Seismic Inversion with One-way Wave Equations
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Abstract

One way wave operators are powerful tools for forward modeling
and inversion. However, their implementation involves introduction
of the square root of an operator as a pseudo-differential operator.
Exact representations of such square roots are illusive, except in the
simplest of cases. Here, singling out depth as the preferred direction
of propagation, we introduce a representation of the square root op-
erator as an integral in which a rational function of the transverse
Laplacian appears in the integrand. This allows us to solve the result-
ing one-way wave equations with the simple device of introducing an
auxiliary function that satisfies a lower dimensional wave equation in
transverse variables only. We verify that ray theory for these one-way
wave equations leads to one-way eikonal equations and the correct

leading order transport equation for the full wave equation. We then
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introduce appropriate boundary conditions at z = 0 to generate waves
at depth whose quotient leads to a reflector map and estimate of the
ray-theoretical reflection coeflicient on the reflector. This method is
known as “true amplitude wave equation migration” in the geophysics
literature. Computer output confirms the accuracy of the method for
this inversion.



Motivation: Consider the wave equation,
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For constant wavespeed, rewrite in frequency domain in the form
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Further, the solutions of the full second order wave equation are
actually solutions of the two one-way wave equations
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Here, for z-positive being downward, the upper signs yield a down-
ooing solution and the lower signs yield an upgoing solution.

We would like one-way wave equations for variable velocity, as well.
However,
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In this last equation, the first two terms affect amplitude and phase,
while the last term will modify the leading order amplitude. To see

this better, set
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Then, the eikonal and transport equations for (2) are
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whereas for (4), the corresponding equations are
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True amplitude one-way wave propagation: Correcting these
amplitude equations leads to the following one-way wave equations as
pseudo-differential operator equations
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Here, A and I' are pseudo-differential operators with symbols A and
v, respectively:

We can show that the solutions of these equations satisty the one-
way eikonal equations and transport equation in (7) for the full wave
equation. A crucial identity from G. Q. Zhang [1993] for proving this
result is
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This identity expresses the operator symbol for k£, without any square
roots of operators. The denominator here represents the inverse of a
transverse wave operator, essentially a convolution with an appropri-
ate Green’s function. The same inverse operator, with s = 1 appears
in v. With this identity, the proof of the above-mentioned claim be-
comes straightforward, but tedious.

First, we write

(12)

In this equation
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Then we can write the symbolic equations
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and
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True amplitude wave equation migration: The process of
producing a reflector map in the Earth from observed surface data
is called magration in the geophysical literature. See, for example,
Claerbout [1971,1985]. (Recorded data is moved from its position on
a space-time plot to its position on a space-space plot via the migration
process.) When one-way wave propagators are used for obtaining a
reflector map, the method is known as wave equation maigration.
The standard method uses the one-way propagators of (2), even for



heterogeneous media.

More specifically, supposed that the reflected wave field from a single
source experiment is observed at z = 0 for all time. Then the source
and observed wavefields are assumed to be solutions of the equations

2 oo
¢ (15)
D(z,y,z = 0;w) = —0(& — %),
and
2 oo
¢ (16)
Ulr,y,z=0w) =Qz,y;w)

where D is the downgoing (source) wavefield and U is the upgoing
(observed) wavefield. The image is then produced as an impedance



or reflectivity function at every image point defined by
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The key to this imaging method is that the construct/destructive
interference between the phases of the two waves produces a large
amplitude where the reflectors reside and a small amplitude where

they do not.

While this result produces a reflector map, it does not provide accu-
rate amplitude information. To achieve that, we need to use, instead,
the solutions of our modified true amplitude one-way wave equations
(9). That is, we introduce p,, and p,; as solutions of the following
problems.
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Also, we modify the imaging condition (17) to be the quotient of the
wave fields p,, and p;;:

py(T, Y, 2 w)
R(x,vy, z f u dw. 20

See Zhang et al. [2001, 2002].



By asymptotic analysis for analytic model data, we can show that
this output is the same as the reflectivity function of Kirchhoff inver-
sion (true amplitude Kirchhoff migration) as in the theory of Bleistein
11987] and Bleistein et al. [2001]. That result predicts an output for
each reflector in the form of a bandlimited delta function of normal
distance to the reflector with a peak amplitude in known proportion
to the geometrical optics reflection coefficient.



Numerical Results. To show how true amplitude common-shot
migration works, we apply it to a 2-D horizontal reflector model in a
medium with velocity v = 20004 0.3z. The input data (Figure 1) is a
single shot record over four horizontal reflectors from density contrast.
Figure 2-left shows the migrated shot record using the conventional
common-shot migration algorithm (17). The peak amplitudes along
the four migrated reflectors are shown in the right. This method has
a phase error: note the multiplication by ¢ in A on the right side in
(18) as opposed to the lack of such a phase shifting factor on the right
side of (15). The consequent phase error has been corrected during
the migration. However, the migrated amplitudes are poor, especially
on the reflector at depth z = 1000m along which the reflection angles
vary over a wide range. (This method has incorrect angular depen-
dence when compared to true amplitude reflectivity or the geometrical
optics reflection coefficient at each point.) Figure 3 shows results of
true amplitude common-shot migration (20). From the right plot, we
clearly see that the true amplitude algorithm recovers the reflectiv-
ity accurately, aside from the edge effects and small jitters caused by



interference with wraparound artifacts.

Conclusions: Common-shot migrations offer good potential of imag-
ing complex structures, but the conventional formulations of such
migrations produce incorrect migrated amplitudes. The migration
method we proposed calibrates common-shot migrations by correcting
both their amplitude and phase behavior. The new method actually
builds a bridge between true amplitude Kirchhoff migration and the
migrations based on one-way wavefield extrapolation.
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