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ABSTRACT

The scalargeneralized-screemethodin isotropic mediais extendedhereto trans-
verselyisotropicmediawith averticalsymmetryaxis(VTI). Althoughwave propagationn
atrans\erselyisotropicmediumis essentiallyelastic we introduceanequvalent'acoustic’
systenof equationgor theqP-waveswhichwe proveto beaccuratdor boththedispersion
relationandthe polarizationangle,in the caseof ‘mild’ anisotroy. The enhanceaccu-
ragy of the generalized-screemethodascomparedo the phase-screeandthe split-step
Fouriermethodsallows the extensionto VTI media.The generalized-screesxpansionof
theone-way propagatofollows closelythemethodusedn theisotropiccase. Themedium
is definedin termsof a backgroundanda perturbation.The generalized-screesxpansion
of the vertical slownessis baseduponan expansionof the mediumparametersimulta-
neouslyinto magnitudeand smoothnessf variation. We castthe theoryinto numerical
algorithms.We assesshe accurag of the generalized-screemethodin a particularVTI
mediumwith complex structureyiz. theBP AmocoValhallmodel,in whichmulti-pathing

is significant.
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INTRODUCTION

In realisticgeologicalmodels,heterogeneityn mediumpropertiesis suchthat the phe-
nomenonof multiple scatterings significant. We distinguishtwo classeof multiple scatter
ing: onein whichthemultiplesareidentifiedwith respecto theprojectionof their propagation
pathsontotheverticaldirection(depth),andonewherethemultiplesareidentifiedwith respect
to theprojectionof their propagatiorpathsontothe horizontalplane.In theasymptotidrame-
work of wavefrontanalysis pathsarerays. Thefirst classof multiple scatterings associated
with ‘turning rays’ and‘internal multiples’ aswell as‘surfacemultiples’, the secondpossibly

combinedwith thefirst classof multiple scatteringjs associateavith ‘multi-pathing’.

Wave extrapolationrmethodsareableto accounfor multi-pathing(seconcdtlassof multiple
scattering) with no needto follow the formationof causticsexplicitly. However, their com-
putationalcompleity is significantandhencefast,approximatealgorithmsareof interest,in
particularin 3D. Methodssuchasthe phase-scree(Ratcliffe, 1956) andthe closelyrelated
split-stepFourier (Stoffa et al., 1990) methodsyield fast3D algorithms. They are,however,
limited in their capacityto predictlarge-anglepropagationwheresignificantlateral hetero-
geneitiesare present.Becauseof their attractve properties(3D, multi-pathing),De Hoop et
al. (1999)andLe RousseaandDe Hoop (1999)generalizedhis latter family of algorithms,
enhancingtheir accurag. With the generalized-scree(GS) approachthe accurag of the
phase-screemethodis generalizedo largercontrast,widerangle,and back-scattering We
proposehereto extendthe GSmethodfurtherto anisotropianedia,in particularto trans\ersely
isotropicmediawith averticalsymmetryaxis(VTI media).Theextensionof the GSmethodto
mediawith lesssymmetry(e.g. orthorhombic)canbe accomplishedn a similar fashion.The
enhancedccurag accomplishedy the GS approachhecomes necessityin the application

to VTl media.

Our approachaccountdor the first classof multiple scatteringhroughuseof the gener

alizedBremmerseries(De Hoop, 1996),andfor the secondclassof multi-pathingby means
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of the GS propagation(De Hoopetal., 1999; Le Roussea& De Hoop,1999). Examplesof
implementatiorof the Bremmerserieswith the one-way wave operatorapproximateavith the
GSmethodcanbefoundin Le RousseaandDe Hoop(1999).Here,we only considetthefirst
termof the Bremmerseriesassociateavith the one-way wave operatorthatmodelstrans\erse

scattering.

The propagatoithat generateshe Bremmerseriescan be representedby a Hamiltonian
pathintegral (De Witte-Moretteet al., 1979; Fishman& McCoy, 1984a;Fishman& McCoy,
1984b;De Hoop, 1996)thataccountdor not only the enegy traveling alongthe ray but also
for the transportalong non-stationarypaths. Thesepathintegralscontainall possiblemulti-
pathing.In the pathintegral, ‘time’ is identifiedwith depth,and‘momenta’areidentifiedwith
the horizontalwave slownessesvhich, in the ray-theoretidimit, coincidewith the horizontal
component®of the gradientof travel time. The (square-rootHamiltonian,appearingn the
phaseof the pathintegral, is identifiedwith verticalwave slowness.The GSapproaclyieldsa

fastalgorithmfor the pathintegrals.

We analyzethe accurag of the GS methodin complex VTI structuresusingthe synthetic
BP AmocoVTI Valhall model. This modelexhibits significantmulti-pathingandis represen-
tative of a North Seageology In the Valhall model,a so-calledgascloud’ in the overlburden
createsa low velocity zonefor gP-waves. This geologicsituationyields poorimagingbelow
the‘gascloud’ with standardaingle-pathmethodsusingthegP-gPenegy. With thehelpof the
GS propagatarwhich we prove to be accuratdan thesesituations,we shallillustratethatthe

origin of this problemis possiblyassociateavith multi-pathing.

Wave propagationn VTl mediais essentiallyelastic.Yet,in variousapplicationgheprop-
agationof gP-wavesonly is consideredsif the mediumwereacoustic.Following thework of
SchoenbeyandDe Hoop (1999)we introducein AppendixA anequivalent'acoustic’system
of equationdor VTI gP-wave propagation\We shav theaccurag of this equivalent'acoustic’

systentor thegP-wave propagatiorfor boththedispersiorrelation,i.e. thewavefrontset,and



J.H.Le RousseauM.V. deHoop / Generalizedcreens 5

thepolarizationangle.ln AppendixB, we follow theprocedurentroducedoy De Hoop(1996)
to decomposéhe wavefieldinto up- anddowvngoingcomponentsDoing so, we introducethe
vertical slownessoperatorfor the equialent‘acoustic’ mediumandgive the generalfform for

the one-way wave propagatorm suchamedium.

We first presenthe dispersiornrelationfor gP-wavesin VTI mediaandthe approximate,
yetaccuratesimplificationintroducedoy SchoenberandDe Hoop(1999). Startingfrom that
simplified dispersiorrelation,we derive the GS representationf the thin-slabpropagatoin
VTI media. Theresultsarethencastinto a numericalalgorithm. We carry out our accurag
analysighroughmodelingandthereforandirectlyanalyzehemigrationoperatobeforestack-
ing thatis performedn the procesf imaging. We focuson multi-pathingandsecond-arxial
enegy.

THE SCALAR GENERALIZED-SCREEN PROPAGATOR IN TRANSVERSELY
ISOTROPIC MEDIA WITH A VERTICAL SYMMETRY AXIS

For trans\erselyisotropic(Tl) mediathedispersiorrelationassociatewith qP-wave prop-
agationis not quite assimpleasin the isotropiccase(e.g.,Le Roussea& De Hoop, 1999,
equation(9)). Becausehe phasevelocity is a function of angle,the slownesssurfaceis not
a sphere.Neverthelessto apply a GS-typeexpansion(De Hoopetal., 1999;Le Roussea&
De Hoop,1999)asin theisotropiccase onewould like to have a dispersiorrelationasclose
aspossibleto the oneof theisotropiccase.This is accomplishedhereusingthe approximate,

yetaccuratedispersiorrelationin Tl mediadevelopedby SchoenberandDe Hoop (1999).
Transverselyisotropic mediawith a vertical symmetry axis

Throughoutthe paper we shalltreatthe gP-wave asa scalarwave. In the scalarapprox-
imation, we neglectary type of modecorversion. We considerthe caseof Tl mediawith a
verticalsymmetryaxis(VTI), sowithoutlossof generalityonecanconfineattentionto asingle

verticalplane.



J.H.Le RousseauM.V. deHoop / Generalizedcreens 6

An elasticmediumis definedby its stiffnesstensor(C;; ;). With the so-calledvoigt nota-

tion (Thomsen1986),onecanrepresenthe mediumby a6 x 6 matrixin accordancevith
ggorkl: 11 22 33 32=23 31=13 12=21.
il \J \J \J
1 2 3 4 ) 6

In the caseof a Tl medium,the non-vanishingentriesaregivenby

ci ci1 — 2¢e6  Ci3
c11 — 2¢e6 C11 C13
C13 C13 C33 (l)
Cs5 ’

Simplified dispersionrelation for qP-wave propagation

We selectthedirectionof preferencelongthe zz-axis(or ‘vertical’ axis)anddenotingthe
remaining(‘transwverse’or ‘horizontal’) coordinatedy z,, 1 = 1,2. Terms¢;; representhe

elasticmodulic;; dividedby thedensityp, andthushave dimensiorvelocity squared.

In the presentdevelopment;t is advantageouso usethe Laplacetransformwith respect
to time, ¢, andthe Fouriertransformwith respecto the horizontalspatialcoordinatesz,,. We

introducethe notation
5 = —iw, (2)
oy = ._ky :__ky, (3)
S

wherew andk, arethefrequeng andthe horizontalwavenumbercomponentsLet v, bethe

verticalslowness,

ks

M=, (4)
w

lwe explain the subscriptl in v; in AppendixB
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whereks is the vertical wavenumber From the Christofel equation,associatedvith equa-

tion (1), we have thedispersiorrelation
C11Gs5(%)” — [(511 + C33)C55 + EQ] 0?77 + C3355(77)°

+(E11 + @s5)0” — (33 + Cs5)1i +1 =0, (5)
where

E2 = (611 - é'55)(633 - 655) - (613 + 655)2 . (6)
We work in a vertical planewithout lossof generalityandusea insteadof «; andas (o =
a,a,,). Throughouthe paperwe usethe summatiorcorventionfor repeatedndices. To study
the qP-wave behaior, we carryoutthe changeof variables

X = —511C¥2 ;4= 533’)’% . (7)

Thedispersiorrelationbecomes

~ ~ ~ 2 ~
@Xul(fﬁﬁﬁ% B ]xzﬁﬁzz (8)

c11 Ci1 Cs3 C11C C33

C11C33

—(1+$)X—<1+fﬁ)z+1zo.

Cs5 Cs5

SchoenbayandDe Hoop (1999)rewrite the dispersiorrelationas

ZZl_X+f(XaE2)a (9)
wheref canbeexpandedn termsof arationalapproximatiorof afactorof theform X (1 —X),
which ensuresccurayg atbothnormal(X = 0) andgrazing(X = 1) incidence.

Schoenbey andDe Hoop (1999)alsoshawv a simplificationof the gP dispersiorrelation
thatturnsout quite usefulhere.The exactsolutionfor the gP slownessdependsveaklyon ¢;3
andcss individually but stronglyona = ¢34 2¢55 in thecaseof ‘mild’ anisotroy. Schoenbey

andDe Hoop (1999)proposehenthefollowing transformation

Ci3 = a, cs5 — 0. (10)
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In this limit, equation(8) simplifiesto

l1—<1—~df )X]Z:l—X, (11)

C11C33

which is an exact rational representationf Z. Schoenbey and De Hoop (1999)shav that
this latterapproximations accuratevenfor slovnesseshatarebetweemormalandgrazing
incidence More generallythislimit (10) canbeappliedto thevectorwave equatiorasis done
in AppendixA. Therewe shav thatnotonly is theapproximatiorproposedy Schoenbeyand
De Hoop (1999)accuratdor thedispersiorrelation,i.e. for the wavefrontset,but alsofor the

polarizationvectorof thegP-waves.

If we introduceThomsers parameters andd (Thomsen;1986)

C11 — C33
2033

(c13 + 055)2 — (33 — 055)2
2033(033 - 055)

§ =

Y

with 6 becoming

2 2

5=

2 )
2c35

in theframeof thelimit (10),andusec, astheverticalgP-wave wave speedi.e.,
Cy =V 633 )

relation(11) becomes

1+ c2a?(1+ 2)
2 _ 2 v 12
=TT 2c2a?(§ —¢)’ (12)

which, away from averticalplane,canbewritten as

. _ L, 14+ [ev(2)]? apa, [1 + 2e()]
e = J @ T e (@) P vy 16(@) = (@)

Notethatlettinge andé goto zeroleadsto the dispersiorequationin theisotropiccase(e.g.,

(13)

Le Roussea& De Hoop,1999),asit should.Thevector(ia, i, 1) is thegradientof travel
time consistenwith the eikonal equation. We usethe dispersionrelation (13) to derive the

anisotropicscalarone-way propagatar
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The scalar one-waypropagator

For a sufficiently small vertical stepAzx3, anda mediumsuficiently smooth,the Hamil-
tonianpath-intgral representatiofor the one-way thin-slabpropagatoreducedo (De Hoop

etal., 1999):
99 (wy, w35 2, 75) =
/(8/27T)2da1da2 exp[—is ay(x, — )] exp[Fs y1 (2, T3; o) Azs] (14)
with

!
Axry =23 — 3,

- 1 11
T3 =13 — ;A13 = 73 + 5A13,

andwhere~; is givenby the dispersiorrelation(13). Here,we have useda ‘high-frequeng’

approximation,j.e. we assumehe mediumto be locally constant. Appendix A introduces
an equialent ‘acoustic’ systemfor the elastic propagationof qP-wavesin VTl media. In

AppendixB we work out the wavefield decompositiorfrom this equivalent‘acoustic’ system
asit is donein the isotropic case(De Hoop, 1996). Also, we shawv that gamma, hasthe
interpretationof the symbolof the principal part of the vertical slownessoperator Thenthe
expressiornof the one-way wave propagatiorfollows the sameasin the isotropiccase hence

theform of equation(14).

In thelimit of alaterallyhomogeneouthin slab,y; will notdependnz,,, andthethin-slab
propagatoreduceso Gazdags phase-shifoperatorintroducedn theisotropiccase(Gazdag,
1978). The operatoris composef aforward Fouriertransform,a multiplicationby a phase
factor (the phaseis proportionalto the vertical slowness)and an inverseFourier transform.
In the generalcaseof equation(14), the thin-slabpropagatoiasa similar structureexcept

thatthe phasefactoris dependenuponthe outputpoint, z,,. Every outputpoint requiresits



J.H.Le RousseauM.V. deHoop / Generalizedcreens 10

own evaluationof equation(14), which represents considerableomputationakffort. The
GS approximatiorof the thin-slabpropagatoenforcesa simplificationof this computational

complity, while allowing laterallyvaryingmedia.

Generalized-sceenprincipal-slownesssurface

Medium parameterization and contrast formulation.—For the subsequerdnalysiswe
emplgy a ‘contrastformulation’ thatallows usto take lateralheterogeneitynto accounin the
thin-slabpropagation.In the slab [z}, 3] we introducea backgroundmediumwith vertical
mediumwave speed¢?,, andthetwo Thomserparameters® andd®. Thebackgroundnedium
Is constantn the slab,but may vary from oneslabto another We thenintroducea triplet of

mediumperturbations:

W@y, w3) = [ev (@ w3)] 72 — [ (23)] 72, (15)
Ue(zy, z3) = e(xy,T3) — e(z3) , (16)
us(xpy, 3) = 0(zy,x3) — (50(:1:3) ) (17)

We will expandtheverticalslownesdeft principalsymbol,v;, into the perturbations:, u., and

ug, aboutthe backgroundnedium.

Generalized-sceen expansion.—Assumingsmall vertical mediumvariation acrossthe

thin slab,i.e., thethin slabis sufficiently small,we set

L, L+ [ Pa,a, (1 + 269
1 —2[A)2a,,(6° — €9)

70(C§ a,,) = J [09/]
= (w35 0) if ¢ € [2h, 23] . (18)

The principalsymbolof the vertical slowness;y;, will beexpandedn u, u., andus. Thiscan

be done,for instance py first expandingy; in u, thenin u,, andfinally in us. The principal
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symbol of the vertical slowness,y;, canbe decomposedhto a backgrounderm,+°, anda

perturbationy,
Vi (T, w35 ) = 70 (w35 00) + V1 (T, 35 ) (19)

When expandingin the threevariablesu, u., andus; simultaneouslywe discardtermsthat
containsproductsof perturbationterms. We justify this approximationby recognizingthat
the primary deformationof the slownesssurfaceis causedy the perturbationn the medium
slownesssquaredyariationsin the anisotropy parametersreof higherorder Thisyieldsthe

form,
M= ve+ Y+ Vs (20)

wherey,, 7,., andy,_ follow thegeneraktructures

@ T3 00) = 3 5 (05; ) [ 22)] (21)

J=1

Nue

Yo @y T35 00) = D e (w55 ) [ue (2, z3)) (22)

=1

0 = 3 (5 04) [ ) 23)
=

In practice we limit oursehesto anexpansiorupto thefirst orderin theanisotroy-parameter
perturbationgn,, = n,, = 1), andto fourth orderin the squared-sikwnessperturbation
(n, < 4) compatiblewith theisotropiccase(Le Roussea& De Hoop,1999,equation(18)).
Here,the useof equation(13) is particularlyfruitful for it avoidsuseof intricateformulasfor
the differenttermsof the GS expansion. The first-orderexpansionsn eachperturbationare
givenby

1 — 4y (z3)Pow 0, (6°(x3) — €°(w3))
o(xs; o)

Yu(Tu, 733 ) = u(@y, T3) (24)
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~ 2[ey (w3)]*(a0) (0% (x3) — €°(3)) (1 + 26°(x3))
O'(LL'3; Of,/)

[V (w3)* (e )* (1 + 20°(x3))

bl

71,155 (x/u x3; a’u) - Ufs(xu: .’133) 0(.%‘3' o ) ; (25)
1 . _ [c?f(373)]20‘1/04v70($3§ au)
/Yu(; (33“, x3; au) - u(s(ﬂf“, 333) 1— 2[09,($3)]2O!y04,/(50($3) _ 60($3)) ) (26)
where
o(xs; ) =2 (1 —2[ (23)]Pa, (8% (3) — 8O($3)))2 70 (35 ) (27)

Note that, for eachof thesetermsin equation(21) through(23), dependenciesn z,, anda,
areseparatedAs in theisotropiccase(Le Roussea& De Hoop,1999),this propertyinduces

the structureof the GSpropagatar

Theaccuray of eachterm,v,, 7,,., andyié, canbe consideredndependentlyThe expan-
sionterm~! providesthesameaccurag asits counterpart; in theisotropiccasgLe Rousseau
& De Hoop,1999,equation(16)). Figurel andFigure2 illustratethe increasingaccurag of
the GS expansionof the vertical slownessprincipal symbol(; asa function of the horizon-
tal slownessp = \/—a, ) in the contrastin mediumslownesssquaredy. In Figurel the
mediumis characterizetby elliptic anisotropy, i.e.,e = ¢. In Figure2 themediumis anelliptic
(heree = 0.2 andd = 0.0). Adding higherordertermsin the GS expansion(in the medium
slownesssquaregerturbationy), the shapeof the slownesssurfaceis improved,asit is in the

isotropiccase(Le Roussead De Hoop,1999).

A first-orderexpansionin the perturbationu, in ¢ provesto be sufficiently accurateasil-
lustratedn Figure3, wherethecontrasbetweertheactuale andthebackground® is 0.2. The
behaior of the GSexpansiorfor the perturbatiorin § shavs surprisingaccuray, asillustrated
by Figure4. Althoughthe contrastbetweenhe actuallocal andthe backgroundralueis 0.2,
the GS expansionshaows a closeto perfectresult. Onecanseethatthe horizontalpropagation

is exact. For all practicalpurposesthe leadingtermis sufficiently accurate.The accurag is
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dueto thefactthatin equation(13), 5 appearsn thedenominatarThis avoidsthe creationof

abranchpointwhenexpandingin us (seebelow).

Unlike the generalizedscreensthe split-step-Purier type approximation(Stoffa et al.,
1990) doesnot have the degreeof freedomto accountfor anisotroy or to shapethe slow-
nesssurfaceappropriately Le RousseaandDe Hoop (1999)shawv thatthe split-stepFourier
methodis accurateonly for nearverticalpropagationTheinfluenceof the anisotropigparam-
eters(e.g.c andd) in theverticalslovnesssymboloccursonly atnon-\erticalpropagationAs
mentionedbefore,variationsin the anisotroy parametersreof higherorderthanvariations
in the mediumslownesssquared¢; 2. Theinfluenceof the anisotrofy parameterss compa-
rableto the higherordertermsof the GS expansionthat are absentin the split-stepFourier
formulation(Le Roussea& De Hoop,1999; Thomsen1998). In laterally varying medium,
takinganisotropy into accounin theframeof the Split-stepFourierapproximatiordoesnoten-
hancetheaccurayg of theverticalslownessprincipalsymbol,v;, and,hence of theassociated

propagatofcf. next sectionandLe RousseaandDe Hoop (1999)).

Theexplicit GSexpansionasshavn in equationg25) and(26) revealsthe introductionof
reciprocalpowersof 4° andhencecontainsbranchpointsat o, o, = —[c%]72/(1 + 2¢°). The
vicinity of thebranchpointshouldbetreatedcarefully We referthereadetto Le Rousseaand
De Hoop (1999)for the treatmenif branchpoints. To ensurehatthe branchpoint is out of
the propagatingegime within the thin-slab,onehasto chooser?. smallerthanthe minimum
mediumverticalwave speedandto choose=" smallerthanthe minimume, within the slabas

illustratedin Figuresl through3.
The scalar generalized-sceenpropagator VTI media

We have seerthatthe GSexpansiorof theslownesssurfacein theVTI casds quitesimilar

to theonein theisotropiccase.The GS expansionof the propagators hencesimilaraswell,

9 (2, 23; 2, 7)) ~ /(5/27r)2da1da2 exp[—is ay(z, — 20)] (28)
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- exp[Fs {7 (Z3; ) + Vo (T, Ta; ) + Va, (Ts Ta; ) + Yo, (T, T3y o) } Azg]

As in the isotropic case,we performthe expansionof the exponentialin ~} aboutvertical
propagationLe Rousseaw& De Hoop, 1999, equation(24)). For the two additionalterms,
Va. and%ﬁé, the expansionof the exponentialsimplifiesbecauseéhesetermsvanishat vertical

propagationOnecanthusdecompos¢he propagatoas
g~ g0 | guld) 4 gue) | gus®) (29)
wherecrosstermshave beendiscardedvhenexpandingtheexponentiain ~.. Thefirst termis
go(i)(xu,mg;xij,xg) = exp [:Fs ([cv(xﬂ, z3)] 7t — [c?,(:ig)]fl) A:vg] (30)
- / (s/27)*darday exp|—is ag(z, — 7;)] exp[Fs 1’ (T3; @) Azs]

with +° givenby equation(18). Thecorrectionappliedin thespacedomaincorrectdor vertical

propagatioronly. All contritutions,g*®), g#=(+) | gus(+) have thesameform; for g**) we have
09,52, 08) = exp [ (lev (o 2]~ [E)(25)]") A @1)
. /(8/27T)2d041d0é2A$3 exp[—is ay (1, — )] exp[Fs 7y (z3; ) Azs)
- F sAzy |72, T3 o) = Tu(2,, 233 0)]
which gives,by substitutingequation(21),

g"F(z,, z3; 2, x5) = FsAzs exp [:FS ([cv(xu, z3)]' — [c?,(jg)]_l) Aazg] (32)

: Z{[u(mu, T3)) /(3/27r)Qda1dongx3 exp[—is o, (z, — z})]

Jj=1

exp[F5 70 (F5; ) As] [ (Fa3 ) — (B o>1} .
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For thetermg®<®), [yl (x,,, Z3; ) — & (2,4, Z3; 0)] shouldbereplaceddy . (2, Z3; ) and

yield
0 (@, w530h,28) = exp [F5 (e (@ a0)] * = (@] ) Az @3)
: /(s/27r)2da1da2A:v3 explis a, (2, — z1)] exp[— F s7°(Z3; o) Azs]
- F sAzxs ’)/,ths(l'u,.fg; ),

which gives,by substitutingequation(22),

g“E(i) (x4, T35 70, 78) = FsAwz exp [:FS ([cv(:cu,jg)]*l — [c?,(:ﬁg)]*l) Aﬂsg] (34)

: Z{[us(xu, z3))! /(3/27)2da1da2Aa}3 exp[—is a,(z, — 21)]

j=1
-exp[Fs7°(Zs; o) As] Ve (T3 oz,,)} )

For theterm g™, [} (z,,, Z3; @) — 74 (x4, Z3; 0)] shouldbereplaceddy v, (z,, Z3; ). In
eachcasethespatialdependengof the propagatocanbetakenoutof theintegral, sinceit has
beenseparatedrom the wavenumbedependengvia the GS expansion.The GS algorithmin
theVTI casehereforehasthesamestructureasin theisotropiccaseLe Roussead DeHoop,
1999). Theadditionalcostascomparedvith theisotropicGS algorithmis of the orderof two

additionalinverseFouriertransformdor thefirst-ordertermsin u, andus.

Figure5 andFigure6 shaw the (instantaneousyavefrontsassociatedo the slownesssur
facesshavn in Figurel andFigure2 respectiely. Figure7 andFigure8 areassociatedvith
Figure3 andFigure4. Figuresb through8 alsoshowv the numericalresponsef the GSpropa-

gatorin VTl mediain suchconstant-perturbatiomedium.

As thecomputationatompleity of a Fouriertransformis N; N, log, (IN; N2) (IV,, denoting
the numbersof samplesn the z,,-direction),the compleity of ourntN-orderGs algorithmis

proportionako (2 +n) N1 N, log,(N1Ns), wheren is thecumulative orderof the GSexpansion
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in thethreeperturbatiorterms(u, u., andus), i.e.,n = n, +n,, +n,,. Again,in mostpractical
casestakingn,, = n,, = 1 providessuficientaccurag; thenthe computationatompleity

of the GSmethodis (4 + n,) N1 N logy (N1 N3).

THE SCALAR GENERALIZED-SCREEN ALGORITHM

Here,we discusghe GSalgorithmbaseduponequationg30) through(34). We denotethe
(one-vay) wavefieldby W, andcarry out the wave propagationn thefrequeng domain,with
eachfrequeny componentomputedndependentlyThedownwardcontinuatiorfor modeling
andimagingwith the one-way propagatois performedaccordingto the decompositiorof the
vertical slovnesssymbolinto one backgrounderm anda seriesof perturbationtermsasin

equationg21) through(23).

Let the currentdepthbe setto 2, = z, andsetz; = z + %Al’g asbefore. Following
equationg32) and(34), we introducetheintermediatdield quantitieswg, w1, - - -, w,, andw,,

andw; accordingo (stepl)

wo(xy, s) = exp [—s Azs ([cv(xu,ijg)]_l - [C(‘)/(i'g)]_l)] W (z,, 24, s) ,

wi(zy, s) = —s Azg u(xy, 3) wo(zy, S) ,

Wo(xy, s) = —s Az u2(xu,£3) wo(Zp, s) ,
Wi (2, s) = —s Azg u"(z,, T3) wo(xy, s) ,
We (T, 8) = —s Azg u(2,, T3) wo(xy, s) ,
ws(zy, s) = —s Axs us(z,, Ts) wo(xy, s) -

The higherordertermsin u, u., andus increasethe accurag for wider-angle propagation.

Again,for practicalpurposeswe limit ourselesto first-orderexpansionof the principalslow-
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nesssymbolsn Thomserparameteperturbationsu. andus. Theintermediatdield quantities

arethenFouriertransformedo the horizontal-vavenumberdomain(step2),
Wi(ow,s) = wj(k,/s,s) = /wj(:vu,s) exp [—iz,k,] dz, (35)
= /wj(xu,s) exp [isz 0, dx,, j=0,1,---,n,¢6.

Thewavefieldatdepthz; = z + Az; thenfollowsas

W (23; v, 8) = o (0w, 8) exp[—sAx37° (T3; )]

(aw 5) a _ s
N[H 2 i (00,9) = 1 (0,9)

oo DO 8) ) = (0, 5)]

wo(au, 8)

We (v, S) Ws (v, 3)
wo(ay, 5) Velaw, ) + wo(aw, S)

vl s)] ,

(step3), thedivisionsbeingcarriedoutin somestablesenseandthe normalizationoperatoy

-1
[H p.].
1+1q

The Taylor expansionof the exponentialin equation(28) destrqgs the unitarity of thethin-slab

N, beinggivenby

. . P
N1 iq] = ig) |1+ ——
[1+p+ig| exp(Q)‘ +1+|q

propagatarhencethe introductionof the normalizationoperator(Le Roussea& De Hoop,
1999). Finally, we carry outtheinverseFouriertransformi (zs; o, s) — W (z,, 3; s) (step

4).
ACCURACY ANALYSIS

We illustratetheaccurag of the GSalgorithmwith the BP AmocoVTI Valhallmodel.We
baseour analysison numericaimodeling.We generatésreens functionsandfocusour obser
vationson second-artial enegy andmulti-pathing. Imaginginvokesan averaging(stacking)

processio learnaboutthe prestackmigration operatoy we hencefavor to analyzemodeling
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instead.Depth-migratiorresultsfor theisotropiccaseare,however, presented acompanion

paper(Le Roussea& De Hoop,1999).

Thewave speednodel(verticalwave speedor gP-waves)of theVTI Valhallmodelisillus-
tratedin Figure9. Thismodel,createcby BP Amoco (Brandsbeg-Dahletal., 1999),is based
on real datastudieson the Valhall field in the North Sea. Becauseof the presencef gasin
the overhurdenof the reserwir, attenuatiorand multi-pathingoccurwhich yields poorimag-
ing of the gP-wavesfor corventionalasymptoticmethods(first arrivals or maximumenegy
arrivals). ‘Gasclouds’ actasa dissipatve andlow wave-speedonefor the gP-waves. Alter-
native methodssuchasimagingusingcorvertedwaves,have beenappliedto obtaina better
imaging(Thomseretal., 1997). The gSwavesareindeednot affectedby the presencef gas.
Profilesfor Thomsens parameters andé in the presentvalhall modelis VTI (Brandsbey-
Dahletal., 1999)areshowvn in Figure10 andFigurel11, respectiely. The modelshaws fine

detailin theverticalwave speed.

We placea point sourcebeneaththe reserwir. The sourcelocationis representedby an
asteriskin Figure9. Thesources excitedattimet = 0. Thepropagatingpressurefield is im-
agedattimet = 1.6s. We comparaesultsgenerateavith thefull elasticwave equation(finite-
differencgime-domainfourthorderin spacesecondrderin time) modeling(Figure12)with
the GS(secondorderin the perturbationn the verticalslownesssquaredandfirst orderin the
perturbationn ¢ and¢§) method(Figure13). We usethe wavefieldmodeledby the full elastic
wave equationasa reference.Thee sectionexhibits not so ‘weak’ anisotroyy in partsof the
model:e reachevaluesashighasO0.3. Yet, thedispersiorrelation(11) usedin VTI mediafor
the GS methodis accuratesinceit requiresmild’ andnot ‘weak’ anisotroy (Schoenbey &

De Hoop,1999).

The wavefrontin the finite-differencesectionshaws significantmulti-pathingat various
locations,dueto lateralvariationsin the mediumpropertiesgspeciallydueto the ‘gascloud’,

l.e. ‘gazlens’. Also, onecannoticesignificantmultiple scatteringdueto thefine layeringof
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the model. Comparisornwith Figure 13 shaws the capacityof the GS methodto accurately
modelwave propagationn a non-trivial medium. The wavefront of the GS methodclosely
approacheshe referenceone. Note that second-arvial enegy is accuratelypositioned. The
betterpositioningandmodelingof thelatterarrival enegy constitutesa key contrikutionto the
imagingof comple structuresyherethesearrivals carry a significantpartof the enegy. We
do notaddresshe questionof attenuatiordueto the gascloud here thoughattenuatiorcanbe

accountedor in the GSapproach.

DISCUSSION

Thegeneralized-scregisS) methodis basedon the decompositiorof the mediuminto a
backgroundccomponentaind a perturbation. The GS methodcanaccommodatenore signifi-
cantandrapid horizontalwave speedvariations. Its enhancedccurag (ascomparedo the
phase-screeandsplit-stepmethod)allows a accuratenodelingof the wavefieldsin comple
structuresvheremulti-pathingis significant. Unlike the phase-screeandsplit-stepmethods,
the GSmethodextendsto mediawith lesssymmetry suchastrans\erselyisotropicmediawith
averticalaxisof symmetry(VTI). Themediumis thencharacterizewith additionalparameters
(e.g. Thomsenrs parameters andd (Thomsen 1986)),for which backgroundandperturbation
termsaredefined. Expansionwith respecto the anisotrofy parameteperturbationtermsare

truncatedo theirlowestordertermfor thisaccuray is sufficientin mostpracticalapplications.

With the GSrepresentationf the propagatois associate@ symbol,wherethe dependen-
ciesonthespatialcoordinateandthe dependenciesn thewavenumbeiarefactorized-which
induceghestructureof the GSpropagatarThe GSexpansiorprovidesafundamentasimplifi-
cationof theone-way propagatar\We obtainanalgorithmthatworksasashuttlingbetweerthe
frequeng-horizontalspacedomainandthe frequeng-horizontalwavenumberdomain. Each
new termin the GS expansionincreaseshe accurag. The additionalcostis an additional

Fouriertransformfor eachadditionalorderin theexpansion(in the perturbatiorin themedium
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slownesssquaredandtheanisotropigoparameters)The extensionof the GSalgorithmto media

with lesssymmetry(e.g.orthorhombic)anbeaccomplishedh a similar fashion.

We have illustratedthe GS propagatos accurag primarily throughmodeling. The mathe-
maticalaccurag analysisof the GS approximationvascarriedout by De Hoopetal. (1999).
Herewe focuson its numericalcounterpart.We chosethe BP Amoco VTI Valhall modelas
a syntheticmodelrepresentate of a geologicsituation. We focusedon the computationof
Greens functionsratherthan on imaging becausedoing so, we do not hide ary detailsin a
prestackmigration operator;imaging involves an averagingof thesedetails. The extension
of the GS methodto VTI yieldsthe expectedaccurag. The wavefrontmodeledwith the GS
methodapproachesloselythetrue oneevenfor second-arvial enegy dueto multi-pathingin

Comple< structures.

The GSmethodwith its (4 + n,) N1 Ny log, (N1 N2) (n, is theorderof the GSapproxima-
tion in the mediumslownesssquaredperturbationu, and N, arethe numbersof samplesn
thehorizontaldirections)computationatompleity, makesfeasible'w ave equation’'modeling

andimagingin 3D VTI media.
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FIGURE CAPTIONS

1. Principalpartsof the generalized-screerertical slowness asa function of the hori-
zontalslowness, in theelliptical VTI casee = 0.3 ,0 = 0.3) in aconstant-vave speed

perturbatiormedium:zero-orde(GSPO) first-order(GSP1)andsecond-ordefGSP2).

2. Principalpartsof the generalized-screerertical slownessasa functionof the hori-
zontalslownessp, in the VTI case(e = 0.2, = 0.0) in a constant-vave speedoertur

bationmedium:zero-orde(GSPO) first-order(GSP1)andsecond-ordefGSP2).

3. Principalpartsof the generalized-screerertical slowness asa function of the hor-
izontal slownessp, in the VTI casein a constant perturbationmedium: zero-order

(GSPO)andfirst-order(GSP1).

4. Principalpartsof the generalized-screerertical slovness,asa function of the hor-
izontal slownessp, in the VTI casein a constant$ perturbationmedium: zero-order

(GSPO)andfirst-order(GSP1).

5. Wavefrontsin a constant-vave speedoerturbationvVTl medium(s = 0.3 ,§ = 0.3)
associatedvith the variousgeneralized-screeapproximations:second-orde(GSP2),
first-order(GSP1);top: ascalculatedaspolarreciprocabf theslovnesssurface;bottom:

numericalwavefront.

6. Wavefrontsin a constant-vave speedperturbatiorVTl medium(e = 0.2 ,6 = 0.0)
associatedvith the variousgeneralized-screeapproximations:second-orde(GSP2),
first-order(GSP1);top: ascalculatedaspolarreciprocabf theslovnesssurface;bottom:

numericalwavefront.

7. Wavefrontsin a constant perturbationVTI medium associatedvith the first-
order(GSP1ppproximationtop: ascalculatedaspolarreciprocalof the slovnesssur

face;bottom: numericalwavefront.
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FIc. 8. Wavefrontsin a constants perturbationVTl medium associatedvith the first-
order(GSP1ppproximationtop: ascalculatedaspolarreciprocalof the slowvnesssur

face;bottom: numericalwavefront.

FIG. 9. Verticalwavespeedf the VTI modelof the Valhall field. The asteriskiocatesthe
position of the source;the dashedine indicatesthe region detailedin Figure 12 and

Figurel3.
Fic. 10. Modelfor ¢ of theVTI modelof the Valhall field.
Fic. 11. Modelfor § of theVTI modelof the Valhall field.

FiG. 12. Snapshoof thewavefieldin theValhallmodelattime¢ = 1.6 sof thepressurdield

with thefull elasticwave equation.

FiG. 13. Snapshobf the wavefieldin the Valhall modelattime ¢ = 1.6 s with the second

orderof thegeneralized-screanethod.

FIG. 14. Relatve error betweerthe approximatghasevelocity asgivenby dispersiornrela-
tion (11) andthe exact phasevelocity asa function of the phaseangle#, in the caseof

Greenhorrshale.

FIG. 15. Graycurne: exactpolarizationangle(gray curve) asafunctionof the phaseanglef,
in the caseof Greenhorrshale;blackcurve: Errorin degreesbetweerthe approximate

polarizationangleasgivenequationA-33) andthe exactpolarizationangle.
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APPENDIX A:  EQUIVALENT ‘ACOUSTIC’ SYSTEM OF EQUATIONS FOR VTI
QP-WAVE PROPAGATION

VTI mediaareessentiallyelasticmedia.Yet, in variousapplicationghe propagatiorof qP-
wave only is treated asif themediumwereacoustic Here,we proposeo derive anequivalent
‘acoustic’ systemof equationdor theVTI mediacharacterizetby ‘mild’ anisotroy (Schoen-

belg & De Hoop,1999).

Exact VTI systemand limiting equivalent ‘acoustic’ system

ThemediumbeingVTI, wework in averticalplanewithoutlossof generality In anelastic

medium thewave equationis givenby the second-ordehnyperbolicsystem
p@fuz — 8j (C,-jklaluk) = fz s for 1 = 1, 3, (A-l)

whereu;=particledisplacementm), p=volumedensityof masskg/m?), C;;x,=stiffnesstensor

(Pa), and f;=volumesourcedensityof force (N/m?). In theVTI casesystem(A-1) reducego
pafm — 01 (c1101u1 + c1303u3) — O3 (c55(03u1 + Orus)) = f1, (A-2)
P8?U3 — 03 (c1301u1 + c3303u3) — 01 (c55(0sur + Oyug)) = fs (A-3)

accordingo thestiffnessmatrix (1) andthe Voigt notation.

Leta = c13 + 2¢55 befixed. Following Schoenbey andDe Hoop (1999),we artificially

modify the stiffnesscoeficientsaccordingo:
Ci3 —~ a, (A'4)
cs5 — 0. (A-5)

TakingtheverticalqS\\wave speecequalto zeroyieldsanequivalent‘acoustic’systemhow-

ever, asnoticedby Schoenbay andDe Hoop (1999),keepingc;s + 2¢55 constantasis done
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here,doesnot affect dramaticallythe shapeof the gP-slavnesssurfacein the caseof ‘mild’

anisotroy. Thesecond-ordesystem(A-2)-(A-3) thusbecomes
pO2u; — 01 (c1101u) + adsus) = fi (A-6)
pOuz — O3 (ad1uy + c3303u3) = fs - (A-7)
We definea pseudo-pressurg, as
p = — (a0yuy + c3305u3) . (A-8)
Thenequation (A-7) takestheform
pOius + Osp = fs (A-9)

which equationappearsn the isotropicacousticcasealso (De Hoop, 1996, equation(ll.6)).

Fromequation(A-8) onecanextractdsus,

1
Osu3 = ——p — i81“1 ) (A-10)
C33 C33

which uponsubstitutionn equation(A-6) yields

2
{p@f -0 KCH - a_) 0 ] } uy + 0y (i ) p=fi, (A-11)
C33 C33

whichwe rewrite as

Ouy + 0 (i ')p=f1, (A-12)
C33
with
2 a’?
O(@t, 81) = ,0875 — 61 l(CH — C_> 81 ] . (A'13)
33

Theprincipalpart,O,, of thedifferentialoperatorO is givenby

2
02(575,81) = /)a? - (Cn - a_) 3% ) (A'14)

C33
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andits principal symbol,o,, follows, uponreplacingd, andd; by their respectie symbols,s?
and—isa, in the Laplace-Burierdomain,as
a2
0s(s, ) = ps® + (cn — —) a? . (A-15)
C33
In the casewherea? < ¢;1c33, Which we assumé here the differentialoperatorO is strongly

elliptic. We canthereforeinvertit (Treves,1980),andhencewith equation(A-12),

uy = -0 [al (i )] p+O . (A-16)

C33
Substitutingequation(A-16) into the definition (A-8) of the pseudo-pressurg, we obtain

Dytis + {i %5 0 [al (i )] }p —_%50f, . (A-17)

C33 C33 C33 C33

Usingthe particlevelocity, v, insteadof the particledisplacementy, we obtainthe systemof

equations
pOwws + Osp = f3, (A-18)
ds3v3 + {i - 280" [81 (i ) }@p = 29,04 . (A-19)
C33 C33 C33 C33

Definingthe‘acoustic’field matrix, Fr, I=1,3,as
F, = p, (A-20)
F; = wv;y, (A-21)
we obtainthe matrix differentialequation
(0301, + A7, 401)F; = Ny, (A-22)
wherethe elementof theacousticsystemoperatomatrix, Ay, 7, aregivenby

Ay = 0, (A-23)

2Notethatthecasea® > c;1c33 wouldinduceapolein expressior(A-31) for theverticalslovnessy, , i.e. the
phasevelocity would have a zero.
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A1,2 = ,0 y (A'24)

Ay = {i - i81 o' [al (i ) } ) (A-25)
C33 C33 C33

A2,2 = O . (A-26)

Thesourcematrix, Ny, I = 1, 3, is givenby

Ni=fs, (A-27)

Ny = 28,0719, f, . (A-28)

C33

Obsere thatin the limiting casec;; = ¢33 = a, we recover the exact form of the acoustic

matrix differentialequatiorfor anisotropic-acoustiecnedium(De Hoop,1996,equationgl!1-9)

through(l1-16)); thenthelinearoperatorO reduceso p 92.
Dispersionrelation for the equivalent ‘acoustic’ system

To obtainthedispersiorrelation,i.e., to derive the (micro-local)eikonalequationwe con-
sidera (locally) constanmedium(*high-frequeng’ approximation).Thenthelinearoperator
O reduceso its principalpartO,. Uponapplyinga Fouriertransformin thespatialcoordinates,
z, andzs, andalLaplacetransformin time, t, to system(A-22) thusreplacingo;, 03, d;, andO,

by their respectie symbols,s?, —sv;, —isa, ando,, we setthe determinanbf system(A-22)

equalto zero:
2 a’? 1.2 2 1 2 9
ps” |50y s+ —| —sy =0, (A-29)
C33 C33
which canbewrittenas
N=rF 5+ - (A-30)

Notethattheterm¢;; representshe elasticmoduli ¢;; normalizedoy density p. The previous
equationsimplifiesto

) _ 1+ 511012
e () @)

(A-31)
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whichyields

l1-(1—~af )X]Zzl—X, (A-32)

C11C33
when carryingout the changeof variables(7). The dispersionrelationdefinesthe slowvness
surface(y; asafunctionof —ia), andhencethe phasevelocity, asthereciprocalof the slow-
ness. Figure 14 illustratesthe relative error betweenthe approximatephasevelocity given
by equation(11) andthe exact dispersionrelation usingthe measurednoduli of Greenhorn

shale(Jones& Wang,1981);thestiffnesscoeficientsin (km/s)? are

C11 = 14.47 , C33 = 9.57 , Cs5 = 2.28 , Ci13 = 4.51 .
Polarization angle

Here, we study the (micro-local) behaior of the polarizationvector Upon applying a
Fouriertransformin the spatialcoordinatesg; andzs, anda Laplacetransformin time, ¢, to
system(A-22) thusreplacingd,, 9;, andd, by their respectie symbols,s?, —sv;, and—isc,
we canderiethepolarizationangle,Y, of thegP-wave in theframenork of theapproximation

proposedy SchoenbayandDe Hoop (1999)

U iy a
tan Y = —& = $ .
U3 1+ a2

(A-33)
Note that the polarizationanglegiven by equation(A-33) is the limit of the exact polariza-
tion anglein VTl mediafor the gP-wave (e.g., Tsvankin,1995,equation(42)) whenapplying
transformationgA-4) and(A-5). In thecurrentnotation,the exactpolarizationangleis indeed
givenby

(€13 + Cs5)iay

tan Y€ = 2 — ;
1+ é1a? — 5573

(A-34)

Figurel5illustratesthe degreeof accurag offeredby theapproximatiorproposedy Schoen-
beig andDe Hoop (1999)for the polarizationanglein the caseof Greenhorrshale(Jones&

Wang,1981).
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Fromthevalueof thepolarizationanglein the‘'mild’ anisotroy approximation;’, we can
recover theexactpolarizationangle, ¢, as

(013 =+ C55)i05")/f

tan Y¢ = -
iaay; — cs5(7f)? tan T

tan T | (A-35)

where~¢ is the vertical slownessprincipal symbolin the exactVTI case.Usingthe factthat
v =~ 7%, i.e. thatthedispersiorrelationis weakly affectedby the presenapproximationthis
relationsimplifiesto

(c13 + c55)icx

tan Y€ =
loa — cs5y tan Y

tan Y . (A-36)

Thefractionaltermcanbe shown to be quasiinsensitve to transformationgA-4) and(A-5) in

thecaseof ‘mild’ anisotrop.

APPENDIX B: DIRECTION AL DECOMPOSITION OF THE WAVEFIELD IN THE
‘ACOUSTIC’ VTI CASE.CHARACTERISTIC EQUATION FOR THE VERTICAL
SLOWNESSOPERATOR

To achieve a directionaldecompositiorof the wavefield, we diagonalizesystem(A-22).

We usethe one-sided.aplacetransform.To shav the notation,we give the expressiorfor the

pseudo-pressure,

pz,s) = /OOO exp(—st) p(x,t) dt . (B-1)

In themaintext, we omitthehat(") onthefieldsandoperatorsn the Laplacedomainbecause

thereis no confusionpossible We write
FI = f/I,JWJ ) (B-2)

where I, is the wave matrix and 1¥; and W, will correspondo the down- and upgoing
wave constituents.Note that the elementf the wave matrix, 1¥;, may be physically‘non-
obsenable’. We call L 1,7 thecompositionoperator Substitutingthe compositionequation(B-

2) into thematrixdifferentialequation(A-22), wethusobtainthefollowing systenof equations

83£1,JWJ + 5A1,2£2,JWJ = Nl ) (B-3)
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SAQ,lil,JWJ —+ ag.zQ,JWJ = NQ . (8'4)

We introducethe commutatomnotation,

[33, i/I,J] = a?i/],] - i/I,JaS ; (B-5)

andobtain
ffl,JaSWJ + SAl,ZlA;Z,JWJ = — [33, IA/l,J} WJ + N ) (B-6)
SAQ,IIAJI,JWJ + fJZ,Ja3WJ = - [33, izz,J] Wy + N, . (B-7)

We shall constructthe appropriatdinear operatoy I:I,J, suchthat the left-handside of this

systemattainstheform
i/I,J (335J,M + S/A\J,M) WM =— [33, ffI,J] WJ + NI ) (B-8)

with theIinearoperatorf\I,J beingdiagonal. The diagonalentriesof 06, + sAJ,M arethe
up-anddowngoingone-way wave operatorsThewave matrix, W, andthe sourcematrix, N,
beingarbitrarytheintroducedinearoperators]:I, ;andA 1,5, havethento satisfythefollowing

systemof equations:

Aioloy = ILygA,, (B-9)
Ajglyy = Lighyy, (B-10)
Ay1Liy = LogAq,, (B-11)
Ag1Lis = Lyohss. (B-12)
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We apply the acoustic-pressureormalizationanalogintroducedby De Hoop (1996),to

obtainthe Ansatz:
L1y = A, (B-13)
Ly, = T, (B-14)
z1,2 = A1,2, (8'15)
Ly, = TO. (B-16)

EquationgB-9) and(B-10) arethensatisfiedand equationgB-11) and (B-12) yield the fol-

lowing characteristi@quations
f‘(i)f(i) - A - 142’1141,2 . (B-l?)

ThedifferentialoperatorA is calledthetrans\erseHelmholtzoperatorndis givenby

A= {ip - i(910A_1 [81 (ip >]} : (B-18)

C33 C33 C33
In view of the up-dovn symmetryof the medium,the solutionsof equation(B-17) arewritten

as

P — PO P — A3 (B-19)

l/\/ — ( A}a? A13\2 > ’ (B'ZO)
andits inverse the decompositioroperator L !, thenfollows as

N 1 [ A7) It
L*l —_ A1,2 R . _
5 ( 1_% o1 ) (B-21)

The elementsof the wave matrix, W;, correspondwith the pseudo-pressurnep the action of
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UsingtheFouriertransformwith respecto the horizontalspatialcoordinatesve canasso-
ciatewith I andA their ‘left symbols’(Hormander1985;Treves,1980),7 anda respectiely,

i.e.,let ¢ beatestfunction,then

A A

(To)(xy, x3) = /(8/27)2d(11d(12/d$11d$12 A&, T35 ) expl—is(zy — 2! )] Gz, z3)
(Aq@)(xu,xg) = /(S/27T)2d011d012/d$,1d1',2 a(x,, x3; o) exp[—is(z, — 2} )] qg(xij,xg) ,

ThecharacteristiequationB-17) transformsanto a characteristiequatiorfor left symbols:

— i(w150) (B-22)

exp [—i O Dy | 4215 0/)4(2); @) o)
asgiven by symbol calculusof pseudodiferentialoperatorqTreves, 1980; De Hoop, 1996,
equation(A12)). In this paper we assumehe mediumto be locally constantj.e., we apply
a‘high-frequenyg’ approximationthenthe symbolsy anda reduceto their principal partsy,
anda, respectrely. Up to principal symbols,this characteristicequationthus becomeghe

dispersiorrelation

_ 1+ éna?
oo (14 (1- 555) o)

This explainsthe subscriptl in 4; in thedispersiorrelation(5). The symbol#, is the vertical

(B-23)

componenbf the slownessvectorandhencewe cantheninterpretl’ asthe vertical slowness

operator

Findingaequialent'acoustic’wave operatolin thediagonafform (B-8) characterizinghe
gP-wave propagationn (‘mildly’ anisotropic)VTI media,allowsthento expresshe one-vay
wave propagatoasin equation(14) theway it is donein acoustidsotropicmedia(De Hoop,

1996;De Hoopetal., 1999).Thethin-slabpropagatois then
g(i) (Iw Z3; xfu’ xé’,) =

/(s/27r)2da1da2 exp[—is ay(z, — z)] exp[Fs Y(z,, T3; ) Azz] . (B-24)



J.H.Le RousseauM.V. deHoop / Generalizedcreens 49

In theframework of the‘high-frequeng’ approximationsy reduceso its principalpart,4,, and

thethin-slabpropagatoreduceso equation(14).
Mapping betweenacousticfield matrix componentsand obsewable

To obtainthe equivalent‘acoustic’ system,we have useda pseudo-pressuriat is not
obsenable. Theintroductionof p allows a simplewave field decompositionthatis presented
in AppendixB. Yet,asgivenby equation(A-10), we canmapthetwo field matrixcomponents,

p andws, to the particlevelocity accordingo:
V3 = V3, (8'25)
1 C33
O1vy = ——0ip — —03v3 (B-26)
a a

with appropriatenitial conditions.



