Contents

List of Figures

Preface

1 Multi-Dimensional Seismic Inversion

1.1
1.2
1.3
14
1.5
1.6
1.7
1.8
1.9

Migration

Inverse Problems and Imaging . . . ... .........
The Nonlinearity of the Seismic Inverse Problem . . . .
High Frequency . .. ... ... ..... ... ......
Migration versus Inversion . . .. ... ... ......
Source-Receiver Configurations . . . .. ... ... ...
Band and Aperture Limiting of Data, . . . . .. ... ..
Dimensions: 2D versus 2.5D versus 3D . . . . . ... ..
Acoustic versus Elastic Inversion . . . . ... ... ...

A Mathematical Perspective on the Geometry of

2 The One-Dimensional Inverse Problem

2.1

2.2

Problem Formulation in One Spatial Dimension . . . .
2.1.1 The 1D Model in a Geophysical Context . . . .

2.1.2 The 1D Model as a Mathematical Testground

Mathematical Tools for Forward Modeling . . . . . . ..

2.2.1 The Governing Equation and Radiation

Condition . . . . . . .. ... ...
2.2.2 Fourier Transform Conventions . . . .. ... ..
2.2.3 Green’sFunctions. . . .. .. .. ... ......

viii

Xv

U N -

18
20
21

22

25
26
26
28
29

29
30
33

This is page i
Printer: Opaque this



ii

Contents

2.24 Green’s Theorem . .. ... ... ..........
2.3  The Forward Scattering Problem . ... ... . ... ...
2.3.1 The Forward Scattering Problem in 1D . . . . . .
2.3.2 The Born Approximation and its Consequences
2.3.3 The Inverse Scattering Integral Equation . . . . .
2.4 Constant-Background, Zero-Offset Inversion . ... ...
2.4.1 Constant-Background, Single-Layer . . ... ...
2.4.2 More Layers, Accumulated Error . .. ... ...
2.4.3 A Numerical Example . . . ... ... .......
244 Summary ... ... e e
2.5 Inversion in a Variable-Background Medium . ... ...
2.5.1 Modern Mathematical Issues . ... .. ... ...
2.5.2 Summary . . ...
2.5.3 Implementation of the Variable-wavespeed
Theory . ... ... ... ..
254 Summary .. ... ...
2.6  Re-evaluation of the Small-Perturbation Assumption . . .
2.7  Computer Implementation . . . ... ............
271 Sampling . . . ... .. ... .. .
2.8 Variable Density . . ... .. ... .. ... ... ...,

Inversion in Higher Dimensions
3.1  The Scattering Problem in Unbounded Media . . . . . . .
3.2  The Born Approximation . ... ..............
3.2.1 The Born Approximation and High Frequency . .
3.2.2 The Constant-background Zero-offset Equation
3.2.3 One Experiment, One Degree of Freedom in « . .
3.3 Zero-Offset Constant Background Inversion in 3D .
3.3.1 Restrictions on the Choiceof k3 . ... ... ...
3.4 High Frequency, Again . . . ... ... .. .........
3.4.1 Reflection from a Single Tilted Plane . ... ...
3.4.2 The Reflectivity Function . . .. . ... ... ...
3.4.3 Alternative Representations of the Reflectivity
Function . .. ... ... ... .. ... 0.
3.5 Two-and-one-half Dimensions . . . ... ... .... ...
3.5.1 Zero-Offset, Two-and-one-half Dimensional
Inversion . .. ... ... ... ... ... . ...
3.6 Kirchhoff Inversion . ... .. ... ... ..........
3.6.1 Stationary Phase Computations . . .. ... ...
3.6.2 Two-and-one half Dimensional Kirchhoff
Inversion . .. ... ... ... ... ... . ...
3.6.3 2D Modeling and Inversion . ............
3.7  Testing the Inversion Formula with Kirchhoff Data .
3.7.1 The Kirchhoff Approximation . . . . .. ... ...
3.7.2 Asymptotic Inversion of Kirchhoff Data .. ...

72
78
79
80
81
83

91

93

97
102
106
106
109
114
117
120
122

124
126

128
130
131



Contents iii

3.73 Summary . ......... ..o .. 156
3.8 Reverse-time Wave-equation Migration Deduced from
the Kirchhoff Approximation . ............... 160
4 Large-Wavenumber Fourier Imaging 166
4.1 The Concept of Aperture . . ... ... .......... 168
4.2  The Relationship between Aperture and Survey
Parameters . . . . . . ... ... 169
4.2.1 Rays, Fourier Transforms, and Apertures . . . . . 170
4.2.2 Aperture and Migration Dip . . . ... ... ... 171
4.2.3 Migration Dip and Apertures . ....... ... 173
424 Summary . ... ..o e 181
4.3  Examples of Aperture-limited Fourier Inversion . . . .. 182
4.3.1 Aperture-Limited Inversion of a Dirac Delta
Function (A Point Scatterer) . . . . ... ... ... 184
4.3.2 Aperture-Limited Inversion of a Singular
Function (a Reflecting Plane) . . ... .. ... .. 186
4.3.3 Generalization to Singular Functions of Other
Types of Surfaces—Asymptotic Evaluation . ... 191
4.3.4 Relevance to Inverse Scattering . . . .. ... ... 195
4.3.5 Aperture-Limited Fourier Inversion of Smoother
Functions . . . . .. ... ... oL L. 196
4.3.6 Aperture-Limited Fourier Inversion of Step-like
Functions . . . . .. ... ... oL L. 196
4.3.7 Aperture-Limited Fourier Inversion for a
Ramp-like Function . . .. ... ... ........ 199
4.3.8 Aperture-Limited Inversion of an
Infinitely-Differentiable Function . ... ... ... 200
4.3.9 Summary .. ... ... 203
4.4  Aperture-Limited Fourier Identity Operators . . . . . . . 203
4.4.1 The Significance of the Boundary Values in D,» . 205
4.4.2 Stationary Phase Analysisfor Iy . ... ... ... 208
4.4.3 The Near-Surface Condition . . . . .. . ... ... 215
4.4.4 Extracting Information about fon S,y ... ... 215
4.4.5 Processing for a Scaled Singular Function of the
Boundary Surface, S,y . ... ... 216
4.4.6 The Normal Direction . .. ... ... ....... 218
4.4.7 Integrands with Other Types of Singularities . . . 219
448 Summary . ... ... 221
4.49 Modern Mathematical Issues . . ... ... . ... 222
5 Inversion in Heterogeneous Media 225
5.1  Asymptotic Inversion of the Born-Approximate Integral
Equation, General Results . . . . . ... ... ....... 226

5.1.1 Recording Geometries . . ... ... ........ 226



iv

Contents

5.2

5.3

5.4

5.5
5.6

5.7

5.1.2 Formulation of the 3D, Variable-background,
Inverse Scattering Problem . . . . . ... ... ...
5.1.3 Inversion for a Reflectivity Function . . ... ...
5.1.4 Summary of Asymptotic Verification . . . . . . . .
5.1.5 Inversion in Two Dimensions . . ... . ... ...
5.1.6 General Inversion Results, Stationary Triples,
andcosfy, .. ... ... ... ... ... ...
5.1.7 An Alternative Derivation: Removing the
Small-perturbation Restriction at the Reflector . .
5.1.8 Discussion . . ... ... ... ... ..o
The Beylkin Determinant h, and Special Cases of 3D

Inversion . .. .. .. .. . . . ...

5.2.1 General Properties of the Beylkin Determinant
5.2.2 Common-Shot Inversion . . . .. ..........
5.2.3 Common-Offset Inversion . . .. ..........
5.2.4 Zero-Offset Inversion . . . . ... ... .......
Beylkin Determinants and Ray Jacobians in the

Common-shot and Common-receiver configurations

Asymptotic Inversion of Kirchhoff Data for a Single

Reflector . .. .. .. . . . .. . . .

5.4.1 Stationary Phase Analysis of the Inversion of
Kirchhoff Data . . ... ... ... .. .......
5.4.2 Determination of cosfs andcy . . . . .. ... .
5.4.3 Finding Stationary Points . .. . ... ... ...
5.4.4 Determination of the Matrix Signature . ... ..
5.4.5 The Quotient, h/|det[®¢,]|*/2 . .. .. ... ...
Verification Based on the Fourier Imaging Principle . . .
Variable Density . . ... .. ... ... .. ........
5.6.1 Variable-Density Reflectivity Inversion Formulas .
5.6.2 The Meaning of the Variable-Density Reflectivity
Formulas . .. ... ... ... ... .........
Discussion of Results and Limitations . . ... ... ...
5.7.1 Summary .. ... ...

Two-and-One-Half Dimensional Inversion

6.1

6.2

6.3

2.5D Ray Theory and Modeling . . . . . ... ... ....
6.1.1 Two-and-one-half-Dimensional Ray Theory . . . .
2.5D Inversion and Ray Theory . . .. ... .......
6.2.1 The 2.5D Beylkin Determinant . . . . . ... ...
6.2.2 The General 2.5D Inversion Formulas for
Reflectivity . . . . . .. .. ... . L
The Beylkin Determinant, H, and Special Cases of 2.5D

Inversion . . . .. .. . . . ... e

6.3.1 General Properties of the Beylkin Determinant . .
6.3.2 Common-Shot Inversion . . . ... .........

247
250

252
252
255
257
259

260

266

267
273
275
278
279
281
286
287

287
288
291

295
296
296
303
305

306

310
310



Contents

6.3.3 A Numerical Example—Extraction of Reflectivity
from a Common-Shot Inversion . ... ... . ...
6.3.4 Constant-background Propagation Speed . . . . .
6.3.5 Vertical Seismic Profiling . . .. ... .... ...
6.3.6 Well-to-Well Inversion . . . ... ..........
6.3.7 Invert for What? . .. ... ... ... .. .....
6.3.8 Common-Offset Inversion . . ... .........
6.3.9 A Numerical Example—FExtraction of the
Reflection Coefficient and cos 8, a Common-offset
Inversion . .. ... ... ... ... ... ...,
6.3.10 A Numerical Example—Imaging a Syncline with
Common-offset Inversion . . . ... .........
6.3.11 Constant Background Inversion . . . . . ... ...
6.3.12 Zero-offset Inversion . . ... .. ... .. .. ...

7 The General Theory of Data Mapping

7.1

7.2

7.3

7.4

7.5

7.6

7.7

Introduction to Data Mapping . . . ... ... ... ...
7.1.1 Kirchhoff Data Mapping ( KDM) . . . .. ... ..
7.1.2 Amplitude Preservation . . ... ... .......
7.1.3 A Rough Sketch of the Formulation of the KDM

Platform . .. ... .. ... ... . ... ...,
7.1.4 Possible Kirchhoff Data Mappings . . . ... ...
Derivation of a 3D Kirchhoff Data Mapping Formula
7.2.1 Spatial Structure of the KDM Operator . . . . . .
7.2.2 Frequency Structure of the Operator and

Asymptotic Preliminaries . . . . . . ... ... ...
7.2.3 Determination of Incidence Angle . .. ... ...
2.5D Kirchhoff Data Mapping . . . .. ... ... ....
7.3.1 Determination of Incidence Angle . .. ... ...
Application of KDM to Kirchhoff Data in 2.5D . . . ..
7.4.1 Asymptotic Analysis of 25D KDM .. ... ...
7.4.2 Stationary Phase Analysisin~y . ... ... . ...
7.4.3 Validity of the Stationary Phase Analysis
Common-shot Downward Continuation of Receivers (or
SOUTCES) .« . v i
7.5.1 Time-domain Data Mapping for Other

Implementations . . ... ..............
7.5.2 Stationary Phaseint; . ... ... ... ... ...
2.5D Transformation to Zero-offset ( TZO) . .. .. ...
7.6.1 TZO in the Frequency Domain . ... ... ...
7.6.2 A Haletype TZO . .................
7.6.3 Gardner/Forel-type TZO . ... ..........
7.6.4 On the Simplification of the Second Derivatives

ofthe Phase . ... .. ... ... .. ..... ...
3D Data Mapping . ... .. .. .. ...

312
314
315
317
317
318

320

320
322
323

325
326
328
329

329
331
333
336

337
342
343
345
345
354
356
359



vi

Contents

7.8

7.7.1 Stationary Phasein ~ ... ............
7.7.2 Discussion of the Second Derivatives of the Phase .
7.7.3 3D Constant-Background TZO . .........
7.7.4 The v, Integral as a Bandlimited Delta Function .
7.7.5 Space/Frequency TZO in Constant Background .
7.76 A Haletype3D TZO ... .............
Summary and Conclusions . . . . . . ... ... ... ...

Distribution Theory

Al
A2
A3
A4
A5
A6
AT

A8

Introduction . . ... .. ... ... ... ... ...
Localization via Dirac Delta functions . . ... ... ...
Fourier Transforms of Distributions . . . . . ... ... ..
Rapidly Decreasing Functions . . . . .. .. ... .. ...
Temperate Distributions . . . . ... .. ... .......
The Support of Distributions . . .. ... ... ......
Step Functions . . . . ... ... ... .. .. ........
A.7.1 Hilbert Transforms ... ..............
Bandlimited Distributions . . ... ... ... .......

The Fourier transform of Causal Functions

B.1
B.2

Introduction . . ... ... ... . ... .. . . ...
Example: the 1D, Free Space Green’s Function . . . . . .

Dimensional versus Dimensionless Variables

C.1

C.2
C.3

The Wave Equation . . . . ... ... ... .........
C.1.1 Mathematical Dimensional Analysis . . ... ...
C.1.2 Physical Dimensional Analysis . ... .......
The Helmholtz Equation . . . . ... .. ... .......
Inversion Formulas . ... ... ...............

An Example of Ill-Posedness

D.1

Ill-posedness in Inversion . . . . ... .. ... .. .....

An Elementary Introduction to Ray Theory

E.1
E.2

E.3

The Eikonal and Transport Equations . . . . . ... ...
Solving the Eikonal Equation by the Method of

Characteristics . . . . . . . . . . i

E.2.1 Characteristic Equations for the Eikonal
Equation ... ... .. .. ... ... ... ...,
E.2.2 Choosing A = 1/2: o as the Running Parameter .
E.2.3 Choosing A = ¢?/2: 7, Traveltime, as the
Running Parameter . . . . . ... ... .......
E.2.4 Choosing A = ¢( x)/2: s, Arclength, as the
Running Parameter . . . .. ... ... .......
Ray Amplitude Theory . ... ... ... ... ......

393
396
398
400
403
403

408
408
409
416
418
419
420
421
423
424

428
428
433

437
438
438
440
441
444

449
450

454
455

457

461
463



Contents vii

E.3.1 The ODE Form of the Transport Equation . . .. 468
E.3.2 Differentiation of a Determinant . ... ... ... 469
E.3.3 Verification of (E.3.12) . . . ... ... ... .... 471
E.3.4 Higher-order Transport Equations . .. ... ... 472
E.4 Determining Initial Data for the Ray Equations . . . . . 473
E.4.1 Initial Data for the 3D Green’s Function . . . .. 473
E.4.2 Initial Data for the 2D Green’s Function . . . .. 477
E.4.3 Initial Data for Reflected and Transmitted Rays . 478
E.5 25D Ray Theory . ........ ... ... ........ 483
E.5.1 2.5D Ray Equations . . ............... 483
E.5.2 2.5D Amplitudes . . . ... ... ... ..., 484
E.5.3 The 2.5D Transport Equation . . . . . . ... ... 485
E.6 Ray Tracing in Variable-density Media . . . . ... . ... 486
E.6.1 Ray Amplitude Theory in Variable-density
Media . ... ... . .. .. ... .. 487
E.6.2 Reflected and Transmitted rays in
Variable-density Media, . . . ... ... ....... 488
E.7 Dynamic Ray Tracing . ... ................ 490
E.7.1 A Simple Example, Ray Tracing in Constant
Wavespeed Media . . ... .. ... ......... 493
E.7.2 Dynamic Ray Tracingino . ......... ... 494
E.7.3 Dynamic Ray Tracingin 7. . ... ... ... ... 494
E.7.4 Two Dimensions . . ... .. ... ......... 495
E.7.5 Conclusions . ... ... ... .. .. ........ 495
E.8 The Kirchhoff Approximation . ... ........... 495
E.8.1 Problem Formulation . . . . ... ... ....... 497
E.8.2 Green’s Theorem and the Wavefield
Representation . . . . . ... ... . ... ..., 498
E.8.3 The Kirchhoff Approximation . . . . .. ... ... 503
E84 25D . .. .. 505
E.85 Summary .............. ... ... 507
Author Index 509

Subject Index 513



