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Abstract

Seismic data is modeled in the high-frequency approximation, using the techniques
of microlocal analysis. We consider general, anisotropic elastic media. Our methods
are designed to allow for the formation of caustics. The data is modeled in two ways.
First, we give a microlocal treatment of the Kirchhoff approximation — where the
medium is assumed to be piecewise smooth, and reflection and transmission occurs
at interfaces. Second, we give a refined view on the Born approximation — based
upon a linearization of the scattering process in the medium parameters around a
smooth background medium. The joint formulation of Born and Kirchhoff scattering
allows us to take into account general scatterers as well as the nonlinear dependence
of reflection coefficients on the medium parameters. The latter allows the treatment
of scattering up to grazing angles.

The outcome of the analysis is a characterization of the singular part of seismic
data. We obtain a set of pseudodifferential operators that annihilate the data. In
the process we construct a Fourier integral operator, and a reflectivity function, such
that the data can be represented by this operator acting on the reflectivity function.
In our construction this Fourier integral operator becomes invertible. We give the
conditions for invertibility for general acquisition geometry. The result is also of
interest for inverse scattering in acoustic media.
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1 Introduction

In the seismic experiment one generates elastic waves in the Earth using sources at
the surface. The waves that return to the surface of the Earth are observed (in fact
sources and receivers are not always on the surface of the Earth, this case is also
considered). The problem is to reconstruct the elastic properties of the subsurface
from the data thus obtained.

The subsurface is given by an open set X C R". In practice n = 2 or 3, but we
leave it unspecified. Subsurface position is denoted by z. Sources and receivers are
contained in the boundary 0X of X. Their position is denoted by Z, Z, respectively.
Measurement of data takes place during a time interval |0, 7'[. The set of (&, Z,t) for
which data is taken is called the acquisition manifold Y'; we assume that coordinates
y' on Y’ are given. We assume that the displacement of the waves is measured for
point sources at z,t = 0 with all its components, both at the source and at the
receiver. Thus we assume that (after preprocessing) the data matches the Green’s
function Gy (2, z,t), for (2,%,t) € Y.

We refer to the codimension of the set of Y/ € 0X x 90X x]0, T as the codimension
of the acquisition manifold and we denote it by c¢. For example, in marine data the
receivers may lie along a line behind the source, in which case we have n = 3,¢c =1,
0X = {ZE R |.’II3 = 0}, Y' = {(.’i‘,jﬁ,t) € R3 XR?’X]O,TH.%:; =1I3= 1%2—.’2'2 = 0} So
the data is a function of 2n — 1 — ¢ variables. From this data we aim at determining a
function of n variables, hence there is a redundancy in the data of dimension n—1—c.

Our approach follows the work of Beylkin [3, 4], and other authors (see the refer-
ences below), applying microlocal analysis to the seismic inverse problem. Microlocal
analysis and the theory of Fourier integral operators is described in the books by
Hormander [16, 17, 18], Duistermaat [11], and Treves [30, 31]. Beylkin [4] considered
the seismic inverse scattering problem in acoustic media with constant density. He
modeled the data using the Born approximation, where the scattering is linearized
in the medium coefficients. The medium perturbation dc(z) acts as a distribution
of scatterers superimposed on a smooth background medium c¢(z). Given the back-
ground medium ¢(z) an operator was given to reconstruct dc(z) microlocally from an
n-dimensional subset of the data (from data that is a function of n variables). This
was done under certain conditions on the rays. In particular the situation where the
wavefronts form caustics was excluded.

When the data is redundant in the sense that the available data is a function of
more than n variables, then the data can be seen as a family of n dimensional datasets,
where each n dimensional subset in the family has a fixed value of some coordinate,
that we refer to as e (in terms of acquisition variables this would be the collection of
offset coordinates Z — &). The result of the inversion, let us call this the reflectivity
r(z,e), should not depend on e. This is the criterion that must be used to determine
the background medium from the data, see e.g. Symes [28]. In summary, under the
Assumptions made by Beylkin [4], there is microlocally an invertible map, mapping
seismic data to a reflectivity function r(z,e), of which the singular part should not
depend on e.

In this paper we will generalize the results of Beylkin and Symes in two directions.



First, we remove the restriction that there cannot be caustics. Such a transformation
from data to a reflectivity function r(z, e) was previously not defined for data in the
neighborhood of a caustic from the scattering point, even in acoustic media. Second,
we consider general elastic media instead of acoustic media. We decouple the system
into scalar equations (see Taylor [29], Ivrii [19], Dencker [10]) and apply Fourier
integral operator techniques to take into account the situation where the wavefronts
form caustics. We give results for all orders.

The fact that we consider general elastic media makes the result technically more
complicated, and may make it more difficult to see some of the essential ideas, that can
be applied also to the acoustic case. On the other hand, there are several good reasons
why the results are particularly useful in elastic media. For instance, caustics form
‘instantaneously’ in elastic media; they may even occur in constant coefficient media.
Also for elastic media the dependence of reflection coefficients on the scattering angle
is more complicated, and it is more important to use this information in the inversion
of seismic data.

The data is modeled in two ways. In Section 3 we assume that the medium consists
of different pieces with smooth interfaces between the different pieces. The medium
parameters are assumed to be smooth on each piece, and smoothly extendible across
each interface, but they vary discontinuously at the interface. We discuss how to
model the high frequency part of the data using Fourier integral operators, following
the approach of Taylor [29]. In this way we construct a generalization of the Kirchhoff
approximation. In Section 4 we discuss the Born approximation. This is essentially a
linearization, where the medium parameters are written as the sum of a background
medium and a perturbation that is assumed to be small. It is assumed that the
background is smooth and that the perturbation contains the singularities of the
medium.

The main result is the characterization of seismic data in Theorem 7.1. The multi-
modal data can be written as an invertible Fourier integral operator Hj,y acting on
a ‘reflectivity’ distribution ry/n(z, €), that is a function of subsurface position z and
the additional variable e, essentially parameterizing the scattering angle and azimuth.
The position of the singularities of rp/n(z,e) does not depend on e. In the Kirch-
hoff approximation for elastic media the function r3/n(,€) equals to highest order
Run(z,€)]|22]/6(z,(2)), where Ryn(z,€) is the appropriately normalized reflection
coefficient for the pair of elastic modes (M, N), and || %2||6(zn(x)) is the singular
function of the interface. For the Born approximation 7y (x,e) is given by pseu-
dodifferential operators that take into account the radiation patterns acting on the
medium perturbation.

The result is new even for acoustic media. In that case the coordinate e can be
chosen as scattering angle and azimuth. For acoustic media such a map has been
constructed to highest order only when the acquisition point is not at a caustic from
the scattering point, see Xu, Chauris, Lambaré and Noble [2].

The new step in the proof that is needed to deal with the presence of caustics is
given in Section 5. The coordinate e is a priori only defined on the coisotropic subset
L C T*Y'\0 that contains the wavefront set of the data (the subset Ly in Ten Kroode
et al. [21]). To construct an invertible Fourier integral operator from data to the



function ran(z,e), the coordinate e has to be defined on an open part of 7*Y”'\0.
This is done in Lemma 5.1, where we construct an extension of the coordinate function
e from £ to an open neighborhood of £ in 7*Y'\0. The extension is not unique. In
Xu et al. [2] the choice of the extension is made implicitly by using that, given the
scattering point z, there is a locally diffeomorphic map from the source and receiver
coordinates (%,Z) € 0X x 0X to the dip and the scattering angle/azimuth (in the
notation of Section 5 given by (£/||€||,€)), assuming that the acquisition points are
not at a caustic from z.

The results hold microlocally away from points in the cotangent space T*Y'\0
that violate our Assumptions 1 to 5, introduced in the main text. The assumptions
exclude certain degenerate ray (bicharacteristic) geometries. For example, Assump-
tions 1, 2, and 3 exclude rays that go through a singularity of the slowness surface,
rays tangent to an interface, and direct rays from source to receiver, respectively. In
general, the set of (y',n') € T*Y'\0 where the assumptions are violated has lower
dimension than the dimension of 7*Y”"\0. The data associated to such (y',7') can be
muted using a pseudodifferential cutoff.

As a consequence of Theorem 7.1 we obtain results about the reconstruction of the
medium parameters. Given the medium above the interface the function ryx(z, e)
and hence the position of the interface and the reflection coefficients can be recon-
structed by acting with the inverse H,;5 on the data, see Corollary 7.2. For the
Born approximation a similar result holds, but an inverse is also obtained directly in
Theorem 4.5.

When the data is redundant (c sufficiently small) there is in addition a criterion
to determine whether the medium above the interface (the background medium in
the Born approximation) is correctly chosen. The position of the singularities of the
function 74 (z, €), obtained by acting with H;; on the data, should not depend on
e. There exist pseudodifferential operators Wy n(y', Dys) that, if the medium above
the interface is correctly chosen, annihilate the data, see Corollary 7.3. This allows
one to do differential semblance optimization [28] in elastic media with caustics.

We discuss some of the literature on this subject. There have been many publi-
cations about high-frequency methods to invert seismic data in acoustic media. The
reconstruction of the singular component of the medium coefficients in the Born ap-
proximation, without caustics, has been done in the papers by Beylkin [3, 4]. Bleistein
[6] discusses the case of a smooth jump using Beylkin’s results. It has been shown
by Rakesh [26] that the modeling operator in the Born approximation is a Fourier
integral operator. Hansen [13] studied the inversion in an acoustic medium with
multipathing for both the Born approximation and the case of a smooth jump. Ten
Kroode, Smit and Verdel [21] also treat the case of seismic imaging in the presence
of multipathing. They discuss in more detail the assumptions (most importantly As-
sumption 5ii) below) that are made about the geometry of the rays underlying the
scattering. Stolk [27] discusses the case when Assumption 5ii) is violated. Nolan
and Symes [25] discuss the imaging with different acquisition geometries. The article
by Symes [28] discusses the reconstruction of the background medium in the Born
approximation.



The mathematical treatment of systems of equations, such as the elastic equations,
in the high-frequency approximation has been given by Taylor [29]. This fundamen-
tal paper also discusses the interface problem. Beylkin and Burridge [5] discuss the
imaging of seismic data in the Born approximation in isotropic elastic media, under
a no-caustics assumption. De Hoop and Bleistein [14] discuss the imaging in general
anisotropic elastic media, using a Kirchhoff-type approximation. The Born approxi-
mation in anisotropic elastic media allowing for multipathing is discussed by De Hoop
and Brandsberg-Dahl [15].

An overview of the paper follows. In Section 2 we discuss the propagation of waves
in smooth, elastic media. First, we discuss how asymptotically the elastic system can
be decoupled by conjugating with appropriately chosen pseudodifferential operators
(a technique that is common in mathematics, but not in the seismic literature). Then
we discuss the construction of asymptotic solutions for the decoupled equations using
Fourier integral operators. In Section 3 we discuss the reflection and transmission
of waves at a smooth interface. We explicitly construct Fourier integral operators
describing reflected and transmitted waves. These solutions were already discussed,
but not explicitly constructed, by Taylor [29]. Thus we prove directly the validity of
the Kirchhoff approximation, which is not obvious from e.g. De Hoop and Bleistein
[14]. In Section 4 we discuss the modeling and inversion of seismic data in the Born
approximation. This is important both in its own right and for the reconstruction
problem if we model using a smooth jump. We give a comprehensive presentation
for the case of general, anisotropic media with general acquisition geometry. We
discuss in detail the assumptions that are needed. In Section 5 we characterize the
geometry of the wave front set of the data. Under the assumptions of Section 4
this set is contained in a coisotropic submanifold £ of the cotangent space T*Y"'\0.
We discuss the extension of symplectic coordinates on £ to a neighborhood of £
in 7*Y'\0. In Section 6 we establish microlocally a correspondence between the
Kirchhoff approximation and the Born approximation. After the preparations of
Sections 2 through 6 the derivation of our main result in Section 7 is relatively simple.
We discuss a characterization of seismic data and some consequences, in particular
the reconstruction of the position of the interface and the reflection coefficients given
the medium above the interface. Finally we construct pseudodifferential operators
that annihilate the high-frequency part of the data. In principle these can be used for
the reconstruction of the smoothly varying medium parameters above the interface
(or of the background medium in the Born approximation).



2 Propagation of elastic waves in smoothly varying
media

2.1 Decoupling the modes

The elastic wave equation is given by

2
(p 5”% - aixjcijklaixl) (displacement); = (volume force density);. (1)
Here p(x) is the volume density of mass and ¢;;x(z) is the elastic stiffness tensor, and
1,5,k 1l=1,... n.

In order to diagonalize this system, thus decoupling the modes of propagation, it
is convenient to remove the z-dependent coefficient p in front of the time derivative.
Thus we introduce the equivalent system

Pow = fi, (2)
where
w; = +/p(displacement);, fi= %(volume force density);, (3)
and
P, X 0w O (4)

o2 Oz; p Oxy

is the partial differential operator. Here, we use that p is smooth and bounded away
from zero. Both systems (1) and (2) are real, time reversal invariant, and satisfy
reciprocity.

We describe how the system (2) can be decoupled by transforming it with appro-
priate pseudodifferential operators, see Taylor [29], Ivrii [19] and Dencker [10]. The
goal is to transform the operator P; by conjugation with a matrix-valued pseudo-
differential operator Q(z, D)y, D = D, = —i%, to an operator that is of diagonal
form, modulo a regularizing part,

Q(z, D)]T/[lZ Py(z, D, Dy) Q(z, D)y = diag(Py(z,D,Dy); M =1,... ,n)un, ()

D, = —i%. Here, the indices M, N denote the mode of propagation. In fact, for the
construction of Fourier integral operator solutions as in the scalar case, it is sufficient
to transform the partial differential operator to block-diagonal form, where each of the
blocks Pys(z, D, D) has scalar principal part (proportional to the identity matrix).
In this case we will use the indices M, N to denote the block, and we will omit indices
for the components within each block. Let



The system (2) is then equivalent to the uncoupled equations
Pu(z, D, Di)un = fur- (7)

The time derivative in P; is already on diagonal form; hence, we only have to
diagonalize its spatial part,

Ail(x,D) = -

So we have to find Q;3; and Ay, such that (5) is valid with Py, Py, replaced by Ay, Ay
The operator Py, is then given by
52
PM(.’E, D, Dt) = w + AM(ZU, D)

In view of the properties of stiffness, the principal symbol Aﬁ’lﬁn(m, €) of Ay(z, D)
is a positive symmetric matrix, so it can be diagonalized by an orthogonal matrix.
On the level of principal symbols, composition of pseudodifferential operators reduces
to multiplication. Therefore, we let Q};,"(, &) be this orthogonal matrix, and we let
AV (2, €) be the eigenvalues of AY™(z,€), so that

B (3, €) AR (2, €) QIR (1, ) = diag (AL (w,€))arw- (8)
The principal symbol QP (x, €) is the matrix that has as its columns the orthonor-
malized polarization vectors associated with the modes of propagation.

If the multiplicities of the eigenvalues A%;"(x,&) are constant, then the principal
symbol Q) (z,€) depends smoothly on (z,£) and microlocally equation (8) carries
over to an operator equation. Taylor [29] has shown that if this condition is satisfied,
then decoupling can be accomplished to all orders, where each block corresponds to

a different eigenvalue. In fact, he proved the following slightly more general result.

Lemma 2.1 (Taylor) Suppose the pseudodifferential operator Q;p(x, D) of order 0
15 such that

- _ (Aq)(z, D) 0
Qe D)l Ple, D = (YOF P E o)) kot Dl

where the symbols Aqy(x, &), A2 (z,&) are homogeneous of order 2, and a(x,&)mn is
polyhomogeneous of order 1. Suppose the spectra of Any(x,§), Aw)(z,§) are disjoint
on a conic neighborhood of some (z9,&) € T*X\0. Then by modifying Q with lower
order terms the system can be transformed such that

_ a‘(l) (.T, D) 0 . .
a(x,D)yn = < 0 a (D)), + smoothing remainder,

microlocally around (xq,&).



This implies that if the multiplicity of a particular eigenvalue AP (z,£) is con-
stant, then the system can be transformed such that the part related to this eigenvalue
decouples from the rest of the system, modulo a smoothing remainder. In this work
we will assume that at least some of the modes decouple (microlocally). This is stated
as Assumption 1 below. At that point we will also discuss whether this assumption
is satisfied in relevant cases. '

We now give an alternative characterization of the quantities AY™(z,&) and

P (x,€). The values 7 = £/ A% (x, €) are precisely the solutions to the equa-

tion
det PP (z,€,7) = 0. (9)

The multiplicity of Aﬁf[in(x., €) is equal to the multiplicity of the corresponding root
of (9). The columns of Q%" (z, ) satisfy

P € ker PI™(z, €, 1/ AR (2, €)).

Since Pﬁrin(ac, &, 7) is homogeneous in (£, 7), one may choose to use the slowness vector
—771¢ instead of the cotangent or wave vector £ in calculations. The set of —7 1€
such that (9) holds is called the slowness surface, which can be easily visualized.
A section of the slowness surface for the case of a transversely isotropic medium
in 3 dimensions is given in Figure la. Note that the slowness surface need not be
convex. The multiplicity of the eigenvalues changes at the points (directions) where
the different sheets intersect.

The second-order equations (7) clearly describe the decoupling of the original sys-
tem into different elastic modes. In addition, equations (7) inherit the symmetries of
the original system. It is easy to see that they are time-reversal invariant. The opera-

tors Qin(z, D), Apr(x, D) can be chosen in such a way that Q;u(z, &) = —Qin(z, =£),
Ap(,8) = Ay (x,€). Then Q;nr, Ay are real. We argue that equations (7) also sat-
isfy reciprocity. For the causal Green’s function G;;j(x, zo,t — ty) reciprocity means
that G;;(z, zo,t —to) = Gji(zo, x,t —to). We show that such a relationship also holds
(modulo smoothing operators) for the Green’s function G (x,xg,t — %) associated
with (7). The transpose operator Q(z, D)",, (obtained by interchanging x,z, and
i, M in the distribution kernel Q;ns(z,zo) of Qin(z, D)) is also a pseudodifferential
operator, with principal symbol QP""(z, £)%,.. As noted before for the principal sym-
bol, it follows from the fact that Afj = A;; that we can choose () orthogonal, i.e. such

that Q(z, D)inQ(x, D)4y; = 6ij- From the fact that

Gu(z,20,t — to) = Q(z, D) 1fiGij (2, w0, t — t0)Q (0, Dag ) jnr

it then follows that microlocally G is reciprocal, i.e. Gy (z, o, t—to) = G20, T, t—
tp), modulo smoothing operators.

Remark 2.2 We already observed that if an eigenvalue A" (z, £) has constant mul-
tiplicity mps > 1, then uys is an m-dimensional vector and (7) is a mas X mps system,
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with scalar principal symbol. For such a system a microlocal solution can be con-
structed in the same way as for scalar systems, see the next subsection. In this case
all kinematic quantities, such as bicharacteristics, phase functions, and canonical re-
lations depend only on M. Other quantities such as uy; and Q;p(z, D) will have
multiple components. The Green’s function GG, and its amplitude A, to be intro-
duced above (20), then are mjy; X mjs matrices. To simplify notation we do not take
this into account explicitly. However, the reader may check that the results of this
work can be generalized to this case.

2.2 The Green’s function

To evaluate the Green’s function we use the first-order system for u,, that is equivalent
to (7). It is given by

a(5) = Caten o) (8) < () w0

This system can be decoupled also. Let By, (z, D) = \/Ap(x, D), which is a pseudo-
differential operator of order 1 that exists because A, (z, D) is positive definite. The
principal symbol of By (z, D) is given by B (z, &) = 1/ A" (z,£). We find then
that (10) is equivalent to the following two first-order equations

0

(a + IBM($, D)> ’LLM,:t = fM,:I:; (11)

upon transforming

_18’1,61\/[
ot ’
fM,:I: = :|: %IBM(.’E, D)ilfM. (12)

Up+ = %’U,M + %IBM(SE, D)

We construct operators Gy, with distribution kernel Gy 1 (, xo, t) that solve the
initial value problem for (11). Then using Duhamel’s principle we find that

t
up,(z,t) = / Gz, 0, t — to) far,+ (20, to) dag diy.
0

It follows from (12) that the Green’s function for the second-order decoupled equation
is then given by

GM(.Z‘, Zo, t) = %iGM,+($, Zo, t)BM(~T07 Dmo)_l - %iGM,—(xa Zo, t)BM(xm Dmo)_l'
(13)

The operators G+ are Fourier integral operators. Their construction is well
known, see e.g. Duistermaat [11], Chapter 5. The singularities are propagated along
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Figure 1: (a) Section of a slowness surface (the characteristic surface) for a trans-
versely isotropic medium in n = 3 dimensions. (b) Set of velocities associated to the
slowness surface in a). Note the caustics that occur due to the fact that one of the
sheets is not convex.

the bicharacteristics, that are determined by Hamilton’s equations generated by the
principal symbol (factor i divided out) 7 + BY,™(z, &) of (11). These equations read

oz D orin or
a_ :ta_é-BM (x,f), o\ _15

) - or

%= B, =0 (14)

The solution may be parameterized by t. We denote the solution of (14) with the
+ sign and initial values xg, & by (2 (o, &o,t), Epr(xo, &0, t)). The solution with the
— sign is found upon reversing the time direction; in other words, it is given by
(xar (o, &0, —1), Enr (o, &o, —t)). Observe that the group velocity (the velocity % of
the bicharacteristic) is orthogonal to the slowness surface. Where the slowness surface
fails to be convex, caustics may arise instantly from a point source. An example is
shown in Figure 1b.

The canonical relation of the operator G+ is given by

CM,:I: = {(xM(xm 507 :l:t)v ta gM(xO7 507 j:t)7 :FBM,:I:('T07 50)7 Zo, 50)} (15)

A convenient choice of phase function is described in Maslov and Fedoriuk [23]. They
state that one can always use a subset of the cotangent vector components as phase
variables. Let us choose coordinates for C'ys 4 of the form

(x'Ia'TOagJaT)a (16)

where I U J is a partition of {1,...,n}. It follows from Theorem 4.21 in Maslov and
Fedoriuk [23] that there is a function Sy (21, %0,&s,7), such that locally Cy . is

10



given by

o= 0SS+ b 0Sm +
T o - or
aSM + 6SM =+
— L) = - — . 1
&r az; &o a1, (17)

Here we take into account the fact that C'y/ . is a canonical relation, which introduces
a minus sign for &. A nondegenerate phase function for Cj; 4 is then found to be

d)M,-l-(x’anta gJaT) = SM,-I—(wIawOa £J’T) + <§J,SCJ> + Tt. (18)

On the other hand, the canonical relation Cy,_ is given by

CM,— = {(xata _ga —T; o, _g()) | (I: ta 5;7—; 150,50) € CM,-I-}‘

Thus a phase function for Cy _ is ¢u,—(z, 20, ¢, €5, T) = —Om+ (2, o, t, =5, —7). We
may define the canonical relation for Gy as Cyy = Cur,+ UChy,— and a phase function
¢M :¢M,— ifT>0, ¢M: ¢M,—|— if 7 <O0.

We have to assume that the decoupling is valid microlocally around the bichar-
acteristic. In that case Theorem 5.1.2 of Duistermaat [11] implies that the operator
G .+ 1s microlocally a Fourier integral operator of order —i. Hence, microlocally we
have an expression for Gjs,+ of the form

_JI+1 2n+41

GM,:I: (33, Zg, t) = (271') T2 4 / AM,:I: (.73[, Zo, fJ, T)ei¢M’i($’$0’t’£J’T) d&] dr. (19)

The factors of (27) in front of the integral are according to the convention of Treves
[31] and Hormander [18].

The amplitude Ay 1 (2, zo, &y, T) satisfies a transport equation along the bichar-
acteristics (zps (o, &, 1t), Enr (0, &0, t)). Properties of amplitudes are described for
instance in Treves [31], section 8.4. The amplitude is an element of Mc,, ® Q2(Cy),
the tensor product of the Keller-Maslov bundle M,, and the half-densities on the
canonical relation C. If the subprincipal part of Ays(z, D) is a matrix, then the am-
plitude is also a matrix, see Remark 2.2. The Keller-Maslov bundle gives a factor i¥,
where k is an index, which we will absorb in the amplitude. So the amplitude should
be seen as a function on the canonical relation Cyy 1, coordinatized by (xr, xo, &z, 7),
see (16). It is possible to choose a Maslov phase function with a different set of
phase variables, for instance £; (and not 7), where T U J is a partition of {1,...,n}
and Oy is parameterized by (xf, 2o, t,£5). In that case the transformed amplitude
le,i (x§,0,t,€5) contains a Jacobian factor to the power one half, i.e.

0z, 20,87, 7) :
8(337,.%0,1}, §j)

where in the Jacobian both sets of variables are coordinates on Chy .

, (20)

AM,:I:(xfax()ata gj) = |AM,:E:(:UI,$0;£J,T)| ‘

11



We will calculate the left-hand side of (20). For this purpose, consider the Green’s
function G4 (x,x0,t — tp) with ¢ and ¢p = 0 fixed. It can be viewed as an invert-
ible Fourier integral operator, mapping the displacement at ¢t = 0, ul—g € &'(X)
to the displacement at ¢, u|, € D'(X), with phase QBM,i(x,:ro,t, ¢5) and amplitude
flM,i (xf,0,t,€5). To highest order the energy at time ¢ is given by

/ |Bus (2, D)ungs (2, )[? da.
Conservation of this quantity is reflected by the relation
GM,:E(t)*BM(xa D)*BM(xa D)GM,:E(t) = BM,:t(xO’ Dﬂ:o)*BM,i(xm Dwo)a

where the left-hand side denotes a composition of Fourier integral operators and *
denotes the adjoint. Since the left-hand side is a product of invertible Fourier integral
operators, we can use the theory of section 8.6 in Treves [31]. We find that to highest
order

2 2

‘(QW)_iAM,:t(xj,xo,t, £5) det

0&o ‘ B (o, o)
O, &5)| | Bu(z,§)
The value of By(z, &) equals the frequency 7 and is conserved along the bicharacter-
istic. Recall that (zo,&o,t) are valid coordinates for Cys 4 (cf. (15)). The Jacobian

5 g(fif_t;g) is equal to the factor |det %‘. It follows that to highest order
~ 1 a($0a§07t) %
30, €5)| = (2m)F |det o200 21
‘AM,i(x] 0,1, &) (2m)7 |de d(z7,20,1,€7) (21)
From (20) it now follows that
1
1 d(zo, &0, t) |?
A 3 ’ ) = 2 411 d t : : 22
|Ana(zr, 20,&5,7)| = (27) € (1,20, E7,7) (22)

We give our result about the Green’s function for (7), collecting the results of
this section, and using equations (12) and (22) to obtain a statement about the
amplitude. We will assume that microlocally around the relevant bicharacteristics
the decoupling is valid. Let Char(P,;) be the characteristic set of Py given by
{(z,t,&,7)| P(x,&,7) = 0}. The Green’s function is such that precisely the singular-
ities of fir at Char(Py) propagate (see Hormander [17], Theorem 23.2.9). Thus we
have

Assumption 1 On a neighborhood of the bicharacteristic the multiplicity of the ei-
genvalue A5" (z,€) in (8) is constant.

Lemma 2.3 Suppose that for the bicharacteristics through WF(fys) N Char(Py) As-
sumption 1 is satisfied. Then uys is given microlocally, away from WFE(fu), by

’LLM(.T,t) = /GM(.T,Z'(),t—to)fM(ﬂio,to) diE() dto, (23)
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where Gpr(x, xo, t) is the kernel of a Fourier integral operator with canonical relation
Cuy and order —1%, mapping functions of xy to functions of (z,t). It can be written
as

Gl 20,8) = (2m)~ 2 4 /»AM(xI,ﬂ?o,fJ,T)ei¢M(‘”"”°’t’§J’T) dé;dr. (24)

For the amplitude Ap(xr,20,&5,7) we have to highest order

a(x07£0at) %

det
O(xr, x0,&7,T)

Ane (21, 20, €5, 7)| = (2m) 4 3]7| ! (25)

The implications of Assumption 1 for elastic media depend on which class of media
one is interested in. By a class of media we mean a set of media parameterized by a
number of parameters. From a physical point of view one may be interested in media
where the elastic tensor is characterized by certain symmetry properties.

Isotropic media are characterized by the mass density p and the Lamé parameters
A and p. The matrix A" (z, &) has two eigenvalues, AY""(z,&) = ”%Hg ||> with

polarization vector proportional to ¢ (referred to as the P-mode), and A2"™(z, &) =
Ellg ||* with polarization space normal to £ (the two S-modes). Thus this system can
be decoupled. .

If the matrix A)™(x,&) of an isotropic medium is perturbed by a small amount,
then one eigenvalue of the perturbed matrix will be close to the P-eigenvalue of the
isotropic medium, and two eigenvalues will be close to the S-eigenvalue. The two
eigenvalues close to the S-eigenvalue of the isotropic medium will not coincide in
general, but may coincide for certain values of (z,£). So in elastic media sufficiently
close to an isotropic medium there will still be a quasi-P mode that decouples from
the other modes, but the two quasi-S modes will in general not decouple.

The elastic system for generic elastic media has been investigated by Braam and
Duistermaat [7]. The set of singular points is generically of codimension three (thus
one lower than one would expect naively), and is of conical form in the neighborhood
of the singular point. They give a normal form for such systems and investigate the
behavior of its associated bicharacteristics and polarization spaces. In this case the
system cannot be decoupled. However, in a generic elastic medium there cannot be
an open set of bicharacteristics that pass through a singular point, since the singular
points form a set of codimension 3. In this sense the set of bicharacteristics that have
to be excluded is small.

In case the elastic tensor has symmetries it is determined by less than 21 coeffi-
cients. The characteristic sets of such media are analyzed by Musgrave [24]. In this
case the singularities can be of different types. For instance, in some classes of media,
such as transversely isotropic media, the determinant factors into smooth factors. In
that case the multiplicities of the eigenvalues AY"(z,&) can vary on a larger (codi-
mension 2) subset of 7*X\0. Since the bicharacteristics are curves on a codimension
1 surface, Assumption 1 can be violated on an open set of bicharacteristics.

13



3 Reflection at an interface: Microlocal analysis of
the ‘Kirchhoff’ approximation

A particular way to model the subsurface is to assume that it consists of different
layers that have different physical properties, in our case the elastic coefficients c;jx
and the density p. In this section, we will model the reflection of waves at a smooth
interface between two such layers with smoothly varying medium parameters.

The amplitude of the scattered waves is determined essentially by the reflection
coefficients, and, implicitly, also by the curvature of the interface. It is well known
how to calculate these for two constant coefficient media and a plane interface (see
e.g. Aki and Richards [1], Chapter 5). In the case of smoothly varying media they
determine the scattering in the high-frequency limit, see Taylor [29] for a treatment
of reflection and transmission of waves using microlocal analysis. For the acoustic
case, see also Hansen [13].

Mathematically the reflection and transmission of waves is formulated as a bound-
ary value problem. The displacement u; must satisfy the partial differential equation
and initial conditions. In addition the displacement and the normal traction have to
be continuous at the interface. Denote by v the normal to the interface. The following
equations must hold

Pyu, = f; away from the interface,
u =0 for t <0, (26)
while
p is continuous at the interface,
]/jCijklail‘;C(p_l/QUI) is continuous at the interface. (27)

Here, we have the factors p because of our normalization (3). We assume that the
source vanishes on a neighborhood of the interface. That this is a well-posed problem
can for instance be shown using energy estimates (see e.g. Lions and Magenes [22],
section 3.8).

The solutions to the partial differential equation with f = 0 follow from the theory
discussed in Section 2. The singularities are propagated along the bicharacteristics,
curves in T*(X x R)\0, given by

(xM(x07 505 j:t)a t7 gM(iL'(), ‘507 :tt)a :FBM(‘TO’ 50))

This is the bicharacteristic associated with the M, + constituent of the solution, see
Section 2. We define a bicharacteristic to be incoming if its direction is from inside
a layer towards the interface for increasing time. We define a bicharacteristic to be
outgoing if its direction is away from the interface into a layer for increasing time, see
Figure 2.

Assume that the incoming bicharacteristic stays inside a layer from ¢ = 0 until
it hits the interface, then the solution along such a bicharacteristic is determined

14



incoming  outgoing (reflected) modes

layer 1

interface

layer 2

incoming outgoing (transmitted) modes

Figure 2: Incoming and outgoing rays

completely by the partial differential equation and the initial condition. On the
other hand, the solution along the outgoing bicharacteristics is not determined by the
partial differential equation and the initial condition. We will show that the solution
along the outgoing bicharacteristics is determined by the partial differential equation
and the interface conditions in (27).

Let us consider the consequences of the interface conditions. Assume for the
moment that the interface is located at =, = 0. We denote =’ = (x1,... ,Zp_1), 2 =
(2', z,,) and similarly for £&. The wavefront set of the restriction of u; to x,, = 0 satisfies

WF(ul|l‘n:0) = {(.7),, ta §,’ T) | there is é.n with (xla 07 t: gl’ é.na T) € WF(ul)}

It follows that a solution traveling along a bicharacteristic that intersects the bound-
ary at some point (z',0,t) interacts with any other such solution as long as the asso-
ciated values for &', 7 in their wavefront sets coincide (Snell’s law). This is depicted
in Figure 3.

Depending on the boundary coordinate ' and the ‘tangential’ slowness —7 &',
the number of interacting bicharacteristics may vary. For large values of —7 £’ there
will be neither incoming nor outgoing modes; for small values there are n incoming
and n outgoing modes. The situation where the vertical line in Figure 3 is tangent
to the slowness surface corresponds to rays tangent to the interface. Such rays are
associated with head-waves and are not treated in our analysis. Equation (9) implies
that the incoming and the outgoing modes correspond to the real solutions &, of

det Pil (xlv 07 617 é-nv 7—) = 0.

This equation has 2n real or complex conjugated roots. The complex roots correspond
to ‘evanescent’ wave constituents. To number the roots we use an index p.

In the following theorem we show that if none of the rays involved is tangent,
there exists a pseudodifferential operator-type relation between the different modes
restricted to the surface z,, = 0; we calculate its principal symbol in the proof. Let
x — z(z) : R* — R™ be a coordinate transformation such that the interface is
given by z, = 0. The corresponding cotangent vector is denoted by (, and satisfies

1t
G(&) = (%) ijfj'
Assumption 2 There are no rays tangent to the interface z, = 0 microlocally at
(ZI7 t? CI7 7-)'
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Figure 3: 2-dimensional section of an n = 3-dimensional slowness surfaces at some
point of the interface, for the medium on both sides of the interface. The slownesses of
the modes that interact (i.e. reflect and transmit into each other) are the intersection
points with a line that is parallel to the normal of the interface. The group velocity,
which is normal to the slowness surface, determines whether the mode is incoming or
outgoing.
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Theorem 3.1 Suppose the roots T of (9) have constant multiplicity and Assumption 2
is valid microlocally on some neighborhood in T*(Z' x R)\0. Let uif\}(y) be microlocal
constituents of a solution describing the ‘incoming’ modes, and suppose Gy refers
to an ‘outgoing’ Green’s function (19). Microlocally, the single reflected/transmitted
constituent of the solution is given by

(@, 0) = / G (2.2(2): £ = 02Dl (R Dar, Dy i (a(2). o)

ozl || 0z,
det — B

9
= dz' dt,, (28)

where R, (2, D, D) is a pseudodifferential operator of order 0.

In the proof we derive the explicit form of RP"™(z,¢’,7), see Remark 3.2 below. The
integral |det ‘9‘”| H Ozn H dz' is the Euclidean surface integral over the surface z, = 0.

Proof For the moment we assume z(z) = z, i.e. that we have a reflector at z,, = 0,
and smooth coefficients on either side. We show that at the interface there is a relation
of the type

UOMHE )(xl,o’t) = R,gll(x,aoaDlaDt)uiJI\;(V). (29)

We will use the notation ¢,y = ¢ and also (cjg)iu = cijr. The partial differential
equation (1) reads in this notation

00; — Cikei 0 + Lo.t. =0.
( latQ < ’laxjaxk) ( UI)

This equation can be rewritten as a first-order system in the variable x,, for the vector
V., of length 2n that contains both the displacement and the normal traction (normal
to the surface z,, = constant)

o120y,
Vo, = ~12y | =1,..., 30
N )

in preparation for the boundary value problem (26), (27). Here, a is an index in
{1,...,2n}. The first-order system then is

ov,
oz,

where Cy, is a matrix partial differential operator given to highest order by

Z Z] 1(Cnn) qu,Jlagzq (Cnn)z'—zl
(Cnn)ﬂl ab

n 1 n—-1 g
Zp,q lbpq:llaw Oz +p51l6t2 _Zp 1 3z, Cpn;ij

= iCab(fE, DI; Dt)‘/b’

Cab(:r D’ Dt) (_

Here, bpgit = Cpgsit = Y5 41 Cpnsij (Can) ji Cngstr (We indicated the summations explicitly
because the summations over p,q are 1,... ,;n — 1, while still j € {1,... ,n}).
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The next step is to decouple this first-order system microlocally, similarly as in
Section 2.1. This means that we want to find scalar pseudodifferential operators
Cu(z, D', D;) and a matrix pseudodifferential operator L, (z, D', D;) such that

Cu(x, D', Dy) = Loy (z, D', Dy) diag(Cyu(z, D', Dy)) L, (z, D', Dy).
The principal symbols Cﬁri“(x, &', 1) are the solutions for &, of
det PP™ (z, (€, &,),7) = 0. (31)

In fact it is sufficient if the transformed operator (the matrix diag(C),(z, D', Dy))) is
blockdiagonal with a block for each different real root of (31), a block with eigenvalues
with positive imaginary part, and a block with eigenvalues with negative imaginary
part. This has also been discussed by Taylor [29]. Under the assumptions of the
lemma this situation can be obtained, since when varying &', 7, the multiplicity of
a real eigenvalue only changes when the multiplicity of the corresponding root of
(9) changes, or when two real eigenvalues become complex. The number of complex
eigenvalues with positive or negative imaginary part changes only when two real
eigenvalues become complex or vice versa. The latter case occurs only when there are
tangent rays, and is hence excluded. The 2n x 2n principal symbol ngi“ (the columns
appropriately normalized) is given by

prin i prin !
Lprin ! — ZM(H) (‘T: (f 7Cu ] (-7/',6 77—))) ' '
ap (33,5 ,7') (kal(—i(ﬁ', Cﬁnn(x, f', T))k) ?J]\ralfr(lu) (.T, (8: CE“H(.T, 6/’ 7_))) y

(The polarization vector Q;us(z,&) can also be defined for complex &). We define
V,=L(z, D, Dt);alVa. (The index mapping p — M () assigns the appropriate mode
to the normal component of the wave vector).

If the principal symbol of C,(z, ', 7) is real, the decoupled equation for mode p is
of hyperbolic type. It corresponds to an outgoing wave or to an incoming wave,
depending on the direction of the corresponding ray. If the principal symbol of
Cu(z,&,7) is complex, the decoupled operator for mode p is of elliptic type. De-
pending on the sign of the imaginary part it corresponds to a mode that grows in the
n-direction, a backward parabolic equation, or one that decays, a forward parabolic
equation. The growing mode has to be absent, see for instance Hormander [18],
section 20.1.

The matrix L,, is fixed up to normalization of its columns. For the elliptic modes
(Im CP"™(z, &', 7) # 0) the normalization is unimportant. For the hyperbolic modes
the normalization can be such that the vector V,, = L(z, D', Dy) ., V, agrees microlo-
cally with the corresponding mode wuys 4 defined in Section 2. To see this, assume
V,, refers to the same mode as up 4. In that case there is an invertible pseudodif-
ferential operator ¢ (z, D, D;) of order 0 such that V}, = ¢up, . Now we can define
Vinew = ¥ 'V, o4. Because ¢ may depend on &,, this factor cannot directly be
absorbed in L. However, since V), qq satisfies a first-order hyperbolic equation the
dependence on &, can be eliminated and the factor 1/~! can be absorbed in L.
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In this proof let the in-modes be the modes for which the amplitude is known,
that is the incoming hyperbolic and the growing elliptic modes. Denote by L,(IB, Lgi)

the matrix L,, on either side of the interface. We define the 2n x 2n matrix L™ such
that it contains the columns related to incoming modes out of LgB,Lg}, ie.

Lin = (LWin _g@in)
and define Lg}’f similarly (so, here, u is slightly different). The interface conditions
(27) now read

t t in y7in __
LZE V;“ + L, vV, =0.

If we set R, = —(L°") ‘LY (for the question whether the inverse exists, see the
remark after the proof) then the part referring to the hyperbolic modes gives (29).

By (29) the ugy* are determined at the interface; finding how they propagate away
from the interface is a (microlocal) initial value problem similar to the problem for
G m,+ above, where now the z,, variable plays the role of time. The solution is again a
Fourier integral operator, with canonical relation generated by the bicharacteristics.
It follows that we can use ¢n+(x,t — to, o, &y, T) as phase function (take care that
n ¢ J). The amplitude A1 (21, 2o, &y, T) satisfies the transport equation as before.
However, the restriction of the Fourier integral operator to the ‘initial surface’ z, =0
so constructed is a pseudodifferential operator that is not necessarily the identity. Let
us assume

W (1) = / G (2. (a5,0). = to) 0, Dug, DiJu (5 0, 10) dpiy, - (32)
T0o,n=—

where ¢ (z, D', D;) is to be found such that the restriction of this representation to
Zn = 0 is the identity. The =+ sign is chosen such that G4 is the outgoing mode.
We can use again section 8.6 of Treves [31] to find that the principal symbol of this
pseudodifferential operator should be

0B
9&n

i.e. the normal component of the velocity of the ray, the group velocity. We now
replace G+ by (the relevant part of) Gy, using that Gy = %iGMﬂLBM(x, D)™! —
LiG s, Bar(z, D). Taking this into account, and the fact that By "(z, ) = Fr, we
have now obtained (28) for the case that z = z (no coordinate transformation).

We argue that (28) is also true when z(z) is a general coordinate transformation.
This follows from transforming the equations (26), (27) to z coordinates. To high-
est order the symbol of (pseudo)differential operators transforms as "3 (z, ¢, 1) =

axM,n
ot

bz, \7) =\ (2,6, CP(¢', 7)) (w,e,cone, .0, (33)

P(z(z), (g—;)t ¢, 7). Tracing the steps of the proof we find the following equivalent of
(29)

uOM“EH) (z(#',0),t) = Rg,, (2',0,D,, Dt)uiﬁ(y) (z(Z',0),1). (34)
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When the interface is at z, = 0 we can obtain (32) in z coordinates instead of
x coordinates. Transforming G, ups back to x coordinates we find that for z away
from the interface

azM,n (

ot 7 Das Dro)

un (z) = /  Gulaa(e)t = t) WO (2(2), )

det 8_3: ‘ dz' dt,.
0z

5t is the transformed version of (33). Thus expression (28) fol-

lows, with

Here ‘BZM” (2,D,, Dy)

azMn ‘Hazn 0 (2,¢',7).

Ruu(za Cla ) - ‘ :

g

Remark 3.2 The principal symbol Ro’p“n (z,¢',7) that occurs in the proof is simply
the reflection coefficient for the amphtudes. The principal symbol RES™(z,¢’,T) is
obtained by multiplying Rg;}’rin with the normal component of the velomty of the ray,
given (for z(xz) = z) by (33). The reflection coefficients satisfy unitary relations, see
Chapman [9] and Kennett [20] (the appendix to Chapter 5). These follow essentially
from conservation of energy. It follows that the matrix of reflection coefficients is well
defined and in particular that the inverse of L' exists. Chapman [9] also gives a
direct proof of the reciprocity relations for the reflection coefficients.

Remark 3.3 We have shown that the reflected/transmitted wave is given by a com-
position of Fourier integral operators acting on the source. In the case of multi-
ple reflections or transmissions (for instance in a medium consisting of a number of
smooth domains separated by smooth interfaces) this is also the case (cf. Frazer and
Sen [12]). It follows that microlocally the solution operator describing the reflected
solutions is itself a Fourier integral operator, where the canonical relation is given
by the generalized bicharacteristics (i.e. the reflected and transmitted bicharacter-
istics) and the amplitude is essentially the product of the ray amplitudes and the
reflection /transmission coefficients. The integration over z' accounts for the effects
associated with the interface’s curvature.

4 The Born approximation

We discuss the modeling and inversion of seismic data in the Born approximation. The
medium parameters are written as the sum of a smooth background and a singular
perturbation. This is important in its own right, and it will also be a motivation for
our approach to the model with smooth jumps described in the previous section.
The Born approximation has been discussed by a number of authors. In the
acoustic case, allowing for multipathing (caustics), see Hansen [13] and Ten Kroode
et al. [21]. For the acoustic problem with nonmaximal acquisition geometry, see Nolan
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and Symes [25]. For the elastic case with maximal acquisition geometry (and from
a more applied point of view), see De Hoop and Brandsberg-Dahl [15]. We extend
their results, and give an efficient, novel presentation. Also, we discuss in detail the
different assumptions that are needed for the modeling and inversion of seismic data.

4.1 Modeling: Perturbation of the Green’s function

In the Born approximation one assumes that the total value of the medium parameters
Cijki, p can be written as the sum of a smooth background constituent p(z), ¢;jii(z)
and a singular perturbation dp, dc;jx, Viz.

Cijkl + 0Cijkt, p+0p.
This decomposition induces a perturbation of Py (cf. (4)),

(Sp 32 0 50”1@[ 0

0Py = by
a p8t2 axj p Oxy

We denote the causal Green’s operator associated with (2) by G and its distribution
kernel by Gy(z,zo,t — tp). The first-order perturbation 0G; of Gj is derived by
demanding that the first-order term in (P;; +F;;)(Gjx +dG i) vanishes. This results
in the representation

5Gula, 7, 1) / / (&, 70, £ — t0) 6P;u(z0, Dags Dig) Ga(o, &, ) Ao dto. (35)

Here,  denotes a source location, Z a receiver location, and z, a scattering point.
Because the background model is smooth the operator §G;; contains only the single
scattered field.

We use the decoupled equations (7). Omitting the factors Q;u (%, Dz), Q(%, D)y
at the beginning and end of the product, we obtain an expression for the perturbation
of the Green’s function 6Gyn(%,Z,t) for the pair of modes M (scattered) and N
(incident)

t
0Gyn(Z,Z,t) = —/ / Gu (&, 2o, t — t0)Q(0, Dag) ais
o Jx

8 6p 8 8 5Cijkl 6 ~
T, Da: ) Ly .
X ((5 8t0 P 8750 8330,]- P 8x0,k) Q($0, g)lNGN(-TO X to) d$0 dt()

(36)

Microlocally we can write G as in (24), with appropriate substitutions for its
arguments. For Gy we use in addition the reciprocity relation Gy(xg,Z,t0) =
Gn(Z,zo,t0). The product of operators GnQ(xo, Dyy) iy af] is a Fourier integral
operator with the same phase as G, and amplitude that to highest order equals the
product AM(xI,xO,{-“J, )Q(xo,&))MZl&O,J, where & = fo(acl,aco,{], 7). Assuming that
the medium perturbation vanishes around Z and z a cutoff is introduced for ¢y near 0
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Figure 4: The scattering cotangent vectors.

and ¢. In the resulting expression one of the two frequency variables 7,7 can now be
eliminated using the integral over ¢, (see for instance Duistermaat [11], Section 2.3).
In this case the result can be obtained readily by noting that the integral over ¢y, can
be extended to the whole of R (the phase is not stationary for ¢, outside [0,t]), and
then using that [0 €™ ~7) dt; = 276(7 — 7). The resulting formula for 6Guy is,
modulo lower-order terms in the amplitude,

0Gun (3, &,1) = (2m) % |j+2jl+1/BMN(ﬂ?faéjaff,fjaﬂfo,T)
dcijri(zo) P r 7 5P(330)>

X (wMN;ijkl(i“j, I, Xo, éj, gja T)W + wMN;o(l"f, Tf,Xo, fj, fj, 7')
0

p(xo)
X el(DMN (ﬁ;aiﬂt7$07§j7£j=T) dxo déj dgj dT. (37)
Here (see (18) for the construction of ¢y, dn),
@MN('%’ j’ ta Zo, gja gja T) = ¢M(£: Zo, ta gja 7-) + ¢N(ja Zo, ta gj: 7—) —Tt. (38)

The amplitude factors B,y are given by

Bun (&7, 81,20, €5,€5,7) = 2m) T Au (2}, 0, €5, 7) An(F 20, 65,7). (39)
We will refer to the factors wasn;ijr, Wy as the radiation patterns. They are given
by
Wikl (25, T, o, éj, £5,7) = Qinr (o, £0)Qun (0, &) éo,jé:o,k, (40)
wMN;o(if,ij,xo,éj,gja T)= — Qz’M(anéO)QiN(angO) 7 (41)
where & = {fo(if,xo,éj,T), & = §0(:Z'f,x0,§~j, 7). The scattering is depicted in Fig-
ure 4.

We investigate the map (@, ‘%”) — 0Gun(Z,7,t) induced by (37). We use
the notation Cy,, to indicate the subset of the global canonical relation Cj that is
associated to a phase function ¢, (cf. (15)).

Lemma 4.1 Assume that if (ﬁ: &1 xo,éo) € Cy,, (7,1, {;:,T;xo,{;to) € Cy, then
€+ & # 0. Then the map ( C”“, ‘if) — 0Gun(Z,7,t) given by (37) is a Fourier
integral operator £'(X) — (X x X x]0,T[). Its canonical relation is given by
Aoy ={(&, 2,1 +1,6,6,mim0,60+ &) |

( E g 0750) € C¢M7 (.’13,t, 677;x0750) € Cqu} (42)
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Proof We show that @y (23, %}, t, 2o, E,Aj, §~J~, 7) is a nondegenerate phase function.
The derivatives with respect to the phase variables are given by

0P - 2 z F
6]\:]\] = —t(:i‘j,.f(),gj,’r) _t(jfaanfj’T)+t
0PN A 2 .
— = — 2(%5,20,&5,7) + 25
0% ;
0 :
MN - 2j(%7,20,&5,7) + 25,
08 ;

where 2 (23, zo, éj, 7), % (&5, 20, €, 7) are as defined in (17), for the receiver side and
the source side respectively. The derivatives of these expressions with respect to
the variables (2, Zj,t) are linearly independent, so ®)/x is nondegenerate. From
expression (38) it follows that the canonical relation of this operator is given by (42).
By the assumption it contains no elements with 50 + & = 0, so it is continuous as a
map &'(X) — D'(X x Xx]0,T)). O

We show that the condition in Lemma 4.1 is violated if and only if M = N and
there exists a ‘direct’ bicharacteristic from 1,5 to 7, —é. From the symmetry of the
bicharacteristic under the transformation § — —§,¢ — —t it follows that indeed in this
case the condition is violated. On the other hand, we have By (o, fo = By (o, 50) =
+7. If §0 —&o, then we must have M = N, because By (9, &) = Ba(zo, —&) and
the condition that the eigenvalues in (8) are different for different modes. If M = N
and éo = —&, then we have the mentioned direct bicharacteristic.

4.2 Restriction: Acquisition

The data are assumed to be representable by 0Gyn(Z,Z,t) for (Z,%,t) in the ac-
quisition manifold. To make this explicit, let y — (2(y),Z(y),t(y)) be a coordinate
transformation, such that y = (v, 4”) and the acquisition manifold is given by y” = 0.
Assume that the dimension of y” is 2 + ¢, where c is the codimension of the geometry
(the 2 enforces ‘remote sensing’). Then the data are given by

5GMN(§:(yI’ 0)’ i‘(ylv 0)’ t(yl7 O)) (43)

It follows that the map (ch ikl 5;’ ) to the data may be seen as the compose of the map
of Lemma 4.1 with the restnctlon operator to y” = 0. The restriction operator that
maps a function f(y) to f(y',0) is a Fourier integral operator with canonical relation
given by A, = {(v',7; (v, v"), (n',n")) € T*Y' x T*Y | y" = 0}. The composition of
the canonical relations Aoy and A, is well defined if the intersection of A, x Ag pmn
with T*Y"\0 x diag(7T*Y'\0) x T*X\0 is transversal. In this case we must have that
the intersection of Ag px with the manifold y” = 0 is transversal.
Let us repeat our assumptions, and state the final result of this subsection.

Assumption 3 There are no elements (y',0,n',n") € T*Y\O such that there is a
direct bicharacteristic from (z(y',0),&(y',0,7',7")) to (2(y',0),—&(y',0,7",1")) with
arrival time t(y',0).
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Assumption 4 The intersection of Ao umn with the manifold y" = 0 is transversal.
In other words,

ay//
8(33'0, éOa 505 tAa f)

In the following theorem we parameterize (42) by (o, &, éfo, t,1) using the param-
eterization of Cy,, given by (15). Thus we let 7 = FBy(z0, &) and

has mazimal rank. (44)

& = x (0, &0, 1), i = (0, o, £E),
€ = Eu(zo, o, 1), € = En (2o, &, £).

We suppose that (y'(zo, €0, 0, 1, 1), ' (o, £, &0, 1, t)) is obtained by transforming (%, 7,
t+1,&€,7) to (y,n) coordinates.

Theorem 4.2 If Assumptions 8 and 4 are satisfied then the operator Fun.iju (resp.
Funyo) that maps the medium perturbation % (resp. %”) to the data as a function
of v (43) is microlocally a Fourier integral operator with canonical relation given by

AMN :{(y,(xm 507 507 E? E)v 77'(350; 50: 507 tA; E)’ Zo, gO + 50) ‘
BM(!ro,éo) = BN(ango) =&, ?J"(fro,éo,go, t,t) = 0}. (45)

The order equals "_THC. The amplitude is given to highest order (in coordinates

(Y7, m5, o) for Amn, where I,J is a partition of {1,...,2n — 1 — c}) by the product
BMN(Z/}aU'JaﬂJO)wMN;ijkl(y},ﬁfz,ﬂUo) (resp. BMN(?J},U},$o)wMN;o(y},7)fn$0)); where

o __n4l4c
Bun (yr, ny, mo)| = 37 2(2m)
1 N e 1
oz, 7. t)| 2 0 th |
« |det 2@ %:1) )‘ det 2060 60,1, 7) (46)
Ay 0o, 1, y", M AT) | oy

Here we define AT = 7 — 7, so that the first constraint in (45) reads AT = 0. The
map (.’L'(), 507 gOa -E’ t) = (.T(), y}’ y"a nIJ) AT) i8 bijGCtive'

Proof The first statement has been argued above. The order of the operator is
given by

K dimX +dimY’

X+§_ 4 Y

where Yy is the degree of homogeneity of the amplitude and K is the number of phase
variables. The factors {w nyijki, Wnmnyo} are homogeneous of order 2 in the £ and 7
variables; the degree of homogeneity of the factor By, follows from (22). We find

_\J\+|J\+2+ J+1Jl+1 3n—1-c

order Fniji = 2+ (—2 5 n) 5 1
_n—=1+c
= R
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We calculate now the amplitude of the Fourier integral operator in Lemma 4.1.
The factor was . jijhl is simply multiplicative. Suppose we choose coordinates on Ag arn

to be (JSI,fJ,xI,{fJ,T 7,%), with ultimately 7 = 7. Define 7 = T“LT, AT =7 —T.
Using (25) and (39) we find that the amplitude BMN(xO,xI,gJ,xI,SJ, T) is given by

($O7 §O: &]:t t)

(a:lagjaxlagjaT .T(),AT)

R s~ Lz _ _n—1
‘BMN(xfaé-jv‘TI—agjaTaxO)' = iT 2(271') 7 |det

The transformation from (Z, Z, t) to y coordinates in Fourier integral (43) induces

2 (note that for the Fourier integral operators it

an additional factor |det 2&:20
would be more natural to transform as a half-density). The amplitude transforms as
a half-density on the canonical relation, and we obtain the factor
1

Oy, y", )
6($I,§J,$1,§J, T)

det

The additional factor (27)~4° arises from the normalization. We find (46). O

Natural coordinates for the canonical relation are given by (o, fo, 50, t, t) such that
B (o, {;CO) — By (=, 50) =0, y"(zo, £o, &0, 1, t) = 0. There is a natural density directly
associated with this set, the quotient density. The Jacobian in (46) reveals that the
amplitude factor |Byn (Y7, 177, o) is in fact given by the associated half-density times
17-2(g)- e e |

If ¢ = 0 and there are no rays tangent to the acquisition manifold, i.e.

I

l = 2,
(%, 1)

then a convenient way to parameterize the canonical relation is found using the phase

rank (47)

directions & = IIEOII’d = HE—EH € S™ ! and the frequency 7.
0

4.3 Inversion

Let us now consider the reconstruction of (Jclp’“ % ) from the data. We simplify the

notation, and collect the medium perturbations into

ga = <6Cijkla 5_p) .
p P

The forward operator (Fasniijui, Famno) in the Born approximation is represented
byF MN;o-

Let us consider data from a single pair of modes (M, N) (the general case is
discussed at the end of this section). The standard procedure to deal with the fact
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that this inverse problem is overdetermined is to use the method of least squares.
Define the normal operator Nasn,os as the product of Fisn,, and its adjoint F]’(/,N;a,

Nunap = FynoFunig (48)

(no summation over M, N). If Njsn.o5 is invertible (as a matrix-valued operator with
indices af3), then

F]\_lﬁ\/';a = (NMN);lFJDN;ﬂ (49)

(no summation over M, N) is a left inverse of Fysn., that is optimal in the sense of
least squares’.

The properties of the compose (48) depend on those of Ayry. Let myr,mx be
the projection mappings of Ay to T*Y'\0, T7* X \0 respectively. We will show that
under the following assumption Njsn.qp is a pseudodifferential operator, so that the
problem of inverting Ny n.qp reduces to a finite-dimensional problem for each (z, &) €
X (AMN)

Assumption 5 The projection wy: of Ayy on T*Y'\O, is an embedding, i.e. it is
i) immersive

ii) injective

iii) proper .

This assumption implies that the image of 7y~ is a submanifold, £ say, of 7*Y"\0.
Let us discuss these requirements, starting with the first. Using that Apy is a
canonical relation we have

Lemma 4.3 The projection wyr of Ayn on T*Y'\O is an immersion if and only if
the projection wx of Ayrn on T*X\0 is a submersion. In this case the image of Ty
is locally a coisotropic submanifold of T*Y'\0.

Proof This is a property of Lagrangian manifolds. It follows from Lemma 25.3.6 in
Hoérmander [18]. We give an independent proof.

The symplectic forms ox,oy: on T*X\0,7*Y'\0 can be viewed as 2-forms on
Aun. Because Apn is a canonical relation, oyr = ox on Ay, and in particular
rank oy: = rankoyx. Now consider myx. Clearly rankoyx = 2n if and only if 7y is
submersive.

Consider my-. If this projection is immersive then the image has dimension n+m,
assuming dim 7*Y"\0 = 2m (in this proof m = dimY’ = 2n — 1 — ¢). Then rank oy~
is at least 2n, so it must be equal to 2n. On the other hand, if rank oy = 2n, then
the tangent space of Ay n at that point is given by the span of a set vectors of the
form

{(Ula w1)7 sty (U2n7 w?n)a (Oa w2n+1)7 see (07 wn—l—m)}

'Equation (48) is for the case where one minimizes the difference with the data 6Gpsx in L? norm
[[6GmN — Frnia9ell- It can easily be adapted to the case where one minimizes a Sobolev norm of
different order, or a weighted L? norm. This would introduce extra factors in the amplitude.
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The w;,¢ € {1,...,2n} must be linearly independent because rank oy, = 2n. For
wi, w;j, ¢ < 2n,j > 2n we have oys(w;, w;) = 0, so the w; are linearly independent
from the w;. The w;,i > 2n must be linearly independent, because (0, w;) are basis
vectors for the tangent space to Ayy. So if rank oy = 2n, then 7y is an immersion.
Because rank oy = 2n in that case, the image is locally a coisotropic submanifold. [J

As a consequence, if part i) of Assumption 5 is satisfied then we can use (z,&) €
T*X\0 as (local) coordinates on Apsy. In addition, we need to parameterize the sub-
sets of the canonical relation given by (z,£) = constant; we denote such parameters
by e. The new parameterization of Ay is (identifying xy with z)

AMN = {(yl(SE,f, e)anl(xafa 6),(£E,§))} (50)

The results do not depend on the precise definition of e. As noted before, if the
variables (Z,%) can be solved from the second constraint in (45) (cf. equation (47)),
then Ay can be parameterized using (z, &, &, 7), where (&, &) are phase directions.
In that case (z, €, e) should be related by a coordinate transformation to (z, &, &, 7).
In acoustic media (where ||&| = ||&]|) a suitable choice is the pair scattering an-
gle/azimuth, given by

(arccos(&-d), )) €]0, m[xS" 2,

cf. Burridge and Beylkin [8]. The azimuth, the second component, defines together
with ¢ the plane spanned by (&, &). It is not very difficult to show that in elastic
media the scattering angle (the first component) can be used as coordinate when the
slowness sheets are convex, but not always when one of the slowness sheets fails to
be convex.

—a+a
2 sin(arccos(& - &) /2

Remark 4.4 We show that the first part of Assumption 5 implies that 22 (a: 50)

6(193? (x,go) # 0, in other words the group velocities at the scattering pomt do not

add up to 0. We have seen in Theorem 4.2 that Ay ny may be parameterized by
(z, &0, &, 1, 1), where (&, &) are such that

BM(%,@:O) = BN(angO) =47

(and we have the additional constraint y" (2o, &0, &0, 1,1) = 0). The projection 7y is
given by (z,& +&). Consider tangent vectors to Ay n given by vectors Vg, Vg,- They
must satisfy

0B - 0B =
,Uéo 6€M( g ) = Uéo aé-N( 5 ) = :tUT' (51)
So if ”J(x &) = ‘9BN (z,&), then (51) implies that ( : + Ugo) : aaBé” (z, 50) = 0 S0

that the projection of AMN on T*

=2
a(t t)
(no tangent rays), then the constraint yA = 0 may be used to solve for the parameters
t,t and (51) is the only condition on (&, &p). In that case BBJ(:E &) # — aBN (z, &)

implies that the projection is submersive. In other cases the set of (§0, §0) is in general
a smaller subset of 7y X \0 x T X\0.
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Let us now discuss the second and third parts of Assumption 5. The second part
is a well known condition, see Hansen [13] and Ten Kroode et al. [21]. Essentially the
condition is that there are no two different singularities in g, mapped to the same
position in 7*Y’\0. For an analysis of the case where this condition is violated, see
Stolk [27].

The definition of proper is that the pre-image of a compact set is a compact set.
So assume we have a compact subset of 7*Y'\0. The elements of Aj/x correspond
to those ‘points’ where the source and receiver rays intersect. The set of these points
can be written as a set on which some continuous function vanishes. Therefore this
set is closed. It is also bounded, and hence it is compact. So the third part of the
assumption is automatically satisfied.

When constructing the compose (48) there is a subtlety that we have to take into
account, namely that the linearized forward operator is only microlocally a Fourier
integral operator. To make it globally a Fourier integral operator, we apply a pseudo-
differential cutoff ¢/(y’, D,y) with compact support. Due to the third part of Assump-
tion 5, the forward operator is then a finite sum of local Fourier integral operators.

Theorem 4.5 Let ¢(y',Dy) be a pseudodifferential cutoff with conically compact
support in T*Y'\O, such that for the set

{(W', 7' 20,&) € Aun | (¥, 1) € supp 9} (52)

Assumptions 3, 4, and 5 are satisfied. Then
FLN;ﬂw(ylaDy')*w(y,aDy’)FMN;a (53)
1s a pseudodifferential operator of order n — 1. Its principal symbol is given by
1 —
NMN;Ba(ma 6) = E(Qﬂ-) / |¢(yl(x: é-a 6)a 77'(13; é-a 6))‘27— 4wMN;B($a f: e)wMN;a(x, ga 6)

6(5&,5,15) - a(x,éo,gmfa E)
8:1/ a(l‘agaeay”’AT)

x |det det de, (54)

AT=0,y"=0
where T = 7(x,&, €).
Proof We use the clean intersection calculus for Fourier integral operators (see e.g.

Treves [31]) to show that (53) is a Fourier integral operator. The canonical relation
of Fiyy., is given by

Ayy ={=&Y 0 |10 2,8) € Aun}-

Let L = A%,y X Ay and M = T*X\0 x diag(T*Y'\0) x T*X\0. We have to show
that the intersection of L N M is clean, i.e.

L N M is a manifold, (55)
TLATM =T(LN M). (56)

28



It follows from Assumption 5 ii) that L N M must be given by

LNnM= {(xaga ylanlay,anlaxag) | (ylan,;xaf) € AMN} (57)

Because Ajy is a manifold this set satisfies (55). The property (56) follows from the
assumption that the map 7y is immersive. The excess is given by

E = dim(L N M) — (dim L + dim M — dimT*X\0 x T*Y"\0 x T*Y'\0 x T*X\0)
=n—1—c. (58)

Taking into account the pseudodifferential cutoff ¢ (y’, D), it follows that (53) is a
Fourier integral operator. The canonical relation A}, o Ayn of F&N;ﬁw*zpFMN;a is
contained in the diagonal of T*X\0 x T*X\0, so it is a pseudodifferential operator.
The order is given by 2order Fiyn,, + % =n — 1 (note that ¢ drops out).

We write (y', Dy)*¥(y', Dy) = 3, xV(y, Dy), where the symbols x(y/, 1)
have small enough support, so that the distribution kernel of y* (v, Dy ) Frnye can
be written as the oscillatory integral

i _3n—-1—c_ |J]| i
X( )(y,,Dy')fMN;a(y,,.’E) = (27T) 4 2 /X( )(y}ﬂ?f]ax)

O, ’ )
X BMN(yII) /]7(/]’ ‘/L‘)wMN,a(yII) /]7(/]’ x)el(SMN(ylvanJ)—i_(nJayJ)) dng, (59)

where v (g7, 1, ) = 69 (7, v (45, 1y, @), 1585, 15, ), ). We can write &Ry (', 2, my) =
Sz, + (1,1, (cf. (18) and (38)). We do not indicate the dependence of

J on ¢ explicitly. The distribution kernel of the normal operator is then given by a

sum of terms

/ (G0 Dy) Farms 0 2) (5 Dy Fuanaayfs 20)) dyf
= (2n) Y [ X0 20)

X Buen (Y 1y, ) Baw (Y, 6,75 o) warn s (U My ©)warnie (Y1, M0,75 Zo)

O ’ (O] / / / )
i(Spin (Wrszomg )—S Y7:&:M )+, 1Y) — Ny 5y ! ! !
X e( M (Y7200, 1) =Sain Y1 :@my)+ (6, 79) =0 Y)) d770,J d77J dy .

We now apply the method of stationary phase, and integrate out the variables y’, 1 ;-
For the remaining variables we use

SO (Wm0, my) = SEy (W, my) = (= o, E(Yhs 15 o)) + Oz — 2o/?).

Thus we find (to highest order)

_3n—1-—-c :
(2m) "7y / Xy, 0y @) Buaw (47, 15 ) Ponawp (yh, 1y @) wninsa (Y7 1, @)
%

w el{T—20&(y7m o)) d77f] dyll‘

29



We now change variables (z,y},77) — (z,&,e), and use (46). We sum over i, and
arrive at

o) ~2n [ —
NMN;,BQ(SU,.T()) :( 1)6 /|’(/J(yl($,§,€),77/(.%,6,6)”27' 4U]MN;ﬁ(.T,§, e)wMN;a(xaé-ae)
oz, 7,t) | Az, &, &0, 1,17) i
det =221 |det AU i{@=20.8) 4¢ de. 60
o R ‘ © 0, €, e, y", AT) ‘ Sde (60)
AT=0,y"=0
It follows that the principal symbol of Nysn.5, is given by (54). O

So far we have focused on inversion of data from one pair of modes (M, N). Often
data will be available for some subset S of all possible pairs of modes. Define the
normal operator for this case as

Nog= Y, FineFuvg= Y, Nuwas.
(M,N)eS (M,N)eS

If all the Nsn;0p are pseudodifferential operators then N,z is also a pseudodifferential
operator. A left inverse is now given by

—1
N, F,Ba

where Fj is the vector of Fourier integral operators containing the Fy;y g, (M,N) € S.

5 Symplectic geometry of the data

In the previous section we saw that the wavefront set of the modeled data cannot be
arbitrary. This is due to the redundancy in the data: in the Born approximation the
singular part of the medium parameters is a function of n variables, while the data
is a function of 2n — 1 — ¢ variables. This redundancy is employed in the parameter
reconstruction, and is important in the reconstruction of the background medium (or
the medium above the interface in the case of a smooth jump) as well. This will be
explained below.

Consider again the canonical relation Ay/y. Suppose Assumption 5 is satisfied.
Denote in this section by €2 the map

Q:(x,€e) = (Y(x, & €)1 (x,€,€)) : T*X\0Ox E— T*Y'\0

introduced above (50). This map conserves the symplectic form of 7*X\0. That is,

. ' .
if w,, = (gT:’) and similarly for wg,, w,;, we have

oy (W, wwj) = oy (wg,, w&j) =0,
Oyt (wfla wa:j) = 62]7

oy (We;, We;) = Oy1 (We;, We;) = Oy (We;, We,;) = 0. (61)
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The (z,&,e) are ‘symplectic coordinates’ on the projection of Ay y on T*Y'\0, which
is a subset £ of T*Y'\0.

The image £ of the map €2 is coisotropic, as noted in Lemma 4.3. The sets
(x,&) = constant are the isotropic fibers of the fibration of Hérmander [17], Theorem
21.2.6, see also Theorem 21.2.4. Duistermaat [11] calls them characteristic strips (see
Theorem 3.6.2). We have sketched the situation in Figure 5. The wavefront set of
the data is contained in £ and is a union of fibers.

Using the following result we can extend the coordinates (x,&,e) to symplectic
coordinates on an open neighborhood of L.

Lemma 5.1 Let L be an embedded coisotropic submanifold of T*Y'\0, with coordi-
nates (z,€,€) such that (61) holds. Denote L > (y',n') = Qxz,&,e). We can find a

homogeneous canonical map G from an open part of T*(X x E)\O to an open neigh-
borhood of L in T*Y'\0, such that G(z,e,&,e =0) = Q(z, &, e).

Proof The e; can be viewed as (coordinate) functions on £. We will first extend
them to functions on the whole 7*Y’\0 such that the Poisson brackets {e;, e;} satisfy

{ei:ej}:(), 1 Sza] Sm_n, (62)

where m = dimY’ = 2n—c¢—1. This can be done successively for e, ... ,€,_n by the
method that we describe now, see Treves [31], Chapter 7, the proof of Theorem 3.3, or
Duistermaat [11], the proof of Theorem 3.5.6. Suppose we have extended ey, ... , e,
we extend e;y1. In order to satisfy (62) e;y; has to be a solution u of

Hou=0 1<i<lI,

where H,, is the Hamilton field associated with the function e;, with initial condition
on some manifold transversal to the H.,. For any (y',7') € L the covectors de;,
1 <4 <l restricted to T(, , L are linearly independent, so the H,, are transversal to
L and they are linearly independent modulo £. So we can give the initial condition
u|z = €141 and even prescribe u on a larger manifold, which leads to nonuniqueness
of the extensions e;.

We now have m — n commuting vectorfields H,, that are transversal to £ and
linearly independent on some open neighborhood of £. The Hamilton systems with
parameters ¢; read

Oy; D
8@ N 877

I.
J

on; _ _3€i
Oei oy;

!

('), W.n), 1<dij<m-—n
Let G(z,e,&,€) be the solution for (y',7n') of the Hamilton systems combined with
initial value (v, ') = Q(z, &, e) with ‘flowout parameters’ e. This gives a diffeomorphic
map from a neigborhood of the set € = 0 in 7*(X x E)\0 to a neighborhood of £ in
T*Y'\0. One can check from the Hamilton systems that this map is homogeneous.
It remains to check the commutation relations. The relations (61) are valid for
any €, because the Hamilton flow conserves the symplectic form on 7*Y’\0. The
commutation relations for %e’i"’) follow, using that % = H,,. g

€
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T
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Figure 5: Visualization of the symplectic structure of Ayx (cone structure omitted).

Let M,y be the canonical relation associated to the map G we just constructed,
ie. Myy = {(G(z,e, & €);x, e, €)}. We now construct a Maslov-type phase function
for My that is directly related to a phase function for Ayn. Suppose (v}, 7, x) are
suitable coordinates for Ay n (¢ = 0). For e small, the constant-e subset of My
can be coordinatized by the same set of coordinates, thus we can use coordinates
(yr, 1, x,€) on Myy. Now there is (see Theorem 4.21 in Maslov and Fedoriuk [23])
a function Sy (yt, z,nY,€) such that M,y is given by

L 8SMN ' BSMN

yJ - 8779 ) 77] - 6y/[ ’
(_ O _ OSun

B or '’ - 0e

Thus a phase function for M,y is given by

‘I’MN(ZU';%E,UIJ’G) = SMN(Z/},LE,T]&,G) + <77f]7yf]> - <€7 €>. (63)

A Maslov-type phase function for A,sx then follows as

CI)MN(ylax:n(,]) = \IIMN(y,:x7 aé:a%kzmnfho) = SMN(yllv7737x70) + <77.,]7yf])

6 Modeling: Joint formulation

In this section we match the expression for the data modeled using the smooth jump
(Kirchhoff) approximation to the expressions for the Born modeled data we obtained
in Section 4. The smooth medium above the interface plays the role of the background
medium in the Born approximation.

From Theorem 3.1 it follows that reflection of an incident N-mode with covector
{;:0 into a scattered M-mode with covector éo can take place if the frequencies are

32



equal and {fo + & is normal to the interface. In other words, 50 + & must be in the
wavefront set of the singular function of the interface, §(z,(z)). Given &, & one can
identify pu(M),v(N), and define (at least to highest order) the reflection coefficient
as a function of (z,&,&), R¥ N (x,&,&) = RZ&I}) (@ (@), ¢ (&),7). This factor
can now be viewed as a function of coordinates (yI, z,n;) or of coordinates (z,&,e)
on Ay (strictly speaking only defined for z in the interface, and £ normal to the
interface). To highest order it does not depend on ||£|| and is simply a function
of (xz,e). We obtain the following result, which is a generalization of the Kirchhoff
approxnnatlon The normalization factor ||22|| of the d-function is such that integral
S 11%22]|6(2n(2)) dz is an integral over the surface zn = 0 with Euclidean surface
measure in z coordinates.

Theorem 6.1 Suppose Assumptions 1, 2, 8, and 4 are satisfied, microlocally for the
relevant part of the data. Let @y (y',x, 1)), Bun (Y}, x,m;) be phase and amplitude
as in Theorem 4.2, but now for the smooth medium above the interface. The data
modeled with the smooth jump model is given microlocally by

|J| 3n—1—c¢

G () = (2m)~ 7 / B (s 1) 257 (1) Rass () 2, 1) + Lo.t)
0z,

x el®umn (Y zmy)

6(zn(z)) drf; de; (64)

i.e. by a Fourier integral operator with canonical relation Ayn and order ”_THC -1
acting on the distribution || %2 ||6(z,(x)).

Proof We write the distribution kernel of the reflected data (28) in a form similar
o (37). First recall the reciprocal expression for the Green’s function (24),

Gn(z(2), 3, ) = (27r)'j'%%/AN(gz,-,x(z),éj,T)ei¢N<“< t0€rm) g€+ dr.

By using Theorem 3.1, and doing an integration over a ¢ and a 7 variable one finds
that the Green’s function for the reflected part is given by

G, 2,6) = (2m) =7 "
X (QITAM(QA:]A’ "E(Z)a gja T)'AN('%fa .’E(Z), gja T)RN(M)V(N) (Za CI, T) + l.O.t.)
2n=0
x e PMN (@632 E7877) | det g_x %zn d;dé;drd?, (65)

where ¢’ depends on (z(2),&) (the indices p,v for the reflection coefficients have
been explained in Section 3). The integration [ dz’ is now replaced by [ d(z,)dz.
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The latter can be transformed back to an integral over z. Thus we obtain

SFIESEES N

(2m)
X / (2i7—AM(if7 T, gjv 7)An(Z7, z, gj’ T)RM(M)V(N) (2(z), CI(gJ: z),7) + l.O.t.)

X eiQMN(j,j,t,w,éj,éj,T) ‘ %

ox

8(2n(2)) d€; A€ dr da. (66)

deijri(z) dp(x)
p(z) 7 p(z)
is replaced by the -function [|%2||6(zn(z)). Also the factors wawyijri, Wiy depend
only on the background medium, while R, () depends on the total medium. The
phase function ®,,y now comes from the smooth medium above the reflector.
The data is modeled by G (Z,%,t) with (£,%,t) in the acquisition manifold,
as is explained below Lemma 4.1. We follow the approach of Section 4, and do a
coordinate transformation (%, ,t) — (y',4"), such that the acquisition manifold is
given by 3" = 0. It follows that under Assumptions 3, and 4 the data is the image
of a Fourier integral operator acting on |22 |6(z,(z)) and that it is given by (64). O

This formula is very similar to (37), only the amplitude is different and

7 Inverse scattering revisited

In this section we present the main results of the paper. We first construct a Fourier
integral operator and a reflectivity function, which is a function of subsurface position
and the additional coordinate e. The data is modeled by letting the Fourier integral
operator act on the reflectivity. The construction is such that this Fourier integral
operator is invertible. We discuss its inverse. Finally a set of pseudodifferential
operators is constructed that annihilates the data if the smooth part of the medium
above the reflector is correctly chosen.

7.1 Invertible transformation into subsurface coordinates

We now construct the reflectivity function and the operator that maps it to seismic
data. This is done by applying the results of Section 5 to the Kirchhoff modeling
formula (64), and its equivalent in the Born approximation (37).

Theorem 7.1 Suppose microlocally Assumptions 1, 2, 3, 4, and 5 are satisfied. Let
Hyn be the Fourier integral operator with canonical relation given by the extended
map (z,&,e,€) — (y',n') constructed in Section 5, and with amplitude to highest
order given by (27)2 (2i7)Bun (Y}, , 1y, €), such that Byy(e = 0) is as given in The-
orem 4.2. Then the data, in both Born and Kirchhoff approximations, is given by
Hyn acting on a distribution ryn(x,e) of the form

run(x,e) = (pseudo)(z, Dy, e)(distribution)(z). (67)
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For the Kirchhoff approzimation this distribution equals || %2 (|6(z,(x)), while the prin-
cipal symbol of the pseudodifferential operator equals Ryn(z,€), so to highest or-
der ryn(z,€) = Run(z,€)||22|6(2,(z)). For the Born approzimation the function

dcijrr Op

run(x,e) is given by a pseudodifferential operator acting on ( -

) , with prin-
cipal symbol (2iT(z, &, e)) " warna(z, &, €), see (39).

Proof We do the proof for the Kirchhoff approximation using (64); for the Born
approximation the proof is similar. Since Assumption 5 is satisfied, the projection
myr of Ay into T*Y'\0 is an embedding, and the image is a coisotropic submanifold
of T*Y'\0. Therefore we can apply Lemma 5.1. Formula (63) implies that the phase
factor e!®¥ can be written in the form

— (QW)—(H—I—C) /ei(SMN(y’[1$1,’7fj’€)+<yf]77’f])_<e76>) d€ de,

we define

Uun (Y, z,e,n,€) = Sun(yr, x, 15, €) + Y n)) — (e ).

Thus the number of phase variables is increased by making use of a stationary phase
argument. Let By n (v}, x, 7, €) be as described. Then we obtain

re , _JHn—-1-c_2n-—-1-c¢ no. / ! !
G () = (2m)" > / ((2m)2 2i (') Bun (y7, 2, 0y, €) Run (z,€) + Lo.t.)
‘an

X el‘IlMN (y' amaeanf] 75)

§(zn(x)) dn; dedz de. (68)

In this formula, the data is represented as a Fourier integral operator acting on
|92 |6(2 () considered as a function of (z,e). Multiplying by H;/ gives a pseu-
dodifferential operator of the form described acting on || 22 (|§(2,(x)). Thus we obtain

the result. O

7.2 The inversion operator

The operator Hjsy is invertible. A choice of phase function and amplitude for its
inverse is given by (see Chapter 8 of Treves [31])

o', n")
oYy, z, ' €)

respectively. Thus microlocally an explicit expression for ry/n(z,e) in terms of the
data is given by

—\I]MN(y,,.T,e,??&,G), BMN(yI[,-T,nf],G)_l det, ,

- oy, 1)
run(z,e) = /BMN(ZJ'I,-’E,TI"M) ' R )

X e N Wm0 dyf, dedy'. (69)

det
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Since the function 73y (x,€) is to highest order equal to the product of reflection
coefficient and the singular function of the reflector surface, this reconstruction of the
function 7y (z, €) leads to the following result for Kirchhoff data.

Corollary 7.2 Suppose that the medium above the reflector is given, and that it
satisfies Assumptions 1, 2, 3, 4, and 5. Then one can reconstruct the position of the
interface and the angle dependent reflection coefficient Ry, (z,e) on the interface.

The motivation for Lemma 5.1 can be explained in case e is chosen to be the scat-
tering angle/azimuth. Suppose there is high-frequency data that is not from a given
model. In the Kirchhoff case this may be because the medium above the interface
is not correctly chosen, or because the data cannot be modeled at all by Kirchhoff
modeling. To such data there is no natural value of the scattering angle/azimuth as-
sociated. So to transform it to (z, e), coordinates the value of e must be chosen. This
is precisely the choice that we have in the proof of Lemma 5.1, where the function
e(y',n') on T*Y"\0 is chosen.

7.3 Annihilators of the data

The result of the previous subsections gives information on the problem of recon-
structing the smooth background medium (or, in the Kirchhoff approximation, the
smooth medium parameters above/in between the interfaces). If n—1—c¢ > 0 there is
a redundancy in the data through the variable e. If the smooth medium parameters
(above the interface) are correct, then applying the operator Hj;y of Theorem 7.1
to the data results in a reflectivity function 7,y (z,€), such that the position of the
singularities does not depend on e. The fact that the inverted data should ‘line up’
in the variable e can be used as a criterion to assess the accuracy of the background
medium.

One way to measure how well the data line up is by taking the derivative with
respect to e. If ryn(z, €) depends smoothly on e as in (67), then Zryy(z,€) is one
order less singular than if it would not have this smooth dependence on e (for instance
a ¢ function versus its derivative in the Kirchhoff case). Taking also the factor in front
of the ¢ function of 73,y into account, see (67), we obtain that to the highest two
orders

prin
(RMN(x,e)% — MBZN (x,e)) run(z,e) =0. (70)

If Ryn(x,e) is nonzero then the lower order terms can be chosen such that this
equation is valid to all orders.

Conjugating the differential operator of (70) with the invertible Fourier integral
operator Hjsxy, we obtain a pseudodifferential operator on D'(Y’). Thus we obtain
the following corollary of Theorem 7.1

Corollary 7.3 Let the pseudodifferential operators Wiy (y', Dy ) be given by

0 OR
Wun(y', Dy) = Hun (RMN(-’E,@)% - 8]\;IN (x,e)) Hi/y.
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Then for Kirchhoff data dpyn(y') we have to the highest two orders
Wun (Y, Dy )dun(y') = 0. (71)

For values of e where Ry (z,e) # 0, the operator Wan (y', Dy) can be chosen such
that (71) is valid to all orders.

In principle the operators Wy n(y', Dyy) can be used to obtain a quantitative
criterion of how well the data line up. Symes [28] discusses such criteria for acoustic
media using the offset coordinate.
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Notation

We use the Einstein summation convention (summation over repeated indices), unless
explicitly mentioned. We use the notation Q(x, D) for a pseudodifferential operator
with symbol Q(z, £), Q(x, z) for its distribution kernel and QP"®(z, £) for its principal
symbol.

General (Pseudo-)differential operators
0;i Kronecker delta Py p. 6
n p- 2 Ay p- 7
v p- 2 Qim(z, D) p. 6
f( CR? p. g Py(z, D) p. 6
er b sed

! ' M\L, .
z=(2,2) p-15 RS, (2,D.,,D;) .17
€l b- 27 R,uu(zaDz’: Dt) p. 17
&, n,(,T,e  cotangent vectors associ- Nunap(z, D) p. 26
TX, T zteZdGWith tonyHhe Wun(y',Dy) . 36

X, y! .

Subscripts FIOs and related quantities
i ] k l D 2.6 xM($07€07t)5§M(m07§07t) p. 10
N e Cus,Cu p. 10,11
-T’[ p. 10 AM7:|:(£L'[,...),AM(...) P. 11

’ G . 8
a p- 17 GM P 9
pv o P17 5G 5G o
i, 0G MmN p- 21
. ... Fruniijr, Fano p. 24

Field quantities Farva p. 25
p(z) p. 6 Pyrn p. 22
Cijki () p. 6 Barn s WarNsijit, WAN;0 p. 22
5Cijkl($),5,0($) p- 21 AO,MN p. 22
9o () p- 25 Ann p. 24
ui(z, 1) p. 6 L p. 26
fi(z,1) p. 6 Mun p. 32
uM(xat)an(xat) pb- 6 Vyn p. 32
unm,+ (2, 1), fars(x,t) p. 9 Hyn p. 34
Va(, ) p. 17
Vi(z,t) p. 18
run(z,e) p. 34
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