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ABSTRACT

The scalargeneralized-screenmethodin isotropic media is extendedhereto trans-

verselyisotropicmediawith averticalsymmetryaxis(VTI). Althoughwavepropagationin

atransverselyisotropicmediumis essentiallyelastic,weintroduceanequivalent‘acoustic’

systemof equationsfor theqP-waveswhichweproveto beaccuratefor boththedispersion

relationandthepolarizationangle,in thecaseof ‘mild’ anisotropy. Theenhancedaccu-

racy of thegeneralized-screenmethodascomparedto thephase-screenandthesplit-step

Fouriermethodsallows theextensionto VTI media.Thegeneralized-screenexpansionof

theone-waypropagatorfollowscloselythemethodusedin theisotropiccase.Themedium

is definedin termsof a backgroundanda perturbation.Thegeneralized-screenexpansion

of the vertical slownessis baseduponan expansionof the mediumparameterssimulta-

neouslyinto magnitudeandsmoothnessof variation. We castthe theoryinto numerical

algorithms.We assesstheaccuracy of thegeneralized-screenmethodin a particularVTI

mediumwith complex structure,viz. theBPAmocoValhallmodel,in whichmulti-pathing

is significant.
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INTRODUCTION

In realisticgeologicalmodels,heterogeneityin mediumpropertiesis suchthat the phe-

nomenonof multiple scatteringis significant.We distinguishtwo classesof multiple scatter-

ing: onein whichthemultiplesareidentifiedwith respectto theprojectionof theirpropagation

pathsontotheverticaldirection(depth),andonewherethemultiplesareidentifiedwith respect

to theprojectionof theirpropagationpathsontothehorizontalplane.In theasymptoticframe-

work of wavefrontanalysis,pathsarerays. Thefirst classof multiple scatteringis associated

with ‘turning rays’and‘internalmultiples’aswell as‘surfacemultiples’, thesecond, possibly

combinedwith thefirst classof multiplescattering,is associatedwith ‘multi-pathing’.

Waveextrapolationmethodsareableto accountfor multi-pathing(secondclassof multiple

scattering),with no needto follow the formationof causticsexplicitly. However, their com-

putationalcomplexity is significantandhencefast,approximate,algorithmsareof interest,in

particularin 3D. Methodssuchasthe phase-screen(Ratcliffe, 1956)andthe closelyrelated

split-stepFourier (Stoffa et al., 1990)methodsyield fast3D algorithms.They are,however,

limited in their capacityto predict large-anglepropagationwheresignificantlateral hetero-

geneitiesarepresent.Becauseof their attractive properties(3D, multi-pathing),De Hoop et

al. (1999)andLe RousseauandDe Hoop(1999)generalizedthis latter family of algorithms,

enhancingtheir accuracy. With the generalized-screen(GS) approach,the accuracy of the

phase-screenmethodis generalizedto larger-contrast,wider-angle,andback-scattering.We

proposehereto extendtheGSmethodfurtherto anisotropicmedia,in particularto transversely

isotropicmediawith averticalsymmetryaxis(VTI media).Theextensionof theGSmethodto

mediawith lesssymmetry(e.g. orthorhombic)canbeaccomplishedin a similar fashion.The

enhancedaccuracy accomplishedby theGSapproachbecomesa necessityin theapplication

to VTI media.

Our approachaccountsfor the first classof multiple scatteringthroughuseof the gener-

alizedBremmerseries(De Hoop,1996),andfor thesecondclassof multi-pathingby means
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of theGSpropagation(De Hoopet al., 1999;Le Rousseau& De Hoop,1999). Examplesof

implementationof theBremmerserieswith theone-waywaveoperatorapproximatedwith the

GSmethodcanbefoundin Le RousseauandDeHoop(1999).Here,weonly considerthefirst

termof theBremmerseriesassociatedwith theone-way waveoperatorthatmodelstransverse

scattering.

The propagatorthat generatesthe Bremmerseriescanbe representedby a Hamiltonian

pathintegral (De Witte-Moretteet al., 1979;Fishman& McCoy, 1984a;Fishman& McCoy,

1984b;De Hoop,1996)thataccountsfor not only theenergy traveling alongtheray but also

for the transportalongnon-stationarypaths. Thesepathintegralscontainall possiblemulti-

pathing.In thepathintegral, ‘time’ is identifiedwith depth,and‘momenta’areidentifiedwith

thehorizontalwave slownesseswhich, in theray-theoreticlimit, coincidewith thehorizontal

componentsof the gradientof travel time. The (square-root)Hamiltonian,appearingin the

phaseof thepathintegral, is identifiedwith verticalwaveslowness.TheGSapproachyieldsa

fastalgorithmfor thepathintegrals.

We analyzetheaccuracy of theGSmethodin complex VTI structuresusingthesynthetic

BP AmocoVTI Valhall model.This modelexhibits significantmulti-pathingandis represen-

tative of a North Seageology. In theValhall model,a so-called‘gascloud’ in theoverburden

createsa low velocity zonefor qP-waves. This geologicsituationyieldspoor imagingbelow

the‘gascloud’ with standardsingle-pathmethodsusingtheqP-qPenergy. With thehelpof the

GS propagator, which we prove to beaccuratein thesesituations,we shall illustratethat the

origin of thisproblemis possiblyassociatedwith multi-pathing.

Wavepropagationin VTI mediais essentiallyelastic.Yet, in variousapplicationstheprop-

agationof qP-wavesonly is consideredasif themediumwereacoustic.Following thework of

Schoenberg andDeHoop(1999)we introducein AppendixA anequivalent‘acoustic’system

of equationsfor VTI qP-wavepropagation.Weshow theaccuracy of thisequivalent‘acoustic’

systemfor theqP-wavepropagationfor boththedispersionrelation,i.e. thewavefrontset,and
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thepolarizationangle.In AppendixB, wefollow theprocedureintroducedby DeHoop(1996)

to decomposethewavefieldinto up- anddowngoingcomponents.Doing so,we introducethe

verticalslownessoperatorfor theequivalent‘acoustic’mediumandgive thegeneralform for

theone-waywavepropagatorin suchamedium.

We first presentthe dispersionrelationfor qP-wavesin VTI mediaandthe approximate,

yetaccurate,simplificationintroducedby Schoenberg andDeHoop(1999).Startingfrom that

simplifieddispersionrelation,we derive the GSrepresentationof the thin-slabpropagatorin

VTI media. Theresultsarethencastinto a numericalalgorithm. We carryout our accuracy

analysisthroughmodelingandthereforeindirectlyanalyzethemigrationoperatorbeforestack-

ing thatis performedin theprocessof imaging.We focusonmulti-pathingandsecond-arrival

energy.

THE SCALAR GENERALIZED-SCREEN PROPAGATOR IN TRANSVERSELY
ISOTROPIC MEDIA WITH A VERTICAL SYMMETR Y AXIS

For transverselyisotropic(TI) media,thedispersionrelationassociatedwith qP-waveprop-

agationis not quite assimpleasin the isotropiccase(e.g.,Le Rousseau& De Hoop, 1999,

equation(9)). Becausethe phasevelocity is a function of angle,the slownesssurfaceis not

a sphere.Nevertheless,to applya GS-typeexpansion(De Hoopet al., 1999;Le Rousseau&

De Hoop,1999)asin the isotropiccase,onewould like to have a dispersionrelationasclose

aspossibleto theoneof the isotropiccase.This is accomplishedhereusingtheapproximate,

yetaccurate,dispersionrelationin TI mediadevelopedby Schoenberg andDeHoop(1999).

Transverselyisotropic mediawith a vertical symmetry axis

Throughoutthe paper, we shall treatthe qP-wave asa scalarwave. In the scalarapprox-

imation,we neglectany type of modeconversion. We considerthe caseof TI mediawith a

verticalsymmetryaxis(VTI), sowithoutlossof generalityonecanconfineattentionto asingle

verticalplane.
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An elasticmediumis definedby its stiffnesstensor �������	��

� . With theso-calledVoigt nota-

tion (Thomsen,1986),onecanrepresentthemediumby a ����� matrix in accordancewith���
or ��������� ��� ��� ���! "�#� ���$ %�&� �'�! (�)�+*, , , , , ,� � � - . �

In thecaseof aTI medium,thenon-vanishingentriesaregivenby/000000001
24353 2435376 � 29858:2&3�;2&353�6 � 2<858 2&353 2&3�;243�; 2&3�; 29;5; 2<=5= 2<=5= 2<858

>@????????A * (1)

Simplified dispersionrelation for qP-wavepropagation

Weselectthedirectionof preferencealongthe B ; -axis(or ‘vertical’ axis)anddenotingthe

remaining(‘transverse’or ‘horizontal’) coordinatesby BDC , EF G��H<� . Terms I2 ��� representthe

elasticmoduli 2 ��� dividedby thedensityJ , andthushavedimensionvelocitysquared.

In the presentdevelopment,it is advantageousto usethe Laplacetransformwith respect

to time, K , andtheFouriertransformwith respectto thehorizontalspatialcoordinates,BDC . We

introducethenotation L  6 i MNH (2)OQP  �
i M � P  6 �L � P H (3)

where M and � P arethefrequency andthehorizontalwavenumbercomponents.Let R 3 bethe

verticalslowness
3
, R 3  � ;M H (4)S

weexplain thesubscript1 in T S in AppendixB
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where � ; is the vertical wavenumber. From the Christoffel equation,associatedwith equa-

tion (1), wehave thedispersionrelationI2&353 I2<=5= � OVU � UW6�X �YI2&353[Z I2<;5; �\I29=5=�Z^]_UY`aOVU R U3 Z I2<;5; I29=5= �bR U3 � UZ �YI24353[Z I29=5= � O U 6 �YI2<;5;�Z I2<=5= �cR U3 Z �d (efH (5)

where ]+U  g�YI24353�6 I29=5= �h�YI2<;5;W6 I29=5= � 6 �YI2&3�;�Z I2<=5= � U * (6)

We work in a verticalplanewithout lossof generalityanduse O insteadof O73 and O U ( O U  OQP&OiP ). Throughoutthepaperweusethesummationconventionfor repeatedindices.To study

theqP-wavebehavior, wecarryout thechangeof variablesj  6 I24353	O Ulknm  gI2<;5; R U3 * (7)

ThedispersionrelationbecomesI2<=5=I24353 j U Zpo\q I2<=5=I24353 Z I2<=5=I2<;5;�r Z ] UI24353 I2<;5;ts j m Z I2<=5=I2<;5; m U (8)6 q � Z I24353I2<=5=#r j 6 q � Z I2<;5;I2<=5=#r m Z �u vew*
Schoenberg andDeHoop(1999)rewrite thedispersionrelationasm  %� 6 j ZFx � j H ]_U �yH (9)

wherex canbeexpandedin termsof arationalapproximationof afactorof theform
j �c� 6 j � ,

whichensuresaccuracy atbothnormal(
j  ze ) andgrazing(

j  %� ) incidence.

Schoenberg andDe Hoop (1999)alsoshow a simplificationof the qPdispersionrelation

thatturnsout quiteusefulhere.Theexactsolutionfor theqPslownessdependsweaklyon I243�;
and I29=5= individuallybut stronglyon I{  gI243�;|Z �}I2<=5= in thecaseof ‘mild’ anisotropy. Schoenberg

andDeHoop(1999)proposethenthefollowing transformationI243�;y~ I{ HuI29=5=�~ ew* (10)
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In this limit, equation(8) simplifiestoo � 6�� � 6 I{ UI24353 I2<;5;�� j s m  �� 6 j H (11)

which is an exact rational representationof m . Schoenberg andDe Hoop (1999)show that

this latterapproximationis accurateevenfor slownessesthatarebetweennormalandgrazing

incidence.Moregenerally, this limit (10)canbeappliedto thevectorwaveequationasis done

in AppendixA. Thereweshow thatnotonly is theapproximationproposedby Schoenberg and

De Hoop(1999)accuratefor thedispersionrelation,i.e. for thewavefrontset,but alsofor the

polarizationvectorof theqP-waves.

If we introduceThomsen’sparameters� and � (Thomsen,1986)�_ 2435376�2<;5;� 2<;5; H�! � 243�;VZ^2<=5= � U 6 � 2<;5;W6�2<=5= � U� 29;5; � 29;5;�6�2<=5= � H
with � becoming �! { U 6�2 U;5;� 2 U;5; H
in theframeof thelimit (10),anduse2h� astheverticalqP-wavewavespeed,i.e.,29�  �� I2<;5; H
relation(11)becomes R U3  24�)U� � Z^2 U� O U �@� Z ���#�� 6 � 2 U � O U ��� 6 �#� H (12)

which,away from averticalplane,canbewrittenasR 3 ��� k OQP �� ���� � 29� �����5� �)U � Z � 29� �����c� U OQP4OQP � � Z ���������c�� 6 � � 2h� �����c� U OiP\OiP � ������� 6 �}�����c� * (13)

Notethat letting � and � go to zeroleadsto thedispersionequationin theisotropiccase(e.g.,

Le Rousseau& DeHoop,1999),asit should.Thevector � i O73 H i O U HYR 3 � is thegradientof travel

time consistentwith the eikonal equation. We usethe dispersionrelation(13) to derive the

anisotropicscalarone-waypropagator.
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The scalarone-waypropagator

For a sufficiently small vertical step ��B ; , anda mediumsufficiently smooth,the Hamil-

tonianpath-integral representationfor theone-way thin-slabpropagatorreducesto (De Hoop

etal., 1999):�D���D� ��BDC�HYB ; k BD���HYBD�; ���  � L � ��¡i� U�¢DO73c¢DO Ua£<¤�¥ � 6 i LiOi¦ ��B ¦§6 B � ¦ �c� £9¤�¥ �©¨ L R 3 �bBDC�HtªB ; k OQP �	��B ; �QH (14)

with ��B ;  vB ;�6 B � ; H
ªB ;  «B ;�6 3U �fB ;  «BD�; Z 3U ��B ; H

andwhere R 3 is givenby thedispersionrelation(13). Here,we have useda ‘high-frequency’

approximation,i.e. we assumethe mediumto be locally constant. AppendixA introduces

an equivalent ‘acoustic’ systemfor the elasticpropagationof qP-waves in VTI media. In

AppendixB we work out thewavefielddecompositionfrom this equivalent‘acoustic’system

as it is donein the isotropiccase(De Hoop, 1996). Also, we show that

� {�¬­¬®{�3 hasthe

interpretationof the symbolof the principalpart of the vertical slownessoperator. Thenthe

expressionof theone-way wave propagationfollows thesameasin the isotropiccase,hence

theform of equation(14).

In thelimit of alaterallyhomogeneousthin slab,R 3 will notdependon BDC , andthethin-slab

propagatorreducesto Gazdag’sphase-shiftoperator, introducedin theisotropiccase(Gazdag,

1978). Theoperatoris composedof a forwardFourier transform,a multiplicationby a phase

factor (the phaseis proportionalto the vertical slowness)andan inverseFourier transform.

In the generalcaseof equation(14), the thin-slabpropagatorhasa similar structureexcept

that the phasefactor is dependentuponthe outputpoint, BDC . Every outputpoint requiresits
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own evaluationof equation(14), which representsa considerablecomputationaleffort. The

GSapproximationof the thin-slabpropagatorenforcesa simplificationof this computational

complexity, while allowing laterallyvaryingmedia.

Generalized-screenprincipal-slownesssurface

Medium parameterization and contrast formulation.—For thesubsequentanalysis,we

employ a ‘contrastformulation’ thatallowsusto take lateralheterogeneityinto accountin the

thin-slabpropagation.In the slab � B � ; HYB ; � we introducea backgroundmediumwith vertical

mediumwavespeed,2<¯� , andthetwo Thomsenparameters� ¯ and � ¯ . Thebackgroundmedium

is constantin theslab,but mayvary from oneslabto another. We thenintroducea triplet of

mediumperturbations: ° �bBDC�HYB ; �± � 29� ��BDC�HYB ; �5� �)U�6 � 2 ¯ � ��B ; �c� �)U H (15)°³² �bBDC�HYB ; �± �}�bBDC�H	B ; � 6 � ¯ ��B ; �yH (16)°³´ �bBDC�HYB ; �± ���bBDC�HYB ; � 6 � ¯ �bB ; ��* (17)

Wewill expandtheverticalslownessleft principalsymbol,R 3 , into theperturbations

°
,

°³²
, and

°³´
, aboutthebackgroundmedium.

Generalized-screen expansion.—Assumingsmall vertical mediumvariation acrossthe

thin slab,i.e., thethin slabis sufficiently small,wesetR ¯ ��µ k OiP �� ���� � 2 ¯ � � �)U � Z � 2 ¯ � � U OQP&OiP �@� Z �'� ¯ �� 6 � � 2 ¯ � � U OQP&OiP ��� ¯ 6 � ¯ � vR ¯ �bB ; k OiP � if µw¶ � B � ; H	B ; �Q* (18)

Theprincipalsymbolof theverticalslowness,R 3 , will beexpandedin

°
,

°D²
, and

°³´
. This can

be done,for instance,by first expandingR 3 in

°
, thenin

°D²
, andfinally in

°³´
. Theprincipal
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symbolof the vertical slowness,R 3 , canbe decomposedinto a backgroundterm, R ¯ , anda

perturbation,R 33 , R 3 ��BDC�HYB ; k OQP �� ·R ¯ �bB ; k OQP � Z R 33 �bBDC�H	B ; k OiP �y* (19)

Whenexpandingin the threevariables

°
,

°³²
, and

°³´
simultaneously, we discardtermsthat

containsproductsof perturbationterms. We justify this approximationby recognizingthat

theprimarydeformationof theslownesssurfaceis causedby theperturbationin themedium

slownesssquared;variationsin theanisotropy parametersareof higherorder. This yields the

form, R 33 �zR 3¸ Z R 3¸9¹ Z R 3¸<º H (20)

whereR 3¸ , R 3¸ ¹ , and R 3¸<º follow thegeneralstructuresR 3¸ ��BDC�HYB ; k OiP �� ¼»4½¾�Y¿ 3tÀ �t��B ; k OiP � �
° ��BDC�HYB ; �5� � H (21)

R 3¸ ¹ ��BDC�HYB ; k OQP �� »4½ ¹¾�	¿ 3 À
² Á ����B ; k OiP � � °D² ��BDC�HYB ; �c� � H (22)

R 3¸ º �bBDC�H	B ; k OiP �Â » ½ º¾�Y¿ 3 À
´ Á �t�bB ; k OQP � � °Ã´ ��BDC)HYB ; �5� � * (23)

In practice,we limit ourselvesto anexpansionupto thefirst orderin theanisotropy-parameter

perturbations( Ä ¸ ¹  Ä ¸ º  � ) , and to fourth order in the squared-slownessperturbation

( Ä ¸®Å - ) compatiblewith the isotropiccase(Le Rousseau& De Hoop,1999,equation(18)).

Here,theuseof equation(13) is particularlyfruitful for it avoidsuseof intricateformulasfor

the differenttermsof the GS expansion.The first-orderexpansionsin eachperturbationare

givenby R 3¸ �bBDC�HYB ; k OiP �Â ° ��BDC�HYB ; � o � 6 - � 29¯� ��B ; �5� U OQP4OQP ��� ¯ �bB ; � 6 � ¯ ��B ; �	�Æ �bB ; k OiP � (24)
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GeneralizedScreens 126 � � 2<¯� ��B ; �5�ÈÇt� OiP\OiP � U ��� ¯ �bB ; � 6 � ¯ ��B ; �	�\�c� Z ��� ¯ ��B ; �	�Æ ��B ; k OQP � s HR 3¸ ¹ �bBDC�H	B ; k OQP �� °D² ��BDC�HYB ; � � 2<¯� �bB ; �c� U � OQP4OQP � U �@� Z �t� ¯ �bB ; �Y�Æ �bB ; k OQP � H (25)R 3¸<º �bBDC�H	B ; k OiP �� °³´ �bBDC�H	B ; � � 29¯� ��B ; �c� U OQP4OQP R ¯ ��B ; k OiP �� 6 � � 2 ¯ � �bB ; �c� U OiP\OiP ��� ¯ ��B ; � 6 � ¯ �bB ; �Y� H (26)

where Æ �bB ; k OQP �� (�!Éh� 6 � � 2 ¯ � ��B ; �5� UÊOQP&OQP ��� ¯ �bB ; � 6 � ¯ ��B ; �	�@Ë U R ¯ ��B ; k OiP � (27)

Note that, for eachof thesetermsin equation(21) through(23), dependencieson BDC and OQP
areseparated.As in theisotropiccase(Le Rousseau& De Hoop,1999),this propertyinduces

thestructureof theGSpropagator.

Theaccuracy of eachterm, R 3¸ , R 3¸ ¹ , and R 3¸ º , canbeconsideredindependently. Theexpan-

sionterm R 3¸ providesthesameaccuracy asits counterpartR 33 in theisotropiccase(Le Rousseau

& De Hoop,1999,equation(16)). Figure1 andFigure2 illustratethe increasingaccuracy of

the GS expansionof the vertical slownessprincipalsymbol( R 3 asa functionof the horizon-

tal slownessÌ^ � 6dOQP4OQP ) in the contrastin mediumslownesssquared,

°
. In Figure1 the

mediumis characterizedby elliptic anisotropy, i.e., �_ z� . In Figure2 themediumis anelliptic

(here �Í Îe�*Ï� and �Í �e�*Ïe ). Adding higher-ordertermsin theGSexpansion(in themedium

slownesssquaredperturbation,

°
), theshapeof theslownesssurfaceis improved,asit is in the

isotropiccase(Le Rousseau& DeHoop,1999).

A first-orderexpansionin theperturbation

°D²
in � provesto besufficiently accurate,asil-

lustratedin Figure3,wherethecontrastbetweentheactual� andthebackground� ¯ is e�*Ï� . The

behavior of theGSexpansionfor theperturbationin � showssurprisingaccuracy, asillustrated

by Figure4. Althoughthecontrastbetweentheactuallocal andthebackgroundvalueis 0.2,

theGSexpansionshows a closeto perfectresult.Onecanseethat thehorizontalpropagation

is exact. For all practicalpurposes,the leadingtermis sufficiently accurate.Theaccuracy is
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dueto thefactthat in equation(13), � appearsin thedenominator. This avoidsthecreationof

a branchpointwhenexpandingin

°Ã´
(seebelow).

Unlike the generalizedscreens,the split-step-Fourier type approximation(Stoffa et al.,

1990)doesnot have the degreeof freedomto accountfor anisotropy or to shapethe slow-

nesssurfaceappropriately. Le RousseauandDe Hoop(1999)show thatthesplit-stepFourier

methodis accurateonly for near-verticalpropagation.Theinfluenceof theanisotropicparam-

eters(e.g. � and � ) in theverticalslownesssymboloccursonly atnon-verticalpropagation.As

mentionedbefore,variationsin the anisotropy parametersareof higherorderthanvariations

in the mediumslownesssquared,2 �)U� . The influenceof the anisotropy parametersis compa-

rable to the higher-order termsof the GS expansionthat areabsentin the split-stepFourier

formulation(Le Rousseau& De Hoop,1999;Thomsen,1998). In laterallyvaryingmedium,

takinganisotropy into accountin theframeof theSplit-stepFourierapproximationdoesnoten-

hancetheaccuracy of theverticalslownessprincipalsymbol,R 3 , and,hence, of theassociated

propagator(cf. next sectionandLe RousseauandDeHoop(1999)).

Theexplicit GSexpansionasshown in equations(25) and(26) revealstheintroductionof

reciprocalpowersof R ¯ andhencecontainsbranchpointsat OQP4OQP  6 � 2<¯� � �)U � �@� Z ��� ¯ � . The

vicinity of thebranchpointshouldbetreatedcarefully. Wereferthereaderto Le Rousseauand

De Hoop(1999)for the treatmentof branchpoints. To ensurethat thebranchpoint is out of

the propagatingregimewithin the thin-slab,onehasto choose2<¯� smallerthantheminimum

mediumverticalwave speed,andto choose� ¯ smallerthantheminimum � , within theslabas

illustratedin Figures1 through3.

The scalargeneralized-screenpropagatorVTI media

WehaveseenthattheGSexpansionof theslownesssurfacein theVTI caseis quitesimilar

to theonein theisotropiccase.TheGSexpansionof thepropagatoris hencesimilaraswell,� ���D� ��BDC�HYB ; k B �� HYB � ; �Â�   � L � ��¡i� UY¢DO73@¢DO U³£9¤�¥ � 6 i LiOi¦ ��B ¦$6 B � ¦ �5� (28)
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As in the isotropic case,we perform the expansionof the exponentialin R 3¸ aboutvertical

propagation(Le Rousseau& De Hoop, 1999,equation(24)). For the two additionalterms,R 3¸ ¹ and R 3¸ º , theexpansionof theexponentialsimplifiesbecausethesetermsvanishat vertical

propagation.Onecanthusdecomposethepropagatoras� ���D� � � ¯ ���D� Z � ¸ �
�D� Z � ¸9¹ ���D� Z � ¸<º ���D� H (29)

wherecrosstermshavebeendiscardedwhenexpandingtheexponentialin R 3¸ . Thefirst termis� ¯ �
�D� ��BDC�HYB ; k BD�� HYBD�; �� £9¤�¥ X ¨ L É � 29� �bBDC�H#ªB ; �c� � 3 6 � 2 ¯ � �9ªB ; �5� � 3 Ë ��B ;Y` (30)Ð   � L � �'¡i� U�¢}OÂ3@¢DO U³£9¤�¥ � 6 i LVOQ¦ �bB ¦u6 B � ¦ �5� £<¤�¥ �Ó¨ L R ¯ �9ªB ; k OiP �}��B ; �[H
with R ¯ givenby equation(18). Thecorrectionappliedin thespacedomaincorrectsfor vertical

propagationonly. All contributions,

� ¸ ���D�
,

� ¸ ¹ ���D�
,

� ¸9º �
�D�
havethesameform; for

� ¸ ���D�
wehave� ¸ ���D� ��BDC�HYB ; k BD�� HYBD�; �� £9¤�¥ X ¨ L É � 29� ��BDC�H�ªB ; �5� � 3 6 � 2 ¯ � �9ªB ; �c� � 3 Ë �fB ;Y` (31)Ð   � L � ��¡i� U�¢DO73@¢DO U �fB ; £9¤�¥ � 6 i LVOQ¦ �bB ¦u6 B � ¦ �c� £9¤�¥ �Ó¨ L R ¯ �<ªB ; k OQP �}��B ; �Ð ¨ L ��B ; X R 3¸ ��BDC�H�ªB ; k OQP � 6 R 3¸ �bBDC�H�ªB ; k e�� ` H

whichgives,by substitutingequation(21),� ¸ ���D� ��BDC�HYB ; k B �� HYB � ; �� ¨ L ��B ; £<¤�¥ X ¨ L É � 2h� ��BDC�H�ªB ; �c� � 3 6 � 2 ¯ � �9ªB ; �c� � 3 ËÔ��B ; ` (32)Ð » ½¾�Y¿ 3ÊÕ �
° �bBDC�H#ªB ; �c� �   � L � ��¡i� U�¢DO73@¢DO U ��B ; £9¤�¥ � 6 i LVOQ¦ �bB ¦u6 B � ¦ �c�Ð £9¤�¥ �©¨ L R ¯ �9ªB ; k OiP �}�fB ; � � � À �#�9ªB ; k OiP � 6 À �t�9ªB ; k e��c�@Ö×*
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For theterm

� ¸ ¹ �
�D�
, � R 3¸ ��BDC)H�ªB ; k OiP � 6 R 3¸ ��BDC�H#ªB ; k e��c� shouldbereplacedby R 3¸ ¹ ��BDC�H#ªB ; k OiP � and

yield � ¸ ¹ ���D� ��BDC�HYB ; k BD�� HYBD�; �� £<¤�¥ X ¨ L É � 2h� ��BDC�H�ªB ; �c� � 3 6 � 2 ¯ � �<ªB ; �c� � 3 Ë ��B ;Y` (33)Ð   � L � ��¡Q� U�¢DO73@¢DO U ��B ; £<¤�¥ � i LVOQ¦ �bB ¦§6 B � ¦ �5� £9¤�¥ � 6 ¨ L R ¯ �9ªB ; k OiP �}�fB ; �Ð ¨ L ��B ; R 3¸ ¹ �bBDC�H�ªB ; k OiP ��H
whichgives,by substitutingequation(22),� ¸ ¹ ���D� �bBDC�HYB ; k BD��|HYBD�; �� ¨ L �fB ; £9¤�¥ X ¨ L É � 29� �bBDC�H�ªB ; �5� � 3 6 � 2 ¯ � �9ªB ; �5� � 3 Ë ��B ; ` (34)Ð » ½ ¹¾�Y¿ 3 Õ �

°D² �bBDC�H#ªB ; �c� �   � L � ��¡i� U�¢DO73@¢DO U ��B ; £9¤�¥ � 6 i LVOQ¦ �bB ¦u6 B � ¦ �c�Ð £<¤�¥ �Ó¨ L R ¯ �9ªB ; k OiP �}��B ; � À ² Á �t�<ªB ; k OQP �'ÖØ*
For theterm

� ¸ º �
�D�
, � R 3¸ �bBDC�H�ªB ; k OiP � 6 R 3¸ ��BDC�H�ªB ; k e��5� shouldbereplacedby R 3¸ º ��BDC�H#ªB ; k OQP � . In

eachcase,thespatialdependency of thepropagatorcanbetakenoutof theintegral,sinceit has

beenseparatedfrom thewavenumberdependency via theGSexpansion.TheGSalgorithmin

theVTI casethereforehasthesamestructureasin theisotropiccase(Le Rousseau& DeHoop,

1999).Theadditionalcostascomparedwith theisotropicGSalgorithmis of theorderof two

additionalinverseFouriertransformsfor thefirst-ordertermsin

°D²
and

°³´
.

Figure5 andFigure6 show the(instantaneous)wavefrontsassociatedto theslownesssur-

facesshown in Figure1 andFigure2 respectively. Figure7 andFigure8 areassociatedwith

Figure3 andFigure4. Figures5 through8 alsoshow thenumericalresponseof theGSpropa-

gatorin VTI mediain suchconstant-perturbationmedium.

As thecomputationalcomplexity of aFouriertransformis Ù 3 Ù U³Ú�Û#Ü U ��Ù 3 Ù U � ( Ù!C denoting

thenumbersof samplesin the BDC -direction),thecomplexity of our Ä th-orderGSalgorithmis

proportionalto �Ý� Z ÄÞ�	Ù 3 Ù U³Ú�Û�Ü U ��Ù 3 Ù U � , whereÄ is thecumulativeorderof theGSexpansion
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in thethreeperturbationterms(

°
,

°D²
, and

°³´
), i.e., Äß vÄ ¸ Z Ä ¸9¹ Z Ä ¸<º . Again,in mostpractical

cases,taking Ä ¸ ¹  àÄ ¸ º  Î� providessufficient accuracy; thenthecomputationalcomplexity

of theGSmethodis ��- Z Ä ¸ �	Ù 3 Ù U³Ú�Û�Ü U ��Ù 3 Ù U � .
THE SCALAR GENERALIZED-SCREEN ALGORITHM

Here,wediscusstheGSalgorithmbaseduponequations(30) through(34). Wedenotethe

(one-way) wavefieldby á , andcarryout thewavepropagationin thefrequency domain,with

eachfrequency componentcomputedindependently. Thedownwardcontinuationfor modeling

andimagingwith theone-way propagatoris performedaccordingto thedecompositionof the

vertical slownesssymbol into onebackgroundterm anda seriesof perturbationtermsas in

equations(21) through(23).

Let the currentdepthbe set to B � ;  ±â , andset ªB ;  GB �; Z 3U ��B ; asbefore. Following

equations(32)and(34),we introducetheintermediatefield quantitiesã ¯ H�ã 3 H Ð&Ð&Ð H�ã » , and ã ² ,
and ã ´ accordingto (step1)ã ¯ ��BDC�H L �Â £9¤�¥ X 6$L ��B ; É � 2h� ��BDC�H�ªB ; �c� � 3 6 � 2 ¯ � �<ªB ; �c� � 3 Ë ` á���BDC)HYB �; H L ��Hã 3 ��BDC�H L �Â 6$L ��B ; ° ��BDC�H�ªB ; �äã ¯ �bBDC�H L ��Hã U ��BDC�H L �Â 6$L ��B ; ° U �bBDC�H�ªB ; �äã ¯ ��BDC�H L ��H

...ã » �bBDC�H L �Â 6uL ��B ; ° » �bBDC�H�ªB ; �äã ¯ ��BDC�H L ��Hã ² �bBDC�H L �� 6uL ��B ; °³² �bBDC�H�ªB ; �[ã ¯ ��BDC�H L ��Hã ´ ��BDC�H L �Â 6$L ��B ; °³´ ��BDC�H�ªB ; �äã ¯ �bBDC�H L ��*
The higher-order termsin

°
,

°D²
, and

°³´
increasethe accuracy for wider-anglepropagation.

Again,for practicalpurposes,we limit ourselvesto first-orderexpansionof theprincipalslow-
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nesssymbolsin Thomsenparameterperturbations,

°D²
and

°³´
. Theintermediatefield quantities

arethenFouriertransformedto thehorizontal-wavenumberdomain(step2),Iã���� OiP H L �Â Iã����Ý� P � L H L �Â   ã��t�bBDC�H L � £9¤�¥ � 6 i B ¦ � ¦ �Ãå�BDC (35)   ã��t�bBDC�H L � £9¤�¥ � i L B ¦�OQ¦ �Då�BDC�H �  ze�H4��H Ð&Ð&Ð H�ÄVHY�)HÊ�+*
ThewavefieldatdepthB ;  vâ Z �fB ; thenfollowsasIá���B ; k OQP H L �Â Iã ¯ � OQP H L � £9¤�¥ � 6$L ��B ; R ¯ �<ªB ; k OQP �c�Ðçæ o � Z Iã 3 � OiP H L �Iã ¯ � OiP H L � � À 3 � OQP H L � 6 À 3 ��e�H L �5�Z Ð&Ð&Ð Z Iã » � OQP H L �Iã ¯ � OiP H L � � À » � OQP H L � 6 À » ��e�H L �c�Z Iã ² � OQP H L �Iã ¯ � OQP H L � À

² � OQP H L � Z Iã ´ � OQP H L �Iã ¯ � OQP H L � À
´ � OiP H L � s H

(step3), thedivisionsbeingcarriedout in somestablesense,andthenormalizationoperator,æ , beinggivenbyæ � � Z Ì Z i è'�a £9¤�¥ � i è#�ßééééé � Z Ì� Z i è ééééé �
3 o � Z Ì� Z i è s *

TheTaylorexpansionof theexponentialin equation(28)destroys theunitarityof thethin-slab

propagator, hencethe introductionof the normalizationoperator(Le Rousseau& De Hoop,

1999).Finally, we carryout theinverseFouriertransform Iá���B ; k OQP H L � ~ á��bBDC�HYB ; k L � (step

4).

ACCURACY ANALYSIS

Weillustratetheaccuracy of theGSalgorithmwith theBPAmocoVTI Valhallmodel.We

baseouranalysisonnumericalmodeling.We generateGreen’s functionsandfocusourobser-

vationson second-arrival energy andmulti-pathing.Imaginginvokesanaveraging(stacking)

process;to learnaboutthe prestackmigrationoperator, we hencefavor to analyzemodeling
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instead.Depth-migrationresultsfor theisotropiccaseare,however, presentedin a companion

paper(Le Rousseau& DeHoop,1999).

Thewavespeedmodel(verticalwavespeedfor qP-waves)of theVTI Valhallmodelis illus-

tratedin Figure9. Thismodel,createdby BP Amoco(Brandsberg-Dahlet al., 1999),is based

on real datastudieson the Valhall field in the North Sea. Becauseof the presenceof gasin

theoverburdenof the reservoir, attenuationandmulti-pathingoccurwhich yieldspoor imag-

ing of the qP-wavesfor conventionalasymptoticmethods(first arrivals or maximumenergy

arrivals). ‘Gasclouds’actasa dissipative andlow wave-speedzonefor theqP-waves. Alter-

native methods,suchasimagingusingconvertedwaves,have beenappliedto obtaina better

imaging(Thomsenetal., 1997).TheqSwavesareindeednot affectedby thepresenceof gas.

Profilesfor Thomsen’s parameters� and � in the presentValhall modelis VTI (Brandsberg-

Dahl et al., 1999)areshown in Figure10 andFigure11, respectively. Themodelshows fine

detail in theverticalwavespeed.

We placea point sourcebeneaththe reservoir. The sourcelocationis representedby an

asteriskin Figure9. Thesourceis excitedat timet  ve . Thepropagating‘pressure’field is im-

agedat timet = 1.6s. Wecompareresultsgeneratedwith thefull elasticwaveequation(finite-

differencetime-domain,fourthorderin space,secondorderin time)modeling(Figure12)with

theGS(secondorderin theperturbationin theverticalslownesssquaredandfirst orderin the

perturbationin � and � ) method(Figure13). We usethewavefieldmodeledby thefull elastic

wave equationasa reference.The � sectionexhibits not so ‘weak’ anisotropy in partsof the

model: � reachesvaluesashighas0.3. Yet, thedispersionrelation(11) usedin VTI mediafor

theGSmethodis accurate,sinceit requires‘mild’ andnot ‘weak’ anisotropy (Schoenberg &

De Hoop,1999).

The wavefront in the finite-differencesectionshows significantmulti-pathingat various

locations,dueto lateralvariationsin themediumproperties,especiallydueto the‘gascloud’,

i.e. ‘gaz lens’. Also, onecannoticesignificantmultiple scatteringdueto thefine layeringof



J.H.Le Rousseau,M.V. deHoop
�

GeneralizedScreens 19

the model. Comparisonwith Figure13 shows the capacityof the GS methodto accurately

modelwave propagationin a non-trivial medium. The wavefront of the GS methodclosely

approachesthe referenceone. Note that second-arrival energy is accuratelypositioned.The

betterpositioningandmodelingof thelatter-arrival energy constitutesakey contributionto the

imagingof complex structures,wherethesearrivalscarrya significantpartof theenergy. We

donotaddressthequestionof attenuationdueto thegascloudhere,thoughattenuationcanbe

accountedfor in theGSapproach.

DISCUSSION

Thegeneralized-screen(GS)methodis basedon thedecompositionof themediuminto a

backgroundcomponentanda perturbation.The GS methodcanaccommodatemoresignifi-

cantandrapid horizontalwave speedvariations. Its enhancedaccuracy (ascomparedto the

phase-screenandsplit-stepmethod)allows a accuratemodelingof thewavefieldsin complex

structureswheremulti-pathingis significant.Unlike thephase-screenandsplit-stepmethods,

theGSmethodextendsto mediawith lesssymmetry, suchastransverselyisotropicmediawith

averticalaxisof symmetry(VTI). Themediumis thencharacterizedwith additionalparameters

(e.g.Thomsen’sparameters� and � (Thomsen,1986)),for whichbackgroundandperturbation

termsaredefined.Expansionwith respectto theanisotropy parameterperturbationtermsare

truncatedto their lowestordertermfor thisaccuracy is sufficientin mostpracticalapplications.

With theGSrepresentationof thepropagatoris associateda symbol,wherethedependen-

cieson thespatialcoordinatesandthedependencieson thewavenumberarefactorized-which

inducesthestructureof theGSpropagator. TheGSexpansionprovidesafundamentalsimplifi-

cationof theone-waypropagator. Weobtainanalgorithmthatworksasashuttlingbetweenthe

frequency-horizontalspacedomainandthe frequency-horizontalwavenumberdomain. Each

new term in the GS expansionincreasesthe accuracy. The additionalcost is an additional

Fouriertransformfor eachadditionalorderin theexpansion(in theperturbationin themedium
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slownesssquaredandtheanisotropicparameters).Theextensionof theGSalgorithmto media

with lesssymmetry(e.g.orthorhombic)canbeaccomplishedin asimilar fashion.

Wehave illustratedtheGSpropagator’saccuracy primarily throughmodeling.Themathe-

maticalaccuracy analysisof theGSapproximationwascarriedout by De Hoopet al. (1999).

Herewe focuson its numericalcounterpart.We chosetheBP AmocoVTI Valhall modelas

a syntheticmodelrepresentative of a geologicsituation. We focusedon the computationof

Green’s functionsratherthanon imagingbecause,doing so, we do not hide any detailsin a

prestackmigrationoperator;imaging involvesan averagingof thesedetails. The extension

of theGSmethodto VTI yields theexpectedaccuracy. Thewavefrontmodeledwith theGS

methodapproachescloselythetrueoneevenfor second-arrival energy dueto multi-pathingin

complex structures.

TheGSmethod,with its ��- Z Ä ¸ �@Ù 3 Ù UÃÚÈÛ�Ü U ��Ù 3 Ù U � ( Ä ¸ is theorderof theGSapproxima-

tion in the mediumslownesssquaredperturbation,

°
, and Ù_C arethe numbersof samplesin

thehorizontaldirections)computationalcomplexity, makesfeasible‘waveequation’modeling

andimagingin 3D VTI media.
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Hörmander, L. 1985. Theanalysisof linear partial differential operator. Vol. 3. Springer-

Verglad,Berlin.

Jones,E.A., & Wang,H.F. 1981. Ultrasonicvelocitiesin Cretaciousshalesfrom thewilliston

basin.Geophysics, 46, 288–297.

Le Rousseau,J.H.,& DeHoop,M.V. 1999.Modelingandimagingwith thescalargeneralized-

screenalgorithmsin isotropicmedia.Geophysics,submitted.



J.H.Le Rousseau,M.V. deHoop
�

GeneralizedScreens 22

Ratcliffe, J.A.1956.Someaspectsof diffractiontheoryandtheirapplicationto theionosphere.

Rep.Prog. Phys., 19, 190–263.

Schoenberg, M., & DeHoop,M.V. 1999.Approximatedispersionrelationsfor qP-qSVwaves

in transverselyisotropicmedia.Geophysics,in print.

Stoffa, P. L., Fokkema,R. M., de Luna Freire,& Kessinger, W. P. 1990. Split-stepFourier

Migration. Geophysics, 55, 410–421.

Thomsen,L. 1986.Weakelasticanisotropy. Geophysics, 51, 1954–1966.

Thomsen,L. 1998.personalcommunication.

Thomsen,L.A., Barkved,O., Haggard,B., Kommedal,J.H.,& Rosland,B. 1997. Converted-

wave imagingof Valhall reservoir. In: EAGEexpandedabstract, vol. 59.

Treves,F. 1980. Introductionto pseudodifferential and Fourier integral operators. Vol. 1.

PlenumPress,New York.

Tsvankin,I. 1995.P-wavesignaturesandnotationfor transveselyisotropicmedia:anoverview.

Geophysics, 61(2), 467–483.



J.H.Le Rousseau,M.V. deHoop
�

GeneralizedScreens 23

FIGURE CAPTIONS

FIG. 1. Principalpartsof thegeneralized-screenverticalslowness,asa functionof thehori-

zontalslownessÌ , in theelliptical VTI case( �_ ze�*Ó�fHÊ�! ze�*Ï� ) in aconstant-wavespeed

perturbationmedium:zero-order(GSP0),first-order(GSP1)andsecond-order(GSP2).

FIG. 2. Principalpartsof thegeneralized-screenverticalslowness,asa functionof thehori-

zontalslownessÌ , in theVTI case( �w àe�*��­HÊ�� àe�*Óe ) in a constant-wave speedpertur-

bationmedium:zero-order(GSP0),first-order(GSP1)andsecond-order(GSP2).

FIG. 3. Principalpartsof thegeneralized-screenverticalslowness,asa functionof thehor-

izontal slownessÌ , in the VTI casein a constant-� perturbationmedium: zero-order

(GSP0)andfirst-order(GSP1).

FIG. 4. Principalpartsof thegeneralized-screenverticalslowness,asa functionof thehor-

izontal slownessÌ , in the VTI casein a constant-� perturbationmedium: zero-order

(GSP0)andfirst-order(GSP1).

FIG. 5. Wavefrontsin a constant-wave speedperturbationVTI medium( �Ô ge�*Ó�êHÊ�ë �e�*Ï� )
associatedwith the variousgeneralized-screenapproximations:second-order(GSP2),

first-order(GSP1);top: ascalculatedaspolarreciprocalof theslownesssurface;bottom:

numericalwavefront.

FIG. 6. Wavefrontsin a constant-wave speedperturbationVTI medium( �Ô ge�*Ï�ßHÊ�ë �e�*Ïe )
associatedwith the variousgeneralized-screenapproximations:second-order(GSP2),

first-order(GSP1);top: ascalculatedaspolarreciprocalof theslownesssurface;bottom:

numericalwavefront.

FIG. 7. Wavefronts in a constant-� perturbationVTI mediumassociatedwith the first-

order(GSP1)approximation;top: ascalculatedaspolar reciprocalof theslownesssur-

face;bottom:numericalwavefront.
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FIG. 8. Wavefronts in a constant-� perturbationVTI mediumassociatedwith the first-

order(GSP1)approximation;top: ascalculatedaspolar reciprocalof theslownesssur-

face;bottom:numericalwavefront.

FIG. 9. Vertical wavespeedof the VTI modelof the Valhall field. The asterisklocatesthe

positionof the source;the dashedline indicatesthe region detailedin Figure12 and

Figure13.

FIG. 10. Model for � of theVTI modelof theValhall field.

FIG. 11. Model for � of theVTI modelof theValhall field.

FIG. 12. Snapshotof thewavefieldin theValhallmodelat time K� %�#*Ï� sof thepressurefield

with thefull elasticwaveequation.

FIG. 13. Snapshotof the wavefield in the Valhall modelat time K+ G��*Ï� s with the second

orderof thegeneralized-screenmethod.

FIG. 14. Relative errorbetweentheapproximatephasevelocity asgivenby dispersionrela-

tion (11) andtheexactphasevelocity asa functionof thephaseangle ì , in thecaseof

Greenhornshale.

FIG. 15. Graycurve: exactpolarizationangle(graycurve)asa functionof thephaseangleì ,
in thecaseof Greenhornshale;blackcurve: Error in degreesbetweentheapproximate

polarizationangleasgivenequation(A-33) andtheexactpolarizationangle.
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APPENDIX A: EQUIVALENT ‘ACOUSTIC’ SYSTEM OF EQUATIONS FOR VTI
QP-WAVE PROPAGATION

VTI mediaareessentiallyelasticmedia.Yet,in variousapplicationsthepropagationof qP-

waveonly is treated,asif themediumwereacoustic.Here,weproposeto deriveanequivalent

‘acoustic’systemof equationsfor theVTI mediacharacterizedby ‘mild’ anisotropy (Schoen-

berg & DeHoop,1999).

Exact VTI systemand limiting equivalent ‘acoustic’ system

ThemediumbeingVTI, wework in averticalplanewithout lossof generality. In anelastic

medium,thewaveequationis givenby thesecond-orderhyperbolicsystemî|ï³ðñ'òDó³ô ï'õ7ö�÷ ó õ	øYùúï|ù ò ø&ûÂü(ý óiþ for ÿ ü�� þ���þ (A-1)

whereòDó =particledisplacement(m), î =volumedensityof mass(kg/��� ), ÷ ó õ	øYù =stiffnesstensor

(Pa),and ý ó =volumesourcedensityof force(N/ � � ). In theVTI case,system(A-1) reducestoî|ï ðñ�ò��Vô ï � ö
	 ��� ï �@ò���� 	 � � ï � ò � û ô ï � ö
	�����ö�ï � ò���� ï �@ò � û	û�üzý �yþ (A-2)î|ïDðñ�ò � ô ï � ö
	 � � ï �@ò���� 	 ��� ï � ò � û ô ï � ö
	�����ö�ï � ò���� ï �@ò � û	û�üzý � þ (A-3)

accordingto thestiffnessmatrix (1) andtheVoigt notation.

Let � ü�	 � � ��� 	���� befixed. Following Schoenberg andDe Hoop (1999),we artificially

modify thestiffnesscoefficientsaccordingto:	 � � � � þ (A-4)	���� � ��� (A-5)

TakingtheverticalqSV-wavespeedequalto zeroyieldsanequivalent‘acoustic’system;how-

ever, asnoticedby Schoenberg andDe Hoop(1999),keeping	 � � ��� 	���� constant,asis done
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here,doesnot affect dramaticallythe shapeof the qP-slownesssurfacein the caseof ‘mild’

anisotropy. Thesecond-ordersystem(A-2)-(A-3) thusbecomesî|ï ðñtò��Vô ï � ö
	 ��� ï �@ò���� � ï � ò � ûÂü"ý �yþ (A-6)î|ïDðñ ò � ô ï � ö � ï �@ò���� 	 ��� ï � ò � ûÂü"ý � � (A-7)

We defineapseudo-pressure,� , as��� ô ö � ï �@ò���� 	 ��� ï � ò � û � (A-8)

Thenequation(A-7) takestheformî|ïDðñ'ò � � ï � � ü"ý � þ (A-9)

which equationappearsin the isotropicacousticcasealso(De Hoop,1996,equation(II.6)).

Fromequation(A-8) onecanextract ï � ò � ,ï � ò � ü ô �	 ��� � ô �	 ��� ï �@ò���þ (A-10)

whichuponsubstitutionin equation(A-6) yields� î|ï ðñ ô ï � �"! 	 ����ô � ð	 ���$# ï �&%('�)§ò���� ï �+* �	 ��� %-, � ü"ý �yþ (A-11)

whichwerewrite as . ò���� ï � * �	 ��� % , � ü"ý ��þ (A-12)

with . ö�ï ñ þ ï � û�üvî|ï ðñ ô ï �/�0! 	 ���Vô � ð	 ���$# ï �1%2' � (A-13)

Theprincipalpart,

. ð , of thedifferentialoperator

.
is givenby. ð ö�ï ñ þ ï � û�üvî|ï ðñuô3! 	 ���Vô � ð	 ���$# ï ð� þ (A-14)
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andits principalsymbol, 4 ð , follows,uponreplacingï ñ and ï � by their respectivesymbols,5 ð
and ô i 576 , in theLaplace-Fourierdomain,as4 ð ö 5 þ 6 ûÂü«î 5 ð �8! 	 ���7ô � ð	 ��� # 6 ð � (A-15)

In thecasewhere � ð:9 	 ��� 	 ��� , which we assumeð here,thedifferentialoperator

.
is strongly

elliptic. Wecanthereforeinvert it (Treves,1980),andhencewith equation(A-12),ò�� ü ô .�; �=< ï �>* �	 ��� %-,�? � �
.@; � ý � � (A-16)

Substitutingequation(A-16) into thedefinition(A-8) of thepseudo-pressure,� , weobtainï � ò � �BA �	 ��� ô �	 ��� ï �
. ; � < ï � * �	 ��� % ,�?DC � ü ô �	 ��� ï �

. ; � ý � � (A-17)

Usingtheparticlevelocity, E , insteadof theparticledisplacement,F , we obtainthesystemof

equations î|ï ñHG � � ï � � ü ý � þ (A-18)ï � G � � A �	 ��� ô �	 ��� ï �
.@; �I< ï �J* �	 ��� %K,�?DC ï ñ � ü ô �	 ��� ï �

.@; � ï ñ ý � � (A-19)

Definingthe‘acoustic’field matrix, LNM , O =1,3,asL � ü � þ (A-20)L � ü G � þ (A-21)

we obtainthematrixdifferentialequationö�ï ��P MRQ S �UT M�Q S ï ñ û L1S üWV M þ (A-22)

wheretheelementsof theacousticsystemoperatormatrix, T M�Q S , aregivenbyTX� Q � ü � þ (A-23)Y
NotethatthecaseZ Y1[]\_^
^`\`a
a would induceapolein expression(A-31) for theverticalslownessb ^ , i.e. the

phasevelocitywouldhavea zero.
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.�; �I< ï �>* �	 ��� %-,�?DC"þ (A-25)T ð Q ð ü ��� (A-26)

Thesourcematrix, V M , O üc� þ�� , is givenbyV � ü"ý � þ (A-27)V � ü ô �	 ��� ï �
.@; � ï ñ ý � � (A-28)

Observe that in the limiting case	 ��� üd	 ��� ü � , we recover the exact form of the acoustic-

matrixdifferentialequationfor anisotropic-acousticmedium(DeHoop,1996,equations(II-9)

through(II-16)); thenthelinearoperator

.
reducesto î$ï ðñ .

Dispersionrelation for the equivalent ‘acoustic’ system

To obtainthedispersionrelation,i.e., to derive the(micro-local)eikonalequation,wecon-

sidera (locally) constantmedium(‘high-frequency’ approximation).Thenthelinearoperator
.

reducesto its principalpart

. ð . UponapplyingaFouriertransformin thespatialcoordinates,e � ande � , andaLaplacetransformin time, f , to system(A-22) thusreplacingï ñ , ï � , ï � , and

. ð
by their respective symbols,5 ð , ô 5hg � , ô i 576 , and 4 ð , we setthedeterminantof system(A-22)

equalto zero: î 5 ð � � ð	 ð��� 4
; �ð 5 ð 6 ð � �	 ��� ' ô 5 ð g ð� ü � þ (A-29)

whichcanbewrittenas g ð� ü ijlkim knon 6 ð� ��p	 ��� 6 ð ô ij kim non 6 ð � �p	 ��� � (A-30)

Notethattheterm p	 ó õ representstheelasticmoduli 	 ó õ normalizedby density, î . Theprevious

equationsimplifiesto g ð� ü � ��p	 ��� 6 ðp	 ���Jq � � q � ô ij kimsror im non7t 6 ð t þ (A-31)
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whichyields � � ôu! � ô p� ðp	 ���vp	 ��� #�w '>x üc� ô w þ (A-32)

whencarryingout the changeof variables(7). The dispersionrelationdefinesthe slowness

surface( g � asa functionof ô i 6 ), andhencethephasevelocity, asthereciprocalof theslow-

ness. Figure 14 illustratesthe relative error betweenthe approximatephasevelocity given

by equation(11) andthe exact dispersionrelationusingthe measuredmoduli of Greenhorn

shale(Jones& Wang,1981);thestiffnesscoefficientsin ö km/sû ð are	 ��� ü��zy � y|{ þ 	 ��� ü�} ��~ { þ 	�����ü � � ���fþ 	 � � üWy ��~ � �
Polarization angle

Here, we study the (micro-local) behavior of the polarizationvector. Upon applying a

Fourier transformin thespatialcoordinates,e � and e � , anda Laplacetransformin time, f , to

system(A-22) thusreplacingï ñ , ï � , and ï � by their respective symbols,5 ð , ô 5hg � , and ô i 5"6 ,

wecanderivethepolarizationangle,� , of theqP-wavein theframework of theapproximation

proposedby Schoenberg andDeHoop(1999)����� � ü ò��ò � ü i 6�g ��p�� ��p	 ��� 6 ð � (A-33)

Note that the polarizationanglegiven by equation(A-33) is the limit of the exact polariza-

tion anglein VTI mediafor theqP-wave (e.g.,Tsvankin,1995,equation(42)) whenapplying

transformations(A-4) and(A-5). In thecurrentnotation,theexactpolarizationangleis indeed

givenby �R��� ��� ü ö p	 � � ��p	����Êû i 6�g �� ��p	 ��� 6 ð ô�p	���� g ð� � (A-34)

Figure15 illustratesthedegreeof accuracy offeredby theapproximationproposedby Schoen-

berg andDe Hoop(1999)for thepolarizationanglein thecaseof Greenhornshale(Jones&

Wang,1981).
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Fromthevalueof thepolarizationanglein the‘mild’ anisotropy approximation,� , wecan

recover theexactpolarizationangle,� � , as����� � � ü ö
	 � � � 	����9û i 6�g ��
i 6&�$g ��ô 	�����ö g �� û ð �R��� � ����� � þ (A-35)

where g �� is theverticalslownessprincipalsymbolin theexactVTI case.Using the fact thatg �>� g �� , i.e. thatthedispersionrelationis weaklyaffectedby thepresentapproximation,this

relationsimplifiesto ����� � � ü ö
	 � � � 	����9û i 6
i 6&� ô 	���� g � �R��� � ����� � � (A-36)

Thefractionaltermcanbeshown to bequasiinsensitiveto transformations(A-4) and(A-5) in

thecaseof ‘mild’ anisotropy.

APPENDIX B: DIRECTION AL DECOMPOSITION OF THE WAVEFIELD IN THE
‘ACOUSTIC’ VTI CASE. CHARACTERISTIC EQUATION FOR THE VERTICAL

SLOWNESSOPERATOR

To achieve a directionaldecompositionof the wavefield, we diagonalizesystem(A-22).

We usetheone-sidedLaplacetransform.To show thenotation,we give theexpressionfor the

pseudo-pressure, �� ö
� þ 5 û�ü����� ����� ö ô 5hf û � ö
� þ f û�� f � (B-1)

In themaintext, weomit thehat(

�
) on thefieldsandoperatorsin theLaplacedomainbecause

thereis noconfusionpossible.Wewrite�LNM ü �� M�Q S �� S þ (B-2)

where

�� M is the wave matrix and

�� � and

�� ð will correspondto the down- and upgoing

wave constituents.Note that the elementsof the wave matrix,

�� M , may be physically‘non-

observable’. Wecall

�� M�Q S thecompositionoperator. Substitutingthecompositionequation(B-

2) into thematrixdifferentialequation(A-22),wethusobtainthefollowingsystemof equationsï � �� � Q S �� S � 5 �T�� Q ð �� ð Q S �� S ü �V �yþ (B-3)
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We introducethecommutatornotation,� ï � þ �� MRQ S"� ü(ï � �� M�Q S ô �� MRQ S ï � þ (B-5)

andobtain �� � Q S ï � �� S � 5 �T�� Q ð �� ð Q S �� S ü ô � ï � þ �� � Q S"� �� S � �V �yþ (B-6)5 �T ð Q � �� � Q S �� S � �� ð Q S ï � �� S ü ô � ï � þ �� ð Q S � �� S � �V ð � (B-7)

We shall constructthe appropriatelinear operator,

�� MRQ S , suchthat the left-handsideof this

systemattainstheform�� M�Q S q ï ��P SRQ � � 5 �� SRQ � t �� � ü ô � ï � þ �� MRQ S7� �� S � �V M þ (B-8)

with the linearoperator

�� MRQ S beingdiagonal.Thediagonalentriesof ï ��P SRQ � � 5 �� S_Q � arethe

up-anddowngoingone-waywaveoperators.Thewavematrix,

�� M , andthesourcematrix,

�V M ,
beingarbitrary, theintroducedlinearoperators,

�� M�Q S and

�� MRQ S , havethentosatisfythefollowing

systemof equations: �TX� Q ð �� ð Q � ü �� � Q � �� � Q �yþ (B-9)�TX� Q ð �� ð Q ð ü �� � Q ð �� ð Q ð þ (B-10)�T ð Q � �� � Q � ü �� ð Q � �� � Q �yþ (B-11)�T ð Q � �� � Q ð ü �� ð Q ð �� ð Q ð � (B-12)

Let thediagonalentriesof

�� MRQ S bedenotedas�� � Q � ü � &¡�¢¤£ þ�� ð Q ð ü �  ¡ ; £ �
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We apply the acoustic-pressurenormalizationanalogintroducedby De Hoop (1996), to

obtaintheAnsatz: �� � Q � ü �TX� Q ð þ (B-13)�� ð Q � ü �  ¡�¢¤£ þ (B-14)�� � Q ð ü �TX� Q ð þ (B-15)�� ð Q ð ü � &¡ ; £ � (B-16)

Equations(B-9) and(B-10) arethensatisfiedandequations(B-11) and(B-12) yield the fol-

lowing characteristicequations� &¡¦¥¤£ � &¡¦¥¤£ ü �§ ü �T ð Q � �TX� Q ð � (B-17)

Thedifferentialoperator

�§
is calledthetransverseHelmholtzoperatorandis givenby�§ ü A �	 ��� î ô �	 ��� ï �

�.@; � < ï � * �	 ��� î % ,�?DC � (B-18)

In view of theup-down symmetryof themedium,thesolutionsof equation(B-17) arewritten

as �  ¡¦¢¤£ ü ô �  ¡ ; £ ü �  ü �§ rk � (B-19)

Thecompositionoperatorthusbecomes�� ü ! �T�� Q ð �T�� Q ð�  ô �  # þ (B-20)

andits inverse,thedecompositionoperator,

�� ; �
, thenfollowsas�� ; � ü �� !

�T ; �� Q ð �  ; ��T ; �� Q ð ô �  ; � # � (B-21)

The elementsof the wave matrix,

�� M , correspondwith the pseudo-pressureup the actionof
�T�� Q ð .
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UsingtheFouriertransformwith respectto thehorizontalspatialcoordinateswe canasso-

ciatewith

� 
and

�§
their ‘left symbols’(Hörmander, 1985;Treves,1980),

�g and

��
respectively,

i.e., let

�¨
bea testfunction,thenö �  �¨ ûhöHe¤© þ e � û ü � ö 5�í �0ª û ð � 6 � � 6 ð � �«e¤¬ � ��e¤¬ ð �g öHe¤© þ e �z­ 6�® û ������¯ ô i 5 öHe±° ô e¤¬° û 6 °"² �¨ öoe¤¬³ þ e � û þö �§ �¨ ûhöHe¤© þ e � û ü �êö 5�í �0ª û ð � 6 � � 6 ð �´�«e¤¬ � ��e¤¬ ð �� öoe¤© þ e �7­ 6�® û ������¯ ô i 5 öoe±° ô e¤¬° û 6 °0² �¨ öHe¤¬³ þ e � û þ

Thecharacteristicequation(B-17) transformsinto acharacteristicequationfor left symbols:����� � ô i ï|µz¶¸·º¹ ¶ r � �g öoe � ­ 6 ¬
û �g öHe¤¬ � ­ 6 ûN»»»» ¡ ¹ ¶ r Q µ ¶ £½¼¾¡ ¹ r Q µ £ ü �� öHe � ­ 6 û þ (B-22)

asgiven by symbolcalculusof pseudodifferentialoperators(Treves,1980; De Hoop, 1996,

equation(A12)). In this paper, we assumethe mediumto be locally constant,i.e., we apply

a ‘high-frequency’ approximation;thenthesymbols

�g and

��
reduceto their principalparts

�g �
and

�� ð respectively. Up to principal symbols,this characteristicequationthusbecomesthe

dispersionrelation �g ð� ü �� ð ü � ��p	 ��� 6 ðp	 ���Jq � � q � ô ij kimsror im non7t 6 ð t � (B-23)

This explainsthesubscript1 in

�g � in thedispersionrelation(5). Thesymbol

�g � is thevertical

componentof theslownessvectorandhencewe cantheninterpret

� 
asthevertical slowness

operator.

Findingaequivalent‘acoustic’waveoperatorin thediagonalform (B-8) characterizingthe

qP-wave propagationin (‘mildly’ anisotropic)VTI media,allows thento expresstheone-way

wave propagatorasin equation(14) theway it is donein acousticisotropicmedia(De Hoop,

1996;DeHoopetal., 1999).Thethin-slabpropagatoris then�¿ ¡¦¥¤£ öoe¤© þ e �7­ e¤¬³ þ e¤¬� û �� ö 5�í �0ª û ð � 6 � � 6 ð ������¯ ô i 5N6 °�öHe±° ô e¤¬° û`² ���«��¯KÀ 5 �g öHe¤© þ�Áe �z­ 6�® ûÃÂºe � ² � (B-24)
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In theframework of the‘high-frequency’ approximation,

�g reducesto its principalpart,

�g � , and

thethin-slabpropagatorreducesto equation(14).

Mapping betweenacousticfield matrix componentsand observable

To obtain the equivalent ‘acoustic’ system,we have useda pseudo-pressurethat is not

observable.Theintroductionof � allows a simplewave field decomposition,that is presented

in AppendixB. Yet,asgivenby equation(A-10),wecanmapthetwo field matrixcomponents,� and G � , to theparticlevelocityaccordingto:G � ü G � þ (B-25)ï � G � ü ô �� ï ñ � ô 	 ���� ï � G � þ (B-26)

with appropriateinitial conditions.


