; this is the Laplace variable corresponding to o,
the ray tracing integral variable with do = v?dr. The
expressions for the ray trajectories, z;(o), can be ob-
tained explicitly by inverse Laplace transform of X;(s)
using partial fraction expansions. Depending on the dis-
tribution of eigenvalues of Cjj, the solutions of xg(cr) are
generalized into seven different forms. For each case, the
ray trajectories are in the general form

zi(o) = wi fr(o), 1=1,2,3, k=1,2,..,7. (2)

Here, the w;1’s are the weighting factors, which are func-
tions of z;0,pio, B; and C;; with z; and p;o being the
initial position and slowness components; fx(o) are the
basis functions corresponding to the inverse transform
of the partial fraction expansions. One of them is unity,
the others are either low-order polynomials in o, or tri-
gonometric, or hyperbolic function.

Now, we propose an alternative to Kérnig’s (1995)
approach to calculate the amplitudes along rays. Notice
that the standard DRT system produces the geometrical
spreading factors along rays, which are the determinants
of transform matrix from ray coordinates (71,72, vs), to
the general Cartesian coordinates (1, x2,zs),

J = det [78(“’“’”33‘)] : (3)

(Y1, 72, 73)
The ray Jacobian J is an important factor in computa-
tion of the ray amplitude by the relationship A(x,xq) =
const/\/m (Bleistein, 1984). Therefore, if we choose
Y1 = p1o,¥2 = p2o and v3 = ¢ in (3), the ray Jacobian
J can be calculated explicitly from (2) for all the seven
cases, which is less computationally costly than solving
the eight integral equations of DRT system in small time
step.

This approach of making quadratic sloth assump-
tion in tetrahedral models has eliminated the smoothing
procedure across the internal interfaces. However, the
constants A, B; and Cj; in (1) have to be determined in
advance from the given physical model. The assumption
of quadratic sloth is equivalent to the continuities of both
q and its gradient across the internal cell faces. There-
fore, the 10 cell constants in one tetrahedron cannot be
determined by the velocity values at its four apices only,
but also depend on the values in the neighboring cells.
Such a model design problem for all the tetrahedral cells
leads to a huge inverse problem. If the whole model is
divided into N cells, the size of the coupled system of
equations is proportional to 10N, making the compu-
tation very time consuming. Furthermore, this inverse
system is not always solvable, or has solutions in a least
squares sense, at best. This is impractical in 3D and
considerably limits the applicability of this approach.
Furthermore, the difficulty and inefficiency of determ-
ining the cell constants exists in all extensions to quad-
ratic physical models. Therefore, we conclude that the
analytic ray tracing in tetrahedral models is not likely
to give us an efficient module for dynamics, although it
has its applications in travel time calculations.

Wavefront construction on smooth gridded
models

Here and below, we are going to focus on numerically
solving ray tracing equations on smooth gridded models.
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We will apply the technique of wavefront construction
(WFC) to both kinematics and dynamics.

In the WFC method, the wavefront(WF) is rep-
resented by triangular plates that connect every three
neighboring ray endpoints on the WF. The nearby rays
in 3D are then defined and organized by such a triangu-
lar mesh consisting of the internal ordering of connecting
endpoints in each triangle and adjacent triangle(s) to
each of its side. The processes of checking, interpolating
of new rays and estimating of grid point parameters are
all performed within such a triangular network. Rays
are added and the original triangle is subdivided into
new triangles when certain criteria, restricting the size
of the triangular plates, are violated. In this manner,
the wavefront always has sufficient ray density without
a priori estimation of the number of rays needed. For
complex 3D velocity models, the wavefront surface may
be very complicated, folding in on itself at some parts,
for example; however, no tears or holes in the interior of
the surface are allowed. In this sense, the wavefront is
complete. On the other hand, a grid point can be passed
by different sequences of wave fronts; multi-valued ar-
rivals can then be estimated and distinguished by their
initial take-off angles.

The most attractive advantage of the WFC method
is that it is more efficient than the conventional ray tra-
cing method. In addition, WFC gives better ray cov-
erage, especially in areas of large geometrical spread-
ing where conventional ray tracing may give no arrivals.
Furthermore, compared to FD-solvers, the WFC method
is not restricted to the calculation of only first arrivals.
Amplitude and other ray theoretical quantities are also
available. Thus, it meets the requirements for accurate
modeling of amplitude as well as phase, a requirement
for inversion as opposed to migration.

Ray interpolation

The wavefront construction method is largely depend-
ent on the procedure of interpolation of the wavefront
at each step. New ray endpoints must be added along
the simulated wavefront and must have the propagation
direction that the ray would have had if it had been shoot
from the source. This section addresses an algorithm for
this procedure.

Fig 1-a illustrates the interpolation of a single new
ray between a pair of exiting rays. The two ray end-
points and their propagation directions expand to two
straight lines in 3D. An “approximate” center is defined
as the midpoint of the line segment that connects the two
straight lines at their points of shortest distance. This
approximate center, along with the two rayends at the
old WF, form a fan and a circular curve connecting the
two rayend points. The new ray position is then found

along the dividing direction from the approximate cen-
ter, and at its intersection with the circular curve. Other
parameters along the new ray are interpolated linearly.

Grid interpolation

Another interpolation procedure in DRT is the estima-
tion of ray data at the output grid points. We perform
the grid interpolation within ray tubes, which are prism-
shaped bodies bounded by three rays and the triangles
that connect them on the two WFs. First the grid points
falling into (or close to) each cell are found. Then, the
travel time can be estimated at each grid point in a
similar way as in the interpolation procedure for new
rays(see Fig 1-b). The approximate center is determ-
ined by the three rays with ray endpoints on any of the
two WFs. The distances from each grid point to the
approximate center and to the simulated wavefront are
calculated. The travel time at the grid point is then re-
corded as to + d/v, with o the time at the wavefront, d
the distance of the grid point away from the wavefront,
and v the velocity at the grid point. For the amplitude
estimation at the grid point, since the ray Jacobian is
proportional to the cross sectional area of the ray tube,
we interpolate the ray Jacobian linearly with respect to
the triangle areas on the two wavefronts.

Model representation

The smoothness of the velocity model is critical to the
calculation of amplitudes. The integration of the DRT
system requires continuity of the velocity field up to
the second derivatives. Many ray tracing procedures in-
volve a type of spline interpolation for the evaluation
of velocities at arbitrary points. Spline interpolation,
however, is a time consuming procedure. Here, we com-
bine the techniques of smoothing the discontinuous ve-
locities and defining the velocity model on a fine grid
(about three or four grid points per shortest significant
model wavelength). Velocities as well as their first and
second derivatives at all grid points are pre-calculated
by finite differences of second order. For the evaluation
velocities and their derivatives at arbitrary points we
use linear interpolation. For the smooth models defined
on fine grids, the difference between this linear repres-
entation and a spline representation of the model is neg-

ligible.

Examples

The first example provides a test for the accuracy of
this modeling technique. Figure 2 shows the 3D wave
field from a velocity distribution with constant gradient
of squared slowness being (0,0, —0.2)s*/km®. In such
a medium, both travel time and amplitude field can be
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Figure 1. (a) The new ray position is found on the circular cure formed by the two existing ray endpoints on the WF and an
“approximate” center. (b) Ray data at the grid are estimated with respected to the two simulated WF's.
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Figure 2. 3D wave field of a linear sloth model using WF
construction method.
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Figure 3. The grey surface is the caustic surface of the ray
equations for this model.

expressed exactly by analytical solutions for compar-
ison purpose. The grey part in Fig 2 is the shadow zone.
The relative differences of computed travel times and
the analytic ones are less than 0.1% through the whole
interest area, while the differences between computed
and analytical amplitudes are no more than 1%. In Fig-
ure 3, the grey surface is the caustic surface of the ray
equations. It is the envelope of the parabolic rays.

Demonstrations of this algorithm in more complic-
ated models and examples of amplitudes in models with
interfaces will be included in the oral presentation of
this work.

Conclusions

We have demonstrated that numerically solving ray tra-
cing equations on a smooth gridded model provides fast
and accurate forward modeling for both amplitudes and
travel times. The alternative tetrahedron-based analytic
approach is not ideal for the amplitude calculation, due
to the difficulties in obtaining accurate amplitude across
the internal faces.

The WFC procedure based on proper interpolation
of new rays makes the dynamic ray tracing more effi-
cient and results in a dense and consistent ray coverage
throughout the model, even in areas of large geometrical
spreading. When accurate amplitudes are required, we
believe that this is a competitive method for develop-
ment of ray theoretic wavefields.

References

Bleistein, N. 1984.
phenomena. Academic Press, Inc.

Bleistein, N., Cohen, J.K., & Hagin, F.G. 1987. Two
and one-half dimensional born inversion with an ar-
bitrary reference. Geophysics, 52(1), 26-36.

Cerveny, V. 1987. Ray tracing algorithms in three-

Mathematical methods for wave

dimensional latrally varying layered structures. No-
let, G., Fd., Seismic Tomography, 99-133.

Koérnig, M. 1995. Cell ray tracing for smooth, isotropic
media: a new concept based on a generalized ana-
Iytic solution. Geophys. J. Int., 123, 391-408.

Meng, Z., & Bleistein, N. 1997. Wavefront contruction
(WF) ray tracing in tetrahedral models — applica-
tion to 3-D traveltime and ray path computations.
67th Annual Internat. Mtg., Soc. Fxpl. Geophys.,
FExpanded Abstracts, 67, 1734-1737.

Vidale, J. E. 1988. Finite-difference calculation of
travel times. Bull. Seismol. Soc. Am., T8(6), 2062

2076.
Vinje, V., Iversen, E., Astebol, K., & Gjoystdal, H.
1996. Estimation of multivalued arrivals in 3D

models using wavefront construction-Part 1 & II.
Geophysical Prospecting, 44, 819-858.



