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ABSTRA CT

Transverseisotropy with a vertical symmetry axis (VTI media) is the most com-

mon anisotropic model for sedimentary basins. Here, we apply P-wave processing

algorithms developed for VTI media to a 2-D synthetic data set generatedby a �nite

di�erence code. The model, typical for the Gulf of Mexico, hasa moderatestructural

complexity and includesa salt body and a dipping fault plane.

Using the Alkhalifah-Tsvankin dip-moveout (DMO) inversion method, we esti-

mate the anisotropiccoe�cien t � responsiblefor the dip dependenceof P-wave NMO

velocity in VTI media. In combination with the normal-moveout (NMO) velocity

from a horizontal re
ector [Vnmo(0), the argument \0" refers to re
ector dip], � is

su�cien t for performing all P-wave time-processingsteps,including NMO and DMO

corrections,prestack and poststack time migration. The NMO (stacking) velocities
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neededto determine Vnmo(0) and � are picked from conventional semblancevelocity

panelsfor re
ections from subhorizontal interfaces,the dipping fault plane and the


ank of the salt body. To mitigate the instabilit y in the interval parameterestimation,

the dependenceof Vnmo(0) and � on the vertical re
ection time is approximated by

Chebyshev polynomials with the coe�cien ts found by \global" �tting of all velocity

picks.

We perform prestack depth migration for the reconstructed anisotropic model

and two isotropic modelswith di�erent choicesof the velocity �eld. The anisotropic

migration result hasa good overall quality, but re
ectors are mispositioned in depth

becausethe vertical velocity for this model cannot be obtained from surfaceP-wave

data alone. The isotropic migrated sectionwith the NMO velocity Vnmo(0) substituted

for the isotropic velocity alsohas the wrong depth scaleand is somewhatinferior to

the anisotropic result in the focusing of dipping events. Still, the image distortions

are not signi�cant becausethe parameter� , which controls NMO velocity for dipping

re
ectors, is rather small (the averagevalue of � is about 0.05). In contrast, the

isotropic sectionmigrated with the vertical velocity V0 has a poor quality (although

the depth of the subhorizontal re
ectors is correct) due to the fact that in VTI

media V0 can be usedto stack neither dipping nor horizontal events. The di�erence

betweenV0 and the zero-dipstacking velocity Vnmo(0) is determinedby the anisotropic

coe�cien t � , which is greater than � in our model (on average,� � 0:1).

INTR ODUCTION

Transverse isotropy with a vertical symmetry axis adequately describes elastic

properties of shaleformations and thin-bed sedimentary sequences(Thomsen, 1986;

Sayers, 1994). Extending seismicprocessingto VTI media requiresestimating ani-

sotropic parametersfrom surface(preferably, P-wave) seismicdata. Alkhalifah and

Tsvankin (1995) showed that P-wave velocity analysis for models with a laterally
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homogeneous VTI overburdenabove the target re
ector canyield a singleanisotropic

parameter(� ) in addition to the NMO velocity for horizontal events Vnmo(� = p = 0)

(� is the re
ector dip and p is the ray parameterof the zero-o�set ray). In terms of

Thomsen's(1986) parameters� and � and the P-wave vertical velocity V0, Vnmo(0)

and � are expressedas

Vnmo(0) = V0

p
1 + 2� ; (1)

and

� �
� � �

1 + 2�
; (2)

Obtained as functions of the vertical traveltime � , Vnmo(0) and � control all P-wave

time-processingsteps(NMO, DMO, time migration) neededto image re
ectors be-

neath vertically inhomogeneousVTI media. Depth imaging (such as prestack depth

migration), however, requiresknowledgeof the vertical velocity that cannot be deter-

mined from surfaceP-wave data alone. [Only if the VTI medium above the re
ector

is laterally heterogeneous (e.g., contains dipping interfaces), it may be possibleto

invert P-wave re
ection moveout for the individual valuesof V0, � and � (Le Stun�

et al., 1999;Grechka et al., 2000a,b).]

The interval valuesVnmo;int (p = 0; � ) can be found using conventional Dix (1955)

di�erentiation of NMO (stacking) velocities from horizontal (or subhorizontal) inter-

faces.To estimatethe interval � int (� ), Alkhalifah and Tsvankin (1995)and Alkhalifah

(1997)developed a Dix-t ype di�erentiation algorithm operating with NMO velocities

of dipping events. This procedure,however, is known to produceunreasonablystrong

variations in the interval � values(Alkhalifah and Rampton, 1997). We suggestto

stabilize the inversion for interval � by representing the function � int (� ) curve as a

superposition of Chebyshev polynomials (Grechka et al., 1996). This allows us to

take advantage of the redundancy in the available velocity picks and estimate only

those (smooth) components of � int (� ), which are necessaryto �t the NMO velocity

to a given degreeof accuracy.
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Alkhalifah-Tsvankin parameter-estimationmethodologyhasbeensuccessfullyused

to perform anisotropic imaging in such exploration areasas o�shore Africa (Alkhali-

fah et al., 1996)and Trinidad (Alkhalifah and Rampton, 1997),wheremassive shale

formationsarecharacterizedby substantial (VTI) anisotropy. In both areas,account-

ing for vertical transverseisotropy leads to dramatic improvements in the imaging

of dipping re
ectors (fault planes) and helps to remove the distortions causedby

nonhyperbolic moveout in the stacking of subhorizontal events. Similar bene�ts can

be expected from VTI processingin the Gulf of Mexico (Meadows and Abriel, 1994;

Bartel et al., 1998), where widespreadmis-ties in time-to-depth conversion provide

evidenceof non-negligibleanisotropy.

Here,we apply anisotropicprocessingto a 2-D synthetic data set generatedby an

anisotropic �nite-di�erence code. The model usedin our synthetic test wasfashioned

after a typical cross-sectionfrom the Gulf of Mexico (J. Leveille and F. Qin, pers.

comm.) and contains a number of VTI layers. Although the structural complexity of

the model is moderate,it includesa salt domesurroundedby sedimentary layersand a

relatively steepfault plane (Figure 1). The anisotropic parameterscan be considered

as\b est-guess"valuesthat may well understatethe magnitudeof anisotropy in many

areasof the Gulf of Mexico.

After the parameter-estimationstep basedon the modi�ed Alkhalifah-Tsvankin

method, we perform prestack depth migration of the data by meansof a 45� �nite-

di�erence scheme(Han, 1998). First, the correctanisotropicmodel is usedto generate

a sectionthat servesas a benchmark for comparisonwith other results. To simulate

the output of a conventional processingsequence,we carry out isotropic migration

with two di�erent choicesof the velocity function and discussthe distortions caused

by the in
uence of anisotropy. Also, we interpolate and extrapolate the resultsof the

anisotropicparameterestimation and perform depth migration with this approximate

anisotropic model (assumingthat the vertical velocity is equal to the zero-dip NMO
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velocity). Although the model is weakly anisotropic, the VTI imageshave a superior

quality, especially in the focusingand positioning of the fault plane.

PARAMETER ESTIMA TION

Metho dology

Supposea dipping re
ector is embeddedin a vertically inhomogeneousVTI medi-

um. The e�ective normal-moveout velocity and one-way zero-o�set traveltime for

such a model are given by (Appendix A)

V 2
nmo;e� (p; � ) = �

1
t(p; � )

Z �

0
V0(� )q00(� ) d� ; (3)

and

t(p; � ) =
Z �

0
V0(� ) [q(� ) � pq0(� )] d� : (4)

In equations(3) and (4), p is the horizontal component of the slownessvector (the

ray parameter)of the zero-o�set ray, the integration variable � hasthe meaningof the

one-way vertical traveltime (� is the one-way vertical traveltime from the surfaceto

the zero-o�set re
ection point), and t(p; � ) is the one-way traveltime along the zero-

o�set ray. The vertical slownesscomponent q � q(p) and its derivativesq0 � dq=dp

and q00� d2q=dp2 can be obtained in an explicit form using the Christo�el equation.

A keyresult of Alkhalifah andTsvankin (1995)is that both Vnmo;e� (p; � ) and t(p; � )

depend on only two combinations of interval parametersof VTI media { the zero-dip

NMO velocity Vnmo;int (0; � ) and the parameter � int (� ). Therefore,the measurements

of the e�ective NMO velocity Vnmo;e� (p; � ) for two di�erent dips (or for two valuesof

p) can be inverted for Vnmo;int (0; � ) and � int (� ).

In most cases,we can usehorizontal events to determinethe velocity Vnmo;e� (p =

0; � ) asa function of the vertical traveltime � . Then, the interval valuesVnmo;int (0; � )
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can be found from the conventional Dix (1955) equation,

V 2
nmo;e� (0; � ) =

1
�

Z �

0
V 2

nmo;int (0; � ) d� : (5)

Obtaining Vnmo;int (0; � ) from equation (5) essentially amounts to di�erentiating the

e�ective velocities Vnmo;e� (0; � ), which inevitably leadsto ampli�cation of errorsin ve-

locity picking. To mitigate this instabilit y, equation(5) canbesolvedby the technique

described in Grechka et al. (1996). This approach is basedon approximating the ve-

locity picks by Chebyshevpolynomials and �nding the interval velocity Vnmo;int (0; � )

in the Chebyshev domain. The desiredsmoothnessof the solution and the degree

to which errors in the e�ective velocities propagate into the interval valuescan be

regulatedby choosingthe appropriate number of polynomials.

Oncethe function Vnmo;int (0; � ) has beenestimated, the interval parameter � can

be found from the NMO velocity and zero-o�set traveltime of dipping events [equa-

tions (3) and (4)]. The input data include the triplets of the horizontal slownessp

(re
ection slopeson zero-o�set sections),the corresponding zero-o�set traveltime t,

and the e�ective NMO velocity Vnmo;e� . Thesetriplets can be picked from the zero-

o�set time sectionsgeneratedfor a range of stacking velocities or from semblance

velocity panels at a number of adjacent common-midpoint (CMP) locations. The

time-varying function � int (� ) is represented as a sum of Chebyshevpolynomials and

reconstructedfrom the triplets f t; p;Vnmo;e� g using equations(3) and (4) in the fol-

lowing way. For a trial solution � int (� ) (speci�ed at each iteration) and the zero-o�set

traveltime t(p; � ) of a particular velocity pick, we �nd the corresponding vertical time

� using equation (4). Next we calculate the velocity Vnmo;e� (p; � ) from equation (3)

and �nd the di�erence betweenthe computed and measuredvalues. Then � int (� ) is

updated to �nd the model that providesthe best �t to all picked valuesVnmo;e� (p; � ).
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Data pro cessing

The parameter-estimationalgorithm described above was applied to a 2-D data

set computedby �nite di�erences for the VTI model shown in Figure 1. The section

contains a salt body and a fault plane, which produce dipping events neededto

estimatethe parameter� . Judging by the magnitudeof the coe�cien ts � and � , some

of the intervals may be consideredas moderately or even strongly anisotropic, with

the parameter � approaching 0.3 in a thin layer at a depth of about 4.5 km (see

Figure 1b). The averagevalue of � , however, is only about 0.1. Also, the key time-

processingparameter� [equation(2)] is relatively small throughout the model, with a

maximum value of 0.09and averagecloseto 0.05(Figure 1d). Whereassuch � values

are not expected to causeseriousproblems in the focusing of re
ection events, it is

still instructive to evaluatepossibleimagedistortions and the performanceof isotropic

algorithms for such \quasi-elliptical" VTI media, which have moderate valuesof � .

The function � int (� ) was obtained as follows:

� Common-shotgatherswere resortedinto common-midpoint (CMP) gathers. Since

the inversionalgorithm needsmoveout of dipping events to estimate � , we usedonly

those CMP gathers which contain re
ections from the top of the salt body (CMP

locations from 4.9 to 6.7 km) and from the fault plane (CMP locations from 11.0 to

16.8km). Thus, only about 30%of the data (Table 1) were actually included in the

anisotropic parameterestimation.

� Conventional semblanceanalysiswasusedto obtain Vnmo;e� (0; � ) from subhorizontal

events and the triplets f t; p;Vnmo;e� g from the re
ections from the right 
ank of the

salt body and the fault plane. The ray parameter(horizontal slowness)p for dipping

events was determined using the lateral time shift of the corresponding semblance

velocity maxima.

� The parameter-estimationalgorithm described above [basedon equations(3){(5)]

wasapplied to invert the zero-dipvelocities Vnmo;e� (0; � ) and the triplets f t; p;Vnmo;e� g
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Fig . 1. Depth section showing parametersof the Amerada VTI model: (a) the P-

wave vertical velocity V0; (b) and (c) the Thomsen(1986) anisotropic parameters�

and � ; (d) the Alkhalifah-Tsvankin parameter � .
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for the interval valuesVnmo;int (0; � ) and � int (� ).

Model size: 21,945m � 9,144m

Number of shots: 361

Shot spacing: 61 m

Number of receivers per shot: 500

Receiver spacing: 12.2m

Dominant frequency: 20 Hz

Recordingtime: 8 s

Samplerate: 4 ms

Aperture for modeling: � 3; 048m to +6; 096m

Table 1. Parametersusedin the �nite-di�erence modeling.

Therearetwo main sourcesof distortions in the estimation of the interval valuesof

Vnmo and � : incorrect model assumptionsand errorsin velocity picking. The inversion

procedureis designedfor laterally homogeneousmedia above each dipping re
ector,

whereasin our model most \subhorizontal" interfaceshave dips up to 15� . Ignoring

the dips in evaluating Vnmo(0) for this model leadsto velocity errors (estimated from

the isotropic cosine-of-dipdependenceof NMO velocity) reaching 3.5%.

Uncertainty in the velocity picking for dipping events may give rise to errors of

similar magnitude. Figure 2 displays a typical CMP gather locatedat 15.0km and the

corresponding semblancepanel. The arrival re
ected from the fault plane is recorded

at a zero-o�set time of 3.85s. Apparently, this re
ection hasa much higher stacking

(NMO) velocity than thoseof the subhorizontal events near zero-o�set times of 3.67

s and 4.05s (Figure 2b). Partly due to the interferencewith the event at 3.67s, the

fault-plane re
ection producesa relatively broad semblance maximum (Figure 2a)

covering approximately 0.15km/s along the velocity axis. As a result, we can expect
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Fig . 2. Typical semblancepanel (a) and the corresponding CMP gather (b).

the uncertainty in velocity picking of about 3{4%.

Naturally, this error propagatesinto the interval valuesof Vnmo and � with am-

pli�cation, thus causing instabilit y in the straightforward Dix-t ype di�erentiation.

Application of Chebyshev polynomials, however, amounts to a smoothing operation

that helps to stabilize the inversion procedureand eliminate spuriouspoints on the

interval curves.

Parameter-estimation results

The curves Vnmo;int and � int obtained as functions of the two-way vertical trav-

eltime for the left portion of the model are shown in Figure 3. The zero-dip NMO

velocity wasdeterminedby semblancevelocity analysisof subhorizontal events, while

� was estimated using the NMO velocities and zero-o�set traveltimes of re
ections

from the right 
ank of the salt body (Figure 1). Due to the regularization (smooth-

ing) properties of our inversion algorithm, the curve � int (� ) represents a su�cien tly
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from the right 
ank of the salt body. The velocity analysiswas performedfor CMP

locationsfrom 4.9to 6.7km. The dashedline showsthe correct � -function for location

5.4 km.

accuratebut smoothed versionof the actual discontinuous � -function (dashedline in

Figure 3b).

Figure 4 displays the inversion results for the right side of the model, obtained

using re
ections from the dipping fault plane. In this case,we were unable to detect

the low-� layer at a vertical time of 3 s (Figure 4b), which was too thin to pro-

duce a noticeable change in the e�ective stacking (NMO) velocity (for the level of

velocity errors described above). Apart from this problem, the algorithm adequately

reconstructedthe low-frequencytrend of the interval function � int (� ).
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correct � -function for location 13.8km.

DEPTH MIGRA TION

To resolve the vertical velocity neededfor depth migration, P-wave re
ection

moveout for our model has to be combined with other data, such as re
ection trav-

eltimes of shearor converted waves; this joint inversion was not attempted on this

data set. Nonetheless,we carried out prestack depth migration to evaluate imagedis-

tortions causedby replacing the correct anisotropic velocity �eld with the following

models:

1. Anisotropic model with the inverted � and the \b est-guess"vertical velocity equal

to the zero-dip NMO velocity.

2. Purely isotropic model with the velocity equalto either the zero-dipNMO velocity
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Fig . 5. Prestack depth migration for the correct anisotropic model.

or the actual vertical velocity.

Weusedan extensionto VTI mediaof the migration algorithm of Han (1998)based

on a 45� �nite-di�erence scheme. Figure 5 showsa sectionobtainedby prestack depth

migration of the data using the correct VTI model from Figure 1. Both the salt body

in the left part of the model and the fault planeare imagedreasonablywell (also, see

the close-upin Figure 6a). The left part of the bottom of the salt body, however, is

almost invisible becauseof the limited recording aperture (Table 1). Also, someof

the multiple arrivals, such as those inside the salt, were only partially attenuated in

the stacking of the migrated data.

The migrated imagesin Figures 7 and 6b were obtained for an anisotropic ve-

locity model basedon the parameter-estimationresults described above. Since the

time-dependent � function wasdeterminedfor only two rangesof CMP locations, the

� section was built by interpolating and extrapolating the curves from Figures 3b

and 4b. This smoothed and rather crudely interpolated versionof the actual � �eld,

however, did not causea degradationin the quality of image,exceptfor a slight dete-

rioration in the focusingof the fault plane [comparesections(a) and (b) in Figure 6].
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migration using the vertical velocity V0.
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Fig . 7. Migration usingan anisotropic model obtained by interpolation and extrapo-

lation of the inverted functions � int [Figures3 and 4]. The vertical and NMO velocity

are taken equal to each other (� = 0).

Clearly, �ne details of the � -section do not have much in
uence on the migration

results. Also, the magnitude of � in the model was so small (on average,� � 0:05,

Figure 1d) that high accuracyin restoring � was unnecessary.

To specify the vertical velocity for the anisotropic migration in Figures7 and 6b,

we assumedthat the parameter� = 0 [i.e., V0 = Vnmo(0)], which leadsto the incorrect

depth scalefor the whole image. It is clear from equation (1) that the percentage

depth error in Figure 7 should be closeto the averagevalue of � above the re
ec-

tor. Indeed, the depth of subhorizontal re
ectors in the lower right part of Figure 7

is overstated by about 7%, while the average� in this part of model is about 0.1

(Figure 1c). Except for the depth error, the image in Figure 7 is quite closeto the

benchmark section from Figure 5. For more structurally complicated models, how-

ever, it may benecessaryto know all three relevant parameters(V0, � and � ) to ensure

proper focusingof re
ectors (Grechka et al., 2000a,b).

Figure 8 canbeconsideredasthe bestpossibleoutput of the conventional isotropic

processingsequence.The isotropic velocity model usedto generateFigure 8 is based

15



0

2

4

6

8

D
ep

th
 (

km
)

0 2 4 6 8 10 12 14 16 18 20 22
Midpoint (km)

Fig . 8. Isotropic migration for a model with the medium velocity equal to the

correct NMO velocity Vnmo(0).

0

2

4

6

8

D
ep

th
 (

km
)

0 2 4 6 8 10 12 14 16 18 20 22
Midpoint (km)

Fig . 9. Isotropic migration for a model with the velocity equal to the correct

vertical velocity V0. The arrows mark someof the intersecting re
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on the correct NMO velocity for horizontal re
ectors conceivably obtained by error-

free semblance velocity analysis. Comparing the lower right portions in Figures 8

and 5, we notice that the subhorizontal re
ectors are mispositioned in depth, which

wasalsothe casein Figure 7. The overall quality of the image,however, is comparable

to that in Figures 5 and 7. For example, there are no crossingfeatures(con
icting

dips) in the vicinit y of the fault, which would have beenindicative of the presenceof

anisotropy. The continuity and crispnessof the fault-plane re
ection are somewhat

inferior to those in Figure 7, but the di�erence is not dramatic (compareFigures 6b

and 6c). The acceptablequality of the isotropic result is explained by the small

valuesof the � coe�cien t that controls the dip-dependenceof NMO velocity in VTI

media. Ignoring � in this model cannot causesubstantial distortions in the stacking

of dipping events, while the correct Vnmo(0) ensuresthat the horizontal re
ectors are

focusedwell.

Another option in choosing the \isotropic" migration velocity is illustrated in

Figures 9 and 6d. This time, the data were migrated using the correct vertical

velocity V0, which in somecasesmay be obtained from check shotsand well logs. As

expected,all subhorizontal re
ectors in Figures9 and and 6d are correctly positioned

in depth. However, the quality of the image is considerablylower than that on the

isotropic section migrated with the correct NMO velocity Vnmo(0). The di�erence

between V0 and Vnmo(0) causesmisstacking of the subhorizontal events throughout

the model. Sincethe wrongvaluesof Vnmo(0) alsodistort the NMO velocity of dipping

events, the re
ections from the fault plane (Figure 6d) and from the 
ank of the salt

domeare poorly focusedand positioned. Also notice the intersecting re
ectors with

di�erent dips marked by arrows in Figure 9.
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DISCUSSION AND CONCLUSIONS

This synthetic data test illustrates parameter-estimationand imaging issuesfor

VTI mediawith a small time-processingparameter� (average� � 0:05) and a larger

parameter � (average� � 0:1) responsible for time-to-depth conversion. Combin-

ing NMO (stacking) velocities for subhorizontal and dipping events, we obtained the

zero-dip NMO velocity Vnmo(0) and the Alkhalifah-Tsvankin coe�cien t � (the two

parametersneededfor time imaging) as functions of the vertical re
ection time. The

inversionalgorithm, basedon the representation of both parametersthrough Cheby-

shevpolynomials,allowed us to reducethe instabilit y in the Dix-t ype di�erentiation

and reconstruct the smooth components of the vertical variation in Vnmo(0) and � .

Dipping re
ections from a fault plane and the salt body were available over only

two limited rangesof CMP locationson the left and right sidesof the model (asis often

the casein practice). Therefore,1-D � -estimation could be carried out separatelyfor

thosetwo groupsof dipping events, with subsequent interpolation and extrapolation

of the � -curvesfor the wholemodel. Although this procedurereconstructsonly large-

scalevariations in � , a smoothed versionof the � -�eld is usually su�cien t for imaging

purposes.

Depth migration of the invertedanisotropicvelocity model producesa high-quality

image closeto that generatedfor the exact velocity �eld. Someinaccuraciesin �

estimation do not causevisible distortions in the focusingand positioning of re
ection

events, in part becausethe magnitude of � in the model is rather small. However,

sincethe vertical velocity for this model cannot be determined from surfaceP-wave

data, the image has the wrong depth scale (it was assumedthat the vertical and

NMO velocities were equal to each other).

The samemispositioning of subhorizontal events is observed on the depth section

generatedfor a purely isotropic model with the velocity equal to the correct zero-
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dip NMO velocity Vnmo(0). Due to the small � -values, the overall image quality

is comparableto that of the anisotropic section,except for somedegradation in the

focusingand continuity of the fault-plane re
ection. Distortions in the isotropic image

basedon the correctzero-dipstacking velocity becomesigni�cant only for modelswith

average� valuesreaching or exceeding0.1 (Alkhalifah et al., 1996;Alkhalifah, 1997).

Sincethe vertical velocity V0 is neededto imagehorizontal events at the correct

depth, the data were also migrated with the isotropic velocity model basedon V0.

Although re
ector depths in this caseare indeed accurate,both the horizontal and

dipping re
ections are poorly focusedbecausein anisotropicmediathe vertical veloc-

it y is inappropriate for stacking re
ection events of any dip. Note that the di�erence

between the vertical velocity and the zero-dip NMO velocity is determined by the

anisotropic coe�cien t � , which is greater than � in this model.

Thus, application of isotropic depth migration in anisotropic media leads to in-

ferior image quality and/or inaccurate positions of re
ectors in depth. No single

velocity is su�cien t for generatinga sectionwith both good focusingand the correct

spatial position of re
ection events, even for layer-cake geometry. In models with

moderate structural complexity, anisotropic migration with the correct inverted pa-

rametersVnmo(0) and � provides good focusing and positioning of re
ection events,

but may have the wrong depth scale.To obtain the vertical velocity and avoid depth

errors in migration, P-wave re
ection traveltimes in modelswith a laterally homoge-

neousVTI overburdenshould be supplemented by shear(or converted-wave) data or

boreholeinformation, such as check shotsor well logs.
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APPENDIX A: NMO VELOCITY AND ZER O-OFFSET

TRA VEL TIME IN VER TICALL Y INHOMOGENEOUS VTI MEDIA

We considerre
ection moveout in the dip plane of a re
ector overlaid by a ver-

tically inhomogeneousVTI medium. The goal of this appendix is to expressboth

NMO velocity and zero-o�set traveltime through the interval valuesof the horizontal

and vertical components of the slownessvector.

An exact expressionfor the dip-line NMO velocity in a symmetry planeof an ani-

sotropic layer wasgivenby Tsvankin (1995)and rewritten in terms of the components

of the slownessvector by Cohen(1998):

V 2
nmo(p) =

q00

pq0 � q
; (A-1)

wherep and q � q(p) are the horizontal and the vertical components of the slowness

vector, respectively, q0 � dq=dp, and q00� d2q=dp2; all quantities are evaluated for the

zero-o�set ray. The slownessvector canbeobtainedanalytically by solvingChristo�el

equation,which reduces(for a given phaseor slownessdirection) to a cubic equation

for the slowness-squared.The derivativesq0 and q00can be found in explicit form by

di�erentiating the Christo�el equation. Equation (A-1) is a special caseof a more

generalexpressionobtained by Grechka et al. (1999) for azimuthally varying NMO

velocity in an arbitrary anisotropic layer above a dipping re
ector.

The one-way traveltime t(p) along an oblique ray in a vertical symmetry plane of

a homogeneousmedium is given by (Grechka and Tsvankin, 1999)

t(p) = � V0 (q � pq0) ; (A-2)

where � is the one-way traveltime along the vertical projection of the ray, and V0 is

the vertical velocity.
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For vertically inhomogeneousmedia, the di�erential of the traveltime along a ray

arc can be written as

dt(p) = V0 (q � pq0) d� : (A-3)

In the integral form, equation (A-3) yields

t(p; � ) =
�Z

0

V0(� ) [q(� ) � pq0(� )] d� : (A-4)

According to Snell's law, the horizontal slownessp in equation (A-4) doesnot change

along the ray.

To obtain NMO velocity in vertically inhomogeneousmedia, we apply the Dix-

type averaging(Alkhalifah and Tsvankin, 1995)to equation (A-1):

V 2
nmo;e� (p; t(p; � )) =

1
t(p; � )

tZ

0

q00(� )
pq0(� ) � q(� )

d� ; (A-5)

whereintegration is performedalong the (generallyoblique) zero-o�set ray. To make

equation (A-5) compatible with equation (A-4), it is convenient to use the vertical

traveltime as the integration variable. Taking equation (A-3) into account, we repre-

sent equation (A-5) as

V 2
nmo;e� (p; � ) = �

1
t(p; � )

�Z

0

V0(� ) q00(� ) d� : (A-6)

Equations (A-4) and (A-6) expressthe NMO velocity and zero-o�set traveltime in

vertically inhomogeneousVTI media in a form convenient for moveout inversion.
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