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Abstract

Directionally-dependent attenuation may strongly influence body-wave amplitudes
and distort the results of the AVO (amplitude variation with offset) analysis. Follow-
ing the idea of Thomsen’s (1986) notation for velocity anisotropy, I introduce a set
of attenuation-anisotropy parameters for TI (transversely isotropic) and orthorhombic
media, which have similar physical meaning to the corresponding velocity-anisotropy
parameters. Based on the concept of homogeneous wave propagation (i.e., the real and
imaginary parts of the wave vector are assumed to be parallel to one another), I analyze
plane-wave properties for T1 and orthorhombic media and obtain linearized attenuation
coefficients for models with weak attenuation as well as weak velocity and attenuation
anisotropy. I then analyze measurements of the P-wave attenuation coefficient in a
transversely isotropic sample made of phenolic material using the anisotropic version of
the spectral-ratio method, which takes into account the difference between the group
and phase attenuation. Recovered attenuation-anisotropy parameters demonstrate that
attenuation anisotropy can be much stronger than velocity anisotropy.

To explore the physical reasons for attenuation anisotropy of finely layered media,
I apply Backus averaging to obtain the effective attenuation-anisotropy parameters for a
medium formed by an arbitrary number of anisotropic, attenuative constituents. Using
approximate solutions, I evaluate the contributions of various factors (related to both
heterogeneity and intrinsic anisotropy) to the effective attenuation anisotropy. Inter-
estingly, the effective attenuation for P- and SV-waves is anisotropic even for a medium
composed of isotropic layers with no attenuation contrast, provided there is a velocity
variation among the constituent layers. Contrasts in the intrinsic attenuation, however,
do not create attenuation anisotropy, unless they are accompanied by velocity contrasts.
Further analysis for models composed of azimuthally anisotropic constituents with mis-
aligned vertical symmetry planes suggests the possibility of different symmetries and
principal azimuthal directions of the effective velocity and attenuation.

Finally, I present an asymptotic study of 2D far-field radiation from seismic sources
for media with anisotropic velocity and attenuation functions and discuss the influence
of the inhomogeneity angle on the radiation patterns and the relationship between the
phase and group attenuation coefficients.
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An approximate answer to the right problem is worth a good deal more than an exact answer
to an approzimate problem.

(John Tukey)
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Chapter 1

Introduction

1.1 Motivation

Most existing publications on seismic anisotropy are devoted to the influence of angular
velocity variation on the traveltimes and amplitudes of seismic waves (e.g., Backus, 1962;
Thomsen, 1986; Alford, 1986; Alkhalifah and Tsvankin, 1995; Bakulin et al., 2000a,b,c;
Grechka and Tsvankin, 2002a,b; Wang, 2002; Upadhyay, 2004; Tsvankin, 2005; Crampin
and Peacock, 2005; Helbig and Thomsen, 2005). It is likely, however, that anisotropic
formations are also characterized by directionally dependent attenuation, which is possibly
related to the internal structure of the rock matrix or the presence of aligned fractures or
pores.

It has long been recognized that attenuation, a process that dissipates the energy of
elastic waves and alters their amplitude and frequency content, is prevalent in the earth.
Application of attenuation in seismic exploration, however, remains a challenging topic.
One important reason is the uncertainty associated with attenuation measurements (e.g.,
Schoenberg and Levin, 1974; Kibblewhite, 1989; Mateeva, 2003; King, 2005). As pointed
out by Leon Thomsen (cited from Lynn et al., 1999), while attenuation itself is difficult
to estimate, the azimuthal variation in attenuation might be more tractable. Indeed, the
directional dependence of attenuation has been measured in laboratory experiments (e.g.,
Johnston, 1981; Hosten et al., 1987; Tao and King, 1990; Best, 1994; Prasad and Nur, 2003)
and several field case studies (e.g., Liu et al., 1993; Hiramatsu, 1995; Lynn et al., 1999;
Vasconcelos and Jenner, 2005).

The physical mechanism of attenuation remains an active field of research (Biot, 1956,
1962; White, 1975; Dvorkin et al., 1995; King, 2005), and several mechanisms have been
proposed for attenuation anisotropy. For example, fluid flow in fractured and porous media
is usually considered the dominant mechanism of anisotropic dissipation (Mavko and Nur,
1979; Akbar et al., 1993; Parra, 1997; Brajanovski et al., 2005). MacBeth (1999) reviews
some intrinsic attenuation mechanisms, such as intracrack fluid flow, and attributes the
azimuthal variation of P-wave reflection amplitudes to anisotropic attenuation. Pointer
et al. (2000) discuss three different models of wave-induced fluid flow in cracked porous
media, which may result in anisotropic velocities and attenuation coefficients when the
cracks are aligned. A poroelastic model introduced by Chapman (2003) in his discussion of
frequency-dependent anisotropy can explain strong anisotropic attenuation in the seismic
frequency band. Using Chapman’s model, Maultzsch et al. (2003a) estimated the quality
factor @ (a commonly used parameter for attenuation measurement) as a function of phase
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angle for synthetic samples composed of sand-epoxy matrix with embedded thin metal discs.

Attenuation anisotropy can also be caused by directionally-dependent stress (e.g., Stan-
ley and Christensen, 2001; Prasad and Nur, 2003). For example, Liu et al. (1993) estimated
anisotropy in both velocity and attenuation for a shallow multiazimuth reverse VSP sur-
vey, and attributed it to stress-induced fractures and microcracks. Analysis of seismic
body waves and normal-mode data shows that even the inner core of the earth possesses
attenuation anisotropy that may be caused by columnar crystals elongated in the radial
direction (Souriau and Romanowicz, 1996; Bergman, 1997). Other possible causes of atten-
uation anisotropy may include interbedding of thin attenuative layers (e.g., Carcione, 1992;
Molotkov and Bakulin, 1998), anisotropy of the density tensor in poroelastic Biot media
(Bakulin and Molotkov, 1998), and azimuthal scattering (Willis et al., 2004).

A problem of significant interest is how we can benefit from studying attenuation
anisotropy. Johnston and Toksoz (1981) suggest that seismic attenuation data can at
least double the information obtained from velocities alone. Blangy (1994) speculates that
anisotropic attenuation may help answer some of the unexplained pitfalls in AVO (amplitude
variation with offset) interpretation. Maultzsch et al. (2003b) compare various overburden
effects and suggest that the influence of anisotropic attenuation on the amplitude is of the
same order as that of reflection coefficients. Hence anisotropic attenuation needs to be
corrected in AVO analysis.

Although inferring rock properties (e.g., the fracture density) from anisotropic attenu-
ation suffers from uncertainty caused by the large number of parameters and relies heavily
on specific models, attenuation anisotropy complements other physical measurements, such
as velocity anisotropy, and carries information about permeability and other parameters
(Martin and Brown, 1995; Lynn and Beckham, 1998). For example, based on Biot’s (1956,
1962) theory, Gelinsky and Shapiro (1994) found that fluid flow in media with anisotropic
permeability results in stronger anisotropy for attenuation than that for velocity in the
seismic frequency range.

Current literature on anisotropic attenuation generally falls into two categories: mea-
surements and physical mechanisms. Measurements of attenuation in the laboratory or field
are generally carried out for a few directions (e.g., two orthogonal directions) to describe
(qualitatively) the directional dependence of attenuation. This, however, does not provide
a full description of the directional dependence of attenuation and may cause errors even
in estimating the principal direction of attenuation. On the other hand, discussions of pos-
sible mechanisms of anisotropic attenuation are primarily limited to a specific model, such
as intracrack fluid flow (MacBeth, 1999).

The goal of this thesis is to develop a consistent treatment of attenuation anisotropy
in the presence of velocity anisotropy. Without attempting to address specific mecha-
nisms of anisotropic attenuation for fractured and porous media, I characterize attenuation
anisotropy at the macroscopic level to design a set of attenuation-anisotropy parameters
that govern attenuation coefficients. One of the main challenges in describing wave propa-
gation in attenuative anisotropic media is the large number of parameters that control the
attenuation coefficients because of the coupling between the real and imaginary parts of the
stiffness matrix. I show, however, that attenuation anisotropy is to some extent analogous
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to the corresponding velocity anisotropy (within the assumptions discussed below), and this
can be used to facilitate the description of attenuation anisotropy.

1.2 Assumptions

An important assumption of this work is a constant quality factor ) in the operational
frequency band. For frequency-dependent (), the velocity- and attenuation-anisotropy pa-
rameters also become functions of frequency.

For plane waves propagating in attenuative media, the orientations of the real and
imaginary parts of the wave vector generally differ from one another. This means that
the planes of constant phase and constant amplitude do not coincide (Borcherdt and Wen-
nerberg, 1985; Borcherdt et al., 1986; Krebes and Slawinski, 1991; Krebes and Le, 1994),
and the direction of wave propagation deviates from the direction of maximum attenua-
tion. However, when the wavefield is excited by a point source in a weakly attenuative
homogeneous medium, the angle between the real and imaginary parts of the wave vector
(the so-called inhomogeneity angle) is usually small, and the rate of attenuation is highest
close to the propagation direction (Ben-Menahem and Singh, 1981; Cerveny and Psencik,
2005). In Chapters 2-4, I consider homogeneous wave propagation in attenuative media,
which means that the real and the imaginary parts of the wave vector are parallel to each
other. Chapters 5 and 6, however, give a more general treatment of wave propagation that
takes the inhomogeneity angle into account.

Another important assumption in Chapters 2-3 is the alignment of the symmetry di-
rections of the velocity and attenuation anisotropy. For example, Chapter 2 discusses media
with VTI (transversely isotropic with a vertical symmetry axis) symmetry for both velocity
and attenuation. Chapter 5 shows, however, that the effective velocity and attenuation
functions for layered attenuative HTI (TI with a horizontal symmetry axis) media may
have different symmetry orientations. Analysis of seismic-source radiation in Chapter 6 is
valid for general attenuative anisotropic media with different symmetries for velocity and
attenuation.

Most analytic results in Chapters 2—6 are derived for models with weak attenuation as
well as weak anisotropy for both velocity and attenuation.

To make the assumptions clear, they are reiterated in appropriate places throughout
the thesis.

1.3 Thesis layout

In addition to the introduction and conclusions, the thesis consists of five chapters on
various aspects of attenuation anisotropy: attenuation analysis for TT media, generalization
of the TI results for orthorhombic media, laboratory measurements of P-wave TI attenua-
tion, effective attenuation anisotropy of finely layered media, and far-field radiation in 2D
attenuative anisotropic media.

Chapter 2 gives a consistent analytic treatment of plane-wave propagation for attenua-
tive TT media (i.e., both velocity and attenuation have TT symmetry). Extending Thomsen’s
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(1986) notation for velocity anisotropy, I suggest defining attenuation anisotropy using two
reference isotropic quantities (wavenumber-normalized attenuation coefficients for P- and
SV-waves along the symmetry axis) plus three attenuation-anisotropy parameters (e a1 Ogs
and 7,). These attenuation parameters, in combination with the reference isotropic quan-
tities for P- and SV-velocities along the symmetry axis (Vpy and Vsg, respectively) and
three velocity-anisotropy parameters (e, 0, and ), fully characterize the attenuation of P-,
SV- and SH-waves. Moreover, the Thomsen-style attenuation-anisotropy parameters can
be used to linearize attenuation coefficients under the assumptions of weak attenuation and
weak velocity and attenuation anisotropy. The approximate attenuation coefficients reveal
a close similarity between velocity and attenuation anisotropy.

Chapter 3 is an extension of the results obtained for TT symmetry to orthorhombic
media. By using the analogy between velocity and attenuation, as well as the analogous
form of the Christoffel equation in TI media and the symmetry planes of orthorhombic me-
dia, I follow Tsvankin’s (1997, 2005) notation to develop a set of anisotropy parameters for
orthorhombic attenuation. This parameterization is then used to linearize the P-wave atten-
uation coefficients in the limit of weak attenuation as well as weak velocity and attenuation
anisotropy. The reduction in the number of attenuation-anisotropy parameters governing
P-wave attenuation provides a basis for processing P-wave attenuation measurements from
orthorhombic media.

Chapter 4 describes laboratory measurements of P-wave attenuation anisotropy for a
synthetic sample. To estimate the complete angular dependence of attenuation, I suggest
an anisotropic version of the spectral-ratio method, which takes into account the difference
between the attenuation coefficients in the phase and group directions. Despite a number of
limitations in the measurements and analysis, this methodology can be applied to processing
of field data (e.g., AVO analysis) for attenuative anisotropic media.

To understand the physical reasons for attenuation anisotropy, I analyze the effective
parameters of finely layered attenuative media in the long-wavelength limit (Chapter 5).
Linearization of the effective attenuation-anisotropy parameters for TI constituent layers
provides physical insight into the relative influence of heterogeneity versus intrinsic velocity
and attenuation anisotropy. If the model includes azimuthally anisotropic layers with mis-
aligned vertical symmetry planes, the effective velocity and attenuation may have different
symmetries and principal azimuthal directions.

The discussion in Chapters 2—4 is based on the assumption of homogeneous wave
propagation. In Chapter 6, I study the influence of the inhomogeneity angle on attenuation
behavior, such as the radiation patterns for homogeneous attenuative media. By evaluating
2D far-field (asymptotic) radiation from seismic sources, I find that the inhomogeneity angle
is governed by both velocity and attenuation anisotropy and vanishes in symmetry direc-
tions. The relationship between the group and phase attenuation coefficients is influenced
by the inhomogeneity angle, which can have serious implications for field measurements and
AVO analysis of attenuative anisotropic media.
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Chapter 2

Plane-wave attenuation anisotropy for TI media

2.1 Summary

I develop a consistent analytic treatment of plane-wave properties for TI media with
attenuation anisotropy. The anisotropic quality factor can be described by matrix elements
Q;j defined as the ratios of the real and imaginary parts of the corresponding stiffness
coefficients. To characterize TI attenuation, I follow the idea of Thomsen’s notation for
velocity anisotropy and replace the components ();; by two reference isotropic quantities
and three dimensionless anisotropic parameters €., d,, and v,. The parameters ¢, and
Y, quantify the difference between the horizontal and vertical attenuation coefficients for
P- and SH-waves (respectively), while ¢, is defined through the second derivative of the
P-wave attenuation coefficient in the symmetry direction. Although the definitions of €,
d,, and v, are similar to those for the corresponding Thomsen parameters, significantly,
the expression for d,, reflects the coupling between the attenuation and velocity anisotropy.

Assuming weak attenuation as well as weak velocity and attenuation anisotropy helps
to obtain simple attenuation coefficients linearized in Thomsen-style parameters. The nor-
malized attenuation coefficients for both P- and SV-waves have the same form as do the
corresponding approximate phase-velocity functions, but both ¢, and the effective SV-wave
attenuation-anisotropy parameter o, depend on the velocity-anisotropy parameters in addi-
tion to the elements @);;. The linearized approximations not only provide valuable analytic
insight, they also remain accurate for the practical and important range of small and mod-
erate anisotropy parameters, in particular for near-vertical and near-horizontal propagation
directions.

2.2 Introduction

This chapter is devoted to plane-wave signatures in TI media with both isotropic
and TI attenuation. Although waves propagating through attenuative media are generally
inhomogeneous (i.e., the orientations of the real and the imaginary parts of the wave vector
differ from one another), the inhomogeneity angle is usually small for the wavefield excited
by a point source in a weakly attenuative homogeneous medium. Here, I show that as long
as the inhomogeneity angle is of the same order as the velocity-anisotropy and attenuation-
anisotropy parameters, the misalignment of the real and imaginary parts of the wave vector
has negligible influence on the attenuation coefficient. Therefore, in most of the discussion
below the real and imaginary parts of the wave vector are taken to be parallel to one another,
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which corresponds to homogeneous wave propagation.

A detailed discussion of wave propagation in anisotropic attenuative media is given
by Carcione (2001). His treatment, however, is formulated in terms of the stiffness coeffi-
cients, and the results are not generally expressed in a form amenable to data-processing
applications. As demonstrated below, analysis of the influence of anisotropic attenuation on
seismic signatures can be facilitated by introducing dimensionless anisotropic parameters
responsible for the angle-dependent quality factor.

After defining the quality-factor elements @);; through the ratios of the real and imag-
inary parts of the stiffness coefficients, I introduce Thomsen-style parameters that describe
the angle-dependent attenuation. The advantages of this notation are demonstrated by
analyzing the attenuation coefficient as a function of phase angle. To gain insight into the
behavior of the attenuation coefficients for P- and SV-waves, I simplify the exact equations
under the assumptions that the attenuation and velocity anisotropy, as well as the attenu-
ation itself, are weak. The accuracy of the approximate attenuation coefficients is verified
by numerical tests for representative TT1 models.

The terminology in this chapter is designed to draw a clear distinction between the
anisotropy of velocity and attenuation. To ensure consistency with existing literature on
non-attenuative anisotropic media, terms such as anisotropic media or transversely isotropic
(TI) media refer to the velocity anisotropy. When discussing attenuative media, I explicitly
specify the character of the attenuation. For example, the term T1 medium with isotropic
attenuation means that the model is transversely isotropic with respect to the velocity
function but the attenuation is isotropic (i.e., independent of direction).

2.3 Definition of the Q matrix

Although a number of parameters have been introduced to quantify attenuation-related
amplitude decay (e.g., Johnston and Toksoz, 1981), such as the quality factor @, attenuation
coefficient, logarithmic decrement of amplitude, and complex modulus, these parameters
were originally designed for isotropic attenuation and need to be generalized for anisotropic
materials. To develop a consistent description of the quality factor for both isotropic and
anisotropic attenuation, I follow Carcione (2001, p. 58) in defining @ as twice the time-
averaged strain-energy density divided by the time-averaged dissipated-energy density. In
terms of the complex stiffness coefficients, the quality-factor matrix is given by

Qij = TJ ; (2.1)

&
G

<

where ¢;; and cl-lj are the real and the imaginary parts, respectively, of the stiffness coefficient
Cij = Cij + z'cilj. Note that there is no summation over ¢ or j in equation 2.1.

The analysis below is restricted to transversely isotropic media with either isotropic
or TT attenuation. The symmetry axis is assumed to be vertical (VTT), but since all results
are derived for a homogeneous medium, they can be readily adapted to TI models with any
symmetry-axis orientation.
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As follows from equation 2.1, the Q matrix inherits the structure of the stiffness matrix.
For the case of VTIT media with VTT attenuation, the matrices ¢;; and cl-Ij have the same
(VTI) symmetry, and the quality-factor matrix has the form

[ Qi1 Q2 Qi3 0 0 0
Q2 Qu Qi3 O 0 0
| Qi3 Qi3 Q33 0 0 0
Q= 0 0 0 @ O 0 ’ (2.2)
0 0 0 0 Qs O
L 0 0 0 0 0 Qg

c11 — 2¢66
where Q12 = Q11 )
c11 — 2¢e6 Q11/ Q66
When both the real and imaginary parts of the stiffness matrix have isotropic structure,
the quality factor is described by only two independent parameters, Q33 and @s5:

[ Q33 Qi3 Qi3 0
Qi3 Q33 Qi3 0
Qi3 Q13 Q33 0

o O O O
o O O O

— , 2.3
0 0 0 0 @55 O
0 0 0 0 0 @55 |
-2
where the component Q13 = Q12 is given as Q13 = Q33 €33 €55 The P-wave

c33 — 255 Q33/Qs5
attenuation is controlled by @33, while Q55 is responsible for the SV-wave attenuation (see

below).

According to the attenuation measurements in sandstones by (Gautam et al., 2003),
the @ factor for P-waves may be either larger or smaller than that for SV-waves, depending
on the mobility of fluids in the rock. The “crossover” frequency, for which @33 = Qss5,
corresponds to the special case when all components of the Q matrix are identical:

Qij = Q. (2.4)

As discussed below, if the quality factor is given by equation 2.4, the attenuation for both P-
and S-waves is isotropic (independent of direction), even for arbitrarily anisotropic media.

Anisotropic attenuation can be described by calculating the so-called eigenstiffnesses
from the ¢;; matrix and applying relaxation functions to the eigenstiffnesses to obtain the
complex stiffness coefficients ¢;; and the Q matrix (Helbig, 1994). For TI media, those
operations are described in detail by Carcione (2001, Chapter 4). Here, I do not consider
any specific attenuation mechanism and focus on examining wave propagation for general
TI structure of the Q matrix.

The discussion below is based on the assumption of a frequency-independent (), which
is often valid in the seismic frequency band. In a more rigorous description of attenua-
tion, the complex stiffness components and the quality factor vary with frequency, as does
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the velocity. The results, however, can still be applied for any given frequency, and the
Thomsen-style anisotropy coefficients become frequency-dependent.

2.3.1 Christoffel equation for anisotropic, attenuative media

The displacement of a harmonic plane wave in an attenuative medium can be written
as

@ = Uexp {i(u)t k- x)} , (2.5)

where U denotes the polarization vector, w is the angular frequency, ¢ is the time, and k
is the wave vector, which becomes complex in the presence of attenuation: k = k — ik!.
The imaginary part (k') of the wave vector is sometimes called the attenuation vector. In
general, the wave propagation is inhomogeneous since k' is not parallel to k, which means
that the planes of constant phase and constant amplitude do not coincide, and the direction
of the fastest amplitude decay deviates from the phase-velocity vector. The angle between
k! and k is the inhomogeneity angle.

While the inhomogeneity angle is a free parameter in plane-wave propagation, for wave-
fields excited by point sources in weakly attenuative media, the angle between the direction
of k! and that of k is usually small (Ben-Menahem and Singh, 1981). As discussed in Ap-
pendices A and B, if the inhomogeneity angle is of the same order as the velocity-anisotropy
and attenuation-anisotropy parameters, the deviation of k! from k has a negligibly small
influence on both the attenuation coefficient and phase velocity. Hence, the treatment of
plane waves is restricted to homogeneous wave propagation, for which the vectors k and k!
are parallel to one another so that k = n (k — ik’), where n is the unit vector in the phase
direction, k = |k|, and k! = [k!|.

By substituting the plane wave (equation 2.5) into the equation of motion, I obtain
the Christoffel equation, which has the same form as that in non-attenuative media (e.g.,
Crampin, 1981):

éz’k — pf/25,-k ﬁk =0. (2.6)

Here, G = Cijtanjny is the Christoffel matrix, which depends on the complex stiffnesses

-~ W
¢;jk1 and the phase direction n, p is the density, d;;, is Kronecker’s delta function, and V' = =

is the complex phase velocity (k = |k|). The real part V of the phase velocity is given by

(Carcione, 2001)
V= [Re (%)] T % (2.7)

Below I examine the solutions of the Christoffel equation 2.6 for all three wave types
(P, SV, SH) in VTI media with both isotropic and VTI attenuation.
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2.4 SH-wave attenuation

2.4.1 Isotropic attenuation

For waves propagating in the [z1, z3]-plane of VTI media, the Christoffel equation 2.6
splits into an equation for the SH-wave polarized in the zo-direction and two coupled equa-
tions for the in-plane polarized P- and SV-waves. The equation for the wave vector of the
SH-wave has the same form as that in non-attenuative media but the stiffness coefficients
and wavenumbers are complex quantities:

666%% + 555];332, — pw2 =0. (2.8)

As shown in Appendix A, for homogeneous wave propagation in a medium with isotropic
Q (Q = Q55 = Qgg), the imaginary part of equation 2.8 reduces to
k72 _ ( ]{II )2

Ko = — 2kkT = 0. (2.9)

Note that the assumption of isotropic ) for SH-waves does not involve the condition Q33 =
Qs5. Solving for k!, T find [also see equation 2.122 in Carcione (2001)]

K=k <\/1 T Q) . (2.10)

It is convenient to introduce the normalized attenuation coefficient A, which defines
the rate of amplitude decay per wavelength:

I
= % (2.11)

For brevity, the word normalized is omitted in most of the text below. Equation 2.10 shows
that the coefficient A for SH-waves in media with isotropic @ is independent of the phase

1
angle. When attenuation is weak (i.e., 0 < 1), equation 2.10 yields

1
Asy = E . (2.12)
The weak-attenuation approximation(equation 2.12) is close to the exact attenuation co-
efficient A for the practically important range (Q > 10 and breaks down only for strongly
attenuative media (Figure 2.1).
The real part of the Christoffel equation 2.8 can be used to obtain the phase velocity
of the SH-wave (Appendix A):

Vs (0) = £, Vst (6) (2.13)

where Vg}l{ast is the SH-wave phase velocity in the reference non-attenuative medium (equa-
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5 :
h — exact
' = = = approx.

Attenuation coefficient A

Figure 2.1. Normalized attenuation coefficient A for SH-waves as a function of the @ factor

for a medium with Q55 = Q¢ = Q. The solid line is the exact A from equations 2.10
and 2.11; the dashed line is the weak-attenuation approximation (equation 2.12).

tion A.15) and £, is given in equation A.19. In the limit of weak attenuation, the phase
velocity becomes

1
Vs (0) = VSRSt (g) <1 + @> : (2.14)
For a realistic range of () values, the influence of attenuation on the real part of the wavenum-
ber and, therefore, on the phase velocity can be ignored. Even for strongly attenuative media

1
with @@ = 5, the contribution of the term W in equation 2.14 is limited to 2% of the ve-

locity Vgp. Attenuation, however, causes velocity dispersion that is not always negligible
even in the seismic frequency band.

2.4.2 VTI attenuation

Since the real and imaginary parts of the wave vector are coupled in the Christoffel
equation, the directional dependence of the attenuation is influenced by the velocity aniso-
tropy of the material. The physical reasons for the attenuation and velocity anisotropy in
TT media may be similar. For example, preferential orientation of clay platelets in shales
may be responsible not just for the velocity anisotropy (Sayers, 1994), but also for the
attenuation anisotropy. Therefore, it is reasonable to assume that the symmetry of the
attenuation in TT media is the same as that of the phase velocity. Furthermore, through-
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out this chapter the symmetry axes of the attenuation coefficient and velocity function are
taken to be parallel to one another, which results in the general VTI form of the Q matrix
in equation 2.2.

The Christoffel equation 2.8 yields the following relationship between the real and the
imaginary SH-wavenumbers (Appendix A):

k2 — ()% —2Qs5 0k k! =0, (2.15)

where
(14 27)sin? 0 + cos?
Q55

Q
Il

) (2.16)
sin? 6 + cos? 0

and v = (eg6 — ¢55)/(2¢55) is Thomsen’s velocity-anisotropy parameter for SH-waves. Equa-
tion 2.16 is equivalent to equation 35 in Krebes and Le (1994). Solving equation 2.15 for
k', 1 find the SH-wave attenuation coefficient,

k‘I
Asy = T =V 14+ (Qs55)? — Q55 . (2.17)
In the weak-attenuation limit, equation 2.17 reduces to

B 1
2Q55 a0

Equation 2.18 shows that Q55 is multiplied with the directionally-dependent parameter

Asa (2.18)

« to form the effective quality factor for the SH-wave, Qg’gf = Q55 . At vertical incidence

1
(0 =0°),a=1and Asy = . In the horizontal direction (§ = 90°), o = Qss and
) 2Qs5 Qss
Asy = 00" For intermediate propagation directions, « reflects the coupling between the
66

SH-wave velocity-anisotropy parameter v and the ratio of the elements Q55 and (Qgg. The
contribution of the ratio Q55/Qes in equation 2.16 is used below to define an attenuation-
anisotropy parameter analogous to Thomsen’s parameter -.

2.5 P- and SV-wave attenuation

Because of the coupling between P- and SV-waves, the equations governing their ve-
locity and attenuation are more complicated than those for SH-waves. While the complex
wavenumbers for P- and SV-waves can be evaluated numerically from equations B.3 and B.4
in Appendix B, the expression for the imaginary wavenumber k' is cambersome. Therefore,
here I employ approximate solutions to study the dependence of the attenuation coefficients
of P- and SV-waves on the medium parameters.

If both the attenuation anisotropy and attenuation itself are weak, the coefficient A
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for both P- and SV-waves can be found as (see Appendix C)
1

A= 1+H), 2.19
o1+ ) (219)
where 'H = z—z ,
H, = (cu sin? 6 M + 55 cos2 0 M) (55 5in% 0 + ¢33 cos? 0 — pV'?)
Q11 Q55
+  c55sin 6 w(ql sin? 0 + c55 cos® 6 — pV2)
55
- 2 <613 @33 — Qs + c55 Qg3 — Q55> (c13 + ¢55) sin? @ cos? @, (2.20)
Q13 Q55
and
Hy = pV? [(cs5 + c11)sin? O + (c33 + ¢55) cos? § — 2pV?]. (2.21)

The phase velocity V' in equations 2.20 and 2.21 corresponds to either P- or SV-waves,
depending on which attenuation coefficient is desired.
The parameter ‘H is responsible for the contribution of the attenuation anisotropy. For

P-waves at vertical incidence (f = 0°), H =0 and Ap = ; For the horizontal direction

1
. 2Q33
(0 =90°), H = Qs — Qu and Ap = . Hence, the ratio Qu = Qu quantifies the

2011

11 11
fractional difference between the P-wave attenuation coefficients in the horizontal and the
vertical directions and can be used to characterize the P-wave attenuation anisotropy (see
the next section). If H = 0 for all angles, then the P-wave attenuation is isotropic, and

Ap =

2Q33
Q33 — Q55

For SV-waves the value H = ————— is the same for both the vertical and horizontal

Q55
1

directions; the corresponding attenuation coefficient is Agy = 505
55

Q33 — Q55

SV-wave attenuation implies that H = —————— for the whole range of angles.

Therefore, isotropic

The high accuracy of the approximate ssg’lutions for A is confirmed by the example in
Figure 2.2 generated for a VT medium with substantial attenuation (the smallest Q-value
is 15). The model is elliptical for the velocity anisotropy since e = §, but the shape of the
attenuation coefficients is strongly nonelliptical. The attenuation coefficients in Figure 2.2
were computed from equations 2.19-2.21 and then substituted into equation B.3 to esti-
mate the real part of the wavenumber and calculate the slownesses. These approximations
practically coincide with the exact solutions for both slowness and attenuation obtained by
jointly solving equations B.3 and B.4. (For that reason, the exact curves are not plotted in
Figure 2.2.) This test also demonstrates that the phase velocities are virtually unchanged



Yaping Zhu / Attenuation Anisotropy 13

Slowness (s/km) p—y Attenuation coeffcient A

— P

180

180

Figure 2.2. Slownesses (left) and attenuation coefficients A (right) of P-waves (solid curves)
and SV-waves (dashed) as functions of the phase angle with the symmetry axis (numbers on
the perimeter). The coefficients A were computed from the approximation (equation 2.19)
and substituted into equation B.3 to obtain the slownesses. The approximations are almost
indistinguishable from the exact solutions (not shown). The model parameters are Vpo=3
km/s, Vso=1.5 km/s, e = 0 = 0.2, Q11 = 30, Q33 = 20, Q13 = 15, and Q55 = 15. (The Q
components yield the attenuation-anisotropy parameters €, = —0.33 and J, = 0.98 defined
in the section “Thomsen-style notation for VT attenuation.”)

in the presence of moderate attenuation.

The approximate solution (equation 2.19) for .4 remains accurate even for models with
much more significant attenuation and uncommonly large values of the velocity-anisotropy
parameters € and § (Figure 2.3). Note that in both the vertical (§ = 0°) and horizontal
(6 = 90°) directions the attenuation is independent of € or §. However, the shape of the
attenuation curves at intermediate angles varies with both € and J, especially when the
velocity anisotropy is strong.

2.6 Thomsen-style notation for VTI attenuation

The description of seismic signatures in the presence of velocity anisotropy can be
substantially simplified by using Thomsen (1986) notation. The advantages of Thomsen
parameters in the analysis of seismic velocities and amplitudes for TI media are discussed
in detail by Tsvankin (2001).

Here, I extend the principle of Thomsen notation to the directionally-dependent atten-
uation coefficient. The Q matrix for models with VTT attenuation contains five independent
elements, which can be replaced by two reference (isotropic) parameters and three dimen-
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Figure 2.3. Normalized attenuation coefficients for P-waves (top row) and SV-waves (bot-
tom row) computed for a strongly attenuative, strongly anisotropic medium. The solid
curves are the exact solutions from equations B.3 and B.4, the dashed curves represent
the approximation (equation 2.19). The pairs of the parameters e and ¢ used in the tests
are marked on the plots. The other model parameters are Vpp=3 km/s, Vgo=1.5 km/s,

Q11 =4, Q33 =3, Q13 = 2, and Q55 = 3.
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sionless coefficients (e, d,, and 7, ) responsible for the attenuation anisotropy. Since I op-
erate with the attenuation coefficient, which is inversely proportional to the quality factor,

. To maintain

the Thomsen-style parameters are convenient to define through quantities
]

close similarity with Thomsen notation for velocity anisotropy and make our parameteri-

zation suitable for reflection data, I choose the P- and SV-wave attenuation coefficients in

the symmetry (vertical) direction as the reference values:

Apo = Q33 <\/ 14+ 1/Q§3 - 1) ~ 2533 , (2.22)
1
Aso = Qss (\/1—1—1/@%5—1) s 50w (2.23)

The coefficient Agq is also responsible for the SH-wave attenuation in the symmetry
(vertical) direction and the SV-wave attenuation in the isotropy plane. Note that the
linearization of the square-roots in the above definitions (equations 2.22 and 2.23) produces
approximate vertical attenuation coefficients accurate to first order in 1/Q;;.

2.6.1 SH-wave parameter 7,

The attenuation-anisotropy parameter v, for SH-waves can be defined as the fractional
difference between the attenuation coefficients in the horizontal and vertical directions (see
equation 2.18):

1/Qes —1/Qs5 _ Qs5 — Qs
Ta 1/Qs5 Qes

This definition is analogous to that of the Thomsen parameter 7, which is close to the
fractional difference between the horizontal and vertical velocities of the SH-wave. The
parameter 7,, controls the magnitude of the SH-wave attenuation anisotropy; for isotropic
Q, Yo = 0.

Substituting v, into equation 2.16 for the parameter « yields

(2.24)

(14 27)sin? 0 + cos? 0
a= )
14+29)(1+ sin? § 4 cos2 0
(1+2y Yo

(2.25)

When both v and ,, are small (|| < 1, |7,| < 1), & can be linearized in these parameters:
a=1- 17, sin? 6. (2.26)

The attenuation coefficient from equation 2.18 then becomes independent of ~:
Asa = Ago (147, sin* ), (2.27)

where Agg is given in equation 2.23. Equation 2.27 has the same form as that of the SH-
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a) b) :
| | — exact
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< 0.05
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Figure 2.4. a) Factor a and b) SH-wave attenuation coefficient Agy for a medium with
v = 0.1, Q55 = 10, and v, varying from -0.4 to 0.4. The exact Asy (solid line) is computed
from equation 2.17, and the approximate Agpy (dashed) from equation 2.27.

wave phase velocity linearized in the parameter v (Thomsen, 1986). Note, however, that
the exact phase velocity, unlike the exact attenuation coefficient, is described by a simple
function of v that corresponds to an elliptical slowness surface.

It is clear from equation 2.27 that ~, determines the sign and rate of the variation
of Asy () away from the vertical (symmetry) direction. When v, > 0, the factor a
decreases with the phase angle #, which causes an increase in the attenuation coefficient
(Figure 2.4). If the magnitude of the velocity anisotropy is small (i.e., |y| < 1), the
approximation (equation 2.27) gives an accurate estimate of the attenuation coefficient
even for relatively large absolute values of «, reaching 0.4 (Figure 2.4b).

2.6.2 P-SV wave parameters ¢, and ¢,

The attenuation-anisotropy parameter €, can be defined by analogy with the Thomsen
parameter € as the fractional difference between the P-wave attenuation coefficients in the
horizontal and vertical directions (see also Chichinina et al., 2004):

1/Qu —1/@33 Q33— CQu
@ 1/Q33 Qu

To complete the description of T1 attenuation, I need to introduce a parameter similar
to Thomsen’s ¢ that involves the quality-factor component (Q13. It may seem that the
definition of § (Thomsen, 1986) can be adapted for attenuative media by simply replacing

€

(2.28)
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the stiffnesses ¢;; with 1/Q;;:

F— (1/Q13+1/Qs55)* — (1/Q33 — 1/Qs55)?
@ 2/Q33 (1/Q33 — 1/Qs55) '

(2.29)

The parameter SQ from equation 2.29, however, is not physically meaningful. For example,
when the attenuation is isotropic and Q33 = @55 (Gautam et al., 2003), the anisotropic
parameters should vanish. Instead, §, for isotropic @ goes to infinity.

As discussed by Tsvankin (2001, see equation 1.49), the parameter § proved to be
extremely useful in describing signatures of reflected P-waves in VTI media because it
determines the second derivative of the P-wave phase-velocity function in the vertical (sym-
metry) direction (the first derivative goes to zero). Therefore, the idea of Thomsen notation
can be preserved by defining ¢, through the second derivative of the P-wave attenuation
coefficient Ap at § = 0:

1 d?Ap

In other words, the parameter d,, controls the curvature of the attenuation function Ap(6)
in the vertical direction.

Assuming that both the attenuation and attenuation anisotropy are weak, I find the
following explicit expression for J, (Appendix C):

Q33 — Q55 (c13 + c33)? Q33 — Q13
Cs5 +2
5 Q55 (€33 — ¢55) Q13
@ 633(033 - 655)

ci3(ci3 + ¢s5)

(2.31)

The role of J,, in describing the P-wave attenuation anisotropy is similar to that of ¢ in the
P-wave phase-velocity equation (Thomsen, 1986; Tsvankin, 2001). Since the first derivative
of Ap for § = 0 is equal to zero, d,, is responsible for the angular variation of the P-wave
attenuation coefficient near the vertical direction.

In the special case of a purely isotropic (i.e., angle-independent) velocity function,
d, reduces to a weighted summation of the fractional differences (Qs3 — Q55)/Q55 and

(2233 —Q13)/Q13:

_ Q33— Qs 4p n Q33 — Q13 2\
@ Q55  A+2u Qs A+2p’

where A and p are the Lamé parameters.

5 (2.32)

Unless attenuation is uncommonly strong, the phase velocities of P- and SV-waves
are close to those in the reference non-attenuative medium and do not depend on the
attenuation parameters €, and J,. Equation 2.31 for the parameter ¢, however, indicates
that the attenuation anisotropy is influenced by the velocity anisotropy. If I approximate
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Figure 2.5. Contour plot of the parameter d,, as a function of § and g = ngo / Vlgo computed
from (a) equation 2.31, and (b) equation 2.35. The other parameters are Q33 = 4, Q55 = 8,
and Q13 = 3. The range of g values corresponds to 1.5 < Vpg/Vsy < 2.5.

c13 = c33(1 + 0) — 2¢55, which can be done for small |§| (Tsvankin, 2001, p. 20), and denote

ngo €55
= = = — s 2 .33
I=02 " o (2.33)

equation 2.31 for §, can be rewritten as

_ Q33—Q559(2+5—29)2 Q33 — Q13 2(1 +6 —2g)(1 +6 — g)
? Q55 (1—g)? Q13 (1-9) '

Linearizing equation 2.34 in g under the assumption g < 1 leads to the following simplified
expression:

0

(2.34)

:4MQ+QM(1+25—29). (2-35)

1)
9 Q55 Q13

Figure 2.5 shows an example of §,, as a function of § and g. The parameters ()33 and
Q@55 are taken from the experimental results of (Gautam et al., 2003) for Rim sandstone at
a frequency of 25 Hz, while (13 is assigned an arbitrary value. With this choice of the @
components, the parameter ¢, is quite sensitive to the squared velocity ratio g and reaches
large negative values for hard rocks with g > 0.35. While the simplified equation 2.35 for ¢,
is sufficiently accurate for small magnitudes of both § and g (—0.1 < § < 0.2 and g < 0.2),
it produces a significant error for g > 0.25. Note that the absolute value of § , may be large
(even greater than unity).
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In combination with the Thomsen parameters for the velocity function, the parameters
Apo, Aso, €4, 05, and 7, fully characterize the attenuation of P-, SV- and SH-waves.

2.7 Approximate attenuation coefficients for P- and SV-waves

The exact equations for the P- and SV-wave attenuation coefficients are too cum-
bersome to be represented as explicit functions of the anisotropy-attenuation parameters
introduced above. It is possible, however, to obtain relatively simple approximations for
the coefficient A by assuming simultaneously:

. 1
1) weak attenuation <1);
Qij
2) weak attenuation anisotropy (|6Q| < 1, ‘5Q| < 1); and
3) weak velocity anisotropy (Je] < 1, || < 1).
Note that weak attenuation and weak attenuation anisotropy were already assumed in
deriving the P- and SV-wave attenuation coefficients in equations 2.19-2.21.

2.7.1 Approximate P-wave attenuation

The approximate P-wave attenuation coefficient can be obtained from equation 2.19 by
expressing the stiffnesses ¢;; through the Thomsen parameters € and ¢, and the elements Q;;
through the attenuation parameters €, and d,, introduced above. Dropping terms quadratic
in €, 6, €,, and J,, yields the following linearized expression:

Ap = Apo (144, sin® 0 cos® 0 + €0 sin? 0), (2.36)

where Apg is defined in equation 2.22. The angle dependence of the approximate Ap
is governed by just the attenuation-anisotropy parameters €, and d,, although 4, itself
contains a contribution of the velocity anisotropy. The parameter ¢, is responsible for the
attenuation coefficient in near-vertical directions, while €, controls Ap near the horizontal
plane. If both €, and 6, go to zero, the approximate coefficient Ap becomes isotropic.

It is noteworthy that equation 2.36 has the same form as the well-known Thomsen’s
(1986) weak-anisotropy approximation for P-wave phase velocity:

Vp = Vpo (1 + dsin? O cos® § + esin® 6) . (2.37)

To obtain attenuation-coefficient equation 2.36 from phase-velocity equation 2.37, one needs
to make the following substitutions: Vpg — Apg, € — €,, and § — 4.

2.7.2 Approximate SV-wave attenuation

The SV-wave attenuation coefficient is also obtained by linearizing equation 2.19:

2 €, — 0
1+ (—U + u) sin? @ cos? @

9o 99
1+ 20 sin? 0 cos2 0

Asy = Aso , (2.38)
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where Agg and g are defined in equations 2.23 and 2.33, respectively, g, is given by

g, = 9B
¢ Qs

and o is the SV-wave velocity-anisotropy parameter (Tsvankin and Thomsen, 1994; Tsvankin
2001):

(2.39)

o=—(e—9)= . (2.40)
Vo 9
20 € — 6@ . . .
If |o| € 1 and |— + ———| < 1, equation 2.38 can be further simplified to
9o 994
Asy = Agp (1 + 0o, sin® 6 cos? 9) , (2.41)
with
1 €, — 0
o, = — [2(1 —gy)o++—=2 (2.42)
90 g

The parameter o, determines the curvature of the SV-wave attenuation coefficient Agy in
the symmetry direction. The form of equation 2.41 is identical to that of Thomsen’s (1986)
approximation for the SV-wave phase velocity in terms of the parameter o. It should be
emphasized that o, is a function of both attenuation-anisotropy and velocity-anisotropy
parameters. Depending on the sign of o, the coefficient Agy has either a maximum or a
minimum at 6 = 45°.

Note that the assumption |o| < 1 used in deriving equation 2.41 might not be valid for
many typical TI formations because o often has a substantial magnitude even when |e — d|
is small.

2.7.3 Isotropic attenuation coefficients

According to the approximate expression 2.36, the normalized P-wave attenuation
coefficient is isotropic (i.e., independent of angle) if
€

0 =0,=0. (2.43)

Similarly, the coefficient Agy for SV-waves (equation 2.41) is isotropic when o, = 0, that
is, when

€o — 0o = —2(1 —g,)(e—10). (2.44)

The coefficients Ap and Agy are both isotropic when €, =, = 0 and either
1) g, = 1 or 2) e =6 = 0 (elliptical anisotropy). The condition g, = 1, combined with
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€, = 0, = 0, corresponds to the special case of identical () components for P-SV waves,

Q11 = Q33 = Q13 = Qs5, (2.45)

which yields isotropic normalized attenuation coefficients for P- and SV-waves in VTI media
with arbitrary velocity anisotropy. (As discussed above, the normalized SH-wave attenua-
tion coefficient is isotropic when Q55 = Qgs, i.e., 7, = 0). The second condition, however,
is limited to the approximate attenuation coefficients, unless all anisotropy parameters for
P- and SV-waves vanish (¢ = § = ¢, = §, = 0). Hence, when referring to “isotropic”
attenuation in TI media, one ought to specify the type of plane wave.

The above discussion pertains to the normalized attenuation coefficient A, which char-
acterizes the rate of amplitude decay per wavelength. Alternatively, attenuation can be
described by the imaginary wavenumber (i.e., the attenuation coefficient without normaliza-
tion) denoted here as k’. Since the wavelength in anisotropic media changes with direction,
a model with a purely isotropic coefficient A generally has an angle-dependent wavenumber
k'. The conditions that make k! for all three modes isotropic are derived in Appendix D.

2.7.4 Numerical examples

The approximate P-wave attenuation coefficient (equation 2.36) does not contain the
vertical shear-wave attenuation coefficient Agg. Although the linearized approximation
becomes inaccurate with increasing magnitude of the anisotropy parameters, A4 p remains
independent of Agp even for models with strong attenuation and pronounced velocity and
attenuation anisotropy. As demonstrated in Figure 2.6a, the variation of the coefficient
Ap with Agp becomes noticeable only for extremely high attenuation (i.e., uncommonly
small values of Q55). Therefore, P-wave attenuation in VTI media is mainly governed by
a reduced set of parameters: Apo, €,, and J,. Note that a similar result is valid for the
P-wave phase-velocity function, which is practically independent of the shear-wave vertical
velocity Vgg (Tsvankin and Thomsen, 1994; Tsvankin, 2001).

In contrast, SV-wave attenuation is strongly influenced by the vertical P-wave atten-
uation coefficient Apg through the parameter o, (Figure 2.6b). Since o, for this model
is negative (for values of Q33 equal to 15, 35, and 300, the parameter o, is -4.84, -2.93,
and -1.66, respectively), further reduction in @33 results in negative SV-wave attenuation
coefficients, which should be considered unphysical.

The accuracy of the approximate solutions (equations 2.36, 2.38, and 2.41) is illustrated
by the numerical tests in Figures 2.7-2.11. The P-wave attenuation coefficient in Figure 2.7
has an extremum (a maximum) at an angle slightly smaller than 45° because €, and 6, have
opposite signs. If the signs of €, and J, are the same, Ap varies monotonically between
the vertical and horizontal directions.

The curve of Agy has a concave shape because o, in equation 2.41 is negative and
large in absolute value. Both approximations (equations 2.38 and 2.41) predict a minimum
of the SV-wave attenuation coefficient at § = 45°. The extrema of the exact coefficients A
in Figure 2.7 (solid lines) for both P- and SV-waves, however, are somewhat shifted toward
the vertical axis relative to their approximate positions.
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Figure 2.6. a) Influence of the parameter Agy = 1/(2Q55) on the normalized P-wave

attenuation coefficient; Apy = 0.014 (Q33 = 35). b) Influence of the parameter Apy =
1/(2Q33) on the normalized SV-wave attenuation coefficient; Agg = 0.017 (@55 = 30). The
other model parameters on both plots are Vpy=2.42 km/s, Vgo=1.4 km/s, e = 0.4, § = 0.15,
€o = —0.125, and 6, = 0.94 (J,, is computed from equation 2.31).
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Figure 2.7. Attenuation coefficients of P-waves (left) and SV-waves (right) as functions
of the phase angle. The solid curves are the exact values of A obtained by jointly solv-
ing equations B.3 and B.4; the dash-dotted curves are the approximate coefficients from
equations 2.36 and 2.41; the dashed curve on the right plot is the approximate SV-wave
coefficient from equation 2.38. The model parameters are the same as in Figure 2.6, except
for Qgg = 35 and Q55 = 30.

The linearized expressions for the attenuation coefficients give satisfactory results for
near-vertical propagation directions with angles # up to about 30°. The error becomes no-
ticeable for intermediate angles 30° < 6 < 75° and then decreases again near the horizontal
plane. Note that the velocity (see Figure 2.8) and attenuation anisotropy for the model
from Figure 2.7 cannot be considered weak, and the values of 0 = 0.75 and o, = —2.93 are
particularly large. Since equation 2.38 does not assume that the parameter ¢ and the term
(2—0 + ng % ) = (20+0,,) are small in absolute value, it provides a better approximation
for Ctihe SV-V?&VG attenuation coefficient than does equation 2.41.

For models with smaller magnitudes of the anisotropy parameters (Figure 2.9), equa-
tions 2.36 and 2.41 become sufficiently accurate for the attenuation coefficients over the full
range of phase angles. The numerical tests show that the error of the approximate solu-
tions (equations 2.36, 2.38, and 2.41) is controlled primarily by the strength of the velocity
anisotropy, even if the magnitude of the attenuation anisotropy is much higher.

Figure 2.10 displays the attenuation coefficients for a medium with ¢, = J, = 0.
The approximate P-wave attenuation computed from equation 2.36 in this case is isotropic.
The exact coefficient Ap, however, slightly deviates from a circle, which indicates non-
negligible influence of quadratic and higher-order terms in the parameters €, and §,. Also,
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Figure 2.8. Slownesses of P- and SV-waves for the model from Figure 2.7.
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Figure 2.9. Attenuation coefficients of P-waves (left) and SV-waves (right) for Vpg=2.42
km/s, Vso=1.4 km/s, ¢ = 0.125, § = —0.05, Q33 = 35, Q55 = 30, ¢, = —0.125, and
0o = 0.05. The solid curves are the exact values of A obtained by jointly solving equa-
tions B.3 and B.4; the dash-dotted curves are the approximate coefficients from equa-

tions 2.36 and 2.41.
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Figure 2.10. Attenuation coefficients of P-waves (left) and SV-waves (right) for ¢ = 0.4,
d =0.15, and €, = d, = 0. The solid curves are the exact values of A obtained by jointly
solving equations B.3 and B.4; the dash-dotted curves are the approximate coefficients from
equations 2.36 and 2.41. The other model parameters are the same as those in Figure 2.9.

the attenuation coefficient of SV-waves varies with angle because of the contribution of the
velocity anisotropy (i.e., of the term involving o) in equation 2.41. As discussed above, if
the condition €, = 6, = 0 is supplemented by g, = 1, all components Q;; are identical,
and both P- and SV-wave attenuation coefficients are independent of direction no matter
how strong the velocity anisotropy is.

If ¢, and J, satisfy condition 2.44, which results in o, = 0 (Figure 2.11), the exact
SV-wave attenuation coefficient is almost constant, although some deviations from a circle
are visible. The curve of the P-wave coefficient Ap looks close to an ellipse, but elliptical
attenuation anisotropy for P-waves requires that € = 5Q.

2.8 Summary and conclusions

The main goal of this chapter is to build a practical, analytic framework for describing
attenuation-related amplitude distortions in transversely isotropic (TI) media. Although
the symmetry axis was taken to be vertical, all results can be applied for TI media with
an arbitrary axis orientation. Under the assumption of weak attenuation, I restricted the
discussion to homogeneous wave propagation by taking the real and the imaginary parts of
the wave vector to be parallel to one another. For layered attenuative models, however, the
assumption of homogeneity may cause errors in the estimation of attenuation coefficients.

When attenuation is directionally dependent, the quality factor () is a matrix with each
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Figure 2.11. Exact slownesses (left) and attenuation coefficients A (right) of P-waves (solid
curves) and SV-waves (dashed) for a medium with the isotropic condition for SV-wave
attenuation (o0, = 0). The model parameters are Vpg=2.42 km/s, Vso=1.4 km/s, € =
0.18, 6 = 0.05, Q33 = 35, Q55 = 30, ¢, = —0.30, and 6, = —0.40 (¢, and §, satisfy
equation 2.44).

component ();; defined as the ratio of the real and the imaginary parts of the corresponding
stiffness coefficient. The Q matrix has a purely isotropic structure if it includes just two
independent elements responsible for the attenuation coefficients of P- and S-waves along the
symmetry axis. For the special case of ();; = const, plane-wave attenuation is independent
of propagation direction, even for arbitrary velocity anisotropy.

It seems plausible that the attenuation anisotropy, as defined by the structure of the
Q matrix, has symmetry the same as or higher than that of the velocity anisotropy. Here,
I treated TI velocity models with either TI or isotropic attenuation and assumed that
the symmetry axes for the velocity and attenuation anisotropy are aligned. Analysis of
the Christoffel equation for this model shows that the perturbation of the phase-velocity
function caused by the attenuation is of the second order and can be ignored.

To facilitate the description of TI attenuation, I introduced Thomsen-style parameters
responsible for directionally dependent attenuation coefficients of P-, SV-, and SH-waves.
The reference “isotropic” values are the P- and S-wave attenuation coefficients in the vertical
(symmetry) direction (Apg and Agg). Following the idea of Thomsen’s notation for velocity
anisotropy, I supplemented the reference quantities with three dimensionless anisotropic
parameters denoted by €, d,, and 7.

The parameter €, is equal to the fractional difference between the P-wave horizon-
tal and vertical attenuation coefficients, and 7, denotes the same quantity for SH-waves.
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Similar to the Thomsen parameter § for velocity anisotropy, the parameter 4, is designed
to describe near-vertical variations in P-wave attenuation. I defined 4, as the normalized
second derivative of the P-wave attenuation coefficient at vertical incidence. In contrast to
€, and v, the parameter J, depends on ¢ and, therefore, reflects the coupling between
the attenuation and velocity anisotropy. If the frequency dependence of the quality factor
and phase velocity for seismic bandwidth cannot be ignored, the attenuation-anisotropy
parameters also become functions of frequency. This, however, does not formally change
the definitions of €, 0, and .

While the attenuation coefficient of SH-waves can be expressed in a straightforward
way through the parameter v, exact equations for the attenuation anisotropy of P- and
SV-waves are much more involved. The Thomsen-style parameters, however, can be used to
obtain the linearized attenuation coefficients under the assumptions of weak attenuation and
weak velocity and attenuation anisotropy. The approximate P-wave attenuation coefficient
has the same form as does the linearized phase-velocity function, with the vertical velocity
Vpo replaced by Apg, € by €,, and § by J,. Although the approximate solution for the
attenuation coefficient for SV-waves involves contributions of both attenuation and velocity
parameters, it has the same angle dependence as does its phase-velocity counterpart.

Numerical examples demonstrate that the approximate solutions adequately reproduce
the character of attenuation anisotropy and are sufficiently accurate for moderately aniso-
tropic (in terms of both velocity and attenuation) TT models. It should be emphasized that
the exact P-wave attenuation coefficient in strongly anisotropic media remains a function of
just three parameters — Apo, €,, and J,. Computation of the exact attenuation coefficients
also confirms that the isotropic Q matrix in TT media does not necessarily yield isotropic
(i.e., independent of direction) attenuation of P- and SV-waves because of the influence of
the velocity anisotropy.
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Chapter 3

Plane-wave attenuation anisotropy for
orthorhombic media

3.1 Summary

Orthorhombic velocity and attenuation models are needed in the interpretation of the
azimuthal variation of seismic signatures recorded over fractured reservoirs. As an extension
of the discussion of attenuative TI media in Chapter 2, I develop an analytic framework for
describing the attenuation coefficients in orthorhombic media with orthorhombic attenua-
tion having identical symmetry of both the real and imaginary parts of the stiffness tensor,
under the assumption of homogeneous wave propagation.

The analogous form of the Christoffel equation in the symmetry planes of orthorhombic
and VTI media helps to obtain the symmetry-plane attenuation coefficients by adapting
the existing VTI equations. To take full advantage of this equivalence with transverse
isotropy, I introduce a parameter set similar to the VTT attenuation-anisotropy parameters
€5 0¢, and 7. This notation, based on the same principle as Tsvankin’s velocity-anisotropy
parameters for orthorhombic media, leads to simple linearized equations for the symmetry-
plane attenuation coefficients of all three modes (P, S1, and Ssg).

The attenuation-anisotropy parameters also make it possible to simplify the P-wave
attenuation coefficient A p outside the symmetry planes under the assumption of small at-
tenuation and weak velocity and attenuation anisotropy. The approximate A p has the same
form as that of the linearized phase-velocity function, with Tsvankin’s velocity parameters
¢12) and §(1:23) replaced by the attenuation parameters Eg,z) and 587273). The exact atten-
uation coefficient Ap, however, also depends on the velocity-anisotropy parameters, while
the body-wave velocities are almost uninfluenced by the presence of attenuation.

The reduction in the number of parameters responsible for the P-wave attenuation
and the simple approximation for the coefficient Ap provide a basis for inverting P-wave
attenuation measurements from orthorhombic media. The attenuation processing has to
be preceded by anisotropic velocity analysis that, in the absence of pronounced velocity
dispersion, can be performed using existing algorithms for nonattenuative media.

3.2 Introduction

Effective velocity models of fractured reservoirs often have orthorhombic or an even
lower symmetry (Schoenberg and Helbig, 1997; Bakulin et al., 2000b). It is likely that polar
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and azimuthal velocity variations in orthorhombic formations are accompanied by direc-
tionally dependent attenuation. Indeed, systems of aligned fractures or pores are among
the most common physical reasons for anisotropic attenuation. For example, Lynn et al.
(1999) discuss the relationship between the azimuthal variation of attenuation and horizon-
tal permeability measured over a fractured reservoir.

In this chapter, I study the attenuation of plane waves propagating in a homogeneous
medium that has orthorhombic symmetry for both the velocity function and attenuation
coefficient. The main signature analyzed here is the wavenumber-normalized attenuation
coefficient A defined in equation 2.11, which determines the rate of amplitude decay per
wavelength. Here the discussion is based on the same assumptions as those in Chapter
2, i.e., homogeneous wave propagation as well as aligned symmetry for both velocity and
attenuation.

The main challenge in describing the attenuation anisotropy in orthorhombic materials
is in the large number of parameters that control the attenuation coefficients. Because of
the coupling between the velocity and attenuation anisotropy, the coefficient A depends
(for a fixed orientation of the symmetry planes) on the nine real stiffness coefficients and
nine elements of the quality-factor matrix. Here, I show that significant simplifications
can be achieved by extending the principle of Tsvankin’s (1997, 2005) notation for velocity
anisotropy to attenuative orthorhombic media.

The equivalence between the complex Christoffel equation in the symmetry planes of
orthorhombic and VTI media makes it possible to obtain the symmetry-plane attenuation
coefficients from the corresponding VTI equations. As shown in Chapter 2, attenuation
anisotropy in VTI media can be conveniently described by the Thomsen-style parameters
€gs 0o, and 7,. Adapting these results for the symmetry planes of orthorhombic media, I
introduce a set of seven anisotropy parameters that fully characterizes (in combination with
the velocity parameters) directionally-dependent attenuation in orthorhombic materials.
Linearizing the P-wave attenuation coefficient in the limit of small attenuation and weak
anisotropy yields a simple expression outside the symmetry planes that has the same form
as Tsvankin’s (1997, 2005) weak-anisotropy approximation for the velocity function. The
accuracy of this approximate solution is verified using numerical tests for models with
substantial attenuation and velocity anisotropy.

To highlight the similarities between the anisotropy parameters for velocity and atten-
uation, I generally follow the organization of Tsvankin’s (1997) paper in which he extended
Thomsen’s (1986) velocity-anisotropy notation to orthorhombic media. On the other hand,
I emphasize distinct properties of attenuation anisotropy related to the coupling between
the attenuation coefficient and velocity function.

3.3 Christoffel equation for attenuative orthorhombic media

Consider plane-wave propagation in orthorhombic media (Figure 3.1) with orthorhom-
bic attenuation, in which the symmetry of the imaginary part of the stiffness matrix is
identical to that of the real part. It is convenient to choose a Cartesian coordinate sys-
tem aligned with the natural coordinate frame of the model, so that each coordinate plane
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Figure 3.1. Sketch of the phase-velocity surfaces in orthorhombic media (after Tsvankin,
2005). a;j = +/cij/p are the normalized stiffness coefficients. Tsvankin’s (1997) velocity-
anisotropy parameters, 12 §5(1.23) " and 7(1’2), are defined in the symmetry planes of the
model, which coincide with the coordinate planes.

coincides with one of the three symmetry planes.

Substituting a plane wave (equation 2.5) into the wave equation yields the following
Christoffel equation:

Gk + Cooh3 + Exsk3 — pw  (Ga2 + Coe) ko (€13 + @55 )k ks
(Ci2 + Co6)k1 k2 ook + Cook3 + 5g4]f§ — pw? ~ (Cog + Caa)koks
(513 + 555)k1k3 (523 + 544)k2/€3 555]43% + 544/4:% + 533/@2, — ,00.)2
Uy
U, | =0, (3.1)
Us

where ¢;; = ¢;; + z'ci[j are the complex stiffness coefficients. Following Carcione (2001), the

elements of the quality-factor matrix are defined as the ratio of the real and imaginary parts
of the corresponding stiffness coefficients (equation 2.1).

Assuming homogeneous wave propagation (k || kf ), the wave vector can be expressed
through the unit vector n in the slowness direction: k = nk. Then, the Christoffel equa-
tion 3.1 becomes

[éij — pV25| Uy =0, (3.2)
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~ w ~
where V' = = is the complex phase velocity, and G;; are the elements of the complex

Christoffel matrix:

G = énni + Geens + éssn3,

égg = 566774% + 522715 + 54471% ,

égg = 55571% + 54471% + 53371% ,

G2 = (12 + ) nana,

Gz = (13 + &s)nans,

Gas = (o3 + Caa)nang. (3.3)

The components of the unit slowness (phase) vector n can be expressed through the polar
phase angle # and the azimuthal phase angle ¢: n1 = sin # cos ¢, no = sin @ sin ¢, ng = cos 6.

Note that although equation 3.2 has the same form as that of the Christoffel equa-
tion in nonattenuative (purely elastic) orthorhombic media, the velocity, polarization, and
stiffnesses are complex. As a result, plane-wave propagation is described by two coupled
equations obtained by separating the real and imaginary parts of the Christoffel equation.

3.4 Attenuation coefficients in the symmetry planes

Suppose that the plane wave (equation 2.5) propagates in the [x1, z3]-plane, so ny =
sin#, no = 0, and ng = cos . Then the Christoffel equation 3.1 simplifies to

511];‘% + 555/;33 — pw2 R 0 3 (513 + 555)/;‘1/;33 Ql
0 o6kt + Cask? — pw? 0 Uy | =0. (34)
(513 + 555)]{711433 0 555]{7% + 533]4332’ — pw2 U3

Equation 3.4 has the same form as the Christoffel equation for VTT media with VTI attenu-
ation. The only difference between the two equations is that while for VT media ¢44 = €55,
this is generally not the case for orthorhombic symmetry. However, the stiffness ¢44 influ-
ences only the SH-wave polarized perpendicular to the propagation plane (see below), while
Cs5 contributes to the velocity and attenuation of the in-plane polarized waves (P and SV).
Therefore, the known equivalence between the Christoffel equation in purely elastic VTI
media and symmetry planes of orthorhombic media (e.g., Tsvankin, 1997, 2005) holds for
attenuative models with identical symmetries of the real and imaginary parts of stiffness
tensor.

Since the Christoffel matrix for wave propagation in the [z, z3]-plane has four vanish-
ing elements, equation 3.4 splits into two separate equations, one for the SH-wave polarized
in the zo-direction (the displacement component ﬁg), and the other for the in-plane po-
larized P- and SV-waves (the components U; and Usz). The solutions for the velocity and
attenuation of all three modes can be obtained by simply adapting the results of Chapter 2
for VTT media.

With the assumption of homogeneous wave propagation, the Christoffel equation for
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the SH-wave takes the form
(Ces sin? @ + 44 cos? 9) k2 —pu?=0. (3.5)

By analogy with attenuative VTI media, the normalized attenuation coefficient of SH-waves
in the [z, z3]-plane can be obtained from equation 3.5 as

AP = 14 (Qua®)? — Qua® (3.6)

where the superscript “(2)” stands for the x,-axis orthogonal to the propagation plane (the
same convention as in Tsvankin, 1997), and

9 _ (1+27®)sin? 0 + cos? 6
(1+ 27(2))% sin? 0 + cos® 0
Q6

For P- and SV-waves in the regime of homogeneous wave propagation, equation 3.4
reduces to

(611 sin? 6 + és5 cos? 9) 1212~— pw? (13 + ¢55) sin 6 COSNQ k2 (:]1 _ 0
(¢13 + €55) sin 0 cos 6 k? (G55 sin? @ + ¢33 cos® §) k? — pw? Us |
(3.7)

The wavenumber obtained from equation 3.7 is described by the same expression as that
for nonattenuative VTII media (e.g., Tsvankin, 2005):

k=wy2p {(511 + E55) sin” 6 + (¢33 + E55) cos? 0 (3.8)
~1/2

+ \/[(611 — &55) sin% 0 — (¢33 — E55) cos? 9]2 +4 (13 + 655)2 sin? 6 cos? 9}

The normalized attenuation coefficients Ag)sv were derived from the complex part of equa-

tion 3.9. For example, the P-wave coefficients Ag) in the vertical and horizontal directions
are given by (see also equations 2.22 and 2.23)

Ag)(e =0°) = Q33 <1 [1+1/Q3, — 1> o 2533, (3.9)
AP (0 = 90°) = Quy (w/l +1/Q% — 1) ~ 2511 : (3.10)

The SV-wave attenuation coefficient in both the vertical and horizontal directions is

AR (6 =0°) = AZ)(0 = 90°) = Q35 <\/1 +1/Q% — 1) ~ 2@2% . (3.11)
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For plane-wave propagation in the [z9, z3]-plane (ny = 0, ny = sinf, and n3 = cos ),
the Christoffel equation 3.1 gives

566];5% + 555];’% — pw2 ~ 0 B 0 o (21
0 Eggk‘% + 644k§~—~pw2 (?23 + 54%)/61 ks qg =0.
0 (Co3 + Caa)krks  Caak? + Cs3k3 — pw? Us

(3.12)

The SH-wave, which is polarized in the x1-direction, is described by the element [66612:%4—
6551?3% — pw?] of the matrix in equation 3.12. It is clear from equations 3.4 and 3.12 that
both the velocity and attenuation of the SH-wave can be obtained from the corresponding
equations for the [z1,z3]-plane (or VTI media) by making the substitution 4 — 5 in the
subscripts of the stiffnesses and elements @;;. Note that the SH-waves in the two vertical
symmetry planes actually represent two different split shear modes (S; and Ss); this is
discussed in more detail below.

The velocity and attenuation of P- and SV-waves in the [r2,x3]-plane can be found
from (for homogeneous wave propagation)

(622 sin? 0 + 44 cos? 9) k2 — pw? (Cog + C44) sinf cos @ k2 Us _ 0
(G2 + Cu4) sin O cos O k? (644 sin? @ + ¢33 cos? 9) k? — puw? Us |
(3.13)

Because equations 3.7 and 3.13 have analogous form, the P- and SV-wave attenuation
coefficients can be obtained from the corresponding expressions for the [z, xz3]-plane using
the following substitutions in the subscripts: 1 — 2 and 5 — 4. The same substitutions were
used by Tsvankin (1997, 2005) in his extension of VTI velocity equations to the symmetry
planes of orthorhombic media. The equivalence with vertical transverse isotropy is also
valid for the complex Christoffel equation in the [x1, z2] symmetry plane.

3.5 Attenuation-anisotropy parameters

3.5.1 Thomsen-style notation

The Thomsen-style notation for velocity anisotropy introduced by Tsvankin (1997,
2005) helps to simplify the analytic description of a wide range of seismic signatures for
orthorhombic media. Tsvankin’s parameters provided a basis for developing a number of
seismic inversion and processing methods operating with orthorhombic models (Grechka and
Tsvankin, 1999; Grechka et al., 1999; Bakulin et al., 2000b). Here, I extend his approach to
attenuative orthorhombic media with the main goal of defining the parameter combinations
that govern the directionally dependent attenuation coefficient.

Since the new notation is designed primarily for reflection data, I choose the P- and
S-wave attenuation coefficients in the vertical (x3) direction (Apg and Agg) as the reference
isotropic quantities. The coefficient Agy corresponds to the S-wave polarized in the x1-
direction, which may be either the fast or slow shear mode depending on the relationship
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between the stiffnesses ¢44 and cz5. According to equations 3.9 and 3.11, the approximate
(accurate to the second order in 1/Q) coefficients Apy and Agg are given by

1
Apy = , 3.14
o 2Q)33 (3-14)
A = . 3.15
50 2Q)s5 (3.15)

To characterize the attenuation of waves propagating in the [z, x3]-plane, I define
three attenuation-anisotropy parameters analogous to the Thomsen-style parameters €,
0, and 7, introduced for VTT media with VTT attenuation (Chapter 2). The parameters
eg) and vg) (the superscript “(2)” stands for the x9-axis perpendicular to the [x1, z3]-plane)
determine the fractional difference between the normalized attenuation coefficients in the
x1- and zs3-directions for the P- and SH-waves, respectively. Another parameter, 5&2), is
expressed through the second derivative of the P-wave attenuation coefficient in the vertical
direction and, therefore, governs the P-wave attenuation for near-vertical propagation in
the [z, z3]-plane.

Q33 — Q11

(2 = =33 =l 3.16
€ = ) )
@ Q11 10
2 1(2)
Q 2Ap0 dp? 0—0
B Cra & can)2 _
QggQ @5 C55 ((c13 — 53)) + 2Q33Q Qs c13(c13 + ¢s5)
_ 55 33 — C55 13 (3.17)
c33(c33 — ¢55)
~ 498 G ) o @ Qs (g g5 g0, (3.18)
Qs5 C Qu
(0 — Qu—Ces
W = o , (3.19)
where equation 3.18 for 6&2) has been simplified by assuming that the ratio ¢ = 25—5
33

and the absolute value of Tsvankin’s velocity-anisotropy parameter §® are small. Since
the Christoffel equation in the [z1,z3]-plane has the same form as that for VTI media,
equations 3.16-3.19 are identical to the definitions of the corresponding VTI parameters. In
contrast to VT1 models, however, the parameters of orthorhombic media with the subscripts
“55” and “44” generally differ, and cannot be interchanged in equations 3.17-3.19.

Using the substitutions 1 — 2 and 5 — 4 in the subscripts, I further adapt the defini-
tions of attenuation anisotropy parameters for VTI media to introduce three attenuation-
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anisotropy parameters in the [z, x3]-plane:

1 _ @33 — Q2
() = On -G 3.20
@ Q22 520
1
s = L A
Q - 2
2Apg  df 00
B o 4 Can)? _
Q33 — Qu4 644( 23 + C33) L 938 — Qs ca3(Cas + Caa)
_ Qua (c33 — caa) @23 (3.21)
c33(c33 — caa)
~ 4 Q33 — Quu O Q33 — Qa3 (1+ 260 — 29y, (3.22)
Qa4 Q23
W — @5 —Ces 3.23
T Q66 52

In equation 3.22, 6(V) is the velocity-anisotropy parameter defined in the [x9,z3]-plane

(Tsvankin, 1997, 2005), and g = cu Since the attenuation coefficient must be posi-
€33

tive (otherwise, the amplitude will increase with distance), the diagonal components of the
1)

(Q;j-matrix have to be positive as well. This constraint implies that the parameters eg ,
eg), 76(21), and vg) are always larger than —1.

The only element of the Q-matrix not involved in the definitions of the reference
isotropic quantities and the attenuation-anisotropy parameters in the vertical symmetry
planes is @12. Following the approach of Tsvankin (1997, 2005), I use @12 to introduce
one more anisotropy parameter, o (), which plays the role of the VT parameter d,, in the
[x1, x9]-plane (x7 is treated as the symmetry axis of the equivalent VTI model):

1 2APY
2AP (0 =0) 0* |,
Q11 — QGGC (c11 + c12)? . 2Qll - Q12 -

®B) =
oy =

c12 + ¢
_ Qos (c11 — ce) Q12 (12 + oo (3.24)
ci1(c11 — cep) '
~ 4 Q1 — Qo6 g® 42 Qu — Q12 (1+ 253) _ 2g(3)) 7 (3.25)
Q66 Q12

where the phase angle 6 is measured from the x-axis, § ®)isa velocity-anisotropy parameter

defined in the [z, x2]-plane, and g® = Zﬁ. Although it is also possible to introduce the
11

parameters eg’) and fyc(;’) in the [z1, z2]-plane, they would be redundant.

The nine attenuation-anisotropy parameters defined in equations 3.14-3.25, combined
with Tsvankin’s (1997, 2005) velocity-anisotropy parameters, are sufficient to fully charac-
terize plane-wave attenuation in orthorhombic media. An additional parameter, of practical
importance because it is responsible for the differential attenuation of the split S-waves in
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the vertical (x3) direction, is described in the next section.

3.6 Approximate attenuation coefficients in the symmetry planes

The equivalence between plane-wave propagation in the symmetry planes of orthorhom-
bic media and in VTI media means that the symmetry-plane attenuation coefficients of all
three modes can be obtained by adapting the VTI equations. While the exact attenuation
coefficients are rather complicated even for VTI models and do not provide insight into
the influence of various attenuation-anisotropy parameters, much simpler solutions can be
found under the following assumptions:

1. The magnitude of attenuation measured by the inverse @;; values or the parameters A pg
and Agg is small.

2. Attenuation anisotropy is weak, which implies that the absolute values of all attenuation-
anisotropy parameters introduced above are much smaller than unity.

3. Velocity anisotropy is also weak, so the absolute values of all Tsvankin’s (1997, 2005)
anisotropy parameters are much smaller than unity.

The approximate (linearized in the small parameters) SH-wave attenuation coefficient
in the [z1,z3]-plane can be written as (compare to equation 2.27)

AG) = Aso (1 +7P sin20), (3.26)
where

_ 1 1+ vg)

Aso = 0m Aso W (3.27)

is the vertical attenuation coefficient for the S-wave polarized in the zo-direction. Equa-
tion 3.26 is obtained by replacing the parameter 7, in the linearized VTI result (Chap-
ter 2) by vg) and using the appropriate reference value Agg. Similarly, the corresponding
linearized coefficient in the [z2, z3]-plane has the form

AGY = Aso (1 -+ sin6). (3.28)

It should be emphasized that the term SH-wave refers to two different shear modes in
the vertical symmetry planes (Tsvankin, 1997, 2005). For example, if c44 > c55, then the
fast shear wave Sp represents an SH-wave in the [z, z3]-plane in which it is polarized in the
xo-direction. For propagation in the [x3,x3]-plane, however, the S;-wave becomes an SV
mode that has an in-plane polarization vector.

The difference between the attenuation coefficients of the vertically traveling split shear
waves can be quantified by the attenuation splitting parameter 7&5):

) =48]
=2~ ) =48] (3.29)
L +7g

) = Aso — Aso
] Aso
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The definition 3.29 is analogous to that of the widely used S-wave velocity splitting param-
eter (%) (e.g., Tsvankin, 1997, 2005). Although 7225) would be redundant as part of the
notation for attenuative orthorhombic media, this parameter should play an important role
in the attenuation analysis of shear-wave data.

Substituting the attenuation-anisotropy parameters eg) and 6&2) into the VTI equa-
tions of Chapter 2 yields the following approximate attenuation coefficients of the P- and
SV-waves in the [z, z3]-plane (compared to equations 2.36 and 2.41, respectively):

_,4532) = Apg <1 + 5&2) sin? 0 cos® 0 + eg) sin? 9) ; (3.30)

A(S2‘)/ = Ago (1 + ag) sin 6 cos? 9> , (3.31)

where

2 2
) — 6

1
2) _ T
Q
2 2
@ _ %5 o) _ @33 _ Aso nd 0@ = 2 _ 52

= = = = = —————. The approximate attenuation
ez’ 9 Qss  Apo’ g PP
coefficients in equations 3.30 and 3.31 have exactly the same form as the corresponding

linearized phase-velocity equations (Thomsen, 1986). However, as shown in equation 3.17,
the dependence of the attenuation-anisotropy parameter (5222) on the real parts of the stiff-
ness coefficients reflects the coupling between the attenuation and velocity anisotropy. In
contrast, the anisotropic phase-velocity function is practically independent of attenuation
(see below).

The linearized coeflicients Ag) and Ag‘), in the [z2, x3]-plane are obtained in the same
way from the VTI equations by using the attenuation-anisotropy parameters eg) and 58).
For example,

AL = Apo (1 + 5221) sin  cos® 6 + eg) sin’ 9> . (3.33)

3.7 P-wave attenuation outside the symmetry planes

Because of the difficulties in linearizing S-wave attenuation coefficients for out-of-plane
phase directions, the scope of this section is limited to P-wave attenuation. While the
attenuation of the split shear waves can be studied numerically by solving the Christoffel
equation, the area of validity of such plane-wave solutions in describing radiation from
seismic sources is significantly reduced because of the influence of S-wave point singularities
(e.g., Crampin, 1991).
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3.7.1 Influence of attenuation on phase velocity

As pointed out above, the attenuation coefficients depend not just on the quality-factor
elements ();; but also on the velocity-anisotropy parameters. In contrast, the presence of
attenuation has an almost negligible influence on the phase-velocity function. This result
remains valid for the symmetry planes of the orthorhombic model. Here, I demonstrate
that attenuation-related distortions of phase velocity are negligible outside the symmetry

planes as well.

1
Qij
tion (A-2) can be simplified by dropping terms quadratic in the inverse ) components. The
resulting equation (A-3) is identical to the Christoffel equation for the reference nonatten-
uative medium, both within and outside the symmetry planes.

In the limit of weak attenuation ( < 1), the real part of the Christoffel equa-

To evaluate the contribution of the higher-order attenuation terms, I compute the
exact P-wave phase velocity for two orthorhombic models with strong attenuation. For the
first model, the attenuation is isotropic with a very low quality factor, Q33 = Q55 = 10
(Figure 3.2). Still, the maximum attenuation-related change in the phase velocity is limited

to 0.5%, which is equal to

2035

The second model has the same real part of the stiffness matrix, but this time accom-
panied by pronounced attenuation anisotropy (Figure 3.3). Although the deviation of the
phase-velocity function from that in the reference nonattenuative medium increases away
from the vertical, it remains insignificant (no more than 1%) for the whole range of polar
and azimuthal phase angles. Although this analysis does not take into account attenuation-
related velocity dispersion, it is usually small in the frequency band typical for reflection
seismology.

Hence, seismic processing for orthorhombic media with orthorhombic attenuation can
be divided into two steps. First, one can perform anisotropic velocity analysis and esti-
mation of Tsvankin’s parameters without taking attenuation into account (Grechka and
Tsvankin, 1999; Grechka et al., 1999; Bakulin et al., 2000b). Then the reconstructed aniso-
tropic velocity model can be used in the processing of amplitude measurements and inversion
for the attenuation-anisotropy parameters.

3.7.2 Approximate attenuation outside the symmetry planes

The linearized approximation for the P-wave attenuation coefficient is extended to
arbitrary propagation directions outside the symmetry planes in Appendix E:

Ap(0,0) = Apo [1 + 6,(¢)sin® § cos® 0 + €, (¢) sin® 6] (3.34)
where 60, as before, is the phase angle with the vertical, ¢ is the azimuthal phase angle, and

5o (¢) = 6 sin® ¢ + 6 cos® ¢, (3.35)
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Figure 3.2. Influence of isotropic attenuation on the exact P-wave phase velocity computed

from the Christoffel equation (3.2).

Each plot corresponds to a fixed azimuthal phase

angle. The solid curves mark the velocity for a nonattenuative orthorhombic model with the
following parameters: Vpy = 3 km/s, Vgg = 1.5 km/s, e =0.25, € = 0.15, () = 0.05,
6@ = —0.1,60 =0.15, (V) = 0.28, and v? = 0.15. The dashed curves are computed for a
model with the same velocity parameters and strong isotropic attenuation (@33 = Q55 = 10;
all attenuation-anisotropy parameters are set to zero).
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Figure 3.3. Influence of anisotropic attenuation on the exact P-wave phase velocity. The
solid curves are the phase velocities for the nonattenuative orthorhombic model from Fig-
ure 3.2. The dashed curves are computed for a model with the same velocity parameters and
strong orthorhombic attenuation: Q33 = Q55 = 10 (Apy = Ago = 0.05), 68) = eg) = 0.8,
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€o(P) = 68) sin ¢ + eg) cost ¢ + (26222) + 55’)) sin? ¢ cos? ¢. (3.36)
Clearly, the approximate P-wave attenuation coefficient in any vertical plane of orthorhom-
bic media is described by the VTI equation (Chapter 2; Zhu and Tsvankin, 2006) with the
azimuthally varying parameters €, (¢) and ¢, (¢). For wave propagation in the [z, z3]-plane

(¢ =0°), €n = eg), 0y = 5&2), and equation 3.34 reduces to equation 3.30. Similarly, for the

[z2, x3]-plane (¢ = 90°), ¢, = 68), 0o = 58), and equation 3.34 reduces to equation 3.33.

Interestingly, equations 3.34-3.35 have exactly the same form as that of the linearized
P-wave phase-velocity equations (1.107)—(1.109) in Tsvankin (1997, 2005). This similarity is
explained by the identical (orthorhombic) symmetry imposed on both the real and imaginary
parts of the stiffness matrix and the assumption of homogeneous wave propagation. An
important difference between the coefficient Ap and phase velocity, however, is that the
parameters (58), 5&2), and 55’) include a contribution of the velocity anisotropy, while the
velocity function is practically independent of attenuation. Also, as discussed below, the
exact coefficient Ap is influenced by the velocity-anisotropy parameters even for fixed values
of 68’2) and 68’2’3).

Transversely isotropic models with both vertical (VTI) and horizontal (HTI) symmetry
axis represent special cases of orthorhombic media. For VTI media with VTI attenuation,
all vertical planes are identical, and there is no velocity or attenuation variation in the
horizontal (isotropy) plane:

D= @ o@D

M = 5@ g 50— 5@ =

5 = 6% =4, 5Q _5Q = 0q;
7= B = A =90 =1,

Then €, (¢) = €,, 6,(¢) = d,, and equations 3.34-3.35 yield the VTT result:

AXTI = Apg (1 + 4, sin? 0 cos? 0 + €o sin? 0) . (3.37)

Next, suppose that the symmetry axis of the TT medium (for both velocity and attenu-
ation) points in the x1-direction. Then, the isotropy plane coincides with the [z2, z3]-plane,
and

(D = g,
M — 50 =

o) =6 =,
A1 =4 —

Also, the parameters 63 and 6&3) are no longer independent because the [z, zg]-plane

is equivalent to the [z1,z3]-plane. If the velocity anisotropy is weak, 6B = 52 — 22
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Tsvankin, 1997, 2005). For weak attenuation anisotropy, 6 = §2 — 2¢2) and equa-
Q Q Q

tion 3.36 becomes €, (¢) = eg) cost ¢ + 5&2) sin? ¢ cos? . Then the P-wave attenuation
coefficient 3.34 takes the form

AR — Apo (14 5&2) cos? ¢sin? 6 cos® 6 + (eg) cost ¢ + 5222) sin? ¢ cos? qﬁ) sin* 9} . (3.38)

3.7.3 Parameters for P-wave attenuation

The linearized P-wave attenuation coefficient 3.34 is independent of the parameters
Aso, yg), and 76(22), which are primarily responsible for shear-wave attenuation. Numerical
tests show that this conclusion remains valid for models with strong attenuation and pro-
nounced velocity and attenuation anisotropy. As illustrated by Figure 3.4, the dependence
of Ap on the shear-wave vertical attenuation coefficient Agy becomes noticeable only for
extremely large attenuation (i.e., uncommonly small values of Q55). The influence of the
parameters 'yg) and fyc(f) on the coefficient Ap (not shown here) for typical moderately
attenuative models is also negligible.

Therefore, for a fixed orientation of the symmetry planes and fixed velocity parameters,
P-wave attenuation is controlled by the reference value 4 py and five attenuation-anisotropy
parameters — eg), eg), 58), 5&2), and 55’). An equivalent result for velocity anisotropy was
obtained by Tsvankin (1997, 2005), who showed that the P-wave phase-velocity function in
orthorhombic media is governed just by the vertical velocity and five € and § parameters.
As demonstrated below, however, while the velocity function is almost independent of at-
tenuation, the P-wave attenuation coefficient does depend on the velocity anisotropy, even
if all relevant attenuation-anisotropy parameters are held constant.

3.7.4 Accuracy of the linearized solution

To evaluate the accuracy of the weak-anisotropy approximation (3.34) outside the
symmetry planes, I compare it with the exact coefficient A p (equation 3.2) for a model with
pronounced orthorhombic attenuation (Figure 3.5). The velocity parameters correspond to
the moderately anisotropic model of (Schoenberg and Helbig, 1997). Since no measurements
of the attenuation-anisotropy parameters are available, each of them is set to be twice as
large as the corresponding velocity-anisotropy parameter (e.g., eg) = 26(2)).

As expected, the weak-anisotropy approximation gives satisfactory results for near-
vertical propagation directions with polar angles up to about 30°. The error becomes more
significant for intermediate propagation angles in the range 30° < 6 < 75°. When the
incidence plane is close to either vertical symmetry plane (i.e., the azimuth ¢ approaches 0°
or 90°), the approximate solution also yields an accurate estimate of Ap near the horizontal
direction. Overall, the error of the weak-anisotropy approximation for the full range of
polar and azimuthal angles is less than 10%. Note that while the velocity anisotropy for
this model is moderate (both @ and €@ are about 0.3), the attenuation anisotropy is
much more pronounced. This and other tests for a suite of orthorhombic models with weak
or moderate velocity anisotropy confirm that equation 3.34 gives an adequate qualitative
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Figure 3.4. Influence of the parameter Agp = 1/(2Q55) (marked on the plot) on the exact P-
wave attenuation coefficient. The velocity parameters correspond to an orthorhombic model
formed by vertical cracks embedded in a VTI background (Schoenberg and Helbig, 1997):
Vpo = 2.437 km/s, Vgg = 1.265 km/s, e() = 0.329, €®) = 0.258, 61 = 0.083, 6() = —0.078,
63 = —0.106, vV = 0.182, and 4® = 0.0455. The P-wave vertical attenuation coefficient
is Apg = 0.01 (Q33 = 50); each attenuation-anisotropy parameter is twice the corresponding
velocity-anisotropy parameter: eg) = 0.658, eg) = 0.516, 5221) = 0.166, 5222) = —0.156,
0 = —0.212, 4 = 0.364, and v(?) = 0.091.
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description of P-wave attenuation (under the assumption of homogeneous wave propagation)
even if the attenuation anisotropy is pronounced (e.g., @ = 0.8).

To identify the source of errors in the weak-anisotropy approximation, I repeat the
test in Figure 3.5 using a purely isotropic velocity model (Figure 3.6). The approximate
solution (dashed lines) in Figure 3.6 coincides with that in Figure 3.5 because both models
have identical attenuation-anisotropy parameters. The exact coefficient Ap (solid lines),
however, is influenced by the velocity-anisotropy parameters in such a way that the error
of the weak-anisotropy approximation almost disappears when the velocity field is isotropic
(Figure 3.6).

Hence, the accuracy of the approximation 3.34 is controlled primarily by the strength of
the velocity anisotropy, even if the magnitude of the attenuation anisotropy is much higher.
This can be explained by the multiple linearizations in the velocity-anisotropy parameters
involved in deriving equations E.4 and E.7.

It should be emphasized that the influence of different subsets of the velocity-anisotropy
parameters on the attenuation coefficient Ap varies with the azimuth ¢. As illustrated in
Figure 3.7, the contribution of the parameters defined in the [z, z3]-plane (the azimuth
¢ = 0°) decreases away from that plane and completely vanishes in the orthogonal direction.
Note that according to the Christoffel equation (3.13), the P-wave attenuation coefficient
in the [z, z3]-plane (¢ = 90°) is indeed fully independent of the velocity- and attenuation-
anisotropy parameters defined in the other two symmetry planes. Likewise, the influence
on Ap of the parameters defined in the [z2, x3]-plane (the superscript “(1)”) is largest for
azimuths close to 90°.

3.8 Summary and observations

The attenuation coefficients of P-, Si-, and Ss-waves in orthorhombic media with or-
thorhombic attenuation depend on the orientation of the symmetry planes, nine velocity
parameters and nine components of the quality-factor matrix. The large number of inde-
pendent parameters, compounded by the coupling between the attenuation and velocity
anisotropy, makes attenuation analysis for this model difficult. Here, I demonstrated that
the description of the attenuation coefficients can be substantially simplified by introducing
a set of attenuation-anisotropy parameters similar to Tsvankin’s notation for the orthorhom-
bic velocity function.

The equivalence between the Christoffel equation in the symmetry planes of orthorhom-
bic and VTI media, established previously for purely elastic media, holds in the presence
of orthorhombic attenuation. Therefore, the symmetry-plane attenuation coefficients of all
three modes can be obtained by simply adapting the known VTI equations. Moreover, the
Thomsen-style notation for attenuative VT media can be extended to orthorhombic models
following the approach suggested by Tsvankin for velocity anisotropy. The parameter set
introduced here includes two vertical P- and S-wave attenuation coefficients, A pg and Agg,
and seven dimensionless anisotropy parameters, 68’2), 58’2’3), and 7872).

Adaptation of the linearized VTI equations allows me to obtain concise symmetry-
plane attenuation coeflicients of P-, S1-, and So-waves valid for small attenuation and weak
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Figure 3.5. Comparison of the exact coefficient Ap (solid curves) with the linearized ap-
proximation 3.34 (dashed) for an orthorhombic medium with orthorhombic attenuation.
The model parameters are the same as in Figure 3.4 (Q55 = 40; Ago = 0.0125).
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Figure 3.6. Comparison of the exact coefficient Ap (solid curves) with the linearized approx-
imation 3.34 (dashed) for a medium with orthorhombic attenuation but a purely isotropic
velocity function. The attenuation parameters are the same as in Figures 3.4 and 3.5, but
the velocity Vpg = 2.437 km/s is constant in all directions.
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Figure 3.7. Influence of the velocity anisotropy on the exact attenuation coefficient Ap.
The solid curves are computed for the orthorhombic model with orthorhombic attenuation
from Figures 3.4 and 3.5. The dashed curves are obtained by setting the velocity-anisotropy
parameters €2, 62 and 7(2) defined in the [z, z3]-plane (azimuth = 0°) to zero; all other
model parameters are unchanged.
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velocity and attenuation anisotropy. Furthermore, linearization of the Christoffel equation
in the attenuation-anisotropy parameters yields the approximate P-wave attenuation coef-
ficient Ap outside the symmetry planes as a simple function of A pg, 68’2), and (58’2’3). The

influence of the parameters Agg and 7872) on P-wave attenuation remains negligible even
for large attenuation anisotropy.

The approximate coefficient Ap has the same form as the approximate P-wave phase-
velocity function in terms of Tsvankin’s velocity parameters and can be represented by
the VTT equation with the azimuthally varying parameters €, and é,. This equivalence
between the linearized equations for attenuation and velocity anisotropy stems from the
identical (orthorhombic) symmetry of the real and imaginary parts of the stiffness tensor
and the assumption of homogeneous wave propagation. Still, there are important differences
between the treatment of velocity and attenuation anisotropy. The analysis shows that
in the absence of pronounced velocity dispersion the influence of attenuation (i.e., of the
imaginary part of the stiffness tensor) on velocity is practically negligible. In contrast, the
definitions of the attenuation-anisotropy parameters 58’273) include the velocity parameters
5(1,2,3)

Also, the exact attenuation coefficient Ap varies with the velocity-anisotropy param-
eters even for fixed values of 6(1:23). Moreover, the accuracy of the linearized equation for
Ap is controlled to a large degree by the strength of the velocity anisotropy. Numerical
tests demonstrate that the approximate A p remains close to the exact value even for large
(by absolute value) attenuation-anisotropy parameters provided the velocity anisotropy is
relatively weak.

Thus, the P-wave attenuation coefficient is primarily governed by the orientation of the
symmetry planes and six (instead of nine) attenuation-anisotropy parameters: A po, 68’2),

and 58’273). However, because of the non-negligible influence of the velocity anisotropy
on Ap, accurate inversion of attenuation measurements for orthorhombic media requires
anisotropic velocity analysis as well. Also, knowledge of the anisotropic velocity field is
required to obtain the normalized attenuation coefficient A (equation 2.11) and to correct
for the difference between the phase attenuation coefficient studied here and the group
attenuation coefficient responsible for the amplitude decay along seismic rays. Overall, these
results provide an analytic foundation for estimating the attenuation-anisotropy parameters
from wide-azimuth seismic data.

Whereas this study is restricted to homogeneous wave propagation, the inhomogeneity
angle in layered attenuative media is not necessarily small (see Chapter 6). I also assumed
that the symmetry planes for the velocity and attenuation functions are aligned, which is
justified for effective azimuthally anisotropic media caused by systems of parallel fractures.
Still, for more complicated porous fractured media or models with depth-varying fracture
direction (see Chapter 5) this assumption may break down, and most of the discussion here
would have to be revised. Also, I did not take into account possible frequency dependence of
the quality-factor matrix in the seismic frequency band. If this dependence is not negligible,
the attenuation-anisotropy parameters also become frequency-dependent, although their
definitions remain the same.
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Chapter 4

Physical modeling and analysis of P-wave
attenuation anisotropy for TI media

4.1 Summary

I analyze measurements of the P-wave attenuation coefficient in a transversely isotropic
sample made of phenolic material. Using the anisotropic version of the spectral-ratio
method, I estimate the group (effective) attenuation coefficient of P-waves transmitted
through the sample for a wide range of propagation angles (from 0° to 90°) with the sym-
metry axis. Correction for the difference between the group and phase angles helps to obtain
the normalized phase attenuation coefficient A governed by the Thomsen-style attenuation-
anisotropy parameters €, and 0,. Whereas the symmetry axis of the angle-dependent
coefficient A practically coincides with that of the velocity function, the magnitude of the
attenuation anisotropy far exceeds that of the velocity anisotropy. The quality factor @
increases more than tenfold from the symmetry (slow) direction to the isotropy plane (fast
direction). Inversion of the coefficient .4 using the Christoffel equation yields large negative
values of €, and d,.

The robustness of these results critically depends on several factors, such as the avail-
ability of an accurate anisotropic velocity model and adequacy of the “homogeneous” con-
cept of wave propagation, as well as the choice of the frequency band. The methodology
discussed here can be extended to field measurements of anisotropic attenuation needed
for AVO (amplitude-variation-with-offset) analysis, amplitude-preserving migration, and
seismic fracture detection.

4.2 Introduction

Although experimental measurements of attenuation, both in the field and on rock
samples, are relatively rare, they indicate that the magnitude of attenuation anisotropy often
exceeds that of velocity anisotropy (e.g., Tao and King, 1990; Arts and Rasolofosaon, 1992;
Prasad and Nur, 2003; Shi and Deng, 2005) For example, according to the measurements
of Hosten et al. (1987) for an orthorhombic sample made of composite material, the quality
factor for P-waves changes from () =~ 6 in the vertical direction to ) &~ 35 in the horizontal
direction. Hosten et al. (1987) also show that the symmetry of the attenuation coefficient
closely follows that of the velocity function.

Here, I extend the spectral-ratio method to anisotropic media and apply it to P-wave
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transmission data acquired in a symmetry plane of a phenolic sample. Fitting the theoretical
normalized attenuation coefficient A to the measurements for a wide range of propagation
angles yields estimates of the attenuation-anisotropy parameters €, and J§, developed in
Chapter 2. Although the experiment was performed for a synthetic material, the results
are indicative of the high potential of attenuation-anisotropy analysis for field seismic data.

4.3 Spectral-ratio method for anisotropic attenuation

The spectral-ratio method is often used to estimate the attenuation coefficient in both
physical modeling and field surveys. For laboratory experiments, application of this method
typically involves amplitude measurements made under identical conditions for the sample
of interest and for a reference purely elastic (non-attenuative) sample.

The frequency-domain displacement of the direct wave recorded for the reference ho-
mogeneous sample [the superscript “(0)”] can be written as

UO) () = S(w) GO (xO) giw t=xO1VE) (4.1)

where x is the vector connecting the source and receiver, V,, is the group (ray) velocity in the
direction x, S(w) is the spectrum of the source pulse, and the factor G(x) incorporates the
radiation pattern of the source and the geometrical spreading along the raypath. Similarly,
the frequency-domain displacement for the attenuative sample [the superscript “(1)”] has
the form

UD (W) = S(w) GV (xD) ¢ e D] giw (=[x vED) : (4.2)

k‘é is the amplitude decay factor (attenuation coefficient) in the group (ray) direction. The
logarithm of the amplitude ratio can be found from equations 4.1 and 4.2 as

M (1)
kil I (G—> — kL xW]. (4.3)

U0

In

G(0)

The frequency dependence of the term G(l)/ G is usually considered to be negligible in
1

the frequency range of interest. Then the slope of the function In % yields the “local”

value of the inverse Q-factor in the source-receiver direction. If this slope changes with

frequency w, then the assumption of frequency-independent () is not valid.

In isotropic media with isotropic (angle-invariant) attenuation, the group attenuation
coefficient ké measured along the raypath coincides with the phase (plane-wave) attenua-
tion coefficient k!. For anisotropic media with anisotropic attenuation, however, these two
coefficients generally differ. If wave propagation is homogeneous (i.e., the inhomogeneity
angle is negligible), the group and phase attenuation coefficients are related by the equation
ké = k! cos 1[1, where zﬁ is the angle between the group- and phase-velocity vectors (Zhu and
Tsvankin, 2004).
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Then the normalized phase attenuation coefficient introduced above is given by
A=—=—V= —_— 4.4
a (1.4

where V' is the phase velocity that corresponds to the source-receiver (group) direction
(i.e., the velocity of the plane wave tangential to the wavefront at the receiver location).
Therefore, the coefficient A can be found as the measured slope of the group attenuation
coefficient k., (w) scaled by the ratio V/ cos .

Here, I employ the following procedure of inverting P-wave attenuation measurements
for the attenuation-anisotropy parameters. First, the slope of the logarithmic spectral ratio
in equation 4.3 expressed as a function of w is used to estimate kzé Jw. Second, using the
velocity parameters of the sample (assumed to be known), I compute the phase velocity
V and angle zﬁ and substitute them into equation 4.4 to find the coefficient A. Third,
the measurements of A for a wide range of phase angles are inverted for the attenuation-
anisotropy parameters €, and d,. Approximate values of €, and J, can be found in a
straightforward way from the linearized equation 2.36. More accurate results, however, are
obtained by nonlinear inversion based on the exact Christoffel equation B.1.

Because of the dependence of the exact coefficient .4 (Chapter 2) on the velocity pa-
rameters and the contribution of the velocity anisotropy to equation 4.4, estimation of €
and J, requires knowledge of the anisotropic velocity field. Since the influence of attenu-
ation on velocity typically is a second-order factor (Zhu and Tsvankin, 2005), anisotropic
velocity analysis can be performed prior to inverting the attenuation measurements. In
the inversion below I use the results of Dewangan (2004) and Dewangan et al. (2006),
who estimated the velocity-anisotropy parameters of the same phenolic sample by inverting
reflection traveltimes of PP- and PS-waves.

4.4 Experimental setup and data processing

The goal of this chapter is to measure the directional dependence of the P-wave atten-
uation coefficient in a composite sample and invert these measurements for the attenuation-
anisotropy parameters €, and J,. The material was XX-paper-based phenolic composed
of thin layers of paper bonded with phenolic resin. This fine layering produces an effective
anisotropic medium on the scale of the predominant wavelength. The sample was prepared
by Dewangan (2004; Figure 4.1), who pasted phenolic blocks together at an angle, which
resulted in a transversely isotropic model with the symmetry axis tilted from the vertical by
70° (TTI medium). Laser-Doppler measurements of the vertical component of the wavefield
were made by Kasper van Wijk in the Physical Acoustic Laboratory at CSM.

Dewangan et al. (2006) show that the TTI model adequately explains the kinematics
of multicomponent (P, S, and PS) data in the vertical measurement plane that contains the
symmetry axis (the symmetry-axis plane). Although phenolic materials are generally known
to be orthorhombic (e.g., Grechka et al., 1999), body-wave velocities and polarizations in
the symmetry planes of orthorhombic media can be described by the corresponding TI
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Figure 4.1. Physical model of a TT layer with the symmetry axis tilted at 70° (from Dewan-
gan et al., 2006). The transmitted wavefield is excited by an ultrasonic contact transducer

at the bottom of the model and recorded by a laser vibrometer at different locations along
the top.

equations (Tsvankin, 1997, 2005).

The original purpose in acquiring the transmission data used here (Figures 4.1 and 4.2a)
was to verify the accuracy of the parameter-estimation results obtained by Dewangan (2004)
and Dewangan et al. (2006). The P-wave source (a flat-faced cylindrical piezoelectric con-
tact transducer) was fixed at the bottom of the model, and the wavefield was recorded by a
laser vibrometer at intervals of 2 mm. The spread of the receiver locations was wide enough
to cover a full range of propagation angles (from 0° to 90°) with respect to the (tilted)
symmetry axis.

To perform attenuation analysis, I separated the first (direct) arrival by applying a
Gaussian window to the raw data. The amplitude spectrum of the windowed first arrival
obtained by filtering out the low (f < 5 kHz) and high (f > 750 kHz) frequencies is shown
in Figure 4.2b. An aluminum block with negligibly small attenuation served as the reference
model. The reference trace was acquired by a receiver located directly opposite the source
(Figure 4.3).

For each receiver position at the surface of the phenolic sample, I divided the spectrum
of the windowed recorded trace by that of the reference trace to compute the spectral ratio
(equation 4.3). Records with a low signal-to-noise ratio were excluded from the analysis.
Note that Figures 4.2b and 4.3 reveal gaps in the frequency spectrum (around 170 and 200

kHz, respectively), which are likely related to the mechanical properties of the piezoelectric
source. To estimate the group attenuation coefficient kzé from equation 4.3, I chose a
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Figure 4.2. (a) Raw transmission data excited by a P-wave transducer in the phenolic
sample, and (b) the amplitude spectrum of the windowed first arrival. The solid line is the
P-wave traveltime modeled by Dewangan et al. (2006) using the inverted parameters from
Figure 4.4. The time sampling interval is 2us, and the width of the Gaussian window is 40
samples.

frequency band (60-110 kHz) away from the spectral gaps. According to the spectral-ratio
method described above, the relevant elements @;; in that frequency band are assumed to
be constant.

4.5 Evaluation of attenuation anisotropy

The parameters of the TTI velocity model needed to process the attenuation measure-
ments were obtained by Dewangan et al. (2006) from reflection PP and PS data (Figure 4.4).
Tilted transverse isotropy is described by the the P- and S-wave velocities in the symmetry
direction (Vpy and Vg, respectively), Thomsen anisotropy parameters € and § defined with
respect to the symmetry axis, the angle v between the symmetry axis and the vertical, and
the thickness z of the sample. The known values of v = 70° and z = 10.8 cm were accurately
estimated from the reflection data, which confirms the robustness of the velocity-inversion
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Figure 4.3. Reference trace for vertical propagation through an aluminum block (a), and
its amplitude spectrum (b).

algorithm.

4.5.1 Estimation of the attenuation-anisotropy parameters

Using the computed slope of the function kzé (w) for each receiver location and the
velocity parameters of the sample (Figure 4.4), I found the normalized phase attenuation
coefficient A from equation 4.4. Note that the difference between the group and phase
attenuation coefficients for this model does not exceed 6%. The coefficient A exhibits an
extremely pronounced variation between the slow (0°) and fast (90°) directions (Figure 4.5).
The largest attenuation is observed along the symmetry axis (6 = 0°), where the P-wave
phase velocity reaches its minimum value. Since the symmetry direction is orthogonal to the
multiple thin layers bonded together to form the model, the rapid increase in attenuation
toward 6 = 0° could be expected.

The polar plot of the attenuation coefficient (Figure 4.6) indicates that the symmetry
axis of the function A(f) is close to that for the velocity measurements. Although I did
not acquire data for angles exceeding 90° to reconstruct a more complete angle variation
of A, the direction orthogonal to the layering should indeed represent the symmetry axis
for all physical properties of the model. To quantify the attenuation anisotropy, I used
the Christoffel equation B.1 to estimate the best-fit parameters Apg = 0.16 (Q33 = 3.2),
€o = —0.92, and ¢, = —1.84. The small-attenuation, weak-anisotropy approximation (2.36)
yields similar values (Apg = 0.16, ¢, = —0.86, and J,, = —1.91) despite the large magnitude
of the angle variation of A (Figure 4.6).

Whereas the fact that the largest attenuation coefficient for this model is observed at
the velocity minimum is predictable, the extremely low value of Q33 = 3.2 is somewhat
surprising. It should be mentioned, however, that the estimates of the attenuation coeffi-
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Figure 4.4. Velocity-anisotropy parameters of the TTI model estimated from reflection
traveltimes of PP- and PS-waves in the symmetry-axis plane (after Dewangan et al., 2006).
The mean values are Vpg = 2.6 km/s, Vgg = 1.38 km/s, ¢ = 0.46, and § = 0.11. The error
bars mark the standard deviations in each parameter obtained by applying the inversion
algorithm to 200 realizations of input reflection traveltimes contaminated by Gaussian noise.
The standard deviation of the noise was equal to 1/8 of the dominant period of the reflection
arrivals.
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Figure 4.5. Measured normalized attenuation coefficient A as a function of the phase angle
f with the symmetry axis.

cient near the symmetry axis may have been distorted by the relatively low reliability of
amplitude measurements at long offsets corresponding to small angles 6 (Figure 4.1). Prob-
lems in applying this methodology for large source-receiver distances may be related to
such factors as the frequency-dependent geometrical spreading and the increased influence
of heterogeneity.

An essential assumption behind the estimates of the attenuation-anisotropy parame-
ters is that the inhomogeneity angle is negligibly small. Although the modeled attenuation
coefficient provides a good fit to the measured curve, it is not clear how significant the inho-
mogeneity angle for this model may be and how it can influence the parameter-estimation
results. Moreover, the coupling of the source with the reference aluminum block differs from
that of the phenolic sample, which can influence the source spectra and cause errors in the
attenuation estimation.

4.5.2 Uncertainty analysis

It is important to evaluate the uncertainty of the attenuation measurements caused by
errors in the velocity-anisotropy parameters. Using the standard deviations in the parame-
ters Vpo, €, 0, and v provided by Dewangan et al. (2006), I repeated the inversion procedure
for 50 realizations of the input TTI velocity model (Figure 4.7). Although the variation of
the estimated attenuation coefficients in some directions is substantial, the mean values of
the attenuation-anisotropy parameters obtained from the best-fit curve A(#) are close to
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Figure 4.6. Polar plot of the attenuation coefficient against the background of the phys-
ical model. The estimated function A(f) from Figure 4.5 (blue curve) was used to find
the best-fit attenuation coefficient from the Christoffel equation (black) and from approxi-
mation (2.36) (dashed). The numbers on the perimeter indicate the phase angle with the
symmetry axis.
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Figure 4.7. Influence of errors in the velocity model on the recovered attenuation parameters.
The error bars mark the standard deviation in each parameter obtained by applying the
inversion algorithm with 50 realizations of the input TTI velocity model. The standard
deviations in the TTI parameters are taken from Dewangan et al. (2006).

those listed above. The standard deviations are 2% for Apg, 0.01 for €, and 0.06 for 4,
which indicates that the influence of moderate errors in the velocity field on these results
is not significant.

Another potential source of uncertainty in the attenuation-anisotropy measurements
is the choice of the frequency range used in the spectral-ratio method. Figure 4.8 shows
the distribution of 50 realizations of the attenuation-anisotropy parameters obtained for
variable upper and lower bounds of the frequency range. The mean values of the estimated
parameters are Apg = 0.16 (Q33 = 3.3), ¢, = —0.90, and 6, = —1.94, with the standard
deviations equal to 3% for Apg, 0.06 for €, and 0.15 for J,,. Therefore, the sensitivity of the
attenuation-anisotropy parameters to moderate variations in the bounds of the frequency
band is not negligible.

In accordance with the spectral-ratio method, I assume the quality-factor components
Q;j to be frequency-independent within the frequency range used for the analysis. However,
observed variations of the slope of the coefficient ké in the frequency domain indicate that
the attenuation-anisotropy parameters may vary with frequency.

4.6 Discussion

While the large difference between the attenuation coefficients in the two principal
directions is unquestionable, the accuracy of the measurements strongly depends on several
assumptions. First, the radiation pattern of the source and the geometrical spreading are
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Figure 4.8. Influence of the frequency range used in the spectral-ratio method on the
recovered attenuation parameters. The error bars mark the standard deviation in each
parameter obtained by applying the inversion algorithm with 50 realizations of the upper
and lower bounds of the frequency range. The upper bound was changed randomly between
88 kHz and 132 kHz, and the lower bound between 44 kHz and 66 kHz.

taken to be frequency-independent in the frequency range used in the spectral-ratio method.
Because of the possible influence of heterogeneity, it is desirable to test the validity of
this assumption, particularly for relatively large source-receiver offsets. For example, the
experiment can be redesigned by making measurements on two different-size samples of the
same phenolic material. Then it would be possible to compute the spectral ratios for arrivals
propagating in the same direction and recorded at different distances from the source. Then,
the potential frequency dependence of the radiation pattern would be removed from the
attenuation measurement along with the spectrum of the source pulse, and no reference
trace would be required.

Second, the analytic solutions for the attenuation coefficient are based on the assump-
tion of homogeneous wave propagation (i.e., the inhomogeneity angle is assumed to be
negligible). For strongly attenuative models with pronounced attenuation anisotropy, this
assumption may cause errors in the interpretation of attenuation measurements. In particu-
lar, if the model is layered, the inhomogeneity angle is governed by the boundary conditions
and can be significant even for moderate values of the attenuation coefficients (see Chap-
ter 6). Hence, future work should include evaluation of the magnitude of the inhomogeneity
angle and of its influence on the estimation of the attenuation-anisotropy parameters.

Third, the data-processing sequence did not include compensation for a possible attenu-
ation-related frequency dependence of the reflection/transmission coefficients along the ray-
path. Moreover, choice of the frequency band can change the results of attenuation analysis.
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Finally, since this work was restricted to P-waves, I was unable to evaluate the strength
of the shear-wave attenuation anisotropy and estimate the full set of Thomsen-style ani-
sotropy parameters. A more complete characterization of attenuation anisotropy requires
combining compressional data with either shear or mode-converted waves.

4.7 Conclusions

Since case studies involving attenuation measurements are scarce, physical modeling
can provide valuable insights into the behavior of attenuation coefficients and the perfor-
mance of seismic algorithms for attenuation analysis. Here, I extended the spectral-ratio
method to anisotropic materials and applied it to P-waves transmitted through a trans-
versely isotropic sample for a wide range of propagation angles. After estimating the group
(effective) attenuation along the raypath, I computed the corresponding phase (plane-wave)
attenuation coefficient A using the known TI velocity model. The difference between the
phase and group attenuation, caused by the influence of velocity anisotropy, has to be
accounted for in the inversion for the attenuation-anisotropy parameters.

The angle-varying coefficient A was used to estimate the Thomsen-style attenuation
parameters Apo, €, and J,. The large absolute values of both ¢, = —0.92 and ¢, = —1.84
reflect the extremely high magnitude of the attenuation anisotropy, with the @-factor in-
creasing from 3.2 in the slow (symmetry-axis) direction to almost 40 in the fast (isotropy-
plane) direction. These results corroborate the conclusions of some previous experimen-
tal studies that attenuation is often more sensitive to anisotropy than are phase velocity
or reflection coefficient. Perhaps, attenuation-anisotropy parameters will become valuable
seismic attributes in characterization of fractured reservoirs.
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Chapter 5

Effective attenuation anisotropy of layered media

5.1 Summary

One of the factors responsible for effective anisotropy of seismic attenuation is interbed-
ding of thin attenuative layers with different properties. Here, I apply Backus averaging to
obtain the complex stiffness matrix for an effective medium formed by an arbitrary number
of anisotropic, attenuative constituents. Unless the intrinsic attenuation is uncommonly
strong, the effective velocity function is controlled by the real-valued stiffnesses (i.e., is
independent of attenuation) and can be determined from the known equations for purely
elastic media. Analysis of effective attenuation is more complicated because the attenuation
parameters are influenced by coupling between the real and imaginary parts of the stiffness
matrix.

The main focus of this chapter is on effective VTI models that include layers of isotropic
and VTI constituents. Assuming that the stiffness contrasts, as well as the intrinsic veloc-
ity and attenuation anisotropy, are weak, I develop explicit first-order (linear) and second-
order (quadratic) approximations for the attenuation-anisotropy parameters €, d,, and 7,,.
Whereas the first-order approximation for each parameter is given simply by the volume-
weighted average of its interval values, the second-order terms reflect the coupling between
various factors related to both heterogeneity and intrinsic anisotropy. Interestingly, the
effective attenuation for P- and SV-waves is anisotropic even for a medium composed of
isotropic layers with no attenuation contrast, provided there is a velocity variation among
the constituent layers. Contrasts in the intrinsic attenuation, however, do not create atten-
uation anisotropy, unless they are accompanied by velocity contrasts.

Extensive numerical testing shows that the second-order approximation for €, d,,, and
7, is close to the exact solution for most plausible subsurface models. The accuracy of the
first-order approximation depends on the magnitude of the quadratic terms, which is largely
governed by the strength of the velocity (rather than attenuation) contrasts and velocity
anisotropy. The effective attenuation parameters for multiconstituent VT models generally
exhibit more variation than do the velocity parameters, with almost equal probability of
positive and negative values. If some of the constituents are azimuthally anisotropic with
misaligned vertical symmetry planes, the effective velocity and attenuation functions can
have different symmetries and principal azimuthal directions.
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5.2 Introduction

In addition to fluid flow in fractured or porous media, or directionally-dependent stress
applied to the media, interbedding of thin layers with different attenuation coefficients is
another possible cause of attenuation anisotropy. Long-wavelength velocity anisotropy of
layered media has been discussed extensively in the literature (e.g., Backus, 1962; Berryman,
1979; Schoenberg and Muir, 1989; Shapiro and Hubral, 1996; Bakulin, 2003; Bakulin and
Grechka, 2003). Although attenuation anisotropy usually accompanies velocity anisotropy
(e.g., Tao and King, 1990; Arts and Rasolofosaon, 1992), much less attention has been de-
voted to studies of effective anisotropy of layered attenuative media. Sams (1995) measured
effective attenuation coefficients partially resulting from apparent (layer-induced) attenua-
tion, but his work is restricted to isotropic models. Molotkov and Bakulin (1998) discussed
a matrix-averaging technique for stratified lossy porous medium and obtained an effective
Biot medium with anisotropic viscosity and relaxation. By employing the correspondence
principle (e.g., Bland, 1960) for thin-layered viscoelastic media, Carcione (1992) derived
the complex stiffnesses of effective media composed of attenuative, isotropic constituent
layers. This effective stiffness matrix can be used to quantify both velocity anisotropy and
attenuation anisotropy.

Here I analyze the effective properties of a sequence of attenuative anisotropic layers.
The discussion is focused primarily on transversely isotropic (TI) constituents with a vertical
symmetry axis for both velocity and attenuation. First, the Backus averaging technique is
used to obtain the exact stiffness matrix in the low-frequency limit. Then I develop the
first- and second-order approximations for the effective velocity and attenuation anisotropy
in terms of the interval anisotropy parameters and stiffness contrasts. The second-order
(quadratic) solution is particularly helpful in evaluating the contributions of various factors
to the effective attenuation-anisotropy parameters. Numerical tests demonstrate that the
performance of the approximations is mostly influenced by the velocity field (i.e., by the
real parts of the stiffness coefficients). Simulations for a representative set of randomly
layered TI models help to estimate the bounds on the effective velocity and attenuation
parameters. Finally, I consider azimuthally anisotropic constituent layers and discuss the
possibility of misaligned symmetry directions for the velocity and attenuation functions.

5.3 Effective parameters of layered anisotropic attenuative media

The Backus (1962) averaging technique was originally introduced to compute the effec-
tive properties of a stack of elastic (non-attenuative) isotropic layers in the long-wavelength
limit. Here, I derive the effective stiffness coefficients for stratified models composed of thin
attenuative anisotropic layers.

The constitutive relationship for attenuative media can be expressed in the time do-
main as

T=CLe, (5.1)

where 7 and e are the real-valued stress and strain tensors, respectively. L is a first-order
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linear differential operator that reduces to the real-valued stiffness tensor for elastic media.
For example, consider a 1-D standard linear solid model (also called the Zener model) used
to characterize dissipative rocks and polymers (e.g., Ferry, 1980; Carcione, 2001). This
model includes a spring combined with a unit consisting of another spring and a dashpot
connected in parallel; its viscoelastic behavior is described by

T+ 70,7 = Mp(e + Te0e) (5.2)

where 7, and 7. are the two relaxation times for the mechanical system, and Mg is the
relaxed modulus. For elastic media, the relaxation times vanish, and Mpz reduces to a
real-valued modulus.

Transforming the constitutive relationship from equation 5.1 into the frequency domain
yields

F=Ce, (5.3)

where all quantities become complex-valued (denoted by~); C is the complex stiffness tensor.

Suppose a thin-layered model includes N types of constituents, whose spatial distribu-
tion is stationary across all the layers. For simplicity, throughout this chapter the layering
plane is assumed to be horizontal. The medium properties are constant within each layer
but change across layer boundaries (medium interfaces). Different layers belong to the same
constituent if they have identical medium properties including both velocity and attenua-
tion. For example, it is possible to form a model with hundreds of thin layers by using just
two interbedding constituents.

The Backus averaging technique for both elastic and attenuative media is applied in
the long-wavelength limit, which means that the dominant wavelength is much larger than
the thickness of all layers. Following Backus (1962) and Schoenberg and Muir (1989), I
assume that in the time domain the components of the traction vector that acts across
interfaces are the same for all layers:

k k k
7'1(3) =13, 7'2(3) = To3, 7':,53) =133, (5.4)
where the superscript denotes the k-th constituent. The in-plane strain components are
also supposed to be the same:

eﬁ) = €11, eé? = eg2, 6&? =e12. (5.5)

Equations 5.4 and 5.5 remain valid for the frequency-domain counterparts of the stress and
strain elements:
(k)

7R =Ty, Ty =Ta, Tyy) =T, (5.6)

and

éﬁ) = e, éé? =én, éﬁ? =eéi2. (5.7)
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When the frequency goes to zero, the imaginary parts of the complex stiffness components
vanish, and the medium becomes non-attenuative.

Since all stress and strain components in equations 5.6 and 5.7 are just the complex
counterparts of the corresponding quantities in equations 5.4 and 5.5, the effective stiffnesses
for layered attenuative media can be obtained using the results of Schoenberg and Muir
(1989) for purely elastic models:

Cyv = (Can) ™, (5.8)
Crn = (CrnCR\)Cnn, :
Crr = (Crr) — (CrnCRyCnr) + (CrnCyy)Can (CyyCnr) (5.10)

where (-) denotes the volume-weighted average. The submatrices for each constituent have
the following form:

~ C3z €34 C35
C¥L = | G4 G @5 |, (5.11)
C35 C45 Cs5
€13 C14 Ci15
NT = | €23 Caa C25 |, (5.12)
C36 Ca6 C56 |

and

) ci1 Ci2 Cip
CTT = Cla €22 Cog . (5.13)
€16 C26 Cé6
Equations 5.8-5.13 describe the effective properties for any number of constituents with
arbitrary anisotropy in terms of both velocity and attenuation.

5.3.1 Effective stiffnesses for TI media

Transversely isotropic (TI) layers (primarily shales and shaly sands) are common for
sedimentary basins (Sayers, 1994; Tsvankin, 2005). Here, I consider a layered medium
composed of TI constituents with a vertical symmetry axis (VTI) for both velocity and
attenuation. Substituting the complex stiffness matrix ¢;; of the VTI constituent layers
into equations 5.8-5.13 yields an effective attenuative VTI model with five independent
complex stiffnesses:

én = ( (5.14)
33 = ( ) (5.15)
&3 = (1/cs3) " (G13/Cs3) , (5.16)
5 = ( ) (5.17)

(1/¢66) (5.18)

Ce6 =
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¢12 = 11 —2¢¢6. The effective velocity-anisotropy parameters in Thomsen’s (1986) notation
are obtained using the real parts c¢;; of the effective stiffnesses from equations 5.14-5.18:

Vo = /2, Veo= /22, (5.19)
) V »

C11 — C33
= — = 5.20
¢ 2033 ’ ( )

_ (c13+ ¢55)% — (33 — ¢55)?
2c33(c33 — €35)

Ce6 — Cs55
— 66~ %55 5.29
y e (5.22)

(=%
I

, (5.21)

where p = (p) is the volume-averaged density.
To characterize attenuative anisotropy, I employ the effective attenuation-anisotropy
parameters defined in equations 2.28, 2.31, and 2.24:

_ Q33— Qu

€o = on (5.23)
_ 2 _
Q33 — Qs5 - (c13 + c33) n 2@33 Q3 e15(cas + cs5)
5 o= @ (c33 — ¢55) Q13 (5.24)
Q= ; :
c33(c33 — C55)
Q55 — Q
7@ = 55@66 % ’ (525)

where Q;; = ¢;j/ cl-lj is the quality-factor matrix (no index summation is applied), and cZ-Ij is
the imaginary part of the stiffness ¢;;. The notation of Zhu and Tsvankin (2006) also includes
two reference parameters — the wavenumber-normalized attenuation coefficients for P- and
S-waves in the symmetry (vertical) direction (see equations 2.22 and 2.23, respectively):

Apo = Q33 (\/ 141/(Q33)% — 1) ~ L (5.26)

2Q33°
Aso = @ss (\/ 1+1/(Qs5)% - 1) ~ 2555 : (5.27)

Note that equations 5.23-5.27 are defined through effective stiffness and ) components.
The approximations in equations 5.26 and 5.27 are obtained in the weak-attenuation limit
by keeping only the linear terms in the inverse components Q;; (i = 3,5).

5.4 Approximate attenuation parameters of effective VTI media

Explicit equations for the effective stiffnesses in terms of the interval parameters have a
rather complicated form. Here, I present approximate expressions that help to evaluate the
influence of different factors on the anisotropy of the effective medium. The approximations
are developed under the assumption of weak intrinsic velocity and attenuation anisotropy,
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as well as small contrasts in the stiffnesses between different constituents.

Unless the medium is strongly attenuative and has non-negligible dispersion, the in-
fluence of the quality-factor elements on phase velocity is of the second order and typically
can be ignored (Cerveny and Psencik, 2005; Zhu and Tsvankin, 2006). Hence, the effective
velocity-anisotropy parameters remain practically the same as those for the purely elastic
model defined by the real parts of the stiffness elements. Since a detailed description of the
velocity anisotropy of fine-layered VTI media can be found in Bakulin (2003), the discussion
below is focused primarily on the attenuation-anisotropy parameters.

5.4.1 First-order approximation

Approximate effective parameters can be derived by expanding the exact equations in
the small quantities (velocity- and attenuation-anisotropy parameters and the contrasts in
the stiffnesses) and neglecting higher-order terms. To first-order (linear) approximation, the
effective value of any anisotropy parameter is equal simply to its volume-weighted average
(Bakulin and Grechka, 2003). For example, the linearized parameter € can be written as

N
€= (e) = Z¢(k)€(k) 7 (5.28)
k=1

where ¢ is the volume fraction of each constituent. Similarly, the attenuation-anisotropy

parameter €, can be approximated as

€o = (€q) = Z gb(k)eg“) . (5.29)

k=1

Clearly, the effective medium properties in the long-wavelength limit are independent of the
spatial sequence of the constituents, which can arranged in an arbitrary order.

5.4.2 Second-order approximation

The second-order approximation for the effective velocity-anisotropy parameters of
two-constituent VTI media is given by Bakulin (2003). Here, I present a more general anal-
ysis that accounts for attenuation and allows for an arbitrary number of VTT constituents.

The parameters assumed to be small for each constituent & include Acé?, Acg;), AQ:(,)?,
AQQ?, k), k) k) eg“), 58“), and 'yék), where Acgf) and AQEf) quantify the magnitude
of property variations in the model:

Acy) = Ac} /e, (5.30)
AQY = AQY /Qii. ii=33 or 55. (5.31)

N N
1 - 1
Here, ¢; = N E cgf ) and Qu = N E ng ) are the arithmetic averages of c¢; and Qy;
k=1 k=1
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among all N constituents, while Acl(f) = cgf ) _ ¢;; and AQE? ) = ng ) Qi; denote the

deviations from the average values. In the approximations discussed here, the squared
C

vertical-velocity ratio g = ﬁ and the vertical attenuation ratio g, = @ are not treated
€33 55

as small parameters. It is assumed, however, that the attenuation is not uncommonly strong

so that quadratic and higher-order terms in 1/Q;; can be neglected.

The approximate effective parameters for both velocity and attenuation anisotropy
are given in Appendix F. For the special case of two constituents (N=2), the velocity-
anisotropy parameters become identical to those given by Bakulin (2003). In principle, the
exact effective velocity-anisotropy parameters depend on all possible factors including the
quality-factor matrix that describes the intrinsic attenuation. However, unless the model
has extremely high attenuation with some of the quality-factor components smaller than
10, the contribution of the attenuation parameters to the effective velocity anisotropy can
be ignored.

In contrast, the effective attenuation anisotropy is influenced not just by the imagi-
nary part of the stiffness matrix (i.e., by the intrinsic attenuation and the contrasts in the
attenuation parameters), but also by the real parts of the stiffnesses (i.e., by the velocity
parameters) and the coupling between various factors. The second-order approximations for
the effective Thomsen-style attenuation parameters can be represented as (equations F.37,
F.43, and F.15):

¢, = <6Q>+egis)+Egis—Van)+€gis—Qan)_i_eéVan—Qan) ’

(5.32)
5, = <5Q>+5gs) +6gis—Qan) +6éVan—Qan) +5£)Van) ’

(5.33)
Yo = <7Q>+%gis) _i_%(zis—Van) _i_%(gis—Qan) _1_%(2Van-Qan) ,

(5.34)

where (-) is the first-order term equal to the volume-weighted average of the intrinsic pa-

rameter values, and the rest of the terms are quadratic (second-order) in the small param-
(k)

eters listed above. The superscript (is) refers to the contribution of the parameters Ac;,
and AQE? ) (1 = 3,5), which quantify the heterogeneity (contrasts) of the isotropic quanti-

ties, while (Van) depends on the intrinsic velocity anisotropy. The superscripts (is—Van)’

(is—Qan), and (Van-Qan) genote the quadratic terms that represent (respectively) the cou-
pling between the isotropic heterogeneity and intrinsic velocity anisotropy, between the
isotropic heterogeneity and intrinsic attenuation anisotropy, and between the intrinsic ve-
locity and attenuation anisotropy.

Note that there are no “Van”-terms (i.e., terms quadratic in the interval velocity-
anisotropy parameters) in equation 5.32 for €, and equation 5.34 for Yo- The parameter
5 (Van) (is-Van)

o in equation 5.33 does include the term 4 but not 4, , which is similar to the
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structure of equation F.32 for the velocity-anisotropy parameter §. It is interesting that
while the second-order approximations for €, d,,, and 7, depend on the coupling between
the intrinsic attenuation anisotropy and other factors (the intrinsic velocity anisotropy and
the isotropic heterogeneity), none of them contains the sole contribution of the intrinsic
attenuation-anisotropy parameters (i.e., there are no terms with the superscript “Qan”).
The leading (first-order) term, however, is entirely controlled by the corresponding average

attenuation-anisotropy parameter.

Explicit expressions for all second-order terms are listed in Appendix A. Equations F.43—
F.48 show that the parameter ¢, is independent of the intrinsic-anisotropy parameters k)
and egf); this result follows directly from the exact equation 5.24. In contrast, €, is influ-

enced by all anisotropy parameters for P-SV waves (e(k), 5k, egf), and 622’“)) because these
parameters contribute to the effective values of ¢;; and @11 (equation F.21).

(is)

According to equations F.39, F.45, and F.17, the isotropic-heterogeneity terms e

, 56(918) and 'yéls) vanish when both cg;) and Qé];) are constant for all constituents. This is

a generalization of the known result for the effective velocity anisotropy of elastic media
(Postma, 1955; Bakulin, 2003): the heterogeneity terms e(is) — 5(is) — ’y(is) =0 if cé’? =
const,k=1---N.

As also pointed out by Bakulin (2003), § (i) in equation F.34 vanishes if the vertical
velocity ratio Vlgé)/ VSSIS) is constant for all constituents (i.e., cg? / cg? =const,k=1---N),
which means AC55 /Cs5 = Ang /C33. The parameter 55;8) in equation F.45, however, does
not preserve such a property: Even if AC55/555 = A033/533 and AQ55/Q55 = AQ33/Q33,

()

¢ ~ is not zero unless g, = 1, which means identical quality factors for all constituents
k k
(Qgg): 25),k:1...N).

5.4.3 Velocity contrast versus attenuation contrast

As extensively discussed in the literature, velocity contrasts between thin layers cause
effective velocity anisotropy in the long-wavelength limit (e.g., Backus, 1962; Brittan et al.,
1995; Werner and Shapiro, 1999; Bakulin and Grechka, 2003). The nature of the contribu-
tion of the velocity contrasts to the effective attenuation anisotropy, however, is much less
obvious. In this section, I compare the influence of the velocity and attenuation contrasts
on the effective attenuation-anisotropy parameters.

The second-order approximations help to separate the contributions of the velocity
parameters from those of the attenuation contrasts and intrinsic attenuation anisotropy.
Indeed, the attenuation-anisotropy parameters €, and 4, (equations F.37-F.42 and F.43—
F.48) contain several terms controlled entirely by the contrasts in the real-valued stiffnesses
c33 and c55 and by the intrinsic velocity anisotropy. For example, the approximate e

2
A (kvl) A (kvl) A (kvl)
S%s D% and 2%5 (see equation F.39; k and [ denote different

Q

depends on

C33 Cs5 Cs5



Yaping Zhu / Attenuation Anisotropy 71

)

constituents), as well as on 2% A5k (equation F.40). This means that the velocity
Cs5
parameters can create effective attenuation anisotropy for P- and SV-waves even without

any attenuation contrasts or intrinsic attenuation anisotropy. Still, for the attenuation-
anisotropy parameters to have finite values, the constituents need to be attenuative. If the
medium is purely elastic and all intrinsic ¢);; components are infinite, the parameters e
0, and 7, become undefined (equations 5.23-5.25).

Q"

To explore this issue further, let me consider the analytical expressions for the effec-
tive quality-factor components for a medium composed of constituents with the isotropic
normalized attenuation coefficient A, in which eg“) = 581“) = ’yék) = 0 for all k. The
quality-factor matrix for each constituent is described by two independent components
(Carcione 2001 Zhu and Tsvankin 2006) which is assume to be constant for the whole
model: Qn = = @p and Q55 = 66 = g, where Qp and Qg are the quality fac-
tors for P- and S -waves, respectively. Then, as discussed by Zhu and Tsvankin (2006), the
normalized attenuation coefficients in all layers will be identical and isotropic (independent
of angle). Note that if the real-valued stiffnesses vary among the constituents, the quality-
factor component Qg’? (unlike @p and Qg) will not necessarily be constant. According to

the definition of J, (equation 5.24), Qg’? is given by

(B (K | (K)o
(*) (9o — Degg (a3 + e39)?
13 =@ / [1 DD oy D | (5:35)

ciz (g + g5 )(esg — x5

where g, = Qp/Qs.

The effective ;; components for this model can be obtained from equations F.21-F.23,
F.2, and F.5:

Qu = Qp F ()l €9, e0) | (5.36)
Q33 =Qp, (5.37)
Q55 = Qs = Qs (5.38)

and

N
> pke®
Qus=Qp—o"t——, (5.39)

Z o®) E(k
k=1

where ¢) = cg?/ cg;) and fgf) =Qp/ Qgg). Since the expression for Q17 is rather lengthy, I
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Figure 5.1. Exact effective anisotropy parameters computed from equations 5.20-5.25 for
a layered model composed of two constituents with identical isotropic attenuation (Q é? =

g? = 100; Q%) = é? = 50) and different isotropic velocity functions. The velocity
contrasts are defined by Acss/cés3 = 90% and Acss/és5 = 70%; for the first constituent,
VI%) = 3.2 km/s, Vs(é) = 1.55 km/s, and p(t) = 2.45 g/cmg. The horizontal axis represents
the volume fraction of the first constituent (¢ = ¢).

omit the explicit form of the function F.

Although the attenuation of all constituents is identical and isotropic, the dependence
of Q11 and Q13 on the real-valued stiffnesses makes the effective attenuation for P- and SV-
waves angle-dependent (i.e., ¢, # 0 and J, # 0). The normalized attenuation coefficient of
SH-waves, however, is isotropic because the effective parameter v, goes to zero.

For the special case of equal quality factors for P- and S-waves (Qp = Qg and g, = 1),

the element (13 is constant for all constituents (Qg? = Qp), and 58“) =1. Thene, =0 and
0o, = 0 because all effective quality-factor components are identical (Q11 = Q33 = Q13 =
Q55 = Qg6). This means that for Qp = Qg the effective attenuation is isotropic no matter
how significant are the velocity contrasts and intrinsic velocity anisotropy.

The magnitude of the velocity-induced attenuation anisotropy for a two-constitu-ent
model is illustrated in Figure 5.1. Both constituents have isotropic velocity functions and
the same isotropic attenuation (with Q33 # @55). The substantial contrasts in the P- and
S-wave velocities, however, create non-negligible velocity and attenuation anisotropy for P-
and SV-waves. In particular, the parameter €, reaches values close to 0.1 when the volume
fractions of the constituents are equal to each other.

Next, I analyze the influence of the attenuation contrasts on the effective attenuation
anisotropy by assuming that the velocity field is homogeneous and all five velocity parame-

ters are constant: Acg;) = Acg;) =0 and Ac®) = AR = Ay(*) = 0 for all constituents k.
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The effective quality-factor components then have the same form:

1
Qy = ——— (5.40)
k
>0 /Q
k=1
where ij = 11, 33, 13, 55, or 66. When the intrinsic attenuation is isotropic (i.e., 689) =

(58“ = ’yg“) = 0), the only quantities that vary among the constituents are Qg;) and Qé];).

Since for isotropic intrinsic attenuation Qﬁ) = gg) and Qé’;) = gé), the effective parame-
ters €, and v, = 0 vanish. Also, the element leg) becomes
(k)
(k) _ 33
13 = 9 (k) ) (5'41)
cs5(c13 + ¢33) 33

. 1
2c13(c13 + ¢55)(c33 — c35) é’g) )

(k)

where c; i =Cij because the velocity field is homogeneous. The effective ()13 component is
then given by
Q33
Q13 = : (5.42)
cs5(c13 + c33)” (% _

2c13(c13 + c55) (33 — ¢55) Q55
Substituting equations 5.40 and 5.42 into equation 5.24 yields d, = 0. Hence, if the ve-
locity field is homogeneous, the contrasts in isotropic attenuation do not produce effective
attenuation anisotropy.

This conclusion is supported by the 2D finite-difference simulation of SH-wave propa-
gation in Figure 5.2. The model is made up of two VTT constituents with the thicknesses
less than 1/20 of the predominant wavelength, so the medium can be characterized as ef-
fectively homogeneous. Both constituents have isotropic attenuation and the same VTI
velocity parameters, but there is a large contrast in the SH-wave quality-factor component
Q55. A snapshot of the SH-wavefront from a point source located at the center of the model
is shown in Figure 5.2a. As pointed out by Tsvankin (2005), for 2D elastic TT models the
amplitude along the SH-wavefront is constant (see the dashed circle in Figure 5.2b). There-
fore, if the effective attenuation is directionally dependent, it should cause a deviation of
the picked amplitude from a circle. However, despite some distortions produced by the au-
tomatic picking procedure, the amplitude variation along the wavefront in the attenuative
model is almost negligible (Figure 5.2b). Clearly, the attenuation contrast does not result
in effective attenuation anisotropy if it is not accompanied by a velocity contrast.

5.5 Accuracy of the approximations

To test the accuracy of the approximations introduced above, I first use a model formed
by two VTI constituent layers. The velocity parameters listed in Table 5.1 are taken from
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Figure 5.2. a) Snapshot of the SH-wavefront computed by 2D finite differences for a layered
attenuative medium (the time t=0.3 s). The model includes two constituents with the same
VTI velocity parameters and density: Vg = 1500 m/s, v = 0.2, and p = 2400 kg/m?’. The
intrinsic attenuation is isotropic; for the first constituent, Q55 = Q¢¢ = 20 and the volume
percentage ¢ = 33.3%; for the second constituent, Q55 = Qs = 50. b) Polar plot of the
picked amplitude along the wavefront (solid curve) and the corresponding amplitude for the
elastic model with Q55 = Q¢ = oo (dashed curve).

Bakulin (2003). The maximum magnitude of the velocity-anisotropy parameters is 0.25,
while the contrast in c33 and cs5 reaches 30%. Since the strength of attenuation anisotropy
often exceeds that of velocity anisotropy, I take each attenuation-anisotropy parameter to be
twice as large by absolute value as the corresponding velocity parameter (e.g., [e,| = [2¢]).
Also, in accordance with the experimental results of Zhu et al. (2006), all attenuation-
anisotropy parameters are negative. The contrast in the quality-factor elements ()33 and
Q55 (60%) is also twice that in ¢33 and c55, which means that the value of @33 for the second

constituent is nearly doubled compared to that for the first constituent, while @55 is almost
halved.

The numerical results in Figure 5.3 demonstrate that the linear (first-order) approx-
imation (dashed lines) generally follows the trend of the exact effective parameters (solid
lines). The maximum error for the velocity-anisotropy parameters, which occurs when the
constituents occupy nearly equal volumes (¢ = oM ~ 0.5), does not exceed 0.03. The
accuracy of the linear approximation is much smaller for the attenuation-anisotropy param-
eters, especially for d,. The error in d,, reaches 0.3, and the linear solution even predicts
the wrong sign of this parameter for a wide range of the volume ratios (0.3 < ¢ < 1).

Despite the substantial velocity and attenuation contrast between the two constituents,
the second-order approximations in Figure 5.3 (dotted lines) are sufficiently close to the ex-
act values. The maximum error does not exceed 0.005 for the velocity-anisotropy parameters
and 0.04 for the attenuation-anisotropy parameters.
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Table 5.1. Parameters of a two-constituent attenuative VIT model. For the first constituent,
Vpo = 3 km/s, Vo = 1.5 km/s, p = 2.4 g/cm®, Q33 = 100, and Q55 = 80.
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Figure 5.3. Effective velocity-anisotropy (a-c) and attenuation-anisotropy (d-f) parameters
for the two-constituent VTI model from Table 5.1. The horizontal axis represents the
volume fraction of the first constituent (¢ = ¢1). The exact parameters (solid lines) are
plotted along with the first-order linear approximations (dashed) and the second-order
approximations (dotted).
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Figure 5.4. Effective attenuation anisotropy for a model with the same attenuation param-
eters as those in Figure 5.3, but both constituents have identical isotropic velocity functions
(6(1) — (2) = (1) = 5(2) = ’y(l) = 7(2) = Acs3/Cs3 = Acss/C55 = 0). Compare with
Figures 5.3d,e,f.

Next, to analyze the relative contribution of the attenuation parameters to the effective
attenuation anisotropy, I change the model by making the velocity functions of both con-
stituents isotropic and eliminating the velocity contrast between them. In agreement with
the theoretical analysis in the previous section, the second-order terms for such a model
become much smaller, which substantially increases the accuracy of the linear approxima-
tion (Figure 5.4). The only remaining second-order terms for this model are related to the
coupling between the attenuation contrasts and intrinsic attenuation anisotropy.

The second-order solution for all parameters in Figure 5.4 virtually coincides with the
exact result, which indicates that the accuracy of this approximation is mostly governed by
the velocity contrasts and intrinsic velocity anisotropy. This is further confirmed by the test
in Figure 5.5, which shows that the error of the second-order approximation remains prac-
tically negligible even for large absolute values of the attenuation-anisotropy parameters,
as long as the velocity field is homogeneous and isotropic.

While the second-order approximation is adequate for a wide range of typical sub-
surface models, it deteriorates for uncommonly large velocity and attenuation contrasts
(Figure 5.6). The error is particularly significant for the parameter e o because the second-
order solution produces distorted values of the quality-factor element ()11.

To test the performance of the approximations for a more complicated, multi-constituent
medium, I generate multiple realizations of a layered VTI model with intrinsic VTI atten-
uation (Figure 5.7). The vertical velocities (Vpy and Vgg) are computed using the 1/f¢
distribution with o = 0.3. The vertical () components ()33 varies between 70 and 125,
while Q55 varies between 40 and 90. The density and interval anisotropy parameters follow
normal random distributions with the following mean values: p = 2.49 g/ cm3, € = 0.2,
5 = 0.08, ¥ = 0.15, €, = —0.4, 5Q = —0.16 and 7, = —0.3. The standard deviations are
std(p) = 20 kg/m?’, std(e) = std(d) = std(y) = 0.09, and std(e,) = std(d,) = std(y,) =
0.2.
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Figure 5.5. Effective attenuation anisotropy for a model with the same velocity parameters
and contrasts in Q33 and @55 as those in Figure 5.3, but the intrinsic attenuation anisotropy
is more pronounced: eg) = 0.6, eg) = —0.8, 58) = —0.5, 5&2) = —0.8, vg) = 0.8, and
’yg) = —0.8. As before, the exact parameters (solid lines) are plotted along with the first-

order linear approximations (dashed) and the second-order approximations (dotted).

This model is similar to the one used by Bakulin and Grechka (2003), who show
that the first-order (linear) approximation is surprisingly accurate for the effective velocity-
anisotropy parameters of typical layered media with moderate intrinsic anisotropy. In other
words, the effective velocity anisotropy is primarily determined by the mean values of the
interval parameters €, §, and .

The test in Figure 5.8 demonstrates that this result also applies to effective attenu-
ation anisotropy. After computing the exact effective parameters for 2000 realizations of
the model, I can compare their ranges (bars) with the mean values (crosses) listed above.
Although some of the mean values are biased, they give a generally good prediction of the
effective parameters. Therefore, despite the substantial property contrasts in the model real-
izations, the magnitude of the second-order terms in such multiconstituent models with ran-
dom parameter distributions is relatively small, and all velocity- and attenuation-anisotropy
parameters are close to the mean of the corresponding interval values.

5.5.1 Magnitude of attenuation anisotropy

For purposes of seismic processing and inversion, it is important to evaluate the upper
and lower bounds of the parameters €, d,,, and 7. Let me start with the SH-wave parameter
Yq» Which has a relatively simple analytic representation.

If a model is composed of isotropic constituents (in terms of both velocity and attenua-
tion), the effective attenuation anisotropy is caused just by the heterogeneity. The SH-wave
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Figure 5.6. Effective velocity-anisotropy (a-c) and attenuation-anisotropy (d-f) parameters

- (1,2) 5(1,2) .(1,2) (12) £(1.2) (1,2)
for a model with the same values of e\*2/), §\52)  A\H2) ey 777 65777, and v as
those in Figure 5.3 (Table 5.1), but for much higher contrasts in the stiffnesses: Acss/cs33 =
AQ33/Q33 = 90% and Acss/cs5 = AQs5/Qs5 = 70%. For the first constituent, VI%) =3.2
km/s, ng(l)) = 1.55 km/s, p) = 2.45 g/cmg, Qé? = 100, and Qé? = 80. The exact
parameters (solid lines) are plotted along with the first-order linear approximations (dashed)
and the second-order approximations (dotted).
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Figure 5.7. Vertical velocities, density, and the quality-factor components Q33 and Q55 of
one realization of a model composed of VTI layers with VTI attenuation. The sampling
interval is 5 m.
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Figure 5.8. Mean values (crosses) of the interval anisotropy parameters and ranges (bars) of
the exact effective parameters computed for 2000 realizations of the model from Figure 5.7.
The standard deviations of all model parameters are listed in the text.
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effective anisotropy parameters for a two-constituent isotropic model are given by

LE2

Y= 2¢(1_¢)1_$27 (5.43)
Yo = _8(25(1 - ¢) LI,
/e +a)(1+a,) + (1 =d)(1 —2)(1 —24)]
[lo(1 =) + (1 = @)1 + z)], (5.44)

where ¢ is the volume fraction of the first constituent, while z = (cé? — cé?) / (cé? +cé?) and

T, = (Qé? - é?) / (Qé? —i—Qé?) denote the property contrasts between the constituents. In
agreement with the discussion above, equation 5.44 shows that a contrast in the attenuation
parameter (55 is not sufficient to produce attenuation anisotropy. The parameter Yo also
vanishes if the velocity contrast is not accompanied by an attenuation contrast, which is
not the case for the parameters €, and §,,.

It is clear from equation 5.43 that the velocity parameter « is always positive and finite
for layered media composed of two different isotropic constituents. This result remains
valid for any number of constituents. The possible range of values of 7, is not immediately
obvious from equation 5.44. For the special case ¢ = 50%, Yo has to be greater than
-1, but this lower bound directly follows from the definition of the parameters v, and €,
(equations 2.24 and 2.28) It is difficult to estimate the upper and lower bounds of the
parameter 9, analytically even for the simple two-constituent model.

Therefore, to study the distribution of the effective parameters for a representative
set of more complicated models composed of multiple isotropic (for both velocity and at-
tenuation) constituents, I perform numerical simulations. First, I compute the anisotropy
parameters of 2000 models using uniform random distributions for the interval velocities
and density. The histograms of the effective anisotropy parameters for a relatively small
number of constituents (two to five) are displayed in Figure 5.9. As expected, the velocity-
anisotropy parameters € and - are predominantly positive with the exception of a few
realizations, and generally do not exceed 0.5. Another velocity-anisotropy parameter, 6,
can be either positive or negative with the mean value close to zero. This is consistent
with the results of Monte Carlo simulations that positive and negative § are equally likely
for finely layered media (Berryman et al., 1999). In contrast to € and =, all three effective
attenuation-anisotropy parameters have an almost even distribution around the zero value
and a much wider variation. For example, ., can take large negative values approaching -2.
However, the vast majority of the attenuation-anisotropy parameters fall within the range
[-1,1].

In the next simulation (Figure 5.10), the maximum number of constituents is increased
to 200 (the minimum number is still two). The most noticeable change in the histograms
is a much more narrow distribution of both velocity-anisotropy and attenuation-anisotropy
parameters, which suggests that the contributions of multiple random constituents partially
cancel each other. As a result, the absolute values of the attenuation-anisotropy parameters
do not exceed 0.5. Also, the distribution peaks of the parameters e and « (but not 0) are
shifted toward positive values.
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Figure 5.9. Histograms of the effective anisotropy parameters computed for 2000 randomly
chosen models composed of isotropic (for both velocity and attenuation) constituents. The
vertical axis shows the frequency of the parameter values. The ranges of the interval param-
eters are: Vpy = 2000—6000 m/s, Vgo = 1000—3000 m/s (the vertical P-to-SV velocity ratio
was kept between 1.5 and 2.5), p = 2000 —4000 kg/m?, Q33 = 30— 300, and Q55 = 30 — 300.
The number of constituents is randomly chosen between two and five.

It should be emphasized that the tests described above were performed for models
without intrinsic velocity or attenuation anisotropy. The numerical analysis shows that
making the constituents anisotropic not only moves the distribution peaks (especially, if the
average value of the parameter is not zero), but also changes the shape of the histograms.

5.6 Effective symmetry for azimuthally anisotropic media

The examples in the previous sections were generated for purely isotropic or VTI
constituents, in which both velocity and attenuation are independent of azimuth. The
effective velocity and attenuation functions in such models are also azimuthally isotropic,
and the equivalent homogeneous medium has VTI symmetry.

The general averaging equations 5.8-5.13, however, hold for any symmetry of the in-
terval stiffness matrix and can be used to study layered azimuthally anisotropic media. An
interesting issue that arises for such models is whether or not the effective velocity and at-
tenuation anisotropy have different principal symmetry directions (i.e., different azimuths of
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Figure 5.10. Same as Figure 5.9, but the number of constituents is randomly chosen between

two and 200.
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Figure 5.11. a) Layered model composed of two HTI constituents with the same volume
(p1 = ¢p2 = 50%), one of which is elastic while the other one has HTI attenuation. b)
Plan view of the symmetry-plane directions. The azimuth of the symmetry plane for the
first (elastic) constituent is 30° toward northwest (NW); for the second constituent, the
azimuth is 30° NE. The velocity parameters for both constituents are: p = 2000 g/cm?’,
Vpo = 3 km/s, Vgg = 2 km/s, e = 0.2, 6 = 0.05, and v = 0.2. For the second constituent,

the attenuation parameters are: Q%) = 100, Qé? = 80, eg) = —04, 5&2) = —0.1, and
’yg) = —0.4.

the vertical symmetry planes). Here, without attempting to give a comprehensive analysis
of this problem, I discuss a numerical example for the simple model in Figure 5.11, which
includes two constituents with HTIT symmetry. The first constituent is purely elastic, while
the second has HTT attenuation with the same symmetry axis as that for the velocity func-
tion. The velocity parameters (i.e., the real part of the stiffness matrix) of both constituents
are identical, but the symmetry axes have different orientations (Figure 5.11b).

The effective P-wave phase velocity and normalized attenuation coefficient A were com-
puted from the Christoffel equation using the effective stiffnesses given by equations 5.8-5.13.
The coefficient A was obtained under the assumption of homogeneous wave propagation
(i.e., the planes of constant amplitude are taken to be parallel to the planes of constant
phase). Since both HTT constituents in this model have identical velocity parameters and
the same volume, the real part of the effective stiffness matrix should have orthorhombic
symmetry. This conclusion is confirmed by the computation of the effective phase-velocity
function in the horizontal plane and two vertical coordinate planes, one of which bisects
(with the azimuth 90°) the symmetry-plane directions (see Figure 5.11). The shape of the
phase-velocity curves in Figures 5.12a,c shows that the symmetry planes of the effective
orthorhombic velocity surface are aligned with the coordinate planes.

In contrast to the velocity surface, the effective normalized attenuation coefficient is
not symmetric with respect to any vertical plane (Figure 5.12b). Because of the coupling
between the the real and imaginary parts of the effective stiffness matrix, the effective at-
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tenuation has a lower symmetry close to monoclinic. Also the extrema of the coefficient A
in the horizontal plane do not correspond to the symmetry planes of the effective velocity
surface. The minimum value of A occurs at an azimuth of 65°, while the maximum at 175°.
Since the layering in this model is horizontal and both constituents have a horizontal sym-
metry axis, the monoclinic symmetry system for the effective attenuation has a horizontal
symmetry plane (Figure 5.12d).

Next, I modify the model by reducing the magnitude of the intrinsic attenuation ani-
sotropy (eg) = —0.1, 5&2) = 0.03, and ’yg) = —0.1; the other model parameters are the same
as those in Figure 5.11). Since the real-values stiffnesses are kept unchanged, the effective
velocity function practically coincides with that in Figures 5.12a,c. The horizontal and
vertical cross-sections of the coefficient A (Figure 5.13) show that the effective attenuation
in this model is well described by orthorhombic, rather than monoclinic, symmetry. Hence,
the effective velocity and attenuation for this model have the same symmetry. Their vertical
symmetry planes, however, are misaligned by about 36°.

5.7 Discussion and conclusions

Interpretation of seismic amplitude measurements requires understanding of the phys-
ical reasons for attenuation in the seismic frequency band and, in particular, of the main
factors responsible for attenuation anisotropy. Similar to velocity anisotropy, the effective
attenuation coefficient can become directionally dependent due to interbedding of thin layers
with different velocity and attenuation. Here, I studied the relationship between the effec-
tive Thomsen-style attenuation-anisotropy parameters (eQ, d,, and 'yQ) and the properties
of thin-layered media composed of attenuative isotropic or TI constituents.

The exact equations for the effective stiffness components in the long-wavelength limit
were obtained using the Backus averaging technique. For attenuative media, the effective
stiffnesses are complex, and the attenuation anisotropy depends on both the real and imag-
inary parts of the stiffness matrix. In contrast, the effective velocity function is almost
entirely governed by the real-valued stiffnesses and, unless the attenuation is uncommonly
strong, does not depend on the intrinsic attenuation parameters. Therefore, existing results
on the effective velocity anisotropy of layered media remain valid for typical attenuative
subsurface models.

To gain insight into the behavior of the attenuation-anisotropy parameters for thin-
layered VTI media, I developed approximate solutions by assuming that the velocity and
attenuation contrasts, as well as the interval velocity- and attenuation-anisotropy param-
eters, are small in absolute value. As is the case for velocity anisotropy, the first-order
(linear in the small quantities) term in these approximations is given simply by the volume-
weighted average of the corresponding interval parameter. The second-order (quadratic)
terms reflect the coupling between different factors responsible for the effective attenuation
anisotropy, such as that between the intrinsic anisotropy and heterogeneity. The second-
order approximation, which includes both linear and quadratic terms, remains sufficiently
accurate for models with strong property contrasts and pronounced intrinsic anisotropy.

It is noteworthy that even for models with isotropic constituents that have identical
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Figure 5.12. Effective P-wave phase velocity (left) and normalized attenuation coefficient
(right) for the model from Figure 5.11. The velocity and attenuation are plotted in: (a,b) the
horizontal plane as functions of the azimuthal phase angle; (c,d) the two vertical coordinate
planes as functions of the polar phase angle.
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Figure 5.13. Horizontal (a) and vertical (b) cross-sections of the effective normalized at-
tenuation coefficient for a model with relatively weak attenuation anisotropy. The model

parameters are the same as those in Figure 5.11, except for eg) = —0.1, 5&2) = 0.03, and
yg) =—0.1.

attenuation coefficients, the effective attenuation of P- and SV-waves is anisotropic, if the
interval velocity changes across layer boundaries. However, jumps in the interval atten-
uation alone (i.e., not accompanied by a velocity contrast between isotropic constituent
layers) do not create effective attenuation anisotropy. Because of the large contribution of
the velocity contrasts to the quadratic attenuation terms, the accuracy of the linear (first-
order) approximation for the attenuation-anisotropy parameters is primarily controlled by
the strength of the interval velocity variations. For the same reason, the total contribution
of the second-order terms tends to be higher for the attenuation parameters than for the
velocity parameters. The relative magnitude of the overall velocity and attenuation aniso-
tropy, however, is primarily dependent on the average values of the corresponding interval
parameters (i.e., on the first-order term).

In addition to several tests for two-constituent models, I performed extensive numerical
simulations for more complicated media composed of up to 200 constituents. To evaluate
the upper and lower bounds of the attenuation anisotropy caused entirely by heterogeneity,
all constituents were isotropic in terms of both velocity and attenuation. While the distri-
butions of the parameters €, d,, and v, are centered at zero, their values cover a wider
range (at least from -0.5 to 0.5) than that for the velocity-anisotropy parameters.

Although this chapter is mainly devoted to azimuthally isotropic models, I also evalu-
ated the effective anisotropy for an HTT medium that includes two constituents with different
azimuths of the symmetry axis. Such changes in the symmetry direction are often related
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to variations of the dominant fracture azimuth with depth. If the intrinsic attenuation ani-
sotropy is sufficiently strong, the velocity and attenuation functions of the effective medium
may have different symmetries (e.g., orthorhombic versus monoclinic). Even when both
velocity and attenuation are described by orthorhombic models, their vertical symmetry
planes may be misaligned. These results have to be taken into account in field measure-
ments of attenuation over fractured reservoirs.
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Chapter 6

Far-field radiation from seismic sources in 2D
attenuative anisotropic media

6.1 Summary

In this chapter, I present an asymptotic (far-field) study of 2D radiation patterns for
media with anisotropic velocity and attenuation functions. Application of saddle-point in-
tegration helps to evaluate the inhomogeneity angle and test the common assumption of
homogeneous wave propagation, which ignores the misalignment of the wave and atten-
uation vectors. For transversely isotropic media, the inhomogeneity angle vanishes in the
symmetry directions and remains small if the model has weak attenuation and weak velocity
and attenuation anisotropy. Reflection and transmission at medium interfaces, however, can
substantially increase the inhomogeneity angle, which has an impact on both the attenua-
tion coefficients and radiation patterns. Numerical analysis indicates that the attenuation
vector deviates from the wave vector toward the direction of increasing attenuation.

The combined influence of angle-dependent velocity and attenuation results in pro-
nounced distortions of radiation patterns, with the contribution of attenuation anisotropy
rapidly increasing as the wave propagates away the source. The asymptotic solution also
helps to establish the relationship between the phase and group parameters when wave
propagation cannot be treated as homogeneous. Whereas the phase and group velocities
are almost independent of attenuation, the inhomogeneity angle has to be taken into account
in the relationship between the phase and group attenuation coefficients.

6.2 Introduction

To avoid complications associated with the inhomogeneity angle, wave propagation is
often treated as homogeneous (Chapters 2-4). For layered media or models with strong
attenuation anisotropy, however, the influence of the inhomogeneity angle on the wave
propagation needs to be taken into account.

For plane waves in attenuative media, a wide range of values of inhomogeneity angle
satisfy the Christoffel equation, except for certain forbidden directions (Krebes and Le, 1994;
Carcione and Cavallini, 1995; Cerveny and Psenéik, 2005). Because different choices of the
inhomogeneity angle yield different plane-wave properties, the inhomogeneity angle is an
important free parameter for plane-wave propagation. The energy (hence the attenuation
behavior) of a wave excited by a seismic source, however, is determined by the boundary
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conditions, so the inhomogeneity angle is constrained as well. For reflected and transmitted
waves, the inhomogeneity angle can be found from Snell’s law, which requires that the
projection of the complex wave vector onto the interface is preserved (e.g., Hearn and
Krebes, 1990; Carcione, 2001). Point-source radiation patterns in elastic anisotropic media,
based on high-frequency asymptotics, have been extensively discussed in the literature (e.g.
Tsvankin and Chesnokov, 1990; Gajewski, 1993). Hearn and Krebes (1990) describe ray
tracing for inhomogeneous wave propagation in a medium consisting of a stack of isotropic
attenuative layers, with the inhomogeneity angle obtained by the method of steepest descent
for the stationary rays (i.e, the rays that satisfy Fermat’s principle). Krebes and Slawinski
(1991) find that method more accurate than an alternative approach that assigns parameters
for the initial ray segment emerging from the source in a non-attenuative region.

In this chapter, I extend the steepest descent method to wavefields from seismic sources
in 2D homogeneous media with anisotropic velocity and attenuation functions. To evaluate
the far-field displacement represented with a contour integral, I apply the saddle-point
condition to the phase function expressed through the polar angle. This asymptotic solution
and numerical examples allow us to evaluate the magnitude of the inhomogeneity angle and
its influence on the radiation patterns and phase and group attenuation coefficients.

6.3 Inhomogeneity angle

The wavefield in 2D attenuative anisotropic media can be represented through an
integral in the frequency-wavenumber domain (equation G.2). In the high-frequency limit,
this integral can be evaluated using the steepest-descent method. In the polar coordinate
system, the saddle-point condition for the phase function (equation G.7) yields a complex
value 0, of the polar angle (the ~sign denotes a complex value). The expression for the
saddle point 0, (equation G.8) is a generalization of the corresponding elastic case; the real-
valued polar angle and slowness are replaced by their complex counterparts. Thereafter, I
will call the imaginary part of the wave vector k the attenuation vector, and the real part
of k simply the wave vector. The wave vector and attenuation vector are then determined
from 0, and the complex slowness j;. The latter is obtained from the Christoffel equation
for attenuative media.

Note that neither the real nor imaginary part of 6 is the angle of either the wave
vector or the attenuation vector. Similarly, neither the real nor imaginary part of p, is the
magnitude of either the wave vector or the attenuation vector. The angle and magnitude
of both the wave vector and the attenuation vector can be obtained from és and ps in the
following way.

k
I denote the magnitude of the real-valued slowness vector by p = — and the magni-
w

I
tude of the frequency-normalized attenuation vector by p! = ——, where w is the angular

frequency, k = |k| is the magnitude of the wave vector k, and k! = ‘kl | is the magnitude
of the attenuation vector k. The components of p, are then rewritten as

p1 = psind +ip’ sin@’; 3 = pcosf + ip’ cos b’ , (6.1)
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where 6 and @ are the angles between vertical and the wave and attenuation vectors,
respectively. Jointly solving equations 6.1 and G.9 yields

p= j:\/pg cosh? 01 + (pl)2sinh? 01 | (6.2)

pl = j:\/(pg)2 cosh? 1 + pZsinh? 9! | (6.3)

tan g — Ps sin @, cosh 0 — p! cos 0, sinh 6! (6.4)
~ pscosfscosh @ + plsinfsinh 6!’ ‘

o §! — pl sin 65 cosh 0! + ps cos 5 sinh 1 7 (6.5)

plcos @5 cosh O — pg sin O sinh 61

where ps = Re[p,], p! = Im[p,], 8s = Re[d,], and 8] = Im[f,]. The inhomogeneity angle is
then given by 8/ — 0. For elastic media, both p, and 0, are real and equations 6.4 and 6.5
yield 81 — 6 = 90°.

When the medium is not just attenuative, but also anisotropic, the complex slowness

varies with respect to the complex polar angle at the saddle point ( (Zgg # 0). If the
6=0

medium is homogeneous and isotropic for both velocity and attenuation, equation G.8 has
a real-valued solution

jo -1
0s = s’ (6.6)

so that 0 = % and @ = 0. I then find from equations 6.4 and 6.5 that 6 = 67 = 6,

3
which implies the inhomogeneity angle in homogeneous media with isotropic velocity and
attenuation is always zero.

6.4 VTI media with VTI attenuation

6.4.1 SH-waves

For attenuative media with an anisotropic velocity function, the inhomogeneity angle
generally does not vanish. The exact saddle-point condition for SH-waves in VTT (transverse
isotropy with a vertical symmetry axis) media with VTT attenuation takes the form

i
1 ! Q55 (6 7)
$3(1+2’y)1_i1+’79’ '
Q55

tan és =

where 7, is the SH-wave attenuation-anisotropy parameter (equation 2.24). Clearly, v, = 0
yields a real-valued 6 and results in homogeneous wave propagation. Equation 6.7 (as well
as equations 6.10 and 6.11 below) shows that the imaginary part of 0, is generally a small
quantity proportional to the inverse () factor.
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Using equations G.9, 6.1, and 6.7, I find for the inhomogeneity angle of the SH-wave:

1- (1 +7Q)/Q%5
’YQ/QSS ’
k[ pI

: = — itself is a function of

inhomogeneity angle (equation A.6). It is noteworthy that the attenuation anisotropy pa-
rameters, although originally designed for homogeneous wave propagation, can be used to
characterize attenuation anisotropy for non-zero values of the inhomogeneity angle. For
weakly attenuative media (1/Qs5 < 1) with weak velocity and attenuation anisotropy
(|7] < 1 and "yQ ‘ < 1), the inhomogeneity angle can be simplified by dropping all quadratic
terms in @55, v, and 7,,:

sin cos  + A% sin 0! cos 7 = Agp sin(f! — ) (6.8)

where the normalized phase attenuation coefficient A =

6! — 0 = tan™! (7, sin20) . (6.9)

The largest inhomogeneity angle occurs at, e.g., § = 45°. Note that the sign of the inhomo-
geneity angle is governed by the attenuation-anisotropy parameter v, and the phase angle
¢. For example, positive 7, yields positive inhomogeneity angles for 0° < 6 < 90°, while
negative 7, produces negative inhomogeneity angles. Analysis of the sign of 91 — 6 for the
whole range of phase directions reveals that the attenuation vector of the SH-wave deviates
toward higher-attenuation directions.

Equation 6.9 also shows that for weak attenuation anisotropy (|7Q| < 1), the inhomo-
geneity angle for SH-waves is small. Then the SH-wave attenuation can be approximately
found using the expression for homogeneous wave propagation (equation 2.27).

6.4.2 P- and SV-waves

The saddle point , for P- and SV-waves in VTT media with VTT attenuation has a more
complicated form. In the limit of weak attenuation and weak anisotropy for both velocity
and attenuation, the saddle-point condition for P-waves can be simplified by dropping
quadratic terms in 1/Q33, 1/Qs55, €, §, €5, and d,,:

T

tan 0, = (6.10)

Q33

- — (e, =0 20,
" [1—26+2(€—5)008293+i6Q (¢q — 9g) c0s ] ,
3

where ¢, and §, are the attenuation-anisotropy parameters for P- and SV-waves (equa-
tions 2.28 and 2.31). The corresponding expression for SV-waves is

~ ~ o, cos 20
tanf, = 21 (1 — 20 cos20, + i "% | (6.11)
T3 @s5

where g and g, are given, respectively, in equations 2.33 and 2.39. The velocity- and
attenuation-anisotropy parameters for SV-waves, ¢ and o, are given in equations 2.40 and
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Model # € ) €

Q Q
1 0.1 005 -0.2 -0.1
04 025 -045 -0.5

0.1 005 O 0

04 025 0 0

0 0 -02 -01
0 0 -045 -0.5

O O | W DN

Table 6.1. Attenuative VTI models with Vpg = 3 km/s, Vo = 1.5 km/s, p = 2.4 g/cm?,
Q33 = 100, and Q55 = 60.

2.42, respectively. It is noteworthy that the condition for SV-waves (equation 6.11) can be
obtained directly from that for P-waves using the following substitutions: ¢ — 0, § — o,
EQ — 0, (SQ — O'Q, and Q33 — Q55.

o, 08205
in

— —6,)cos 20
o~ (€g — %) ® in equation 6.10 and i

Q33 Q55

equation 6.11 involve only attenuation-anisotropy parameters, the dependence of 85 on the
real terms makes ! = Im[f,] a function of the anisotropy parameters for both velocity and
attenuation. The angle 6, for P- and SV-waves is real only when the imaginary terms in
equations 6.10 and 6.11, respectively, are equal to zero. For P-waves, this requires that
the normalized attenuation coefficient be isotropic (e, = d, = 0). SV-wave propagation
becomes homogeneous if the normalized attenuation coefficient is elliptical (o, = 0). For

€
Although the imaginary terms i

general attenuative VT models, 6, in equations 6.10 and 6.11 can be calculated in iterative
fashion. The inhomogeneity angle is then obtained from equations 6.2—6.5, as illustrated
by numerical examples below.

6.4.3 Numerical examples

To evaluate the magnitude of the inhomogeneity angle for homogeneous attenuative
VTI media, I use models 1 and 2 from Table 6.1. Figure 6.1 displays the wave vector
k (thin arrows) and the attenuation vector k! (thick arrows) for models 1 and 2. Both k
and k! are calculated with a constant increment in the group angle and displayed on the
group-velocity curves (wavefronts). Notice that the wave vector remains perpendicular to
the wavefront since the influence of the attenuation on the velocity function is of the second
order. The attenuation vector, however, deviates from the normal to the wavefront because
of the combined influence of the velocity and attenuation anisotropy. The angle between
the wave vector and the corresponding attenuation vector is equal to the inhomogeneity
angle. Clearly, the inhomogeneity angle does not vanish away from the symmetry axis and
isotropy plane.

The exact inhomogeneity angle computed from equation G.8 is shown in Figure 6.2. For
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Figure 6.1. Polar plots of the wave vector k (thin black arrows) and the attenuation vector
k! (thick gray arrows) associated with the group-velocity curves (dashed) of P- and SV-
waves for two VTI models from Table 6.1: a) model 1; b) model 2.
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Figure 6.2. Exact inhomogeneity angles of P- and SV-waves for a) model 1; and b) model
2.
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Figure 6.3. Comparison of the exact and approximate inhomogeneity angles for P-waves in
model 1.

model 1, the inhomogeneity angles for both P- and SV-waves are less than 15° (Figure 6.2a).
Since model 2 has stronger anisotropy for both velocity and attenuation, the inhomogeneity
angles for it is larger (Figure 6.2b). For 2D homogeneous VTI model, the inhomogeneity
angle always vanishes in the symmetry directions (0° and 90°). Figure 6.2b also shows
that the inhomogeneity angle for SV-waves in model 2 changes rapidly near the velocity
maximum at 45°, where the SV-wave wavefront becomes almost rhomb-shaped due to the
large value of ¢ = 0.6.

Both models have negative €, and ¢, which implies that the normalized attenuation
for P-waves decreases monotonically from the vertical toward the horizontal direction. The
P-wave attenuation vectors in Figure 6.1 are closer to the vertical direction than are the
associated wave vectors. For SV-waves the attenuation vectors in model 2 deviate from the
associated wave vectors toward the vertical in the range 0° — 40°, where the attenuation
coeflicient decreases with the angle. For group angles between 50° and 90°, the opposite is
true. This example, along with other numerical tests, suggests that the attenuation vector
deviates from the wave vector toward the directions of increasing attenuation.

To test the accuracy of the approximate saddle-point condition for P-waves (equa-
tion 6.10), I compared it with the exact solution (Figure 6.3). The approximation generally
d5
provides sufficient accuracy, except for the directions where the term % _ in equa-
=0,
tion G.8 becomes relatively large. The overall error, however, does not exceed 4° because
of the weak velocity and attenuation anisotropy for this model. Predictably, increasing the
anisotropy for either the velocity or attenuation reduces the accuracy of the approximate

solution.
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6.5 Radiation patterns

Consider the wavefield from a line source in 2D attenuative anisotropic media described
in the [z1, z3]-plane, where the source array function is independent of the z9 coordinate.
The spectrum of the particle displacement in the high-frequency limit, given in Appendix G,
is similar to that for elastic media, but the slowness and stationary polar angle are complex.
According to equation (.12, anisotropic attenuation alters the radiation patterns through
the geometrical spreading factor in the denominator and an exponential decay term.

The influence of attenuation on the real and imaginary parts of the slowness pg is of
the second- and first-order, respectively, in the inverse @) factors. As a result, the geomet-
rical spreading factor depends only on quadratic and higher-order terms in the inverse
components.

6.5.1 Phase and group properties

The contribution of attenuation to the radiation pattern is mostly contained in the
exponentially decaying term exp|—wp!(sin #7z; + cos#/x3)] (equation G.12). By analyz-
ing this exponential term, I obtain the general relationship between the phase and group
velocities as well as that between the phase- and group-attenuation coefficients:

w
 kscos(¢p — 0,) cosh 0! — klsin(¢ — 0s)sinh 6!’
k:é —kysin(¢ — 0,) sinh 07 + k! cos(¢p — 6) cosh 6!, (6.13)

Ve (6.12)

where ks = w/ps, kI = w/pl, and ¢ is the group angle.

For homogeneous wave propagation (f = 0), the phase angle § = 0, (equation 6.4)
and the real slowness p = p, (equation 6.2). Hence, equations 6.12 and 6.13 reduces to (Zhu
and Tsvankin, 2004)

v
kL =k cos(¢ — 0), (6.15)

where V' = w/k is the phase velocity. Hence, the group attenuation coefficient for homo-
geneous wave propagation is equal to the phase attenuation coefficient multiplied (rather
than divided, as is the case for phase velocity) by the cosine of the angle between the phase
and group directions. If both functions are isotropic, the phase direction is identical to
the corresponding group direction, and there is no difference between the phase and group
quantities.

Since both k! and 6! are relatively small quantities proportional to the inverse Q factor,
the influence of the inhomogeneity angle on the group velocity is of the second order in the
inverse () and can be ignored. Hence, equation 6.14 for the group velocity remains accurate
for any value of the inhomogeneity angle. The influence of the inhomogeneity angle on the
group attenuation coefficient, however, is of the first order in the inverse ) and can be
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Figure 6.4. P-wave attenuation coefficients for a) model 1; and b) model 2. The solid curves
are computed with the inhomogeneity angle from Figure 6.2, the dashed curves with the
inhomogeneity angle set to zero for all propagation directions.

significant.

6.5.2 Numerical examples

To examine the influence of the inhomogeneity angle on the radiation patterns and the
angular variation of the phase and group attenuation coefficients as well as radiation pat-
terns, I use VT models from Table 6.1. The contribution of the inhomogeneity angle to the
P-wave attenuation coefficient is illustrated in Figure 6.4. The solid curves are calculated us-
ing the inhomogeneity angles obtained from Figure 6.2, while the dashed curves correspond
to homogeneous wave propagation (i.e., zero inhomogeneity angle). Since model 1 is weakly
anisotropic for both velocity and attenuation, the inhomogeneity angle is relatively small
and has a small impact on attenuation coefficients (Figure 6.4a). In contrast, the larger
inhomogeneity angles for model 2 result in a more pronounced error in the attenuation
coefficients computed for homogeneous wave propagation.

The group attenuation coefficient is also influenced by the inhomogeneity angle (Fig-
ure 6.5). For model 2, the attenuation coefficient computed with the actual inhomogeneity
angle (equation 6.13) deviates by up to 20% from that for homogeneous wave propagation
(equation 6.15).

To analyze the radiation patterns in the presence of attenuation anisotropy, I compute
the particle displacement of P- and SV-waves from a vertical single force for models 1 and 2
(Figure 6.6). The stronger anisotropy for both velocity and attenuation in model 2 creates
a more pronounced directional dependence of the radiation patterns compared to that in
model 1.

Since both models have the same Q33 and @55 values, the vertical attenuation coeffi-
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Figure 6.5. Group attenuation coefficients for a) model 1; and b) model 2.

cients are also the same. However, the difference between the parameter § in the two models
2 ~

s
displacement in the vertical symmetry direction (Tsvankin, 2005).

changes the term in equation G.12 and, therefore, the magnitude of the particle

*Ps

do? |,_;’

0=0s
its influence on the geometrical-spreading factor in the symmetry direction is practically
negligible.

Although the attenuation-anisotropy parameter ¢, also contributes to the term

To understand the relative influence of the velocity and attenuation anisotropy on the
radiation patterns, I compare the particle displacement of P- and SV-waves excited by the
same vertical single force in models 3—6 of Table 6.1. The directional dependence of the
radiation patterns for both P- and SV-waves remains pronounced even without attenuation
anisotropy (Figures 6.7, solid curves). The radiation patterns deviate significantly from the
reference isotropic values, especially for model 4, which has a particularly strong velocity
anisotropy. A more detailed analysis of the P- and SV-wave radiation patterns in TT media
can be found in Tsvankin (2005, Chapter 2). The directional dependence of the radiation
patterns becomes much less pronounced in the absence of velocity anisotropy (Figures 6.7,
dashed curves).

This numerical analysis confirms the known fact that the influence of velocity aniso-
tropy on radiation patterns remains almost the same for different source-receiver distances.
In contrast, the distortions of the radiation patterns caused by attenuation anisotropy be-
come much more pronounced with distance because the decaying term exp[—wp (sin 2 +
cos @1x3)] in equation G.12 varies with the spatial coordinates (compare the dashed curves
in Figure 6.7c,d and Figure 6.8).
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180 180

Figure 6.6. Radiation patterns of P-waves (solid curves) and SV-waves (dashed ) from a
vertical force (f3 = 10° N) in a) model 1; and b) model 2. The magnitude of the particle
displacement is computed at a distance of 1000 m away from the force; the frequency is 100
Hz.

6.6 Discussion and conclusions

The inhomogeneity angle plays an essential role in wavefield simulation for attenuative
media, especially if the velocity and attenuation functions are anisotropic. Here, I analyze
the inhomogeneity angle in the far field of a line source (i.e., independent of the x4 direction)
by applying the saddle-point (stationary-phase) condition to the plane-wave decomposition
of the wavefield.

The discussion is largely devoted to homogeneous media with constant velocity and
attenuation, where the inhomogeneity angle can be studied analytically. Although the
inhomogeneity angle vanishes only in the symmetry directions, its magnitude is relatively
small for weakly attenuative media with weak anisotropy for both velocity and attenuation.
Therefore, for such models the attenuation coefficient can be computed under the simplifying
assumption of homogeneous wave propagation. For media with VTI symmetry for both
velocity and attenuation the phase attenuation direction is shifted from that of the wave
vector toward increasing attenuation.

For layered models, the take-off inhomogeneity angle at the source location can sub-
stantially change during reflection/transmission at medium interfaces. The wave vectors
of reflected and transmitted waves are determined jointly by the Christoffel equation and
Snell’s law for attenuative media. The resulting inhomogeneity angle can be large even if
the layers are weakly attenuative and are characterized by weak anisotropy for both velocity
and attenuation. If a wave is transmitted from a purely elastic medium into an attenuative
layer, the attenuation vector is always perpendicular to the interface. For example, the
inhomogeneity angle of waves transmitted through the ocean bottom into the underwa-
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Figure 6.7. Radiation patterns of P- waves (left) and SV-waves (right) from a vertical
force (f3 = 10° N). The solid and dotted curves mark, respectively, the radiation patterns
of P- and SV-waves for a,b) models 3 and 5 (Table 6.1); and c,d) models 4 and 6. The
dash-dotted curves correspond to the reference isotropic models with isotropic attenuation
(ie., for e = 6 = ¢, = 6, = 0 with the other parameters kept fixed). The source-receiver
distance is 1000 m; the frequency is 100 Hz.
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180 180

Figure 6.8. Radiation patterns of a) P- waves and b) SV-waves for model 6 computed at
a distance of 3000 m away from the source. The dash-dotted and dotted curves mark,
respectively, the radiation patterns of P- and SV-waves for the corresponding isotropic
models with isotropic attenuation.

ter layer with non-negligible attenuation coincides with the transmission angle (Carcione,
1999).

Along with anisotropic geometrical spreading, anisotropic attenuation in the overbur-
den may distort the AVO response of reflected waves. The numerical examples in this
chapter illustrate the influence of both velocity and attenuation anisotropy on the radia-
tion patterns. Whereas the directional amplitude variations caused by velocity anisotropy
can be substantial, they do not change with source-receiver distance. In contrast, since the
magnitude of the attenuation factor increases with distance, so do the amplitude distortions
caused by attenuation anisotropy.

To process seismic data from attenuative media, it is necessary to relate the phase
attenuation coefficient to the group (effective) attenuation along seismic rays that can be
measured from recorded amplitudes. For homogeneous wave propagation, the phase velocity
is equal to the projection of the corresponding group-velocity vector onto the phase direction.
The relationship between the phase and group attenuation involves the same factor (the
cosine of the angle between the two vectors), but it is the group attenuation that is equal
to the projection of the corresponding phase-attenuation vector onto the group direction.
If the inhomogeneity angle is not zero, the group velocity and attenuation depend on both
the wave and phase-attenuation vectors. Still, the relationship between group and phase
velocity is accurately represented by equation 6.14 for homogeneous wave propagation. The
group attenuation coefficient, however, is described by a more complicated expression that
reduces to the projection of the phase-attenuation coefficient onto the group direction only
for a small inhomogeneity angle.
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The analysis here was limited to 2D media in which the attenuation vector is confined
to the vertical propagation plane and governed by a single (polar) angle. The results of
this chapter should be valid for any vertical plane in azimuthally isotropic homogeneous
media and symmetry planes of azimuthally anisotropic media. In general, the attenuation
vector in either heterogeneous or azimuthally anisotropic media is described not just by
the polar angle ', but also by the azimuthal angle ¢!. Therefore, rigorous 3D treatment
of radiation patterns in anisotropic attenuative media requires application of a higher-
dimensional version of the steepest-descent method.
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Chapter 7

Conclusions and recommendations

7.1 Conclusions

Directional variation of attenuation, along with that of velocity, can strongly distort
the amplitudes and polarizations of seismic waves and, therefore, has serious implications
for AVO analysis. In this thesis I developed a consistent treatment of attenuation aniso-
tropy in the presence of velocity anisotropy. To analyze wave propagation in attenuative
anisotropic media, both the stiffness coefficients and wave vectors have to be treated as
complex quantities. Attenuation anisotropy is characterized by the quality-factor matrix
Q, with each element defined as the ratio of the real and imaginary parts of the correspond-
ing stiffness element. Then the anisotropic velocity function and attenuation coefficients
are obtained from the Christoffel equation in terms of the real stiffness components and
quality-factor components. For attenuative media with negligible dispersion, the influence
of the quality-factor components on phase velocity is of the second order and typically can
be ignored. Hence, velocity analysis can generally be performed using algorithms designed
for elastic media.

To facilitate the description of TI attenuation, I follow the idea of Thomsen’s (1986)
notation for velocity anisotropy and replace the quality-factor components by two reference
isotropic quantities (wavenumber-normalized attenuation coefficients for P- and SV-waves
along the symmetry axis) and three dimensionless anisotropic parameters (¢, d,,, and 7, ).
This new notation reflects the coupling between the velocity and attenuation anisotropy.
For fracture reservoirs that are often characterized by HTI or orthorhombic symmetry, I
extended the notation of attenuation anisotropy from attenuative TI media by employing
the principle of Tsvankin’s (1997) notation for orthorhombic velocity. The analysis of
plane-wave attenuation for TI and orthorhombic media is limited to homogeneous wave
propagation in models with aligned symmetry directions for the velocity and attenuation
functions.

To gain analytical insight into the plane-wave propagation in attenuative TI and or-
thorhombic media, I developed approximate solutions for the attenuation coefficients by
assuming that attenuation and anisotropy (for both velocity and attenuation) are weak.
Approximate normalized attenuation coefficients for P-, SV-, and SH-waves in TT media, as
well as those of P-waves for orthorhombic media, have the same form as the corresponding
linearized phase-velocity function. Moreover, similar to the P-wave phase-velocity function,
attenuation coefficients for P-waves are governed by a reduced set of parameters. Because of
the non-negligible influence of the velocity anisotropy on attenuation coeflicients, however,
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accurate inversion of attenuation measurements requires prior anisotropic velocity analysis.

Since case studies involving anisotropic attenuation measurements are scarce, I mea-
sured the P-wave attenuation coefficients on a synthetic model for a wide range of prop-
agation angles. To account for the difference between the phase and group attenuation
coeflicients, 1 extended the spectral-ratio method to anisotropic materials. Laboratory
measurements not only corroborate the conclusions of previous experimental studies that
attenuation is often more sensitive to anisotropy than are phase velocity or reflection co-
efficient, but also indicates the potential of anisotropic attenuation measurements for field
data applications.

To explore physical reasons for attenuation anisotropy, I studied the effective param-
eters of finely layered attenuative media. Approximate solutions are used to analyze the
influence of various factors (such as heterogeneity and intrinsic anisotropy for both velocity
and attenuation) on effective attenuation anisotropy. Interestingly, the effective attenua-
tion for P- and SV-waves is anisotropic even for a medium composed of isotropic layers
with no attenuation contrast, provided there is velocity variation among the constituent
layers. Contrasts in the intrinsic isotropic attenuation, however, do not create attenua-
tion anisotropy, unless they are accompanied by velocity contrasts. Extensive numerical
simulations for layered models composed of various number of isotropic (in terms of both
velocity and attenuation) constituents demonstrate that the distributions of the parameters
€gs 0o, and 7, are centered at zero, while their values cover a wider range than that for the
velocity-anisotropy parameters.

I also studied far-field radiation from seismic sources in 2D attenuative anisotropic
media. Whereas the influence of velocity anisotropy on radiation patterns remains almost
the same for different source-receiver distances, distortion of radiation patterns caused by
attenuation anisotropy can change significantly with distance.

Comprehensive analysis of wave propagation in attenuative media requires taking the
inhomogeneity angle into account. The inhomogeneity angle is generally small for weakly
attenuative, homogeneous media with weak anisotropy for both velocity and attenuation,
and reduces to zero in the symmetry directions. Moreover, for general attenuative aniso-
tropic media, the difference between the phase and group attenuation coefficients has a
strong impact on the attenuation-anisotropy parameters obtained from field measurement
of attenuation.

7.2 Recommendations

Still, this thesis did not address a number of important theoretical issues. For example,
analysis of reflection/transmission coefficients in attenuative anisotropic media would help
both AVO analysis and forward-modeling algorithms such as ray tracing (e.g., Carcione,
1997). Linearized expressions for reflection/transmission coefficients in terms of the velocity
and attenuation contrasts, as well as velocity- and attenuation-anisotropy parameters, can
provide physical insight into the behavior of the reflected /transmitted waves.

I have tested the validity of two assumptions used in Chapters 2—4: identical sym-
metry orientation for velocity and attenuation, and homogeneous wave propagation (the
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inhomogeneity angle set to zero). If a model is composed of two alternating attenuative
HTT constituents (thin layers) with different azimuths of the symmetry axis, the symmetry
direction of the effective velocity function can differ from that of the effective attenuation
coeflicient. The issue of different symmetry systems for velocity and attenuation has to be
explored further, especially for models with depth-varying fracture direction.

For weakly attenuative, homogeneous media with weak anisotropy for both veloc-
ity and attenuation, the assumption of negligible inhomogeneity angle is sufficiently accu-
rate. For layered media, the inhomogeneity angle can change substantially during reflec-
tion/transmission at medium interfaces. This can strongly distort reflection/transmission
coeflicients, especially for large incidence angles.

Since this thesis is mainly focused on theoretical aspects (in addition to one chapter
related to experimental measurements) of attenuation anisotropy, of importance for future
work are the complications of field-data application of the analytical results.

Because of the scarcity of current case studies on anisotropic attenuation, a conclusive
field-data application of anisotropic attenuation would greatly contribute to the study on
this topic. For attenuative media without azimuthal variation (e.g., VTI), a 2D seismic
line with sufficiently large offset-to-depth ratios can be used for estimating attenuation-
anisotropic parameters based on, for example, the anisotropic spectral-ratio method dis-
cussed in Chapter 4. For azimuthally anisotropic attenuative media, wide-azimuth data are
required to identify the principal directions of the attenuation coefficient and invert for the
attenuation-anisotropy parameters. Since anisotropic attenuation can have significant in-
fluence on the amplitude of the wavefield, high-quality data are important for the success of
attenuation anisotropy analysis. Moreover, a careful choice of the frequency band is critical
for interpreting the magnitude of the attenuation-anisotropy parameters.

Perhaps the central question is how to use attenuation anisotropy as an attribute for
lithology discrimination. Although attenuation is considered to be a key factor in estimat-
ing permeability (e.g., Akbar et al., 1993), the relationship between attenuation anisotropy
and permeability anisotropy has not been established yet. As pointed out by Brown (2004),
attenuation is not widely used yet as a major interpretation attribute but in the future it
might yield more meaningful information on permeability. Perhaps, with the advancement
of technology of seismic data acquisition and processing and the improvement of our un-
derstanding of the physical mechanisms of anisotropic attenuation, attenuation-anisotropy
parameters will become valuable attributes in characterization of fractured reservoirs. To
achieve this goal, we need to better understand the relationship between fracture parameters
and attenuation, and improve methods of estimating attenuation from field measurements.
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Appendix A

Plane SH-waves in attenuative VTI media

The Christoffel equation for a plane SH-wave propagating in an attenuative VTI
medium yields

eck? + Essks — pw® =0, (A1)

where ¢;; = ¢;; + z'cilj are the complex stiffness coefficients. The complex wavenumber is

represented as k; = k; — zk{ , where kT = \/ k{z + kf + kgl,? is the attenuation coefficient.

A.1 VTI Q matrix: Inhomogeneous wave propagation

First, consider the general case of inhomogeneous wave propagation and allow the
vectors k and k! to make different angles (# and 7, respectively) with the vertical symmetry
axis. If the Q matrix has VTT symmetry, equation (A.1) becomes

66 <1 + L) (ksin@ — ik! sin 07)% + c55 <1 + L) (kcos 6 — ik! cos 67)?
Qo6 @s5

—pw? =0. (A.2)

Equation (A.2) can be separated into the real part,

1
Co6 [k:2 sin? 0 — (k)2 sin? 07 + Q—Qkkl sin f sin 91}
66

1
+ c55 {kj cos? 0 — (k)2 cos? 6 + Q—2kk1 cos 0 cos 91} —pw? =0, (A.3)
55

and the imaginary part,

Co6 [Qi (k:2 sin? 0 — (k:l)2 sin? 91) — 2kk! sin O sin 01]
66

+  c55 [é (k:2 cos? § — (k)2 cos? HI) — 2kk! cos 0 cos 91} =0. (A.4)

By introducing the SH-wave velocity-anisotropy parameter v = (cg6 — ¢55)/(2¢55)
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(Thomsen, 1986), equation (A.4) can be rewritten as

k> [(1 + 27)62 sin? @ + cos 9} — (k1)? [(1 + 27)Q sin? 0! 4 cos 91}
Qo6 Qes
—  2kkIQss [(1 4 27) sin f sin 07 + cos 6 cos 91] =0. (A.5)

The only physically meaningful solution of equation (A.5) is given by

I [(14—27)% sin 9—1—005 9} [(1_1_27)%5111 91+C082 91]
L 1+ Qeo Q66 .
K Q% [cos(6T — 6) + 2y sin @ sin 1]?
Q55 [cos(! — 6) + 27 sin O sin O] o)
[(1 +27) = G5 sin? 0 + cos 61]
Qo6

For weakly attenuative media with Q55 — oo, the term Qs5|cos(f! — 0)| is much
greater than unity, if the inhomogeneity angle 8/ —6 # £90°. Although it is possible for the
conditions @55 — oo and @7 — = £90° to be satisfied simultaneously, models of this kind
are not typical (Krebes and Slawinski, 1991). Therefore the square-root in equation (A.6)
can be expanded in the small parameter 1/[Q%; cos?(#! —6)]. Retaining only the linear term
in this parameter yields

oo G

kE 2Qss cos(0] —0) + 2ysinfsin 1

sin? 6 + cos? 0

(A7)

Q55 Q66
appears in problems involving point sources in homogeneous media is small, so that | sin(@l —
0)] < 1 (Ben-Menahem and Singh, 1981). Then, the contribution of the inhomogeneity
angle in equation (A.7) is of the second order. Indeed, cos(6! — 6) =~ 1 — (61 — 0)2/2, while
sin @7 can be represented as

If attenuation is weak <— < land — K 1) , the inhomogeneity angle 87 — 6 that

sin ! = sin 6 cos(§! — 6) 4 cos @ sin(6! —6). (A.8)

Note that in equation (A.7) sin@! is multiplied with Thomsen parameter y. Therefore, if
the velocity anisotropy is weak (|| < 1), all terms involving the inhomogeneity angle in
the denominator of equation (A.7) are quadratic or higher-order in the small parameters.
By further assuming that the attenuation anisotropy is weak (|(Qs5 — Qs6)/Q@ss] < 1),
equation (A.7) can be simplified by dropping all terms quadratic in the parameters sin(f! —
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9)7 7> and (Q55 - QGﬁ)/QGﬁv yleldlng

Koo Q55—Q66.2>
K 30 <1+ O sin“f | . (A.9)

Analysis of the phase-velocity function [equation (A.3)] in the limit of small attenuation
and weak attenuation and velocity anisotropy (not shown here) leads to a similar result: as
long as the inhomogeneity angle is small, it contributes only to second-order terms.

A.2 VTI Q matrix: Homogeneous wave propagation

For homogeneous wave propagation (91 = 0), equation (A.5) takes a much simpler
form:

k2 — (KD)? — 2Qs50kk! =0, (A.10)
where
;2 2
o= (1—1—2'33111 6 + cos” 6 ' (A11)
(1+2v) Q—55 sin? 0 + cos? 0
66

The physically meaningful solution is

= V14 (@s50)? — Qs50x. (A.12)

The real part of the Christoffel equation [equation (A.3)] then reduces to

(ce6 5in% 6 4 c55 cos? ) |k* — (K1)% + —pw”=0. (A.13)
Q550
The phase velocity of SH-waves is found as
w

Vs =+ =& yelast (A.14)

where Velast is the phase velocity in purely elastic VTT media,
yelast _ \/ cgs $in* 6 + cs cos” (A.15)

p 7

and &, is the factor responsible for the influence of the anisotropic attenuation:

2 (VI+(@550) — @ssa) (1+ (Q530)%)

= (A.16)

o
o
11l
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o
2(Qs50)?

For weak attenuation, £, ~ 1+
A.3 Isotropic Q matrix

Isotropic @ for the SH-wave propagation implies Q55 = Qgg. Taking into account that
a = 1, the imaginary part of equation (A.1) reduces to

K — (k1) —2Qkk! =0, (A.17)
Hence, for isotropic () one finds

E=k(V/1+Q2-Q), (A.18)

and

2 2
& = \/V”QQ s (A.19)
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Appendix B

Plane P- and SV-waves in attenuative VTI media

For P- and SV-waves, the Christoffel equation (2.6) can be written as

(511];3% + 555];’% - pw2)(555];’% + 533]2’% - pw2) — (€13 + 555)];31]{73]2 =0. (B.1)

Analysis of the attenuation coefficients and phase velocities of P- and SV-waves in the
limit of small attenuation and weak velocity and attenuation anisotropy shows that the
inhomogeneity angle contributes only to second-order terms (see the analysis for SH-waves
in Appendix A). Hence, the discussion here is limited to homogeneous P- and SV-wave
propagation.

B.1 VTI Q-matrix

When the Q-matrix has VTI symmetry, equation (B.1) yields

{[(c11 4 icky) sin? 0 + (c55 + icks) cos® 8] (k — ik1)? — pw?} -
{[(cs5 + icks) sin® @ + (c33 + icky) cos?® O)(k — ik1)? — pw?}
{[(c13 + c55) +i(cls + cLs)] sin @ cos OkET}2 = 0. (B.2)

The real and the imaginary parts are given, respectively, by

[(e11 sin” 0 + 55 cos? 0)KE — pw?][(cs5 sin? 6 4 ¢33 cos? 0)K8 — pw?]
—(e118in? 0 + c55 cos? 0) (es5 8in? 0 + ¢33 cos? 0) KK
—(c13 + ¢55)? sin? @ cos? A[(K)? — (K5)?] =0, (B.3)

and

c11 8102 0 + c55 cos? 0)KE[(cs5 sin? 0 + ¢33 cos® 0)Kb — pw2 +
2 1
(es5sin2 0 + ¢33 cos® 0)ICS[(cqy sin? O + c55 cos? ) K] — pw?]
—(c13 + ¢55)? sin? @ cos® H2KSKS = 0, (B.4)
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where
A°® A¢
S 4+ —2kkT, K§=K, — (k% — (K1)?],
33 Q33
b Ab
K=K + A—Qkk", KS=1Ko — —[K* — (k1)?],
Q33 Q33
A€ JANG
C=K + —2kk', KS=Ky — (k2 — (kD7)
(33 33
K= k2 — (k12 + 22
Q33
I o 12 I
Ko = —[k* — (k)" — 2kk",
Q33
and
Ad c11sin? @ Q33 — Qn cs5 cos? 0 Q33 — Qs5
c11sin? 0 + cs5cos260  Qn c118in% 0 + c55c08260  Qss
Ab cs58in? 0 Q33 — Q55

cs58in2 0 4 ¢33 c08260  Qss
C — C —
A€ — 13 Q33— Q13 N 55 (33 — Qss '

ciz+ess Q13 ciz+ess Q@ss

Using equation (B.4), we find

_AA® 4 BAY — OA° [K? — (K1)?)

,C — 9
2 A+B-C Q33

where

11 8in% 0 + cx5 cos 0)[(cs5 sin? 0 + ¢33 cos? 0) Kb — pw?],
1

¢55 sin? 0 + ¢33 cos? 0)[(c11 sin? 0 + cs5 cos? 0) Ky — ,ow2] ,

A
B=(
C =213+ c55)2 sin? 6 cos? 0K .

(B.8)

(B.10)

Equations (B.7) and (B.9) can be combined to solve for the normalized attenuation
coefficient A = k' /k. As shown in Appendix C, equation (B.9) can be simplified by assuming

weak attenuation and weak attenuation anisotropy.
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B.2 Special case: Q;; = (Q

C11 €33 €13 C55
For the special case of identical () components, i il o = (@, equa-

€11 €33 €13 C55
tion (B.1) becomes
[(011 sin? 0 4 cs5 cos? 0K, — pw? + i(c11 sin? @ + cs5 cos? H)ICQ] .
[(055 sin? @ + ¢33 cos? 0)K1 — pw? + i(css sin? 6 + ¢33 cos? H)ICQ]

—[(c13 + ¢55) sin 0 cos O(K1 + iK2)]2 =0, (B.11)
where K7 and Cg are defined in equations (B.6) and (B.7) with Q33 replaced by Q.
The only physically meaningful solution of the imaginary part of equation (B.11) is

KC2 = 0, which then yields the same isotropic expression for k! as that in equation (A.18).
Solving the real part of equation (B.11), I obtain the phase velocities in the form

Vipsvy = &, VIES,, (B.12)

where £, is given in equation (A.19), and V{%%S‘E} is the P- or SV-wave phase velocity in
the reference purely-elastic VI1 medium:

yelast _ c11 + ¢55) sin® 0 + (cs3 + c55) cos® 6
{P,SV}— / {

1/2
+ \/[(011 — c55)sin% 0 — (c33 — c35) cos? 0)2 + 4(c13 + c55)2 sin? 6 cos? 9} )

(B.13)
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Appendix C

Approximate solutions for weak attenuation and
weak attenuation anisotropy

Here I simplify the attenuation coefficient derived in Appendix B for homogeneous wave
propagation under the assumption of weak attenuation and weak attenuation anisotropy.

C.0.1 Attenuation coefficients for P- and SV-waves

For weak attenuation (k! < k), the term (k’)? in the difference k? — (k%)% can be
dropped. If the attenuation anisotropy is weak, then the fractional difference between
the P-wave attenuation coefficients in the horizontal and vertical directions is small, and

Q33 — Q11
Qn

weak attenuation anisotropy implies that Q13 is comparable to (i.e., of the same order as)
(33 and (J55. This follows from the definition of the parameter ¢,. Hence, the magnitude of

< 1. When @33 and @55 are comparable (a common case), the assumption of

the terms A?, Ab) and A° in equation (B.8) is not much larger than unity. Then the terms

A AP A€
2kk’, —2kk!, and —2kk! in equations (B.5) are of the second order compared to
Q33 Q33 Q33

k2, and K¢ ~ K¢ ~ K$ ~ K. It follows from equation (B.6) that for weak attenuation
K1 ~ k%, which helps to represent equations (B.10) as

A = (11 sin? 6 + 55 cos? 0)[(cs5 sin? 0 + ¢33 cos? ) k2 — pw?],
B = (cs55in% 0 + ¢33 cos? 0)[(cy1 sin? 0 + c55 cos? 0) k* — pw?], (C.1)
C = 2(c13 + c55)? sin? @ cos> O k2 .

Combining equations (B.7) and (B.9) in the limit of weak attenuation gives

AA® + BAb — CA°

2 _ I_ _ 2
k2 — 2Qs3kk i e m (C.2)
Substituting equations (C.1) into equation (C.2) yields
1
A= 1+H), (C.3)

2Q)33
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where

AA® + BAY — CA°

n A+B-C

(C.4)

C.0.2 Parameter 5Q

The attenuation-anisotropy parameter d,, is defined through the second derivative of
the normalized P-wave attenuation coefficient Ap with respect to the phase angle 0 at
vertical incidence:

d’*Ap

W - 2./4]30 5@ . (CS)

0=0

Substitution of Ap from equation (C.3) leads to the following expression for §, under the
assumption of weak attenuation and weak attenuation anisotropy:

1 d*H
=- — . (C.6)
d? 0
By evaluating —7: and taking into account that for P-waves H|,_, = 0 and —H =
de” Jy—g 90 19—

0, one obtains

- c13 + c33)? —
Q33 — Qs5 - (c13 + ¢33) ) Q33 — Q13 ers(cts + css)
_ Qs5 (e33 — ¢55) Q13
5, = . .7
c33(c3g — cs5)
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Appendix D

Isotropic conditions for the attenuation coefficient
k[

In the main text of Chapter 2, I discuss the conditions needed to make the normalized
attenuation coefficient A isotropic (independent of angle). For completeness, here I intro-
duce the isotropic conditions for the imaginary wavenumber (attenuation coefficient) k7.
The attenuation and velocity anisotropy, as well as the attenuation itself, are assumed to
be weak.

D.0.3 SH-wave

The SH-wave attenuation coefficient can be approximated by substituting the SH-wave
phase velocity Vgp as a function of the phase angle # into equation (2.27):

kxIGH: _Y Asg = d 1+7Q sin” )
Vsu(0) 2Q55Vs0 \/1 + 2vsin 6

where w is the angular frequency and Vgg is the shear-wave velocity along the symmetry
axis. If |y] < 1, equation (D.1) simplifies to

(D.1)

w

I _ B .9
kg = 30w Ve [1+ (7o — 7) sin®0]. (D.2)

The coefficient ké g is independent of angle only if
Y= (D.3)

D.0.4 P-SV waves

Using the linearized phase-velocity functions (Thomsen, 1986), the P- and SV-wave
attenuation coefficients can be obtained from equations (2.36) and (2.41) as

Bl w A — w 1+5Qsin29c0529+6Qsin49 (D.4)
L Vp(0) P 2Q33Vpo 1+ dsin?6cos?6 + esint 6 '
1+ 0, sin?6
K, = Y  Agy =2 Q : D.5
v Vsv () v 2Q55Vs0 1+ osin? 6 (D.5)
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The coefficient kL becomes isotropic if
e=¢€, and §=19,. (D.6)
Isotropic k‘év requires that

o=0,. (D.7)

Both k:]ID and k{qv are independent of angle if the anisotropic parameters satisfy equa-
tion (D.6) and, as follows from equation (2.42),

_ Qs _
9o = Qs 1. (D.8)

Therefore, unlike the normalized attenuation coefficient, the imaginary wavenumber k'
does not necessarily become isotropic even if all elements ();; are identical (then e, =, = 0

and g, = 1). From equation (D.6), an additional condition required in this case is the
absence of velocity anisotropy for P- and SV-waves (e = § = 0).



Yaping Zhu / Attenuation Anisotropy 125

Appendix E

Approximate attenuation outside the symmetry
planes of orthorhombic media

The complex Christoffel equation 3.2 for homogeneous wave propagation outside the
symmetry planes can be rewritten as

c11ns + ceens + 055n3)IC1 (1,6,5) — pVZ +i(ciin? + cegns + 055n§)IC27(176’5)]
066n1 + C22n2 + 044n3)lC1 [(6,2,4) — pV? + i(CﬁGn% + CQQTL% + C447”L§)/C27(672,4)]
es5nf + cauni + c33n3)Ky (5,4,3) — PV + i(cssni + caan + cs3n3) Ko (5.43)]
co3 + caa)nanz (K (2344) + Ko (23, 44))] }

c12 + cg6)n1m2 (K (12,66) + 12 (12,66) )]

c12 + co6)n1n2(Ky, (12,66) + K2, (12,66))]

{

{

(

(

(

(

(

(

(cssnT + caan + c33n3)KCy (5,4,3) — PV + i(cssni + caans + c33n3)Ko (5,4.3)] —
(

(

(

(

(

[
[
al
- [
- [
[
-
[
[
[
- [
[

c13 + e55)n1n3(Ky (13,55) + 12 (13,55))] - [(ca3 + caa)nans (K 23,44y + 12 (23,44))]}
+ [ (e13 + es5)n1n3(Kq (13,55) + K2 (13,55))]
{ [ (e12 + ce6)nina (K1, (12,66) T 1Ko, 12,66))] - [(c23 + caa)nans(Ky (23,44) + K2 (23,44) )]

c13 + ¢55)n1n3(Ky (13,55) + K2 (13,55) )]

C66n1 + C22n2 + C44n3)/C1 (6,2,4) — pV + i(Cﬁﬁn% + 62271% + C4471§)/C27(672,4)]} =0,

(E.1)
where
1— A2
Ki=1- A4 2 A, Ko = —2A,
! Q33 2 Q33
) )
Kugn =K1+ 2= A iy o = Ko+ =020 (1 2
1,(3,5,1) — /™1 Q33 2,(i,5,0) — V2 Q33 ( )

A i7,kl) A i7,kl)
K1jry =K1 +2 ng A, Kojrny =Ko+ —5— (& ( - A%,

Q33
2 @33 — Qi 2@33 Qjj

Q33 — Qu
GMTTOn Qu te Gl Q T n2 Qll
A jiy = .

)
cim% + cjjn% + clmg

and
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o Q33 — ng Q33 — Qi
Y ng H le

Cij + Cki

Aij ity =

Note that A = k7/k is on the order of the inverse Q-factor (1/Q). When the attenuation
is weak (A < 1), one obtains K1 ~ 1 and Ky =~ Q— — 2A by dropping the quadratic and

33
higher-order terms in A (i.e., in 1/@Q). Assuming that Q33 and Q55 are of the same order
(the common case), weak attenuation anisotropy implies the same order for all components
Qij. Hence, the magnitude of the terms A(; ;;) and A(ij k) cannot be much larger than

Ay A A A
unity. Then the terms (GVID) A, (i5,k0) A, (4.5,1) A2 (ig,kl) A2 are either quadratic
Q33 Q33 Q33 Q33
ic 1 i i L+ A
or cubic in A. Dropping these terms yields Ky ;) ~ 1, Ky 50 ~ — o - 24,

33
1+ Agjm
K,y = 1, and Ky 55 01y = # —2A.

Next, I denote Cy; ;) = cint + cjjn% + eyn3 and Cijrry = (cij + cgr)niny and simplify
equation E.1 for weak attenuation and weak attenuation anisotropy as

1 + A(l 6 5)
C —oV2+iC <7”—2A>]
[ (1,6,5) — P (1,6,5) Os3

. 1+ Ap24
: { |:C(6,2,4) —pV2+ ZC(G,QA)(# - 2«4)]

1+ Apaz3)
-c —pVi4iC <7”—2A>]
[ (5,4,3) — P (5,4,3) Oss

(14 Ags 2
— 6(223’44) |:1 +1 <T — 2A>:|

1+A
—Claze6) [1 + (ﬂ _ 2A>]

@33
1+A 1+A
’ {6(12766) [1 + (# - 2A>] ‘ [6(5,4,3) — pV? +iC5 43 <# — 2A>]

L+ Ausss )] [ <1+A(2344) )]}
-C 1+ -C 1+i| ——= —-24
(13,55) [ < Oss (23,44) Os3

1+ A
+ C(13755) |:1 +1 < Qg(;g ,55) 2A>:|

14+ A 1+ A
: {6(12,66) [1 +z< Q;;Q £6) 2A>] (23,44) [1 +i <7Q;§3’44) — 2A>] —

(1+A , 14 Ao,
C13,55) [1“( Q;j = 2A> [ (6,2,4) — PV2+ZC(6,2,4)(% —2«4)”

= 0. (E.2)
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The real part of equation (A-2) is

(c11ni + coen3 + cssn3 — pV'2)
: [(06671% + c9an3 + caani — pV?)(cssn? + caani + c3zni — pV?) — (ca3 + 644)271%113]
—(c12 + cep)n1n2
- [(c12 + cg6)nina(cssni + caani + cszn3 — pV?) — (c13 + c55)(ca3 + caa)ninan3]
+(c13 + ¢55)n1ns
- [(c12 + cg6)(cas + caa)ninan3 — (c13 + cs5)nins(ceen + caan3 + casni — pV?)] =0,
(E.3

)

which is identical to the Christoffel equation for the reference nonattenuative medium.

The normalized attenuation coefficient A is obtained from the imaginary part of equa-
tion E.2:

1 H.,
A= 2Qs33 <1 " H_d> 7 (E4)

where

Hu = Au,65)C1,6,5) [(6(6,2,4) — V) (Cisa3 — pV?) — 5(223,44)}
+26,2,4)C(6,2,4) |:(C(1,6,5) — pV?)(C5a3 — pPV?) — 0(213,55)]
+A(5,4,3)C5,4,3) [(6(1,6,5) — pV*)(Ci2.4) — PV?) — C(212,66)]
—2A (13,55 Claz 55) (Ci6.2,4) — PV?) = 28 12,66)Claz.66) (C5.4,3) — PV
—2A(23,44)C(223,44) (Cap5 — PV?)
+2 (A(13,55) + Api2,66) + A(23,44)) C(13,55)C(12,66)C(23,44) 5 (E.5)

and

Ha=pV? [(Caes — PV)(Cio2,4) — PV?) + (Cap5) — PV ) (Cis,a3) — PV?)
+(Cle,2.4) — pV2)(C(57473) —pV?) - C(212,66) - C(213755) - 0(223,44)] . (E6)

H, . . . .

The term H—u in equation E.4 can be expressed through the velocity- and attenuation-
d

anisotropy parameters. Assuming that the anisotropy is weak for both velocity and atten-

uation, I drop the quadratic and higher-order terms in all anisotropy parameters to obtain

2 eg)ni‘ + eg)ng + (2¢® +6GNn2n2 + 5222)71%71% + 58%%7@% ,

Hu = c33(cs3 — ¢55) o T95
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Ha = c33(c33 — c55)
: {(033 —e55)(1+ 2P0t + 2€Wnd + 260202 + 260n2n2 + 4P n2n2 + 2660 n2n2)
+ ¢33 [e(l)(—2n% +6n3) + €@ (=202 + 6nt + 12n2n3)
—1—65(1)71%713 + 65(2)71%71% + 65(3)71%713]
+ es5 |10 (=2 - 203) + 42 - 20d) | } .
(E.7)

Note that since H, is linear in the anisotropy parameters, it is sufficient to keep just
the isotropic part of Hy. Substitution of equations A-7 and A-8 into equation A-4 yields
the final form of the approximate P-wave attenuation coefficient given in the main text
[equation 3.34].
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Appendix F

Second-order approximation for the effective
parameters of layered attenuative VTI media

Here I derive the second-order approximation for the effective velocity- and attenuation-
anisotropy parameters for thin-layered media composed of an arbitrary number of VTI (in
terms of both velocity and attenuation) constituents. In accordance with the main assump-
tion of Backus averaging (see the main text), the thickness of each layer has to be much
smaller than the predominant wavelength.

F.0.5 Anisotropy parameters for SH-waves

First, I consider the parameters v and v, which control the velocity and attenuation
anisotropy (respectively) for the SH-wave. The effective stiffness component ¢55 is given by
(see equation 5.17)

1
Ess = , F.1
55 N ¢(k) ( )

k - (k
k=1 Cés)(l - Z/Qés))

N
where ¢(*) denotes the volume fraction of the k-th constituent (Z P = 1). In the weak-

k=1
L 1 . .
attenuation limit (—— < 1), é5 can be approximated as
55
1 1
NV o )
~ c c
fs = 00— (F.2)
From equation F.2 it follows that
1 _
55 = (— )71 (F.3)

Cs5
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and
1 1
@ss = (/o) (F.4)
According to equation 5.18,
G = (cos) — ¢<%>, (F.5)
which yields
ce6 = (Co6) (F.6)
and
Qo6 = {cos) 566‘; ). (F.7)

By dropping the cubic and higher-order terms in Acg;) and 7, T obtain the second-

order approximation for the effective parameter ~:

R
1=+ g | oW (AdD) - <Z¢ Acé’é)]
k=1
N N N
Zqﬁ(k Ac5 ’y( Zqﬁ(k Ac(lg Zgb(k)’y(k)] . (F.8)
k=1 k=1 k=1

Note that for any quantities z and y varying among different constituents, one has

N

N N N N
Z¢(k)x(k)y(k) _ qu(k)x(k) Z¢(k)y(k) — Z Z ") oD Az BD Ay kD (F.9)

k=1 k=1 k=1 k=1 l=k+1

where Az = £ — £(*¥)  Then ~ can be represented as

= <,y>+,y(1s)+,y(1s -Van) +,Y(Van) (F.10)
where
N
(y) = Z o) k) (F.11)
k=1
N N (k1) 2
(s) _ 1 (k) y0) [ Bs5 F.12
v 2;l§1¢¢<555>, (F.12)
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1s -Van) g: f: (k ACéS ) (k, l)
¢ Ay (F.13)
k=1 I=kt1 €55
(Van) _ ¢ (F.14)

where A-(1 denotes the difference between the medium properties of the k-th and I-th
constituents. For example, Acé’é’l) = cky — ¢k and AyBD = Al — 4k Equations F.10-F.14
generalize equations 16-19 of Bakulin (2003) for layered media with an arbitrary number of

constituents.

To obtain the second-order approximation for the effective attenuation-anisotropy pa-
rameter ,,, I substitute equations F.4 and F.7 into equation 5.25 and keep only the linear

and quadratic terms in Acg?, AQé];), ’y(k), and 'yg“):

Yo ={1o) + %gls) + %(21S-Van) + %(215-Qan) + %(JVan-Qan) ’ (F.15)
where
N
(Vo) = Z ok )Vék) , (F.16)
k=1
Ac (k,0) AQ (k,0)
_ 9 oM 2G5 D55 F.17
kZ:l lzk;rl Cs  Qss (F-1)
(1s Van) _ _22 Z OO Ast Ay (F.18)
k=1 I=k+1 @55
) N N (k,0) (k,0)
(is-Qan) ®) (1) [ D5~ AQg (k1)
- b - Ay F.19
e kzzl l:zk—:i-l ¢ Cs5 Qss To (F:19)
(Van-Qan) Sl
7 _ QZ Z ¢(k)¢(l)A7(kvl)Avgﬁl), (F.20)
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F.0.6 Anisotropy parameters for P- and SV-waves

In the weak-attenuation limit, equations 5.14-5.16 yield

e = ZW -/l Z¢ (M2 1

+ Q(k) (1-26 >]

k=1 33
k=1 cg;,) Z k=1 Cz(),? z(a? {g: (k) ¢ (k) ( (k)) :
+ = — PN 1+—k 1-¢&y ” : (F.21)
& o ) Q45
e
k=1 C:(’,:s)
A (O NI
2 EON i B o)
P )
k=1 €33
and
N
Z o) ¢k)
Gy = =L
f: Hk)
(k)
k=1 C:(a?,)
- N 49 ;
g kz—l iy Q) < (k) ¢ (k) - y E® (k)
ST | Eaw > oW = B m g (F23)
Z o Z o5 k=1 k=1 33
%
k=1 C§3) [ k=1 C:(J,?, i
where £ = ¢13/c33 and §o = Q33/Q13. Using equation 5.24, I then rewrite o as
(1-9)0, —9lgy — DA +€)?/(1 - g)
=1+ ) F.24
& %09+ 6) (F:24
Cs55 Q33

where g = — and g, = ——.
€33

Q_Q55

If the cubic and higher-order terms in § are ignored, the second-order approximation
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for £ becomes
2

=1-294+6— —
: g 2(1—g)

(F.25)

or

E=-1-5+ (F.26)

2(1-g)’

depending on the sign of c;3; here, ¢13 is assumed to be positive (see equation F.25).
By keeping only the linear and quadratic terms in Acég), Ac55 ) AQ33 , AQé’;), as well

as in the interval velocity- and attenuation-anisotropy parameters for P- and SV-waves, one

obtains the second-order approximations for the effective VTI parameters.

1. Parameter ¢:

= <€> —+ e(is) =+ e(is_va'n) + e(van) , (F27)
where
N
(€) = Z o k) (F.28)
k=1
N N k.l k.l kD) 2
((is) _ 253 3§00 Acy” Acl? p Acky” 7 (F.29)
k=1 l=k-+1 G35 55 G55
] N N A (k1) A (Kk,l)
((is-Van) _ Z Z PAOPAC o<1 C33 (AebD — A5kDY 4 952555 A gD (F.30)
k=1 l=k+1 €33 G55
(NN 9
((Van) _ - Z Z MO0 (A(;(k,l)) , (F.31)
k=1 I=k-+1
and g = ?ﬁ
€33
2. Parameter 9:
§=(0) + 5(s) + s(is-Van) + 5(Van) , (F.32)

where

N
=> "k, (F.33)
k=1
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N N (k) (k1) (k1)
Ac Ac Ac

— 95 33 55 55 F.34
g; Z ( €33 Cs5 ) Cs5 ( )
slis-Van) _ o (F.35)

N N (k,1))2

(Van) _ 1 (k) 1) (BITD)”
5 52 > e 7 (F.36)

As was the case for SH-waves, equations F.27-F.36 generalize equations 29-32 and 21-24 of
Bakulin (2003) for multiconstituent layered media.

3. Parameter €'

(is) , (is-Van) = (is-Qan) . (Van-Qan)

€o = (€g) T €0~ +e€o + e + € , (F.37)
where
N
= ¢®ek), (F.38)
k=1
N N k.l k.l kel k,l)
5) _ 43 We® |(1- 3 AC§3)_2 AcEY Al AdE! AQEY
=—4gy > Mg 1(1-g,) = g |
k=1 l=k+1 33 Cs5 Cs5 055 Q33
Ads) , ads) 2g%)
g 20— = ; F.39
9o < 33 g Cs5 Qs5 (F-39)

_ Actt A
1s Van) _ Z Z ¢(l) [—29(1—9Q) 55 AsED _ 257, 855 A§ED
I=k+

Cs5 55
(kD)
CBGss T A kD) _ AsDY | (F.40)
Q33
N N (k1) (k1)
(is-Qan) _ K ) | Acss k,l k,l AQ3; k,l
5 _Z Z ¢( ¢() - (Ag) A5é )) B Ag)
k=1 l=k+1

) (F.41)
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Vi N N
Eé an-Qan) :Z Z 8 o) [2A6kl)A6(kl) Aé(k,z)A(;gc,z) (F.42)
k=1 I=k+1
4. Parameter 4,
5, = (5,) + o48) 4 plisQan) . 5(Van-Qan) |, 5(Van) (F.43)
where
N
() =D ¢Walk (F.44)
k=1
N N k.l kL 1)
L S SRCYCHITIPRY £ S i e U &
el ? C33 Cs5 Cs5 055 Q33
(AdSDadsh) nglt
+ - —2— = , F.45
gQ( C33 Cs5 Q55 (E-45)
, N N (kD)
S 3T S g 2k (F.46)
k=1 I=k+1 Q33
L.
sVam-Qan) _ 1 SRS 050 Ag0 A g kD (F.47)
1=913 .55
N N
V: _1-g
s{Van) S (e ED DI (F.48)
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Appendix G

Radiation patterns for 2D attenuative anisotropic
media

Here I derive an asymptotic solution for far-field radiation patterns in 2D attenuative
anisotropic media using the steepest-descent method. The wave equation in the frequency-
wavenumber domain can be written for wave propagation in the [z, z3]-plane as

(Cijmkjki — pw?dir,) g (w, k) = filw), (G.1)

where k; are the wavenumber components, p is the density, w is the angular frequency,
and 4,7, k,l = 1,3. ag(w,k) denotes the spectrum of the k-th component of the particle
displacement in the frequency-wavenumber domain, ¢;j1 = ¢;jr — z'ci]jkl are the complex
stiffness coefficients, and ﬁ(w) is the spectrum of the i-th component of the line source
function (i.e., independent of z2).

The spectrum of the particle displacement is given by

~ 1 R fl(w) i(k1z1+ksx3)
(%) (2m)2 /_ / Cijhikjky — Pw25ike dk1dks (G.2)

The integral G.2 can be represented in polar coordinates by using

p1 =psinf; p3=pcosh, (G.3)

k
where p = — is the slowness and @ is the polar angle:
w

2m
g (w X / / pfl ) eiwp(ml sin 0+x3 cos 0) dp df; (G4)
(2m)? Cijktp*nmy — poi

n1 = sinf and ng = cos 6.
Next, I apply the steepest-descent method to evaluate the integral over the slowness p.
Two complex poles of the integrand correspond to the solution of the Christoffel equation:

Cijhi p°njny — pbi = 0., (G.5)

The term — ffi(w)
CijkiP*njny — POk

in equation G.4 can be expanded in a Laurent series in terms
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of the slowness p, which helps to find the residue at the pole (namely, complex slowness py).
Equation G.4 then takes the form

; 2 )
ﬂk(w,x) _ %/0 Ukezwps(xl sin O+x3 Cosﬂ)de, (Gﬁ)

where Uy, is the residue associated with a certain wave mode (P, S1, or S).

The saddle-point condition corresponds to setting the derivative of the phase function
to zero:

d [ps(x1 sin 6 + 3 cos b)] o, @7
do =3,
or
tan 0, = o + dps L(ml sin 0, + x5 cos és) , (G.8)
T3 df |p_g, w3 cos b

. 1 -
where V; = —, and p, is obtained from the Christoffel equation at the saddle point 6,

S

(both ps and 0, are complex). At the pole for p and the saddle point for 6, the slowness
components (equation G.3) are

P1 =Pssinfy; 3 = pscos b (G.9)

By expanding the complex phase function into a Taylor series, we find the steepest-
descent direction in the vicinity of the saddle point,

%:{E_%F_ﬂ_%}’ (G.10)

where the perturbation on the steepest-descent direction, %, is the phase angle of the second

derivative of the phase function at the saddle point:

Im(Y)
Re(Y)

d? [ps(xq sin O + 23 cos 0)]
db?

¢ =tan* ;Y = (G.11)

=0

Evaluating the integral G.6 in the high-frequency limit along the steepest descent path
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yields

1 U expliwps(z1 sin 0, + x5 cos 58)]

- <N\ 2
r1cosfy — x3 Sin93> d2pg

(21 sin 0 + 3 cos és) Ds + 2ps ( 02

1 sin 05 + x5 cos O, 0=6.

(G.12)
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