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ABSTRACT

The phase-screeandthe split-stepFourier methodswhich allow modelingand mi-
grationin laterally heterogeneousiedia,aregeneralizedheresoasto increaseheir accu-
raciesfor mediawith large andrapid lateralvariations. The mediumis definedin terms
of abackgroundnediumanda perturbation.Sucha contrasformulationinducesa series
expansionof the vertical slownessin which we recognizethe first term asthe split-step
Fourier approximationandthe additionof higherordertermsof the expansionincreases
theaccurag. Employing this expansionn the one-way scalarpropagatoyieldsthescalar
one-way generalized-scregoropagatarWe alsointroducea generalized-screerepresen-
tation of the reflectionoperator The interactionbetweenthe up- and downgoingfields
is taken into accountby a Bremmerseries. Theseresultsare then castinto numerical
algorithms.We analyzethe accurayg of the generalized-screemethodin complex struc-
turesusingsyntheticmodelsthatexhibit significantmulti-pathing:the IFP 2D Marmousi
modelandthe SEG-EAGE 3D saltmodel. Wide-anglepropagations betterhandledwith

the generalized-screemethodsthanwith the split-stepFourier method. As a result, the

generalized-screapproaclyieldsbetterimagingin complec structures.
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INTRODUCTION

In realisticgeologicalmodels,heterogeneityn mediumpropertiesis suchthat the phe-
nomenonof multiple scatterings significant. We distinguishtwo classeof multiple scatter
ing: onein whichthemultiplesareidentifiedwith respecto theprojectionof theirpropagation
pathsontotheverticaldirection(depth),andonewherethemultiplesareidentifiedwith respect
to theprojectionof their propagatiorpathsontothehorizontalplane.In theasymptotidrame-
work of wavefrontanalysis pathsarerays. Thefirst classof multiple scatterings associated
with ‘turning rays’ and‘internal multiples’ aswell as‘surfacemultiples’, the secongdpossibly

combinedwith thefirst classof multiple scatteringjs associateavith ‘multi-pathing’.

Seismidmagingandinversionarenow commonlyappliedto regionswheregeologiccom-
plexities are present. An importantpart of the seismicenegy is not containedin the “first’
arrival. An accuratepredictionof multi-pathingand ‘second’ arrivals is the key to a better
processing A ray-theoretidreatmeniof the multi-pathingis not straightforvard andis algo-
rithmically ratherinvolved(De Hoop& Brandsbeg-Dahl,1999). Wave extrapolationmethods
are able to predict multi-pathing(secondclassof multiple scattering),with no needto fol-
low the formationof causticsexplicitly. Also, with 3D surweys becomingstandardpractice,
fast3D algorithmsarein demand.On the onehand,the full 3D extensionof finite-difference
methodss costlyandrestricttheir application.Onetheotherhand, methodsuchasthe phase-
screen(Ratcliffe, 1956)andthe closelyrelatedsplit-stepFourier (Stoffa et al., 1990)methods
yield afaster3D algorithm. They are,however, limited in their capacityto predictlarge-angle
propagationwheresignificantlateral heterogeneitieare present. Becauseof their attractve
propertieg3D, multi-pathing) ,we proposehere to generalizehis latterfamily of algorithms,
enhancingheir accurag. Sincethis algorithmicstructurecoincideswith the oneof the classi-
cal phase-scregoropagatgrwe denoteour approximationgsgeneralizedgcreengGS).Also,
we proposeto predictthefirst classof multiple scatteringoy the introductionof the Bremmer

seriegDe Hoop,1996).
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Our approachaccountdor thefirst classof multiple scatteringhroughuseof thegeneral-
ized Bremmerseries(De Hoop, 1996),andfor the secondclassof multi-pathingby meansof

the GSpropagatior(De Hoopetal., 1999).

A scatteringheorythatfollowstheray picturebut accountsor full-wave behaior hasbeen
developedby De Hoop (1996). It is basedon an extensionof the Bremmercouplingseriesto
multi-dimensionallyvarying media. Bremmers methoddecomposethe wavefieldinto a re-
cursionof one-way propagatioroperatoreachusingthe previouswavefieldasasource.Thus,
the methodfirst generates wavefield dominatedoy downward propagationthengenerates
‘first’ upward propagatingvavefield,thena ‘second’downward propagatindield, etc. In this
mannermultiplereflectiongclassonemultiples)areaccountedor in acontrolledmanner The
Bremmerseriesin acousticmediahave alreadyfound applicationin Van Stralenet al.(1998)
wherethe one-way wave operators approximatedvith an accurateoptimal finite-difference

algorithmbasedn arationalexpansionasopposedo a GSexpansion.

The propagatoithat generateshe Bremmerseriescan be representedby a Hamiltonian
pathintegral (De Witte-Moretteet al., 1979; Fishman& McCoy, 1984a;Fishman& McCoy,
1984b;De Hoop, 1996)thataccountdor not only the enegy traveling alongthe ray but also
for the transportalong non-stationarypaths. Thesepathintegralscontainall possiblemulti-
pathing.In the pathintegral, ‘time’ is identifiedwith depth,and‘momenta’areidentifiedwith
the horizontalwave slownessesvhich, in the ray-theoretidimit, coincidewith the horizontal
component®of the gradientof travel time. The (square-rootHamiltonian,appearingn the
phaseof the pathintegral, is identifiedwith verticalwave slownesswhich, in theray-theoretic

limit, coincideswith theverticalcomponenbf the gradientof travel time (De Hoop,1996).

The problemwith the pathintegralsis the computationakcomplexity of their numerical
evaluation. De Hoop et al. (1999) have developeda methodthat dramaticallyreducesthe
computationatompleity of suchevaluation,at the costof approximatinghe acousticgthe

shapeof wavefronts).Theresultis analgorithmthat,for eachpropagatiorstep,is built fromthe
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sequenceforward Fouriertransformmultiplication,inverseFouriertransformmultiplication
-wherethetransformis in the horizontaldirectionsandmay be windowed. We have designed
a hierarchyof increasinglyaccurateapproximations.Underlyingtheseapproximationss an
expansionof the mediumwave-speednodel simultaneouslynto magnitudeand smoothness

of variation.

Theoriginalphase-screemethodwvasdesignedor multiple downwardscatteringf waves,
the downward directionbeingthe preferreddirectionof propagation.lt includedphenomena
suchasfocusinganddefocusingassociateavith multi-pathing.Theapplicabilityof thephase-
screemmethodgenerallyrequiresthatthe screeninterval satisfieghefollowing criteria: small
mediumvariations(weak scattering) trans\erselysmoothmediumvariations(narrav-angle
scattering)andevensmoothewariationsin the preferreddirection(negligible backscattering).
With the GS approachwe accesghe accurag of the phase-screemethod,andgeneralizat

to largercontrastwiderangle,andback-scattering.

The conceptof screenapproximationdo the propagationof waves hasbeenaroundfor
mary years. The phase-screeapproximatiorhasbeenappliedto light transmissiorthrough
the atmospheréRatcliffe, 1956; Mercier, 1962; Filice, 1984;Martin & Flatte, 1988),propa-
gationof light in opticalfibers(Feit & Fleck,1978),propagatiorof radio signalsthroughthe
ionosphergBuckley, 1975; Bramlgy, 1977; Knepp, 1983), propagatiorof acousticwavesin
theocean(Flatte etal., 1979; Thomson& Chapman1983),andpropagatiorof seismicwaves
in theearth(Stoffaetal., 1990).More recently the phase-screemethodhasbeenextendedo

elasticwaves(Fisk & McCartor 1991;Fisketal., 1992;Wu, 1994).

We analyzethe accurag of the GS methodin complex structuresusingsyntheticmodels
that exhibit significantmulti-pathing: the IFP 2D Marmousimodelandthe SEG-EAGE 3D
saltmodel. Thesetwo modelsrepresentwo fundamentallydifferentgeologicalsituations.In
the Marmousimodel,compleity arisesfrom faultingandtectonicdeformationin a sedimen-

tary region. In the SEG-EAGE 3D saltmodel, it arisesfrom the intrusionof a saltbody the
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wave speedf whichis significantlyhigherthanin the surroundingormations.Thesemodels
commonlyyield poorimagingbelov thesecomplex structures With the help of the GS prop-
agator which we prove to be accuratan thesesituationswe shallillustratethat the origin of

this problemis possiblyassociateavith multi-pathing.

We first presenthe GSrepresentationf the thin-slabpropagatoaswell asthe reflection
operator Theseresultsarethencastinto numericalalgorithms,andour accurag analysisis
carriedout by modelingprimarily. We analyzethe migrationoperatorbeforestackingthatis
conventionallyperformedn the procesf imaging. We focuson multi-pathingand‘second’-
arrival enegy. We illustratethe modelingcapacityof the GS methodin 2D and3D. For com-

pletenessye shav someprestackdepthmigrationresultsin 2D.

Throughoutthis paper we assumethat the mediumis isotropic. In a companionpa-
per (Le Rousseak De Hoop, 1999), we extendthe methodto mediathat are trans\ersely

isotropicwith verticalsymmetryaxis.

THE SCALAR GENERALIZED-SCREEN PROPAGATOR

The scalar one-wayGreen’ function

Selectinghedirectionof preferencalongthe zz-axis(or ‘vertical’ axis)anddenotingthe
remaining(‘trans\erse’ or ‘horizontal’) coordinatesy z,, ¢ = 1,2, the one-way acoustic

Greens functionG™®) is definedby anequationof theform
[05 F iwIl(x,, z3; D,)] G (zy, T35 7, 1) = 8(T) — 3;;‘) 8(z3 — %) (1)

in the frequeng-spacedomain. The left-handside of equation(1), d; F iwl, is the one-
way wave operator The choiceof signdiscriminatesupgoing(G{)) from downgoing(G{*))

Greens functions.For uniform densityp, the operato” satisfieghe characteristiequation,

M=A, A=c¢2-D,D,, (2)
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wherec is themediumwave speedand

D,=1a,. 3)
lw

hastheinterpretatiorof horizontalslownes®perator;l' = I'(z,, z3; D,) is the vertical slow-
nessoperator In equation(2) andthroughouthe paperwe usethe summationcorventionfor

repeatedndices.

For variabledensitymedia,De Hoop (1996)derivedthat
[?=—D,D, +kp—p~(Dyp) D, — p~ (D,Dyp) + p~*(Dyp)(Dup) , (4)

equalto thetranserseHelmholtzoperatotin the acoustigpressure-normalizaticanalog
(De Hoop,1996;De Hoopetal., 1999);p is the volumedensityof masgkg/m?], andx is the

compressibilityfPa—!], with thewave speedlefinedasc=2? = «p.

The thin-slab propagator—In the presentdevelopment,it is advantageougo usethe
Laplacetransformwith respecto time, ¢, andthe Fouriertransformwith respecto the hori-

zontalspatialcoordinatesg,. We introducethe notation

s = —iw, ()

1 1
Q, = - ku = —— kl/ ) (6)
lw S

wherew andk, arethefrequeng andthe horizontalwavenumbeicomponentsln the Laplace
(s) domainwith Re(s) > 0, the operatorA becomesstrictly elliptic, which enablesus to
considerary of its fractionalpowerswith theaid of pseudodiferentialcalculus(Treves,1980).
Here,we areinterestedn its squareroot, I'. Usingthe Fouriertransformwith respecto the
horizontalspatialcoordinatesve canassociatavith I andA their ‘left symbols’(Hormander

1985;Treves,1980),y anda respectiely, i.e., let ¢ beatestfunction,then
(TP)(zy,z3) = /(S/QW)2da1da2/da:'1dx'2 Y(@p, x3; ) €xp[—is(z, — T, )| P(2h,, z3) ,

(Ad)(zy,x3) = /(S/QW)2da1da2/dx'1d:r’2 a(x,, x3; ) exp[—is(z, — 2)) ] d(z), z3) |
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wherethesymbola is obtainedafterequation(4), as
a=ayo, +rp—p ' (Dyp)ia, — p~ (D,Dyp) + p~*(Dyp)(Dyp)

sinceiq, is theleft symbolof D,!. For uniform density a reduceso o, «, + xp, consistent

with equation(2). Equation(2) transformdnto a characteristiequatiorfor left symbols:

exp [_i aa{,Dwf,] V(w5 o)y (55 ) = a(zu; ) (7)

(x;ua:/):(mlt’alf)
as given by symbolcalculusof pseudodiferentialoperatorqTreves, 1980; De Hoop, 1996,

equation(A12)).

With the vertical slownessleft symbol, the one-way Greens function, G&), from equa-
tion (1) can be representedby a Hamiltonian path-intgral representatioiDe Hoop et al.,
1999;Fishman& McCoy, 1984b;Schulman1981;Cohen-Bnnoudjietal., 1977). We define

thescalarone-way propagatarg™®), through
G = +H(*[zs — a3]) ¢,

where the Heaviside function H generateghe Dirac distribution in equation(1) (cf. Ap-
pendixA). For a sufficiently small vertical step Az; (thin slab),and a mediumsuficiently
smooth the Hamiltonianpath-intgral representatiofor the one-way thin-slabpropagatore-

duceso (De Hoopetal., 1999):
g(:t)(m“’ T3, ‘T’IU’ xé) =
/(1/27r)2dk1dk2 expli ko (2, — z)] exp[Liw y(z,, T3; ik, Jw) Azj)

= /(s/27r)2da1da2 exp[—is a,(z, — z)] exp[Fs v(z,, Ts; o) Azj) (8)
with

!
Axg = x3 — 3,

YD,¢)(zp,z3) = [(s/2m)?dardas [ doidzh ia, exp[—is(z, — z!)ay] ¢z, z3)
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T3 = T3 — sAx3 = 25 + 2 A
I3 = T3 5 $3—.’E3+2 I3 .

In the limit of a laterally homogeneouthin slab,y will notdependon z,,, andthe thin-
slab propagatoreducesto Gazdags phase-shiftoperator(Gazdag,1978). The operatoris
composedf a forward Fourier transform,a multiplication by a phasefactor (the phaseis
proportionalto the vertical slowness)and an inverseFourier transform. In the generalcase
of equation(8), the thin-slabpropagatothasa similar structureexceptthat the phasefactor
is dependentupon the output point, z,. Every outputpoint requiresits own evaluation of
equation(8), which representsa considerableeomputationakffort. The GS approximation
of the thin-slabpropagatoenforcesa simplificationof this computationatomplexity, while

allowing laterallyvaryingmedia.

High-fr equencyapproximation.—Throughouthis papeywe will usea ‘high-frequeng’
approximationThenthe pseudodiferentialoperatorl” reducego its principalpartI’;, andthe
associateteft symbol,y, reducedgo its principalsymbol,y,. Theprincipalsymbol,y,, follows

from takingthe high-frequeng limit of equation(7) (cf. AppendixB):

1 (20, 733 0) = /[y, 3)] 2 + 0 - (9)

Thetriplet (iay, iy, 1) representthecomponentsf thegradientof thetravel time. Then,the

scalarone-way thin-slabpropagatobecomes
g(i)(xuﬂf:’);x;axé&) = (10)
/(8/27T)2da1da2 exp[—is oy (2, — )] exp[Fs y1 (24, T3; o) Azs] .

Generalized-sceenprincipal-slownesssurface

The contrast formulation.—For the subsequenainalysis,we employ a ‘contrastformu-

lation’ that allows us to take lateral heterogeneitynto accountin the thin-slabpropagation.
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In the slab[z}, x3] we introducea backgroundnediumwith wave speed:’. The background
mediumis constantin the slab, but may vary from oneslabto another We expressthis by

letting ® = °(z3). A mediumperturbatiortermu is thenintroducedas
(@, 73) = [e(u, 73)] 7 = [ (23)] 7" - (11)

To avoid having anartificial branchpoint enterthe propagating-\ave domain(seebelow), we

imposethe condition
A(z3) < e(z,, ) for ¢ € [z}, 23] . (12)

We will expandthe principalsymbolof the vertical slownesdeft symbol,~,, into the pertur

bationu aboutthe backgroundnedium.

Generalized-sceen expansion.—Assumingsmall vertical mediumvariation acrossthe

thin slab,i.e.,if thethin slabis sufficiently small,we set

(¢ ) \/[c0 (z3)] 2 + awan,
=~(x3; ) for ¢ € [z}, 23], (13)

the vertical slovnessassociatedavith the backgroundmedium. The principal symbolof the
verticalslovness;y;, canthenbe decomposethto a backgroundcomponent,?, anda pertur

bation, 71, i.e.,

il (qu, T3; Q) = 70(3733 o) + 711 (xua T3;0). (14)

To find anexplicit form for v{ we userelationship(9), which canberewritten as

Y1 (@ 235 00) = \/[0(23)] 2 + u(z, 03) + oy,

= 1"(z3; ) J ELC/L T (15)
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andexpandtheresultin a Taylor seriesaccordingo

Y1 (@ T3 00) = 7" (235, 00) + 7 (T, 735 1)

=) + 3 gy T T

i R P i +0(u(zy, 23))" (16)

where

12+ (2 —3)

j+1

(17)

In practice we shalllimit oursehesto thefourth-orderexpansion,

e L) 1 (a1 ()
(T 735 ) =V )+ 3G oy T B s )P T 16 170(wa; o)

5 [u(zy, z3)]*

T8 170 (ags )] T L@ )" (18)

It is importantto notethatin eachterm of the expansionthe dependenciesn z,, andon o,
arefactorized. This propertywill inducethe structureof the GS propagatar Justificationof
expansion(16) is givenin De Hoop et al. (1999),wherethe full symbol~ is analyzed;here

we have restrictedourselesto its principalsymbol,y;. Wherenormalmodeexpansionf the

one-way propagatoapply, thefactorizationjn fact,occursnaturally(Fishmaretal., 1999).

Phase-sceenand split-step Fourier approximations.—Thephase-screempproximation
follows from expansion(16) by settingn = 1 andapproximatingl /~° by its zero-ordefTaylor

expansionin «, about0 (verticalpropagation),
Vi (T, 235 ) = (235 00) + 1 & u(wy, 23) (19)

Thisleadsto theapproximatiorof theverticalslownessymbolemployedby Stoffaetal. (1990),

since
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whichyieldswith equation(19),

Y1 (@ T3 00) = 7 (235 00) + (e, 23)] T = [P (ws)] (20)

asfoundin the split-stepFouriermethod.

Figurel illustratesthe principalslownesssurfaceq~y; asafunctionof thehorizontalslow-
nessp = /—a,a,) of the GS expansiondor n = 1,2 and3 asgivenin equation(16), and
the split-stepFourier one. The split-stepapproximationapproacheshe actualslovnesssur
faceby simply vertically shiftingthebackgrounaglownesssurface.Adding higherorderterms
in the GS expansion the shapeof the slownesssurfaceis improvedand,hence the accurag
for wideranglepropagatioris increased.This obsenationindicatesthatfor the extensionto
anisotropicmedia,the split-stepapproximationrdoesnot have the degreeof freedomto shape
the slownesssurfaceappropriately(Le Roussead De Hoop,1999;Thomsen,1998);thein-

fluenceof theanisotropigparametersccursonly at nonvertical propagation.

The GSexpansionasshavn in equation(16) revealsthe introductionof reciprocalpowvers
of 4% andhencecontainsbranchpointsat a,,«, = —[c°]72, asillustratedin Figurel. The
vicinity of the branchpoint shouldbetreatedcarefully To ensurethatthe branchpointis out
of the propagatiorregime within the thin-slab,we have chosen® smallerthanthe minimum
mediumwave speedwithin the slab,asillustratedin Figure1l. Unlike the GS expansionthe
split-stepFouriermethoddoesnot suffer from the presencef a branchpoint. The choiceof a
backgroundvave speed greaterthanthe minimumwave speedn eachthin-slabis therefore
possiblefor this approximation.Onemaythenchoosefor example,the meanor the median
of themediumvelocitiesin theslabasareferenceDifferentchoicesyield differentoperators;

It is notobvioushow to find the ‘optimum’ backgroundnedium.

In the phase-screeapproximation(cf. equation(19)), the Taylor expansionof 1/+° in

o, o, Wastruncatedafter the first term. The accurag of this approximationis increasedyy
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simply addingmoreterms,e.g.,
YTy, T35 00) 70(353; o) + % u(z,, 3) [00(333) - %auau(co(ﬂf?,))g] ) (21)

yielding anangularcorrectionin the vertical slovness.The accurag, however, is boundedoy
theaccurag of thefirst-orderGSexpansion.Comparisorof accurayg is illustratedin Figure2.

Approximation(21) is labeledasGSP1,2n Figure2.
The scalar generalized-sceenpropagator

With theanalysisgivenin equation(16), we write equation(10) in theform
g (zy, 35 20, 4) ~ /(s/27r)2da1da2 exp[—is ay(z, — 2)] (22)
- exp[Fs {7 (T35 ) + 71 (2, T35 )} Ag]
where
Iy =13 — 3Az3 =24 + s Az; . (23)

Expandingheexponentialwe seekanapproximatiorof the propagatothatmatcheshestruc-
tureof theGSexpansion Wethereforeaxpandthe perturbatiortermaboutverticalpropagation

andwrite
N (T T ) = 71 (T, T3 0) + [11 (20, T35 ) — 77 (0, 753 0)]
and
exp[Fs (71 (T, T3; ) — M (T4, 733 0)) Azg] = (24)
1Fs I:"}’ll(xu,j?g; a,) — ’Yll(.TM,.fg; 0)] Azs .

Expandingthe exponentialseparatesiependenciesf the propagatoon z,, andon «,,, which

allows spatialdependenciet® betakenoutof the Fourierintegral (22). We have accomplished
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thattheinverseFouriertransformswith respecto «,, nolonger have to be evaluatedfor each
z, sepaately, whichis thekey simplificationof the GS propagatocomparedvith the ‘exact’

thin-slabpropagatarWe obtain

9 (@, w33 70,, 75) = 0" (w0, 2337, 7) + 9" (@, w3370, 25) (25)
with
go(i)(mu, T3; ), 75) = exp[Fs 7y (z,, T3;0) Axs] (26)
. /(3/2%)2da1da2 exp[—is o, (2, — 7)] exp[Fsy°(Z3; ) A3,
and
9" (@, 33 7, 75) = exp[Fs 7 (2, T3; 0) Ay (27)
. /(8/27r)2d041da2 exp|—is aq(z, — 1)] exp[Fs 7 (Zs; o) Axs)
Ay [ (@ a3 ) — 7 (@0, 030))]
Since
h(0020) ~ Yoy GO — el )] - o)

ot ;0)]7 1
which is a spatialcorrectionterm that may be foundin the split-stepFourier method(Stoffa

etal., 1990),we obtain
¢"® (2, 55 2], 2h) = exp [:FS ([c(xu,i'g)]fl — [co(a_cg,)]*l) Axg,] (28)
: /(s/27r)2da1da2 exp[—is a,(z, — 71)] exp[Fs (T3 ) Azs] .

Thefirst constituentermof the GSpropagatarg®®), is the propagatoof thesplit-stepFourier

method,i.e., a propagatorassociatedvith the backgroundmediumfor the thin-slaband a
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correctiontermin spacethatis accuratdor the vertical propagatioronly. Thesecondermin

the GS propagatofollows asthen
g'® (T, T35 27, T3) = exp [:FS ([0(5’3/“ Z3)] T — [00(53)]71) A-’E3] (29)
: / (s/27)*daydeyg exp[—is ag(z, — 7)) exp[Fs°(T3; ) Axs]
- Azy [Fs(1 (@ B3 ) = 7 (2, 753 0))]
which, uponreplacingy] by its truncatedexpressiorasin equation(16), gives

gl(i)(asu,xg; T, T3) = €xp [$s ([c(azu,fg)]_l - [60(533)]_1) Al‘3] (30)

- F sAxs i{aj[u(xu, z3))! /(s/27r)2da1da2 exp|[—is a, (1, — 21|

j=1

1 1
O(= . _
-exp[Fs v (Z3; ) Axs] [[70(53;0@)]29'1 [70(53;0)]23.1]} i
Thesecondconstituentermof the GS propagatarg™®), arisesrom the higherordertermsof
the GSexpansion We call n the orderof the GSapproximation As mentionedthe higherthe

order the highertheaccurayg for wide-anglepropagation.

Thesplit-stepFourierpropagatosimplyyieldsashuttlingbetweerthefrequeng-horizontal
spaceandfrequeng-horizontalslovnessdomainsanda multiplicationin eachdomain. Each
additionalterm of the GS expansion(16) requiresan additionalinverseFourier transformin
spaceasexpressedn equation(30). As the computationakompleity of the downward con-
tinuationin the split-stepFourier methodis proportionalto 2V, N, log, N1 N, (N, denoting

th

the numbersof samplesn the z,,-direction),the compleity of our »*''-orderGS approachs

proportionalto (2 + n) Ny Np logy, Ny Ns.

Normalization of the scalar generalized-sceenpropagator

TheTaylor expansiorof theexponentialiin equation(24) destrgs the unitarity of propaga-

tor (8) andhencethe amplitudecharacteristicef the propagatordependingon the wavenum-
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ber, or thelocal angleof propagationpartof theenegy maybe amplifiedor attenuatedncor-
rectly. It canalsoleadto anumericakllgorithmthatis unstableoveralargerangeof dovnward
continuation.To restore approximatelythe amplitudebehaior, we applyanormalizingoper

atorandobtainthe GSpropagatoggsp

1(%) R -
(£) Lo 1y — 0(x£) o ! N 1 g (xu: Z3;7,, -T?;)
QGSP($M,$3,$U,-T3) 9 ($M,$3,$U,$3) [ + gO(:t)(xu,xg;-T;ﬂ.Té) ’

thedivisionbeingcarriedoutin somestablesenseandthenormalizingoperatot\ beinggiven

-1
l1+ b ] .
141q

In effect, this normalizationcorrectsfor the error introducedby the expansionof the expo-

by

. . P
1 | = | 1 e
N1 +p+ig] exp(Q)‘ +1+|q

nentialin equation(24), andrestoregshe amplitudebehaior exactly in the caseof a constant

perturbationu, i.e.,amediumwith wave speecdhigherthanthereferencevave speed.

THE SCALAR GENERALIZED-SCREEN ALGORITHM

Here,we discusghe GSalgorithmbaseduponequationg22) through(30). We denotethe
(one-vay) wavefieldby W, andcarry out the wave propagationn thefrequeng domain,with
eachfrequeng componentomputedndependently The downward continuationfor model-
ing andimagingwith the one-way propagators performedaccordingo the decompositiorof
theverticalslovnesssymbolinto onebackgroundermanda seriesof perturbatiortermsasin

equation(16).

Let the currentdepthbe setto z, = z, andsetz; = =z + +Axz; asbefore. Following

equation(30), we introducetheintermediatdield quantitieswy, - - - , w,, accordingo (stepl)
wo(z,, s) = exp [—s Axs ([C(.Tu,.fg)]_l — [00(53)]_1)] W (z,, 25, 8) ,

wi(zy, s) = —s Azg ay u(zy,, T3) wo(zy, s) ,
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wo(zy, s) = —s Azs as u2(:cu,:f3) wo(zy, ),

Wn(Ty, ) = —s Azg ap u" (T, Ts) wo(T,, s) -

wy representghe split-stepFourier term; the higherorder termsincreasethe accurag for
wider-angle propagation. The intermediatefield quantitiesare then Fourier transformedio

thehorizontal-vavenumbedomain(step2),
Wi(oy,s) = /wj(acu,s) exp [—iz,ky] dz, (31)
= /wj(xu,s) exp [isz 0, dx,, j=0,---,n.
Thewavefieldatdepthz; = z + Az; thenfollowsas

W (23; v, 8) = 1o (0w, 5) exp[—sAz37°(Fs; )]

.N[H“:“(O‘”’S) (70( ! )—co(:f:s))

Wy (v, S) T35 Qy
o e (s~ )|

(step3). Finally, we carry out the inverseFourier transformW (z3; a,,, s) — W (z,, 23; 5),

(stepd).

Thesequencef stepsllustratesthe shuttlingbetweerthe frequeng-horizontalspacedo-
main andfrequeng-horizontalwavenumberdomainthatis performedwith the GS approach.
Themethoddepartdrom theexactsolutionthroughthe (approximategxpansiorof thevertical

slownessoperator

The caseof a constantmediumperturbationprovidesinsightin how wavefrontsevolve
basedon Huygens’principle (Huygens,1690). Let the backgroundnediumbe characterized

by awave speed? thatis 2/3 of thetruewave speed Thetop of Figure3 shavs (instantaneous)
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wavefrontsconstructedsthepolarreciprocalof thelocal slownesssuriaceshavn in Figure?2.
In the bottompartof Figure3 we shav numericalimpulseresponsesf the one-way propaga-
tor for differentordersof generalizedgcreensaswell asfor the split-stepFouriermethod.For
a constaniperturbationthe predictedwavefrontsandthe actualcomputedwavefrontscanbe
overlainexactly. Theexactresponsés plotteddashedn thetop partof thefigure. Notethatthe
accurayg varieswith propagatiorangle(or migrationdip uponimaging),andthatthisaccurag
varieswith (local) mediumperturbationin all theapproximationsindependentf ordern, the
propagatiorspeedn the horizontaldirectionsapproaches®, which causesary approximate
wavefrontto fold inwardsaway from the true wavefront. Indeed,the normalto ary slowness
surfacein Figure 2 is horizontalor corvergesto horizontalwhenthe horizontalslownessis
1/c% As such,the GS approximationdiffers, for example,from the paraxialapproximation
wherethe accurag with dip is independentf the medium(De Hoop & De Hoop,1992).The
GSinaccurag athorizontalpropagatiors inheritedfrom the GSexpansiorof thevericalslow-
nesssymbol. Note, however, thatfor non-horizontapropagationjncluding very large angle
propagationary accurag canbe obtaineddependingon the orderof the GS approximation
chosenWe shouldalsonotethatthe large errorseenherefor horizontalpropagations dueto

thechoiceof ¢’: ¢ is only 2/3 of theactualwave speect.

Figure4 compares3D computationdor the first four ordersof the GS propagatorsand
for the split-stepFourier method.Again, the dasheccurvesshaw the true wavefrontlocation.
FromFigure4 we conjecturghat,asarule of thumb,the split-stepFouriermethodis accurate
upto 179, thefirst-orderGSis accurateup to 349, the second-orde6S up to 489, the third-
orderGSupto 55°, andthe fourth-orderGS up to 620, whensucha perturbatioroccurs(the
backgroundvave speedbeingonly 2/3 of the actualwave speed). The rate of corvergence
with orderis alsosuggestiein Figure4. As in ary Taylor expansionthefirst termsin the GS
expansionbring the main contritution to the operatoy andthe higherordertermshave lesser

contributions,slowly increasingheaccurag.
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THE GENERALIZED-SCREEN REPRESENTATION OF THE REFLECTION
OPERATOR

Thethin-slabpropagatogivenin equation(8) is theoneassociateavith theone-way wave
equation. To recover the two-way wave propagationone hasto make useof the Bremmer
seriesasdescribedy De Hoop (1996). Thefirst term of the seriess the one-way wavefield;
thesecondermis thefirst (classtwo) multiple; thethird termis the secondnultiple, etc. The
evaluationof eachtermof the Bremmerseriesequireshe useof thereflectionoperatorgiven

as
R=1T7a:T), (32)
for constantlensityanda continuousnedium.We associat@o R its left symbol,r,

Ro(z,,x3) :/(S/QW)2da1da2/dx'1dx’2 r(zy, 35 ) exp|—is(z, — z))ay,] ¢(xl,, x3) .

In theframework of the presenthigh-frequeng’ approximationR reducego its principalpart

Ry, with r reducingto its principalsymbolr;.

In asimilarfashionasin AppendixB, onecanshaw thatsuchreductiorto principalsymbol,

yields

o 0371
m=—-—.
2m

(33)
At a horizontalinterface, the reflectionsymbolis simply the reflectioncoeficient, but this
Is not true for a non-horizontalinterface. For a non-horizontainterface,the reflectionof an
incomingwave is split betweenthe one-way propagationoperatorand the reflectionopera-

tor. Thereflectionoperatoris responsibldor theinteractionbetweerthe up- anddowngoing

constituent®f thewavefield. Theone-way wave operatordescribeshetrans\ersescattering.

Like ~1, the reflectionsymbolr; canbe expandedby introducingthe samebackground

mediumandperturbatioraswithin thethin slabthroughwhich propagatiortakesplace.Here,
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we presenthe GS expansionof thereflectionsymbolin a mediumsampledat discretepoints.

At aninterfacelocatedat x3, thereflectionsymbolcanbe expresseds

+. _ —.
(T, T35 ) = %(x“’xiiay) %(x“’x?if%) , (34)
71 (Iu’ T3 ; al/) + §é! (mua T3 ; au)

where

Ty = T3 — %A$3 ,
and

T3 =13+ 3Az; .

Uponintroducinga backgroundnediumanda perturbatioron bothsidesof theinterface,i.e.

(@, 75) = [e(@u, 25)] = [23)] 7

and
w(zy, 23) = [e(z, o)) 72 = [ (z3)] 72,

one can expandthe reflectionprincipal symbolwith respectto thesetwo perturbations.In
the GS expansionof the one-way thin-slab propagatarthe expansionof the exponentialin
equation(24) yieldsaccurayg in thevicinity of vertical propagation\We wantto enforcesuch

accuray for the expansionof thereflectionoperatoraswell, andthuswrite
r1(@pu, T35 00) = 11(2p, 35 0) + [r1 (@, 35 00) — 11(2p, 235 0)] (35)

We thenexpandr; (z,, x3; a,,) — r1(z,, 23; 0) with respecto theperturbations atz; andzy,

which, to first order yields

(@, T35 ) = 11 (Ty, 235 0) + ay (235 ou)u(zy, x4 ) + ay (xs; a,)u(z,, z3), (36)
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with
o z+,au 2 _ 2 _ O(z)13
_ _10—32%‘,&—:1; ([Co(arér)] + [Co(xs )] ) + ¢ w)e () + %ﬁ%
a; (r3;00) = o(zd, x5, )
.13 Oa:+,a,,
2a’uau [Co(x?) )] CO(CC;) (1 + %;TV;) 37
* O'(.%éi_, .’E;, CE,,) 7 ( )
and
(x5 o 2 12 _ @)
+ %wiﬂaug ([Co(wg)] + [60(953 )] > — ) - [CO(;:I)]
a; (CC3, CEV) - O’(Jﬁg—, x;, au)
3 _ 0 SC_,aV
20,0, [(a)]” o) (1+ S 38
B o(zy, x5, ) ’ >
where

olat, 13, 00) = [P(ef, ) + 127, )] [Cad) + @)

The superscript —’ refersto the uppermediumand the superscript +’ to the lower one,

whereaghe subscriptrefersto the orderin the GS expansion We have
a; (z3;0) =0, af(z3;0)=0.

Figure5 illustratesthe GS expansionof the reflectionsymbol at an interfacewherethe
uppermediumis characterizedby a constantperturbationand the lower mediumby a zero
perturbation.In the top of the figure, the exact reflectionsymbol (dashed)yandthe first two
GS approximationsre shavn asa function of the horizontalslovnessp = /—a,a,. The
bottompartof Figure5 shavs the relative error of the first two GS approximationsNote the
increasingangularaccurag asthe orderof the GS expansionincreasesThis accurag will be

requiredto predictmultiple scatteringat large offset.

Note thatto computethe ot termin the Bremmerseries,the reflectionoperatoris only

appliedn timesto the wavefield while a cascadeof thin-slabGS propagatorss appliedfor
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eachof theterms.Suchcascadémpliesanaccumulatiorof errorsassociateavith theinaccu-
raciesof thethin-slabGS propagatofe.g. propagatiorvery closeto the horizontaldirection).
Suchaccumulatiorof errordoesnot occurwhenapplyingthe GSreflectionoperatoysincewe

usuallyconsidetthefirst few termsin the Bremmerseriesonly.

The GSrepresentatiofhere first order)of theprincipalpartof thereflectionoperatortthen

followsas
(R19) (2, 3) =~ / (s/27)2dandes / da ety expl—is(z, — z")aw] (39)
[ru(@ 25;0) + ap (255 0 )u(@y, @3) + af (w55 0 )ule,, @3)] o(a,,@3)
which canbewrittenas
(R19) (zu, x3) = 11(2, 233 0) f (4, 23) (40)
+u(zy,5) [ (s/2m) dasdas [ dofdeh a7 (vs; 0) expl-is(ze — 4)ag] 9(c), v5)
@y, of) [(s/2m)dondas [ doiday af (si ) expl-is(a, — ))ao] (s, 3)

yielding thereflectionoperator(Schwartz) kernelR, (De Hoopetal., 1999; Schwartz, 1966;

Treves,1967)
Ri(zy, 2, 13) = 11 (2, 23;0) 0, — 2),) (41)
+u(z,, x3) /(s/27r)2da1da2/da:'1dx'2 aj (z3; ) exp[—is(z, — )]
+u(zy, z3) /(s/27r)2da1da2/dx'1dx'2 af (z3;0,) exp|—is(z, — 7l )a,] -

Equationg40) and(41) candirectly be castinto a numericalalgorithm. Eachadditionalterm

in the GS expansionof thereflectionoperatorequireswo additionalFouriertransforms.
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BRANCH POINTS

The termsin GS expansioncontain powers of 1/4° increasingwith order [cf. equa-
tion (16)]. Thesepowersinducebranchpointsat a0, = —[c°]~2, correspondingo graz-
ing propagationn the backgroundmedium(cf. Figurel). The branchpointsalsoappeain

expansion(30) for the GS propagatar

For a constant-perturbatiomedium,the normalizationoperatorexactly compensatethe
errorsarisingfrom the expansionof the exponentialin equation(24). Yet, in laterally hetero-
geneousnediasuchasthe Marmousimodel(cf. Figure6), theseapproximationgancreate
errorsthatcanbe boostedby large valuesof 1/+° closeto the branchpoint. Figure7 shavs a
shapshobf thewave field, computedwith the second-ordeG S algorithm,in theregion of the
Marmousimodelshovnin Figure6 whenthewavenumbeis allowedto getcloseto thebranch
point. The sourceis locatedat a starin Figure6. Theresultis noisy; the noiseis associated

with high-anglepropagationi.e., whenwavenumberseachthe vicinity of the branchpoint.

In equation(30), the path of integrationin the «;-planeshouldbe chosenappropriately
aroundthebranchcuts. To avoid gettingtoo closeto theartificial branchpoints,we usecontour
deformationin the complec plane,asillustratedin Figure8. Comparingheresultin Figure7
with thatin Figure9, wherethe contourdeformatiorhasbeenapplied,notetheremoval of the

noiseassociateavith high-anglepropagatingeneny.

In practice we applythe contourdeformationto all factorsappearingn the GSalgorithm
(the valuesof +° arecomputedalongsucha path)exceptfor the intermediatdield quantities
in the wavenumbeidomain. Theseareassumedo vary smoothlyaway from therealaxisand
henceareapproximatedby their valueson therealaxisasgivenby the Fouriertransforms\We
thereforemale a zero-orderTaylor approximationfor the regionswherethe contourdeparts
from the real axis. The higherthe power of [y°]~!, the further the path shoulddepartfrom

the real axisin the vicinity of the branchpoints;thuswe usedifferentdeformationgor the
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differenttermsin the GS expansions.

ACCURACY ANALYSIS

We illustratetheaccurag of the GSalgorithmfor two scenariosthe 2D Marmousimodel,
andthe SEG-EAGE 3D saltmodel. Our analysisemphasizeaumericalmodeling. We gener
ate Greens functionsandfocusour obsenationson second-arkial enegy andmulti-pathing.
Imaginginvokesan averaging(stacking)processto learnaboutthe prestackmigrationoper
ator, we hencefavor to analyzemodelinginstead. We shall, however, shav depth-migration

resultsin the Marmousimodel.

Modeling

Marmousi model.—The mediumcompl«ity andthe maximumpropagatiorangledeter
minethe sophisticatiorof the approximatiorrequired.To illustratethis, we considera region
of the Institut Fran@is du Pétrole (IFP)’s Marmousimodelthat includesthe taget reserwir
(Figure6). A pointsource(star)is locatedatthereserwir horizon,belov acomple partof the
model (anticline,unconformity faults) that hassignificanthorizontalwave speedvariations.
Beingbasedn actualgeology(Boumeoisetal., 1991),the Marmousimodelintroducescom-
plexitiesthatcanbeencountereth practice. Thesources excitedattimet = 0, andthefield is
imagedattimet = 0.95 s, creatingthesnapshot Figure10throughFigure13. For compari-
son,we modeledhetwo-way wavefieldwith thefull acoustiovave equation(finite-difference
time-domain secondorderin spacesecondorderin time), andshall usethatwavefield (Fig-
ure10)asareferencdthecomputationatompleity of thefull acoustiovave equationrmethod
in 2D, andevenmoresoin 3D, comparesunfavorably with the fastalgorithmsdevelopedin
this paper).In modelingtheupgoingwavefield,we comparehe GS methodwith the split-step
Fourier andthe phase-shift-plus-interpolatiof® SPI)methods.In the PSPImethod(Gazdag
& Sguazzerol984),wave componentareupward or downward continuedasif the medium

werelaterallyhomogeneousut usingseveralreferencevelocitiesto accommodattateralwave
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speedvariations:in thefrequeng-spacedomain,at arny pointin depth,aninterpolationis per

formedusingtwo fieldsassociateavith thetwo adjacenteferencevelocities.

Unlike the GS methods the split-stepFourier methoddoesnot suffer from the presence
of a branchpoint. We canthereforeusea backgroundvave speed thatis greaterthanthe
minimumwave speedn eachthin-slab We usethe arithmeticmeanof the wave speedacross
thethin-slabasareferencavave speedUseof the median(%(umam — Umin)) fOr thereference
wave speedyivesa poorresult(not shavn here).Useof the samereferencevave speedasfor
the GSmethod(i.e., theminimumwave speedn thethin slab)yieldsevenpoorerresult,for it

increaseshe contrastetweerthetrue mediumandthe backgroundnedium.

With the numberof referencevelocitieschosenfor the PSPImethod,we guaranteec
betteraccurag, but at higher cost, than that of the split-stepFourier method. To compare
algorithmaccuraciesyve look at the degreeat which the wavefrontis curved downward or
upward with respectto the full-acousticwave-equatiorgeneratedvavefront. The split-step
Fourier (Figure11) resultgivesanimpulseresponsavith a wider shape(upward curved) for
thefirst arrival thanthe full-wave result,whereaghe PSPImethod(Figure12) givesa correct
generakhapdor thefirst arrival. Neitherof thesemethodgyives,however, accuratemagesof
the second-arvial enegy (althoughthe PSPImethodstill yieldsa betterresult). This second-
arrival enegy resultsfrom multi-pathingassociateavith the complity andthe heterogeneity
of the Marmousimodel. The multi-pathinghereoccurswith scatteringat reasonablywide
angles. For the split-stepFourier method,the limited accurag for wide-anglepropagation
explainsthe poor modelingfor the second-arvial enegy. For the PSPImethod,inaccuracies

areattributableto thelinear interpolationscheme.

To begin with the resultsof the variousordersof the GS method,the second-ordealgo-
rithm (Figure9) createsa wave front whoseshapeasexpected,s slightly curved dovnward
with respecto the full-acousticwave-equatiorwavefront. As the orderof the GS expansion

increasesthe GS wavefrontmatcheghe true onemoreclosely The wavefrontof the fourth-
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ordersolution (Figure 13) closelyapproacheshe true wavefront. With the second-ordeGS
method(Figure 9) one canalreadyseegooddefinition of the second-arxial enegy, dueto a
higheraccurayg for wide-anglepropagatiorthanthatin the split-stepFourier method. The
betterpositioningand modelingof the laterarrival enegy constitutesa key contribution to
theimagingof comple structuresuchasthosein the Marmousimodelwherethesearrivals
carryasignificantpartof theenegy. Obsenre thatsubtledifferencesn Figuresl1throughl3

representifferencesn positioningof theorderof ahundredmeteraccordingo thescaleused.

Furthermorewhentaking multiplesinto account,wide-anglepropagatiorcan be partic-
ularly significant,as mentionedbefore. Incorporatingmultiplesis achieved with the useof
the Bremmerseries(De Hoop, 1996; Van Stralenet al., 1998; De Hoop et al., 1999). It is
illustratedin Figure14,wherethefourth-orderGSalgorithmis usedto calculatethefirst three
termsof the Bremmerseries.Thefirst term correspond$o the upcomingenepgy asgivenby
the one-way operator The secondterm correspondso enegy that first travels upward then
downward. The third termcorresponds$o enegy thattravelsupward, downward andupward
again. Here,we alsomalke useof the first-orderGS representationf the reflectionoperator
asdescribedbefore. Note that someof the multiple eventsfound in Figure 10 are missing
because¢hey would belongto yethigherordertermsin the Bremmerseries.Notein Figure14
that somebrancheof the wavefrontsdo propagatealmosthorizontally and accurateresults

requirehigherorderGS.

SEG-EAGE 3D salt model.—For a 3D modelingdemonstrationywe usethe SEG-EAGE
3D saltmodel. Significantmulti-pathingoccursin this model,andwe shallillustratehow well
theGSpropagatoaccountdor this. Figurel5shownstwo verticalprofilesof wave speedacross
the SEG-EAGE 3D saltmodel,oneparallelto the so-calledin-line direction,andthe second
one parallelto the orthogonalcross-linedirection. The profilesintersectat the centerof the

model.As in the Marmousimodel,we placea pointsourcen thezoneof interest;.e. beneath
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thesaltbody Thesourcdocationis representetly anasteriskin Figure1l5. Notethe stairstep
shapeof the baseof the saltbody We expectthis artificial roughnesswhich is dueto the
coarsesamplingof the modelin depth,to creatediffractionsthatwill appeams‘noise’ in the

wavefield.

In our example,the sourceis excitedattime t = 0 andwe usethe second-ordeGS algo-
rithm to imagethe field attime t = 1.2 s (snapshotsn Figure 16 throughFigure 20). Both
the in-line sectionin Figure 16 andthe cross-linesectionin Figure 17 shav that secondar-
rivals carry a significantpart of the upgoingenegy. They both shaw that, with the geometry
of the salt body, partial waveguiding canoccur which could imply that a significantpart of
informationis containedat large offsetsin the scatteredield recordedat the surface. Note
the occurrenceof atriplication in the cross-linesectionin Figure17. The varioushorizontal
sectionsof the 3D image(Figure 18 throughFigure 20) illustratethe strongimprint that the
saltstructuremposeson thewavefront. The deepesslices(Figure18) intersecthe saltbody;
which explainsthe higher‘noise’ level alsovisible in the vertical sections;this noise,again,

correspondso diffractedenegy from theroughsaltbottom.

Imaging

Laterally varying medium.—The differencein accurag betweenthe split-stepFourier
methodandthe GSapproachs illustratedwith a 2D imagingexperiment(Figure21). The2D
sectionis composedf variousreflectorswith dipsrangingfrom 0° to 75°. The wave speed
profile is characterizedy a gradientwith a horizontalcomponenbf 0.1 s™! anda vertical
componenbf 0.4 s t. Figure21 shows resultsafter migrationsof a zero-ofset section(not
shown) with the split-stepFourieralgorithmandthe fourth-orderGS method.In the split-step
Fourierresult,reflectorssteepethanabout45° aremispositionedvith anerrorthatgronvswith
dip. Again, the accurag with dip is a function of the lateralmediumvariationfor both the

split-stepFourier methodand the GS approach.In the GS generatedsection,reflectorsare
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accuratelypositionedbecause¢hewide-anglepropagationassociateavith the steepesgvents,
is betterhandled. Note that the steepesevent appearsvealer on the GS generatedection
thanon the split-stepFourier section. This is dueto the proximity of the branchpoint to the
propagatioranglesassociatedvith the steepesteflectordip. The cascadef the expansion
of thethin-slabpropagatoandthe normalizationareprogressiely lessaccuratdor the phase
asonedepartdrom vertical propagatiorand constanimediumperturbation. This introduces

someamplitudeinaccurag.

Application to prestackdepth migration.—To illustratethe accurag of the differentGS
expansiondor imaging,we incorporatedhe GSalgorithmin prestackdepthmigrationof shot
gathersusingthe entireMarmousidataset(Figure22). In the migrationprocedurethefields
associateavith the sourceandreceversare downward continued.For eachpointin the sub-

surfacethetwo fieldsarecorrelatecat zerotime lag (Claerbout,1986).

Figures23 and24 comparethe imagesobtainedwith the split-stepFourier versionof the
phase-screemethodandthe second-ordeGS approach.The latter givesa betterresult; be-
causeof the two additionalcorrectiontermsappearingn the expansion,dipping eventsare
moreaccuratelypositionedandbetterfocusedby the GS approachRegionswheresignificant
differencesoccur are highlightedin Figures23 and 24. The anticline (above the reserwir)
of the Marmousimodelposesa challengeto imagingfor ary migrationalgorithmbecausef
multi-pathingandwide-anglescattering The GSmethodaccommodatethesgphenomenéaet-
ter thandoesthe split-stepmethodandyields morecontinuityin, andlessdeformationof, the

reflectors.

DISCUSSION

Thegeneralized-screqiS) wave extrapolationmethodis basedon the decompositiorof
the mediuminto a backgrouncdcomponentinda perturbationIn lowestorder the GSapprox-

imation may be simplifiedto yield the phase-screeandsplit-stepFourier methods.The GS
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methodextendsthesetwo methodsandcanaccommodatenoresignificantandrapid horizon-
tal wave speedvariations.lts enhanceéccurayg allows a bettermodelingof the wavefieldsin

comple structuresvheremulti-pathingis significant.

With the GSrepresentationf the propagatois associate@ verticalslovnesssymbolthat
generalizeshe phase-screeand split-stepFourier symboland hasthe dependenciesn the
spatialcoordinatesand the dependenciesn the wavenumberfactorized,inducingthe struc-
ture of the GS propagatar The GS expansionof the vertical slovnesssymbolis justifiedin
De Hoopetal. (1999). The GS expansionprovidesa fundamentakimplificationof the one-
way operator;the propagatodoesnot have to be evaluatedat every outputpoint. We obtain
analgorithmthatworksasa shuttlingbetweerthefrequeng-horizontalspacedomainandthe
frequeng-horizontawavenumberdomain.Eachadditionaltermin the GSexpansiornincreases
the accurag. Theadditionalcostis anadditionalFouriertransformfor eachadditionalorder
in the expansion. In anisotropicmediasuchastrans\erselyisotropic mediawith a vertical
symmetryaxis, theinfluenceof the anisotropigparameterg thevertical slowvnesssymboloc-
cursonly at non-\erticalpropagationThesplit-step-Buriertype approximation(Stofa etal.,
1990)doesnot have the degreeof freedomto accountfor anisotroy or to shapethe slovness
surfaceappropriatelybecausef its accurag restrictedto nearvertical propagation.The GS
methodscan be extendedto thesemediaas showvn in the companionpaper(Le Roussea&

De Hoop,1999).

We illustratethe GS propagatos accurag primarily throughmodeling. The mathematical
accurayg analysisof the GSapproximatiorwascarriedoutby De Hoopetal. (1999).Herewe
focusonits numericalcounterpart\We chosetwo syntheticmodels bothrepresentate of the
realworld: theMarmousimodel(off-shoreAfrica) andthe SEG/EAGE 3D saltmodel(Gulf of
Mexico). Eachof thesemodelsprovidesinsightinto the capacityof the GS methodto perform
wave extrapolation,andshavsin how it comparesith the split-stepFouriermethod,aswell

as PSPlandfull-wave time-domainfinite-differencemethods. The GS modelingcapacityis
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illustratedin both2D and3D. In the paperwe focuson the computatiorof Greens functions
ratherthanon imaging. Imaginginvokesan averagingprocedurdhathidespropagationnac-
curaciesof thevariousmethods For completenes$)owever, we shov someprestackmaging

resultsin 2D.

We have comparedhe GS methodwith the mostcompetitve algorithms.We did not com-
pareourresultswith single-pathingipproachThe GSmethodwith its (2-+n) N; N3 log, N1 N
(n istheorderof the GSapproximatiorand/V,, arethenumbersof samplesn thez ,-direction)
computationatompleity, makesfeasibleéw ave equation’'modelingandimagingin 3D. Finite-
differencemethodsextendto 3D, but yield algorithmswith greatercomputationatomplexity.
Nowadays,3D surneys are common,and someareaspresentgeologic compleities where
multi-pathing cannotbe ignored. Unlike traditional low-costasymptoticmethods(suchas
Kirchhoff) thatusea uniquearrival (first or maximalenegy), the GS methodcanpredictthe
effectof multi-pathing.In areaswith geologiccompleities,the GSmethodprovidesacompet-
itive tool for imaging. The introductionof the Bremmercouplingseriesyieldsa computation
of thetwo-way Greens functions.This createstool box thatcanbeusedfor processingnul-
tiples, velocity analysis andinversion(De Hoop & De Hoop,1999). Finally, thelowestorder
approximationsntrin this paperhave alreadyfoundapplicationin seismicimaging(Huang&

Wu, 1996;Wu & Jin,1997;Huangetal., 1998).
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FIGURE CAPTIONS

1. Principalpartsof the generalized-screerertical slowness;zero-ordei(GSPO) first-
order(GSP1)andsecond-ordefGSP2)asa functionof thehorizontalslownessp. Also
shownnis theprincipalpartof theverticalslonnesdor the split-stepFouriermethod.The

principalpartof the exactverticalslownesss shavn with theinnerdashectune.

2. Taylor expansionf the principal partof the first-ordergeneralized-scregiGSP1)
vertical slowness:zero-order(split-stepFourier= GSP1,0)andsecond-orde(GSP1,2),
asa functionof horizontalslownessp. The principal partof the exactvertical slovness

is shovn with theinnerdashedurve.

3. Wavefrontsin aconstant-perturbatiamediumassociatewith thevariousgeneralized-
screempproximationssecond-orde(GSP2) first-order(GSP1)andsplit-stepFourier;
top: ascalculatedaspolarreciprocalof the slownesssurface;the exactandbackground

wavefrontsareshovn dashedbottom: numericalwavefront.

4. 3D wavefieldsnapshots) aconstant-perturbatiomediumassociatewith thevarious
generalizedscreenapproximations:fourth-order(GSP4),third-order (GSP3),second-
order(GSP2) first-order(GSP1),andsplit-stepFourier. The exactwavefieldis shovn
dashed.

5. Top: Principalpartsof the generalized-screeeflectionsymbols:first-order(GSR1)
andsecond-ordefGSR2)asafunctionof horizontalslovness. Theprincipalpartof the

exactsymbolis shavn dashedBottom: relative errorof thefirst-orderandsecond-order
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GSapproximations.

FiG. 6. Partof the Marmousiwave speednodelusedto generatehe snapshotsf Figure7,

Figure9 andFigurel0to Figurel4. Thestarlocateshe positionof the source.

FIG. 7. Snapshoof the wavefieldattime ¢ = 0.95 s computedwith the secondorder of
the generalized-screamethod,with no contourdeformation.Figure6 shavs the wave

speednodelusedandthe sourceocation.

FIG. 8. Applied contourdeformation.

FIG. 9. Snapshoof thewavefieldattime¢ = 0.95 swith thesecondrderof thegeneralized-

screemmethod.The complex contourdeformationshavn in Figure8 is applied.

FiG. 10. Snapshobf the wavefieldattime ¢t = 0.95 s with thefull two-way acousticwave

equation.

FiG. 11. Snapshobf thewavefieldattime ¢ = 0.95 swith the split-stepFouriermethod.

FIG. 12. Snapshoof thewavefieldattime ¢ = 0.95 swith the phase-shift-plus-interpolation
method(PSPI).

FiG. 13. Snapshoof thewavefieldattime¢ = 0.95 swith thefourthorderof thegeneralized-

screermmethod.
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FIG.

FiG.

FIG.

FIG.

FiG.

FIG.

FiG.

14. Snapshoof thewavefieldattimet = 0.95 swith thefourth orderof thegeneralized-

screemmodelingthethreefirst termsof the Bremmerseries.

15. Verticalprofilesacrosghecenterof the SEG-EAGE saltmodel. Theasterisdocates
the position of the source;the dashedine indicatesthe region detailedin Figure 16

through 20.

16. Snapshoof thewavefieldattime ¢ = 1.2 swith thesecondrderof thegeneralized-
screenmethod;in-line section. The threehorizontaldashedines representhe depth

locationof the horizontalsectionf figures18 through20.

17. Snapshobf thewavefieldattimet = 1.2 swith thesecondrderof thegeneralized-

screemmethod;cross-linesection.

18. Snapshobf thewavefieldattimet = 1.2 swith thesecondrderof thegeneralized-
screemmethod;horizontalsectionatdepth1500m. Thedashedinesrepresentheverti-

cal sectionsasshavn in figuresl6andl17.

19. Snapshobf thewavefieldattimet = 1.2 swith thesecondrderof thegeneralized-
screemmethod;horizontalsectionatdepth1000m. Thedashedinesrepresentheverti-

cal sectionsaasshavn in figuresl6andl17.

20. Snapshoof thewavefieldattime ¢ = 1.2 swith theseconcdrderof thegeneralized-
screemmethod;horizontalsectionatdepth500m. Thedashedinesrepresenthevertical

sectionsaasshavnin figuresl6 and17.
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FiG. 21. Top: modelhaving reflectorswith dipsof 0°, 15°, 30°, 45°, 60° and75°. Middle:
migrationof the modeleddatawith split-stepFouriermethod.Bottom: migrationof the

fourth-ordergeneralized-screemethod(GSP4).

FIG. 22. Marmousiwave speednodel.

FiG. 23. Prestacldepthmigrationof the Marmousidatawith the split-stepFourier method;
highlightedarefeatureswvherelargerdifferencen accurag ascomparedvith theresult

in Figure24 canbeobsenred.

FIG. 24. Prestacldepthmigrationof the Marmousidatawith the second-ordegeneralized-
screemmethod;highlightedarefeatureswvherelargerdifferencan accurag ascompared

with theresultin Figure23 canbe obsened.
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APPENDIX A: RELATIONSHIP BETWEEN ONE-WAY GREEN'S FUNCTION
AND PROPAGATOR

The propagatarg™®), associatedvith the one-vay wave equationsatisfiesthe pseudodif-

ferentialequation
[05 4+ sT] ¢ (2, w32, %) = 0, (A-1)
complementeavith theinitial condition
9% (@, 2 = 2 70y, 7) = 0(2, — 7},) - (A-2)

Let usconsiderafunction$(z,, z3) thatsatisfiegthe one-way wave equatioralso. With prop-

erties(A-1) and(A-2), we have

QS(.’L‘N,LE;;) = /dxlldeQ g(i)(:r“,:z::),;a:;,xg) (b(JT:J,.’L'g) J (A's)

hencetheterminologypropagatarWe now prove thatthefunctionG®)(z,,, x3; z! , ) defined

as
G (@0, 35 7, ) = £H (E[wg — a3]) ) (2, 23521, 25) (A-4)

Is aGreensfunctionassociateavith the one-way wave equation.H is the Heavisidefunction.

Applying theone-way operatorto expressionA-4) yields
[05 £ sT] g(i) (33,“ T3, Iin l"g) = :tg(i)(.’lju, I3; 332» 333) 03 H(£[z3 — :vg])
+H(%[z3 — x5]) [05 £ sT] g (zy, x3; T, T5) (A-5)
Thesecondermin equation(A-5) vanishedbecaus®f property(A-1), hence
[0 = sT1 G (w0, 33 27, ) = £ (w0, 35 27, 25) [£0 (25 — 23)]
'

= ¢F)(x,, 23 = 22!, 7)) (x5 — 5)

=d(z, — :vL) §(zs — ) , (A-6)
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whichis the definingequatiorfor the one-way Greens function. The occurrencef the Heav-

isidefunction,enforceghe Greens functionto be causalthe propagators not.

In this paper we definea one-way Greens function with respecto the preferredspatial
direction(z3). In thefield of Quantummechanicsthe sameargumentsare usedto definethe
one-way Greens functionin time using the propagatoithat satisfiesthe Schibdingerequa-

tion (Cohen-&nnoudjietal., 1977).

APPENDIX B: REDUCTION TO THE PRINCIPAL PARTS

Usingthe compositiorrule for symbolsof pseudodiferentialoperatorgTreves,1980),the

operatorequation,
I?=A, (B-1)
is transformednto anequatiorfor the correspondindeft symbols(De Hoop,1996):

exp [—i aagng] V(@ o) y(2h; o) =a(z, o), (B-2)

(w,,uva;/):(a“lho“’)
wherey is theleft symbolof I' anda is theleft symbolof A, i.e.,
[z, 233 D) exp(isa,zy) = y(xy, 235 00) exp(isa,x,) |

A(zy, z3; D) exp(+isay,z,) = a(zy,, r3; o) exp(+isa,z,) -

Fromthe form of A in the acoustic-pressure-normalizatianalogof equation(4) (De Hoop,

1996)we have
a=kp+ o, —p (Dyp)icy, — p~ (D, Dyp) — p~*(Dyp)(Dyp) - (B-3)

As w — oo the compositionof symbolstendsto anordinarymultiplication,andthe solution

of equation(B-2) reducego the principalparts,y; anda, respecttely, of the symbols:

Tz )n(Tu00) = a0 = kp+ oo, = 4 a,a, . (B-4)
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Referringto the contrastformulationmadehereandin De Hoopet al. (1999),the ‘high-
frequeng’ approximatiorof equationB-4) canalsobeexpressedby assuminghatthevertical-
slownesssymboldepend®nly onthemagnitudde) of themediumperturbationbut notonthe

smoothnes§?) of the mediumperturbationi.e. v, is O(Q°) .



