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UNIFORM ASYMPTOTIC EXPANSION OF THE SQUARE-ROOT
HELMHOLTZ OPERATOR AND THE ONE-WAY WAVE
PROPAGATOR*

MAARTEN V. DE HOOPT AND A. K. GAUTESEN?

Abstract. The Bremmer coupling series solution of the wave equation, in generally inhomo-
geneous media, requires the introduction of pseudodifferential operators. Such operators appear in
the diagonalization process of the acoustic system’s matrix of partial differential operators upon
extracting a principal direction of (one-way) propagation. In this paper, in three dimensions, uni-
form asymptotic expansions of the Schwartz kernels of these operators are derived. Also, we derive
a uniform asymptotic expansion of the one-way propagator appearing in the series. We focus on
designing closed-form representations, valid in the high-frequency limit, taking into account critical
scattering-angle phenomena. The latter phenomena are not dealt with in the standard calculus of
pseudodifferential operators. Our expansion is not limited by propagation angle. In principle, the
uniform asymptotic expansion of a kernel follows by matching its asymptotic behaviors away and
near its diagonal.
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1. Introduction. Directional wave field decomposition is a tool for analyzing
and computing wave propagation in configurations with a special directionality, such
as a waveguiding structure. Such a method consists of three main steps: (i) decom-
posing the field into two constituents, propagating “one-way” upward or downward
along a preferred or principal direction, (ii) computing the interaction of the coun-
terpropagating constituents, and (iii) recomposing the constituents into observables
at the positions of interest. The Bremmer series [1] then synthesizes the constituents
into a full-wave solution. Each term in the series represents a wave constituent that
has traveled up and down along the principal direction a number of times equal to
its order. Thus we are able to trace waves: evolution is no longer in time but now
in the vertical coordinate, vertical being identified with the principal direction. The
microlocal analysis of the one-way wave propagator can be found in Treves [2].

Applications of the generalized Bremmer series solution to the wave equation
include (i) the identification and elimination of multiple scattered wave constituents
and (ii) the formulation of various imaging and inverse scattering procedures in remote
sensing. In general, the inverse scattering problem can be decomposed into a coupled
inverse “contrast-source” or “reflectivity”’—inverse “constituency” problem. With the
aid of time-reversal mirrors, each pair of successive terms in the Bremmer series can
be exploited to construct the reflectivity (see de Hoop [3]).

The generalized Bremmer series can be viewed as a full-wave extension of the
(high-frequency) geometrical ray series representation of the wave field embedded
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in the Kirchhoff approximation (see Frazer [4]). The Maslov canonical operator is
replaced by a Trotter product (see de Hoop, Le Rousseau, and Biondi [5]). The
Bremmer series—Trotter product approach encompasses the microlocal, Kirchhoff—
Maslov, representation of the wave field. Extensive lists of references to applications of
the generalized Bremmer series in exploration and crustal seismology, ocean acoustics,
and integrated optics can be found in Van Stralen, de Hoop, and Blok [6].

De Hoop [1] originally formulated the generalized Bremmer series modeling
method in the time-Laplace domain. Owing to the fact that the medium can vary in
the directions transverse to the preferred direction, pseudodifferential calculus became
a natural tool to introduce the up and downgoing Green’s functions: pseudodiffer-
ential operators appear in the directional (de)composition, in the downward and up-
ward propagation or continuation, and in the interaction (reflection and transmission)
between the counterpropagating constituents due to variations in medium properties
in the preferred direction. The time-Laplace domain is not amenable to computations,
however.

Various approaches have been developed over the years in the time-Fourier do-
main to approximate the operators appearing in the Bremmer series to make numerical
computations feasible. An overview of the approaches based on rational (paraxial) ex-
pansions of the operator symbols can be found in Van Stralen, de Hoop, and Blok [6].
An overview of approaches based on phase-screen-like approximations of the operator
symbols can be found in de Hoop, Le Rousseau, and Wu [7]. With these numerical ap-
proaches, however, critical “scattering-angle” phenomena such as the ones associated
with rays the tangents to which become horizontal (for example, turning rays) cannot
be modeled. With the approach proposed in this paper, this limitation is removed.
In particular media, spectral analysis can be employed to find exact time-Fourier
representations of mentioned operators (see Fishman, de Hoop, and van Stralen [8]).

In this paper, our goal is to gain analytic insight into the propagation and scat-
tering of waves as described by the generalized Bremmer series—while developing a
time- Fourier analysis of the constituent operators. We extend earlier results (Fish-
man, Gautesen, and Sun [9] and de Hoop and Gautesen [10]) in this direction that were
derived in two dimensions to three (and higher) dimensions. Instead of using pseu-
dodifferential operators in the time-Laplace domain, we will here employ microlocal
and uniform asymptotics techniques combined in the time-Fourier domain. We focus
our analysis on the development of a uniform asymptotic expansion of the transversal
part of the one-way wave operator kernel (of the square-root Helmholtz type) and the
associated one-way wave propagator. For the completion of the Bremmer coupling
series we refer the reader to our earlier paper.

The uniform asymptotic expansions also provide the basis for a numerical scheme.
Such a scheme would involve the computations of (i) a spatially varying effective
index of refraction and (ii) a spatially varying effective “distance” in the transverse
directions, and then applying the kernel. The effective index of refraction and the
effective metric are computed along the bicharacteristics constrained to the plane
spanned by transverse directions.

The outline of this paper is as follows. In the next section a summary of the
method of directional decomposition, leading to a coupled system of one-way wave
equations is given. In section 3, the medium is decomposed into thin slabs. In each
thin slab we introduce a “characteristic” Green’s function. In section 4 we intro-
duce representations of the square-root operator and the one-way wave propagator in
terms of the characteristic Green’s function. The key effort is developing a uniform
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asymptotic expansion of the characteristic Green’s function. Such an expansion in
the absence of transverse caustics is developed in section 5 and in the presence of
transverse caustics in section 6. In both cases an “inner” (near-field) and “outer”
(far-field) representation is derived upon which a matching procedure in a boundary
layer is invoked. The latter synthesizes the uniformly valid expression. Section 7
summarizes the main result of the paper: the uniform asymptotic expansion for the
square-root operator and the likewise expansion for the one-way wave propagator in
higher dimensions. We conclude with a discussion (section 8).

2. Directional wave field decomposition. For the details on the derivation
of the Bremmer coupling series solution of the acoustic wave equation, we refer the
reader to de Hoop [1]. Here, we restrict ourselves to a summary of this wave field
decomposition method.

Notation, transformations. We consider acoustic waves in a three-dimensional
configuration. In this configuration, let p denote the pressure and (vy,2,v3) = (v1, v2, v3)
the particle velocity. We introduce the Fourier transformation with respect to time ¢
as

(21)  (F(p,v1205}) (1.0, 75, 0) = / (9, 012,03} (012, 23, 1) exp(ivt) dt
teRZO

for Im{w} > 0. Under this transformation, assuming zero initial conditions, we have
8t — —iw.

In each subdomain of the configuration where the acoustic properties vary contin-
uously with position, the acoustic wave field {p,v1 2,vs} satisfies the system of partial
differential equations

(2.2) Okp — wpvg = fi,
(23) —ilwkp+ O1v1 + 009 + O3v3 = q.

Here, p denotes the volume density of mass, x the compressibility, g the volume source
density of injection rate, and f; the volume source density of force.

The spatial variation of the wave field along a direction of preference can now be
expressed in terms of the variation of the wave field in the direction perpendicular to
it. The direction of preference or principal direction is taken (globally) along the x3-
axis (or “vertical” axis) and the remaining (“transverse” or “horizontal”) coordinates
are denoted by (z1,x2) or x1 2.

The reduced system of equations. Directional decomposition requires a sepa-
rate handling of the horizontal or transverse component of the particle velocity. From
(2.2) and (2.3) we obtain

(2.4) v12 = —iplw N (B12p — 1),
leaving, upon substitution, the matrix differential equation (I, J = 1,2)

. i
(2.5) (03615 —iwArs)Fy=Ni, Arg=Ars(r12,D12;23), Di2= —;51,2,
in which the elements of the acoustic field matrix' are given by
(26) Fl =D, F2 = Vs,

1Present ocean-bottom seismic acquisition technology allows both p and v3 to be measured.
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the elements of the acoustic system’s matrix operator by

(2.7) A = A =0,
(28) A12 = p,
(29) A21 = —Dl(p_lDl ) - Dg(p_lDQ ) + R,

and the elements of the notional source matrix by
(2.10) N1 = fs, Ny =Di(p~" f1) + Da(p™" f2) + ¢

It is observed that the right-hand side of (2.4) and A;; contain the spatial derivatives
D12 with respect to the horizontal coordinates only. In the sequel of the paper it
will become clear that D; o has the interpretation of horizontal slowness operator.
Further, it is noted that A5 is simply a multiplicative operator.

The coupled system of one-way wave equations. To distinguish up and
downgoing constituents in the wave field, we shall construct an appropriate linear
operator Lj; with

(2.11) Fr=Li,Wy,
which, with the aid of the commutation relation ([.,.] denotes the commutator)
(2.12) (03L1y) = (05, L14],

transforms (2.5) into
(213) L[] (83(5]]\4 —iwAJM)WM = —(83L1J) WJ+NI.

Transformation (2.11) should result in the diagonalization of the operator A;; in the
sense that

(2.14) ArgLym = LijAju,

where Ajjs is a diagonal matrix of operators. We denote L;; as the composition
operator and W, as the wave column matrix. The expression in parentheses on the
left-hand side of (2.13) represents the two so-called one-way wave operators. The
first term on the right-hand side of (2.13) is representative for the scattering due to
variations of the medium properties in the vertical direction. The diffraction due to
variations of the medium properties in the horizontal directions is contained in A,
and, implicitly, in L;;. This diffraction comprises the multipathing of characteristics
that commonly occurs in geophysical configurations.

To investigate whether solutions of (2.14) exist, we introduce the column matrix

)

operators Lf,i according to

(2.15) =L, LY=L
Upon writing the diagonal elements of A jys as

(2.16) Ay =T, Aoy =T,
(2.14) decomposes into the two systems of equations

(2.17) AL = @),
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By analogy with the case where the medium is translationally invariant in the hor-

izontal directions, we shall denote I'F) as the vertical slowness operators. Notice

that the operators Lgi) synthesize the acoustic pressure and that the operators Léi)

synthesize the vertical particle velocity. Through mutual elimination, the equations
for L(li) and Lgi) can be decoupled as follows:

(2.18) AppAp L) = BT 1@
(2.19) Ag Ay L) = LOTH 1),

The partial differential operators on the left-hand sides differ from one another in the
case where the volume density of mass does vary in the horizontal directions.

To ensure that nontrivial solutions of (2.18)—(2.19) exist, one equation must imply
the other. To construct a formal solution, an ansatz is introduced in the form of a
commutation relation for one of the components L(Ji) that restricts the freedom in
the choice for the other component. In the acoustic-pressure normalization analogue
one assumes that Lgi) can be chosen such that

(2.20) [A12L5"), A1 An] = 0.
In view of (2.19), T*) must then satisfy
(2.21) AjgAy —TETE =,

The commutation relation for Lgi) follows as [Lgi), A12A51] = 0 and a possible solu-
tion of (2.17) is

(2.22) LS =A@, o

Since Lgi) as given by (2.22) satisfies (2.20), the ansatz is justified. The solutions of
(2.21) are written as

(223) P(+) = —P(_) == Al/2 with A = A12A21.

Thus, the composition operator becomes

I I
(2249 b= ( ART —AGT )

Note that we have decomposed the pressure field according to
F=F"Y+F7 with FP=w,, F7 =w,.

In terms of the inverse vertical slowness operator, ' = A~/2, the decomposition
operator then follows as

-1 _ 1 I F71A12
(2.25) =1 ( ;o ral )

Using the decomposition operator, (2.13) transforms into

(2.26) (036131 — iwArar) War = —(L™ ) 10 (03 Lars)Wy + (LY rar N,
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which can be interpreted as a coupled system of one-way wave equations. The
propagation is captured by the left-hand side. The coupling between the counter-
propagating components, Wy and Ws, is apparent in the first source-like term on the
right-hand side. The waves are excited by the second term on the right-hand side.
We have

(2.27) L (D5 = ( A ) ,

in which T" and R represent the transmission and reflection operators, respectively:
let Y = A7, T denote the admittance operator; then

(2.28) R=-T=1y""(5;Y).

The two-way Helmholtz equation. Suppose that the medium does not vary
with z3. Eliminating F5 or vz from (2.5) then leads to the second-order equation for
the pressure,

(229) [8§ + w2A(LL‘1,2, Dl’g)] Fl = iw pNQ + 83N1,
the two-way Helmholtz equation, where A is given by (2.23).

3. Decomposition of the configuration into thin slabs. We will now de-
compose the medium into (thin) slabs. Each slab in our three-dimensional configura-
tion is assumed to be invariant in the direction of preference, x3: the compressibility,
K, may vary in the transverse directions, whereas the density is assumed to be constant
all together. However, the medium may vary from slab to slab, and hence the vertical
coordinate x3 becomes a parameter that identifies the slab in our further analysis.

The characteristic operator. As mentioned, in our thin-slab analysis, we will
consider the following medium profile:

(3.1) p = const.,
(3.2) K(JJLQ) = Ko n2(1‘1,2)§

¢y 2, the wave speed follows from

thus, setting kg = p~
072(3:172) = Cazn2($1,2),

where n denotes the index of refraction. The operator in (2.23) is then given by

(3.3) A(z19,D12) = —D? — D3 + ¢y *n?(z1.2).

We will denote A as the transverse Helmholtz or characteristic operator.

Factorization, Green’s functions. We introduce the well-known Helmholtz
equation and “characteristic” Green’s function as (cf. (2.29))

(03 + w?A(21,2, D12)] G(21,2, 23 — 2 2] )
(3.4) = —6(z1 — x))6(wa — 5)6(x3 — 5).
The vertical slowness operators T'(*) factorize the Helmholtz operator (cf. (2.23)):
(3.5) 93 +w?A(21,2, D12) = [05 — iw T (w15, D1 2)] [05 — iw D) (21,2, D1 o).
The one-way Green’s functions G(*) associated with the two factors satisfy

[53 —iw F(i)(l’m, Dl,z)} g(i)(ml,z, T3 — 1’35 z/12)
(3.6) = (w1 — 2))6(x2 — 15)6(z3 — xh).
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Vertical slowness as phase variable. Note that the Fourier representation of
the causal Green’s function G yields

w
(3.7 G(x12,23 — 35%;95/1,2) =

G(x1,2, 7} 9:C) expli (w/co) |z — 25]¢] dC.
SN——

ko

27TCO CeZ

Here, Z follows the real axis in the complex (-plane, below it for negative real parts
and above it for positive real parts. Since

(3.8) WA (21,2, D1g) = 0F + 05 + (w/eo)” n*(21,2),

G satisfies (cf. (3.4))

(3.9) [0 + 05 + (w/co)® (nP(w12) — (*)] G(w1,2, 7] 9;¢) = —8(w1 — x])6(w2 — ),
or, more formally,

(3.10)  —w[A(z12, D12) = ¢5 2?1 Gl@12, 2 95 ) = 8(1 — 27)6 (w2 — ).

We can deform contour Z to a contour Z’, say, such that the distance from a zero

crossing of n?(z1 2) — ¢? remains finite.

Observe the symmetry G(x1 2,27 55 —() = G(21,2,7 2;¢). Hidden inside the in-
tegral is a cut-off function in accordance with the microlocal representation of G.

4. Kernel representations in terms of the characteristic Green’s func-
tion.

The one-way propagator. Using the image principle, we can express the one-
way Green’s functions in terms of the Green’s function of the second-order Helmholtz
equation,

(4.1)
G (@12, 25 — @l 74 o) + G ) (w12, w3 — 252 o) = —205G (21,2, 3 — T 7] 5).
Hence, for z3 > %,

(4.2) gt (12,23 — :vg;x'l,Q) = —205G(x1,2, 23 — xé;x’LQ).

In fact, G = G(*) is the kernel of the (upward) one-way wave propagator. In view of
(4.2) this kernel satisfies the property

(43) 8§]g = [_w2A($1,27 D1,2)}jg7 .7 = ]-a 27 sy
for x3 > x%. We will pay special attention to the so-called thin-slab expansion of G.

The vertical slowness or square-root operator. The vertical slowness or
square-root operator I' (see (2.23)) acts on the wave field as

(4.4) (L{W1, Wa})(z12) = / C(w1,2, %) o) {W1, Wa (2] o) daday,

1/112€R2

where C denotes a Schwartz kernel. From this operator representation, we extract the
left vertical slowness symbol through the Fourier transformation

(4.5) Y(Z1,2,p1,2) = / C($1,2, 3?/1,2) exp[—iw(z, — m;)pg] dx’ldx’Q,

:c’LQER?
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where the summation convention has been invoked for o € {1,2}. The left symbols of
the horizontal slowness operators Dy 2 appear to be simply p; 2. The relation between
the left vertical slowness symbol and the horizontal slowness symbol constitutes the
generalized slowness surface.

We will now focus on finding integral representations for the Schwartz kernel.
First, note that the Schwartz kernel can be expressed in terms of the one-way Green’s
function,

. i
(4.6) C) (219,24 3 7%) = — hfn, 533g(+) (21,2, 73 — 73; 2 5),
€T3 (L‘B
! _
(4.7) C<7)($1,27I/1,2§50§) = 11%11, a&ag( )(951,2,173 - 179,;1’/1,2)-
€T3 IB

With (4.2) we find that

2
(4.8) C(z19,7) 5;7%) = — lim — 953G (w12, 73 — 757 5).
’ z3lxl W ’

Note that C is dependent on % through the index of refraction. We will suppress this
dependence in our notation.

The inverse vertical slowness operator. The inverse or reciprocal vertical
slowness operator admits the kernel identification

(4.9) A_12(w1,2,27 5) = —2iw G(21,2,0; 2] 5).

From the inverse vertical slowness operator, the higher fractional powers of the char-
acteristic operator can be obtained, viz., through the composition

(4.10) ATV = AIA .

5. Uniform asymptotic expansion of the characteristic Green’s func-
tion: The absence of caustics.

The inner solution. The inner region is determined by the condition
|21 — 2, 22 — 25)| = O(kg )

and corresponds to the behavior of the kernels near their diagonals. The inner region
is so close to the “source” at x} , that caustics have not (yet) formed.
We reconsider (3.4),

010k + kgn®(21,2)] G(a1,2, 25 — @3 @) 5) = —6(w1 — 2)6(w2 — 25)6(w3 — )
and introduce the relative coordinate
yj = x; — a7, j€{1,2,3}.

We expand the index of refraction about (2}, z5) according to

n2(y1.2 + 7 5) = 12(2) ) + 20} ) (9101 + 1202]) () )
(51)  +nlehs) o+ yedanlel ) + (101 + yadaln) (52))° + ..,
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where we differentiate (012) with respect to z7 , while the argument of n and its
derivatives is x} 5. We invoke the expansion of the Green’s function in terms of y; o,

(5.2) G=Gy+G1+Gy+...,
where the subscript indicates the order in y = (y? + y3 + y2)'/2. Then

[0k0k + kgn* (] 5)] Go(21,2, 23 — 2h; 2] 5)

)

(5.3) = —8(x1 — 27)8(w2 — a5)8(w3 — a%),
010k + kgn? (] 5)] G1(21,2, w3 — 255 2 5)

(5.4) = —2kgn (@’ 5) (Y101 + y205]n) (2 5) Go(w1,2, 23 — 252 5),
[0k0) + kgn® (2] 5)] Ga (1,2, 3 — 25 2 5)

(5.5) = —2kgn(z) o) ([y101 + y202)n) (2] o) G1(21,2, T3 — T 7] )

—k§ [n(@)5) 9101 + y202]*n (2] )
+(([y101 + y202]n) (2 2))?] Golw1,2, 23 — b3 2] 5),

etc., with solutions obtained recursively as

explikon y]

(5.6)Go(21,2, 23 — 23; 7 o)

)

41y
(5.7)G1 (21,2, 23 — 2521 5) = 3ikoy (Y101 + y202)n) Go(z1,2, 23 — x5; 2] 5),
ik
Go(w12, 03 — 23,27 5) = il dnfy101 + y202)*n
’ 24n,
+(3ikony + 1)([y101 + y202]n)* — y?[(01n)* + (92n)°]

(8m)2 + (827L)2 — 2n[(81)2 + (82)2]n .
(5.8) + (hon)? (ikony — 1)} Gy.

Inner expansion in midpoint coordinates. In the spirit of the Weyl calculus
of kernel symbols (see [11, 21.6.5]), we can improve the above result by introducing
the midpoint coordinates

T = 3z +25),  je{1,2,3},
and re-expand the exponential according to
exp[ikon(x’LQ) y| = explikon(Z1,2) Y] {1 — %ikoy[ylal + y202]n
(5.9) + sikoy[y101 + y20a)°n — §k3YP ([1101 + y20a]n)® + ...},

where the argument of n is now Z; 2. The expansion for G (cf. (5.2) and (5.6)—(5.8))
can then be rewritten as

explikon ik
G = W 1+ 225 ny101 + y20]*n + ([y101 + y202]n)*

= y*[(01n)* + (92n)?]

+ (8171)2 + (8271)2 — 277,[(81)2 + (82)2]77,
(ik’()?’L)Q

(5.10) (ikony —1) | +...
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Note that the odd order terms (up to this order, G1) have disappeared. The expansion
above has an improved error estimate, here O(y*): We now have (cf. (5.2)) G ~
Gy + G2 and upon substitution it follows that

(5.11) [OkOk + kgnz(xlyg)] G = Go(w1 2,23 — %5; z’lz) kg(?(y4).
The outer solution. The outer region is determined by the condition
I(@1 = 27,22 — 25)] = O(1)

and corresponds to the behavior of the kernels away from their diagonals.
We reconsider (3.9),

[0F + 05 + kg (n*(w1,2) — C*)] Glw1,2, %] 2;C) = —8(1 — 27)6 (w5 — )

and we introduce the representation

(5.12) G(x1,2,7) 9;¢) = C exp(ikor)),

where C is a yet-to-be-determined constant. We expand 9 into phase and amplitude
contributions,

1 1
1 = — —_— e
(5.13) v=9¢+ ik0¢’1 + (ik0)2¢2 +
amplitude

Substituting this expansion into the partial differential equation, and collecting equal
powers of (ikg), results in the eikonal equation

(5.14) P24+ 4+ —n(x12) =0,

for the leading order; here p = 0,,¢ and ¢ = 0,,¢. The next order terms yield the
equation

(5.15) 2p (02, 91) + 2q (02, 01) + Oz, p + O2,q = 0,
whereas the final order that we will account for implies the equation
(5.16)  2p 0z, $2) + 2q (02, 2) + 02, 1 + 02,1 + (02, 01)° + (02,01)° = 0.

Amplitude expansion. It is convenient to remove the singularities from ¢; and ¢s.
This is accomplished by the change of functions,

(5.17) ¢1 = —3loge + ¥,
(5.18) ¢2 =50~ + .

With this change, (5.15)—(5.16) take the form

(5.19)  2p (9u,01) + 24 (Du,1b1) + ¢ (02, + 92, ]loge = 0,
(5.20)  2p (8py02) + 2q (Ouyth2) + 02 by + 02, 01 + (0n,¥1) + (0, ¥1)* =0,

supplemented with the initial conditions ¥; = ¢ =0 at 12 = 95/1,2~
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Expansion in z = O(kg 1). We now make the assumption that the propagation
distance satisfies

(5.21) ko |5 — x| = O(1).
N——
Y=z

Thus we guarantee that the stationary point (where dc¢ = 0) of the integral repre-
sentation (3.7) remains at ¢ = 0, and that

(5.22) | expliko |r3 — 25|¢]| = O(1).

We then expand the relevant functions about ¢ =0, i.e.,

(5.23) p=1I— 3L - L+,
(5.24) Y1 =10+ b + ...,
(5.25) Yo =120 +...,

where Io, Il, IQ and 1/)107 wlla ’wgo are independent of C
The phase function. Invoking expansion (5.23) into (5.14), the equations deter-
mining the phase function become

(5.26) P? 4+ Q% —n*(z12) =0,
(5.27) P(0p, 1) +Q(0y,11) —1 =0,
(5.28) P (0, 12) + Q (0p,Io) — (02, 11)* — (02,11)* = 0,

where P = 0,1y and Q = 0,,lp. With eikonal equation (5.26) is associated the
Hamilton system

dxy dpP

ETR P, T (D1 M)(21,2),
(5.29)
%2 _o, g = (0:M)(x1,2).

where M = 1n?, supplemented by the initial conditions

(5'30) (xl’xQ)‘O = (:1;‘/1,.1‘/2), (P7 Q)|0 = (041,042), 0‘% + 0‘% = nQ(xll,Z)'

The additional equations (5.27)—(5.28) comply with the initial conditions at p = 0:
1;=0,7=0,1,2,....

In the Hamilton system (5.29), we expand the right-hand sides into a Taylor series
about the “source” coordinates, 7 o:

% — (0, M)(x}.5) + 1201 (9 M)t ) + y202(O M),
(5.31)
% — (0M) (2 5) + 1101 (02D 5) + 4202 M) ().

We then evaluate the solutions to the Hamilton (see (5.29)—-(5.31)) and eikonal (see
(5.26)) equations for small values of . The parametric representation of the Hamil-
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tonian flow follows as
y1=Plop+ 3Py + 1Pyl + ...,

P: a1 +(81M),LL+%[04181+O[282K81M) ,[L2+-.-,
e

Plo P Py

(5.32)
Y2 = Qlop + 3Qup® + §Qap® + ...,

Q: (6) +(82M)‘LL+%[04181+O£282K82M) [L2+,
N N———
Qlo Q1 Q2

in these equations we differentiate (01 2) with respect to z , while the argument of
(12M) is z} 5. For the purpose of the uniform matching, we will re-expand the
solution about the transverse midpoint coordinates Z; 2 and give results as needed
later.

Solving system (5.32) for w, a1, g in terms of yy, yo, yields

w(l_lwwg(wmf
n 2

n 3 n

2
(5.33) +1Gﬁ@+%%h)_lma+m@%>’
8 " 5 -

n
(5.34) w2 = (y12(1 = 3a}) + yin(a1 + a2))

where the argument of n is 2} ,,
;

(5.35) ra = (yf +3)'/*
and

(5.36) yf = Y2, Z/zl =Y,
while

_ [y1-01 + y3 Oa]n
ap = -,
2n

(5.37)

1 ((lyi 01 + 3 %2]n) ([y101 + y202]n)
a2_ﬁ n2

i

-2

[y 01 + y3 0a][y101 + y282]71>
n

note that a; and as are of first and second order in y, respectively.
With the aid of relation

drl;
Pa:rl‘[j + Qam2jj = di/_j
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valid along a characteristic or ray, (5.26)—(5.28) take the form
dlp

(5.38) Em = n®(z12),
dl;
(5.39) @ =1,
dr.
(540) dilj = (81111)2 + (8962[1)2'

Explicit expansions of I; near the “source” (p small or, equivalently, 7o small) are
readily obtained from (5.38)—(5.40) using system (5.32) and solutions (5.33)—(5.34).
(Basically, such a procedure encompasses an expansion of (the argument of) n? about
the fixed initial point (x ,) in terms of y; o; we then substitute the small ;1 expansion
(5.32) for y1 o and re-expand the relevant coefficients about Z; 2.) These expansions
are only needed for matching the inner and outer solutions. They are given as needed
later (see (5.54)—(5.58)).

The amplitude expansion. Invoking expansion (5.23)—(5.25) into (5.19)—(5.20),
the equations determining the amplitude become
(5.41) 2P 8,,1b10 + 2Q Dy th10 + Lo[02, + 02, logly = 0,

(5.42) 2P 0y,1b20 + 2Q Dy 20 + (02,%10)% 4 (Ouptb10)” + (02, + 02 J1b10 = 0,
supplemented with the initial conditions

(5.43) Yo =120 =0 at z12=21],.

The next order equation, for 117, becomes

2P 0y, 11 + 2Q 02,0011 — (02, 11) (02, %10) — (02, 11) (0 ¥10)
(5.44) — 1002, + 92 Jlogly — $16[02, + 02,](11 /1) = 0,

supplemented with the initial conditions
(545) 11 = 0 at T1,2 = l‘/172.
In (5.41)—(5.42) and (5.44),

dyi;
dp

POy, hij + Q0rytij =

along a characteristic or ray. Upon solving these equations, about the stationary point
at ¢ = 0, we obtain the transform-domain expansion for the characteristic Green’s
function,

G(x1,2, 24 3 C) exp|—iko(z3 — 25)¢] = C \/% expliko(Io — 1C211) + o]

. 1 1 . I .
{ 1 —ikoC(z3 — %) + T < A + 1ha0 + iko(? (¢11 + ﬁ + 3liko (w3 — xg)]z)

(5.46) —$(iko(*)* 1> ) +... } .
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TABLE 5.1
Relevant equations.

I I Iz Y10 P20 P11
(5.38) | (5.39) | (5.40) | (5.41) | (5.42) | (5.44)

Carrying out the inverse Fourier transform with the method of stationary phase then
results in

—ikg 1/2 exp(ikolp)
G(x19, 3 — w3307 5) = C ( 5 ) eXp(¢10)W

L (3(,_BLY, (tu Lo aedo
(547) {1+1k‘0]o (8 (1 112 >+ ( Il +'(/120> Io+2[lk0(1'3 1'3)] Il —+ ... .

Effective index of refraction, effective metric and uniform asymptotic
expansion. As in the two-dimensional case [10], for notational convenience, we in-
troduce the effective index of refraction and effective horizontal distance as

(5.48) v= o v
I ’
(5.49) x1 = L],

where the arguments are evaluated along the characteristics, whereas
(5.50) r=[x3+ z2]1/2.

Then a uniform asymptotic expansion is

1 .
(5.51)  G(w12,23 — w3, 9) = - exp(ikovr) exp(10r? /x?)

4
T 3 1 Z/SIQ 4 ( w + w )
—s | = - — v(v
i/foVX% 3 " 11 T X1¥20
1 31, (x3 —x5)? .
+§ (1 - ) ( X%?”QS [ikovr(zs — 25)2 +r2 +x3] ) +. ..

The equations to be evaluated or solved are listed in Table 5.1.
In the outer region, x1 = O(1), whence

ERPWAY)
(5.52) é ~14 (:”3%(;3) =1+ 0(ky?),
o )\2
(5.53) vr =uvx1+ e i O(ky ),

2x1

and the uniform solution reduces to the outer solution (5.47) with

i 1/2
(o)
871'](;0
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On the inner region, x; = O(ky '), whence

o (- 22) 2] ()]

v 1 |[0? + 02]n o\ > on\ 2
(5:55) 13 (w1 + xat0) ~ 75 OLron (n> N (n> 7
(5.56) R [ —= =) (= ;
T ~ ny<1 + i { [ylal +y232]2n + <y181n>2 4 <y282n>2
24 n " -
2 2 oy
(5.57) + (aln> I (52”> ] (_y2+w)}>’
n n Y

1 1 1 on 2 Oom 2 5
5.58 —~—|1=-=|— - =1,
( ) T y( 24 [( n ) +( n y?
where 79 was defined in (5.35), and the argument of n is Z1 5. Substitution of these
results into the uniform solution yields the inner solution (5.10).

The inner and outer solutions match when x; = O(k, 2/ 3), which scaling defines
the boundary layer.

6. Uniform asymptotic expansion of the characteristic Green’s func-
tion: The presence of a caustic. In the generic case of a heterogeneous slab,
caustics will form in the transverse directions. Following the Maslov approach, we
note that there will always be two coordinates chosen from (y1,y2) and their Fourier
duals (11, 72) such that the solution in these coordinates remains asymptotically finite
and meaningful. The transition from one doublet of coordinates to another is followed
by the Keller-Maslov line bundle [11] that is accounted for in the solution’s ampli-
tude through a tensor product. We will discuss the mixed (y1,72) case here; together
with the previous section, all necessary combinations can be found by permutation of
coordinates.

We reconsider (3.4) once again,

[0k0 + kgn® (112)] G212, 23 — ;@) 5) = —6(w1 — 27)6(22 — 75)6(z3 — 25),

and introduce a slight change in notation,

Y1,2 =T12 *:C'Lg, z=u1x3— T},
We write the Green’s function in the form of an appropriate Fourier integral,

/ / kO A / .
(6.1) Glrr, 23 —w35219) = 5= | Gy1,712, 227 5) exp(ikonzyz) dne.

R

We now distinguish amplitude and phase according to

(6.2) Gyr,m2, 224 o) = Ayr,m2, 25 24 o) explikod(yr, n2, 21 2 ).
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The inner solution. We expand the index of refraction, n*(z} 5 + y1,2), in the
partial differential equation in y, about —g¢ where ¢ = 0,,¢. Upon substituting the
Fourier representation into the Helmholtz equation (3.4), after several integrations by
parts, we obtain the following equations.

Up to highest order (lowest order in (ikg)~!), we recover the eikonal equation,

viz.,

(6.3) P+t —n(z] oy, ah —q) =0,

where p = 0,,¢ and r = 0,¢. This is a pseudodifferential equation for ¢. In the spirit
of the solution method of characteristics, we deduce the Hamilton equations for the
bicharacteristics,

dy dp
T;:p’ 52(31M)(£U/1+y1>$/2_@,
dn dg
(6.4) dTQ = (O M)(@) + iy —q), = e,
dz dr
D" P
in which
M = %nQ.

The Hamilton system is supplemented with initial conditions at A = 0:

(65) (y17’l72,25)|0 = (03/8270)7 (p7q7r>‘0 = (/8170763)7 /812—’_/8%—’_/8?% :nQ(le2).
In the next order, we recover the transport-like equation for A, viz.,

(6.6) (02, + 02)A + 2ikgCA — DA = —5(y1)8(2),
in which

CA=[pdy, +70, + (0:M)(x] +y1, 75 — q) Oy, ] A
(6.7)  +5[05,0+ 020 — (BM) (2} +y1,75 — q) 07,0] A,

DA = [(5M)(a) + y1, 25 — q) 02, — (0, q) (D3 M) () + 1,25 — q) Dy, | A

+ [=5005,0) (03 M) (2} +y1, 25 — @) + 3(94,0)* (02 M) (2} + y1, 25 — q)] A

(6.8) + O((iko)™h).

Observe that on the inner region the y; and z derivatives are large, and, hence, the
inner transport-like equation reduces to

(6.9) (02, + 02) A+ 2ikgCA = —5(y1)5(2) + . ...

The phase function. First, we evaluate the solutions to the Hamilton (cf. (6.4))
and eikonal (cf. (6.3)) equations for small values of A. The parametric representation
of the Hamiltonian flow follows from (6.4) as

i =BA+EOM)N +...,  p=F+ (M)A +...,
(6.10) No = PBo+ (aM)N+ ..., q=—PoX— L(OM)N + ...,

z = P3A, r =P
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while, through integration of the canonical one-form along the bicharacteristic, the
phase function is found to be

(6.11) ¢ = (B + B3) A+ [B1(01 M) — 352(0: M) N + ...,

in which the substitution (0;2M) = (91,2 M )(x] 5) is understood.
Solving system (6.10) subject to the constraint in (6.5) for A, 51, B2, f5 in terms
of y1,1n2, z yields

(6.12) A= (R/M[1 =72 (3yy1(01M) + n2R(8:M)) + ... ],
(6.13) B = (v/R)[n +7_3(—%722(31M) +mey1 R(0eM)) + .. ],
(6.14) B2 =mn2 — (R/7)(0eM) + ...,

615) By = (r2/B)1+ 7~ (bya (M) + mR@:M) + .. ],

in which R = (y3 + 22)'/2 and v = [n%(2] 5) — n3]"/2. Substituting these solutions in
the remaining equations of system (6.10) gives

p= /Ry +7 3373 + R?) (01 M) + nay1 R(9:M)) + .. ],
(6.16) g = (R/M[—n2+7 *5(2m2(01 M) + (42 + 203)R(8:M)) + .. ],

r=(vz/R)[1+772 (3751 (01 M) + 12 R(02M)) + ... ],
whereas the phase function (6.11) takes the form
(6.17) ¢ =YR[1+77(371(01 M) + 3m2R(8:M)) + ... ].

The amplitude function. Having obtained the solution of the eikonal equation,
we now proceed with solving the transport-like equation. First, observe the following
property of functions F' of kq¢:

(02, + 02 + 2ikoC] F = k§(p® + r?)
L
ko¢

Using this property, the inner solution of (6.9) is constructed and found to be

n2(02 M )(z] 5)

F' +iF
(F' +iF) + ey

{F”+21F’+ (F' +iF — 4ikgpF") +}

(6.18) A= iexp(—ikoqﬁ)

(02 M)(1,)

{Hé”(ko<z>) P ko (1Y (ko) — L (ko) + } .

The outer solution. We assume that our wave field is a transient phenomenon
with dominant wave number ky. The outer region is determined by the condition

I(@1 = 27,22 — 25)] = O(1)

and corresponds to the behavior of the kernels away from their diagonals.
Amplitude expansion. In the outer region the derivatives of the amplitude A in
(6.2) are O(1). Thus we expand

1 1 (A
(6.19) A:W{A()Jriko(&;JrAl)Jr...}.
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With this definition, Ag and A; are continuous near the “source” (at x} ,). Substi-

tution of (6.19) into (6.6) and setting terms proportional to ka”+1/27 n=20,1,...
equal to zero yields the transport equations

)

(6.20) LAy =0,
LAl o ¢1/2D(¢*1/2A0) + 851140 +6§A0
1 3q
+ @M+ n,sh — ) (Odo + 3 L0 )
where
A
LA = 2% - { ¢ (02, + 92]loge
q
(6.22) —5(321\4)(96’1 +y1,2h — q) — (8,,9) (O3M) (2 + y1, 25 — q) } A

The nonhomogeneous terms in (6.21) are continuous near the “source.”
In preparation for matching the inner and outer solutions, we consider the small
A expansion of the solutions to (6.20)—(6.21):

362N (0 M) (]
Ag — Aolo (1 — ﬂ24((5122+)ﬁ(5172) + .. )
362(0x M) ()
(6.23) = Aolo <1 ~ ﬂi((;% :%ﬁw +>

Thus near the “source,” (6.19) takes the form

o 1\"? 1 38(0:M)(a} ) 1 1
A<ko¢> {AO|O<1+8U€0¢_ 82057 + 53)° [s¢+%])+%A1|O+...}.

(6.25)

Inner solution on the outer scale. In preparation for developing the inner
solution on the outer region, we observe the asymptotic behavior of the amplitude
given in (6.18): We have

i\Y? 1 3n2(02M)(] 5) 5
(6:26) A= (87Tko¢) {H Sheo 4 { - &ko} +}

as koo becomes large. On the other hand, approaching the “source” as A (i.e., ¢)
becomes small, in this expression, gives

72 B2
_

v B+ 3B

cf. (6.10).
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Uniform asymptotic expansion. Maiching the inner solution on the overlap-
ping region. The overlapping region is governed by A small and kg large, i.e., ¢ small
and koo large (or R = O(kal/g), where R was defined just below (6.15)). Comparing
(6.25) with (6.26) yields the initial conditions for Ay and Aj,

; 1/2

(6.27) Aolo = (Sﬂ> |
Ayl = (i)” 985(0> M) (4 2)
1O\ 8x 16(62 + 32)2

Thus the initial conditions for Ag and A; are determined by matching the outer
expansion to the inner solution on the overlapping region. It is only now that the
outer solution is fully determined.

Uniform expansion. Finally, the uniform expansion is obtained by adding the
outer solution ((6.1), (6.2), and (6.19)) to the inner solution ((6.1), (6.2), and (6.18))
and subtracting the matching terms on the overlapping region (equation (6.26)). How-
ever, in the inner region caustics will not have developed yet and, hence, there the
noncaustic uniform asymptotic expansion of the previous section will apply.

(6.28)

Expansion in z = O(ky ). For use of the expansion of G' in the kernels of
the vertical slowness operator and the thin-slab propagator, we will have to make the
assumption that the propagation distance satisfies

(629) ko |£L‘3 — $é| = O(l)
N——

z

Exploiting the small range of propagation to yield the thin-slab propagator, we expand

(6.30) p=1Iy+ 3L+ 32" L+ ...
(631) AO == AOO + 22A01 + ... 5
(632) A1 =Ap+...,

where Ig, I, I> and Agg, Ag1, Ao are independent of z.
The phase function. Substituting the expansion for ¢ in (6.3) yields up to leading
order

(6.33) P23 —n?(zy +y1, 25 — Q) =0,

where P = 0,1y and @ = 0,,1p. The associated Hamilton system, i.e., the counter-
part of (6.4) with the preferred (principal) components removed, becomes

dy dpP
wu =P T = @M@+ yw5 - Q),
(6.34) . 10
n
T::(82M)($/1+y17x/2762)7 @:77727

supplemented by the initial conditions (cf. (6.5))

(6'35) (yl>n2)|0 = (070‘2)7 (P7Q)|0 = (04170), O‘% + O‘% = nQ(xll,2)'
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The equation for the next order term follows as

drl
(6.36) d—; +I12=0
with solution
1
6.37 I =—.
(6.37) .

(The initial condition has been matched with the inner solution.)
The equation for I, follows as

drI
(6.38)  Zr+Alhi+ (00" — (M) +yah = Q)Onl)” = 0.
This equation simplifies from a computational point of view upon scaling Iy = p=*Iy;
then
dl 2 2 / / 21 4
(6.39) T [0y, 11)" = (O M)(2y + 1,25 — Q) (On, 1) |1 =0,

supplemented by the initial condition
(6.40) Lo = 0.

We evaluate the solutions to the Hamilton (equation (6.34)) and eikonal (equa-
tion (6.33)) equations for small values of u. The parametric representation of the
Hamiltonian flow follows as (compare with (6.10))

y1:a1u+%(81M)u2+..., P:a1+(81M)u+,
(6.41)
N2 =ax+ (M)p+..., Q= —agp— 5(M)p*+ ...,

while the leading-order constituent phase function is found to be (compare with (6.11))
(642) Iy = OC%M—F [Oll(alM) — %ag(agM)] ,u2 + ...,

in which the substitution (0; 2 M) = (91,2 M )(x] 5) is understood.
Solving system (6.41) subject to the constraint in (6.35) for u, a, s in terms of
y1, M2 yields

(6.43) =y l/MNL =72 (G (01M) + n2ly1|(02M)) + .. ],
(6.44) a1 = (v/|ly1))y1 + v *neyi(0aM) + .. ],
(6.45) ag =n2 — (|y1] /)2 M) + ...,

in which y = [n%(z} ,) — n2]"/2

yields (compare with (6.17))
(6.46) Io =y l[1+ 772Gy (0LM) + §m2ly1] (82 M) + ... ).

Amplitude expansion. Upon substituting (6.30)—(6.32) into (6.20)—(6.21), and
collecting leading-order terms, the equations for Agy and A follow as

as before. Substituting these solutions into (6.42) then

(6.47) LAgo =0,

~ 3 ~
(648) LA10 + 2A01 — 1%(82]\4—) (1'/1 + Y1, .’EIQ — Q) AOO — DAOO = 0,
0
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where
~ dA
LA = 2@ + | Iy 85110g10 + I — IQO((?QM)(QS/l + y1,$(,'12 -Q)
(6.49) — (O, QOEM)(2) +y1, 75— Q) | A,
_ 1
DA=-02 A~ 7, (02M)(@) +y1, 05 — Q) 8, A
d
+1,° [ (O3M) () +y1,75 — Q) (8%2 + "QQ)
21,
— (D3M)(@) + y1, 75 — Q)((93,Q)0n, + 1(83,Q))
A
(6.50) +5 (03 M) () + y1, 25 — Q) 5(0,,Q)° ( ] ) ’
0

supplemented with the initial conditions (compatible with (6.27)—(6.28))

L\ 1/2
(6.51) Agolo = (8) )
™

a1} 982000 (5%)
o = { 5= 67 1 3)?
The next order equation, for Ay, yields (cf. (6.20))

(6.52)

(6.53) LAg; + 411 Aoy + Ly Ago = 0,
where

LiA = (93, 1)(0, A) — (D L)@ M) (@} + 31,25 — Q)(0,,4)

9 2P(0,,I;) P?L 217
+1 ((8y111)— Iz + 7 + 31 —IO)A
v [ (%t - 22 ua)(ah + .03 - Q)
0 0
+ (900 @2.1) @Gt +ay - Q)
(6:51) (00,10, Q)M (ah + 1,25~ Q) | A

This equation simplifies from a computational point of view upon scaling Ag; =
2 Ag1; th
#~"Ap1; then

(655) Z/_l(n + /,LQZIAOO =0
with the initial condition Agy|o = 0.
We remark that the inhomogeneous term in (6.55) is continuous at the “source”
(95/12) and
3ag(0aM)(] »)

80[4/1 A00|0 as on— 0,
1

Aot — —
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TABLE 6.1
Relevant equations.

Ip Iy I Aoo A1o Aot
(6.33) | (6.37) || (6.39) || (6.47) | (6.48) || (6.55)

cf. (6.41) for @ and (6.42) for Iy. The inhomogeneous term in (6.48) is continuous at
the “source” (] ) since

39
412

3 ag (0 M )
(82M)(m’1+y1,x'2—Q)—>7—( 4)< 12) as  pu— 0.
4 app
Effective index of refraction and effective metric. Again, we introduce an
effective index of refraction and effective horizontal distance as

(6.56) v = [Ioh]"?,
T 1/2
(6.57) X1 = [IJ )
where the arguments are evaluated along the characteristics, whereas
(6.58) r= D3 + Y2
Then

(6.59) G123 — 2552 )
ko 1 ) 1/ Ago

2 Jy (kovr)'/? A+~ (o -+4 L bd
27T/R(/{;0W)1/2 exp[lko(ur—i—?h?n)]{ 00 + o ( ” + Ao ) + N2,

cf. (6.1), (6.2), (6.19), which represents the outer solution. The equations to be
evaluated or solved are listed in Table 6.1.

7. Uniform asymptotic expansions of the vertical slowness operator
and the one-way wave propagator.

The square-root operator kernel. Using (4.8), upon carrying out repeated
differentiation, we arrive at the uniform asymptotic expansion of the square-root
operator kernel,

i .
(7.1)  C(x1,2, 7 o5 73) = 5——5 exp(ikovx1) exp(¢10)

2rwx;
3 V312
3 1——= ) + v + x1¢20)
X

1

ik 2 1
(ikovx1 + 2110) + o,

1 37
_Z (1+V 2>+... ,
2 X1

in the absence of caustics, and the outer expansion,

ik .
(7.2) 0(331,2’95/1,25375) == / expliko(vx1 + M2y2)]
wT R

1 ) 3
{(Vxl)l/QX% <(1/€0VX1 - 8) Ago + 2x3 Ao + vx1Aio + - ) } dna,

in the presence of a caustic, to the order considered.
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The propagator kernel. Using (4.2), we arrive at the uniform asymptotic ex-
pansion of the one-way propagator kernel,

(7.3) G2, 23 — x3;7] )

ikoy 2
= —2(z3 — z%) <O + 7/1210> G(r1,2, 03 — 57 o)
r X1
1 2
qre: exp(ikovr) exp <¢;O%T )

~1+ L (i- VL (4xT + (w3 — 25)*(r2 + x| + ...
8xir? X1

in the absence of caustics, and the outer expansion,

ko ($3 - xé)
ot _
(74) g(xl,Q’x3 - x37$1,2) - _? R 7"2(]4301/7")1/2
3
GXp[iko(VT + T]ng)] { <ikol/?” — 8> AOO + V?"Alo + 27"21401 +.. } d’r]g,

in the presence of a caustic, to the order considered. In both cases, we observe that

lim G(x12, %3 — 2357 5) = 8(x12 — 7 o),
x3lal ’ ’

as it should.

8. Discussion. One of the main objectives of directional wave field decomposi-
tion is the introduction of the concept of “tracing waves.” A general theory for this,
employing the complete generalized Bremmer coupling series, has been developed
before. The application of the series, however, depends on solving an operator com-
position equation, the characteristic equation, and an associated one-way wave equa-
tion. In this paper, in smoothly varying media, we have obtained uniform asymptotic
expansions for both solutions valid in the “high- and mid-frequency” wave regime.

The method of uniform asymptotics consists of three components: (i) the con-
struction of a “far-field” or “outer” solution, representing an operator kernel away
from its diagonal and obtained by microlocal techniques suppressing locally medium
variations in the principal (here vertical) direction; (ii) the construction of a “near-
field” or “inner” solution, representing the operator kernel near its diagonal and ob-
tained mostly by Taylor-like expansions; (iii) matching the inner and outer solutions
in a boundary layer to all orders considered.

The result is a one-way wave field representation that is truly more general than
its microlocal counterpart. For example, the microlocal treatment of the one-way op-
erator solutions to the characteristic equation would require cut-offs removing critical-
angle scattering phenomena. Also, modal behavior is naturally included in our frame-
work of uniform asymptotics. Conceptually, our theory is an intermediate between
asymptotic-ray and full-wave theories in the sense that our theory is still asymptotic
but valid in a much larger frequency band (see also Thomson [12]).

From a computational perspective, the uniform asymptotic one-way wave propa-
gator falls into the category of propagators associated with the paraxial wave equation,
the phase-screen or split-step Fourier approximation, the phase-shift-plus-interpolation
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method, and so on. However, it does not suffer from any of the limitations of these
approaches. A desirable feature of a closed-form solution as presented in this paper
is its ease of use, in particular with a view to taking caustics into account. (In this
context, for a comparison with a ray tracing approach, see Ziomek [13]).

Hidden in the uniform asymptotic expansions are certain aspects of homogeniza-
tion: we have introduced an effective index of refraction and an effective metric, which
follow from the actual medium variations and are evaluated by means of ray methods.

Throughout the paper, the configuration has been assumed to be three-
dimensional. Previous two-dimensional results, obtained by more restrictive argu-
ments, are recovered by assuming that d;n = 0 and integrating the characteristic
Green’s function over ys.

As a final remark, we indicate how variable density can be incorporated in the
analysis. For details on how it affects the decomposition procedure, see de Hoop [1].
The key in the approach presented in this paper is the introduction of an effective
wave speed, ¢/ (z1,9,w) = ¢5 °n/* (21,9, w), with

3[(D 2+ D 2 D2+D2
n/2(x1727w):n2(x1,2)+63 [( 1P)4p2( 2p)”] 7( 1 5 3)p . p = plx1, z2).

This change requires some straightforward adjustments of the asymptotic matching.
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