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ABSTRACT

The phase-screenandthe split-stepFourier methods,which allow modelingandmi-

grationin laterallyheterogeneousmedia,aregeneralizedheresoasto increasetheiraccu-

raciesfor mediawith large andrapid lateralvariations.Themediumis definedin terms

of a backgroundmediumanda perturbation.Sucha contrastformulationinducesa series

expansionof the vertical slownessin which we recognizethe first term asthe split-step

Fourierapproximationandthe additionof higher-ordertermsof the expansionincreases

theaccuracy. Employing thisexpansionin theone-wayscalarpropagatoryieldsthescalar

one-way generalized-screenpropagator. We alsointroducea generalized-screenrepresen-

tation of the reflectionoperator. The interactionbetweenthe up- anddowngoingfields

is taken into accountby a Bremmerseries. Theseresultsare then cast into numerical

algorithms.We analyzetheaccuracy of thegeneralized-screenmethodin complex struc-

turesusingsyntheticmodelsthatexhibit significantmulti-pathing:theIFP 2D Marmousi

modelandtheSEG-EAGE 3D saltmodel.Wide-anglepropagationis betterhandledwith

the generalized-screenmethodsthanwith the split-stepFouriermethod. As a result,the

generalized-screenapproachyieldsbetterimagingin complex structures.
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INTRODUCTION

In realisticgeologicalmodels,heterogeneityin mediumpropertiesis suchthat the phe-

nomenonof multiple scatteringis significant.We distinguishtwo classesof multiple scatter-

ing: onein whichthemultiplesareidentifiedwith respectto theprojectionof theirpropagation

pathsontotheverticaldirection(depth),andonewherethemultiplesareidentifiedwith respect

to theprojectionof theirpropagationpathsontothehorizontalplane.In theasymptoticframe-

work of wavefrontanalysis,pathsarerays. Thefirst classof multiple scatteringis associated

with ‘turning rays’and‘internalmultiples’aswell as‘surfacemultiples’, thesecond, possibly

combinedwith thefirst classof multiplescattering,is associatedwith ‘multi-pathing’.

Seismicimagingandinversionarenow commonlyappliedto regionswheregeologiccom-

plexities arepresent.An importantpart of the seismicenergy is not containedin the ‘first’

arrival. An accuratepredictionof multi-pathingand ‘second’arrivals is the key to a better

processing.A ray-theoretictreatmentof themulti-pathingis not straightforwardandis algo-

rithmically ratherinvolved(DeHoop& Brandsberg-Dahl,1999).Waveextrapolationmethods

are able to predictmulti-pathing(secondclassof multiple scattering),with no needto fol-

low the formationof causticsexplicitly. Also, with 3D surveys becomingstandardpractice,

fast3D algorithmsarein demand.On theonehand,thefull 3D extensionof finite-difference

methodsis costlyandrestricttheirapplication.Onetheotherhand,methodssuchasthephase-

screen(Ratcliffe, 1956)andthecloselyrelatedsplit-stepFourier(Stoffa et al., 1990)methods

yield a faster3D algorithm.They are,however, limited in their capacityto predictlarge-angle

propagationwheresignificantlateralheterogeneitiesarepresent.Becauseof their attractive

properties(3D, multi-pathing),wepropose,here,to generalizethis latterfamily of algorithms,

enhancingtheiraccuracy. Sincethisalgorithmicstructurecoincideswith theoneof theclassi-

calphase-screenpropagator, wedenoteourapproximationsasgeneralizedscreens(GS).Also,

we proposeto predictthefirst classof multiple scatteringby theintroductionof theBremmer

series(DeHoop,1996).
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Our approachaccountsfor thefirst classof multiple scatteringthroughuseof thegeneral-

izedBremmerseries(De Hoop,1996),andfor thesecondclassof multi-pathingby meansof

theGSpropagation(DeHoopetal., 1999).

A scatteringtheorythatfollowstheraypicturebut accountsfor full-wavebehavior hasbeen

developedby De Hoop(1996). It is basedon anextensionof theBremmercouplingseriesto

multi-dimensionallyvaryingmedia. Bremmer’s methoddecomposesthe wavefield into a re-

cursionof one-waypropagationoperatorseachusingthepreviouswavefieldasasource.Thus,

themethodfirst generatesa wavefielddominatedby downwardpropagation,thengeneratesa

‘first’ upwardpropagatingwavefield,thena ‘second’downwardpropagatingfield, etc. In this

manner, multiplereflections(classonemultiples)areaccountedfor in acontrolledmanner. The

Bremmerseriesin acousticmediahave alreadyfoundapplicationin VanStralenet al.(1998)

wherethe one-way wave operatoris approximatedwith anaccurateoptimal finite-difference

algorithmbasedona rationalexpansionasopposedto aGSexpansion.

The propagatorthat generatesthe Bremmerseriescanbe representedby a Hamiltonian

pathintegral (De Witte-Moretteet al., 1979;Fishman& McCoy, 1984a;Fishman& McCoy,

1984b;De Hoop,1996)thataccountsfor not only theenergy traveling alongtheray but also

for the transportalongnon-stationarypaths. Thesepathintegralscontainall possiblemulti-

pathing.In thepathintegral, ‘time’ is identifiedwith depth,and‘momenta’areidentifiedwith

thehorizontalwave slownesseswhich, in theray-theoreticlimit, coincidewith thehorizontal

componentsof the gradientof travel time. The (square-root)Hamiltonian,appearingin the

phaseof thepathintegral, is identifiedwith verticalwaveslowness,which, in theray-theoretic

limit, coincideswith theverticalcomponentof thegradientof travel time(DeHoop,1996).

The problemwith the path integrals is the computationalcomplexity of their numerical

evaluation. De Hoop et al. (1999) have developeda methodthat dramaticallyreducesthe

computationalcomplexity of suchevaluation,at thecostof approximatingtheacoustics(the

shapeof wavefronts).Theresultisanalgorithmthat,for eachpropagationstep,isbuilt fromthe
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sequence:forwardFouriertransform,multiplication,inverseFouriertransform,multiplication

-wherethetransformis in thehorizontaldirectionsandmaybewindowed. We have designed

a hierarchyof increasinglyaccurateapproximations.Underlyingtheseapproximationsis an

expansionof the mediumwave-speedmodelsimultaneouslyinto magnitudeandsmoothness

of variation.

Theoriginalphase-screenmethodwasdesignedfor multipledownwardscatteringof waves,

thedownwarddirectionbeingthepreferreddirectionof propagation.It includedphenomena

suchasfocusinganddefocusingassociatedwith multi-pathing.Theapplicabilityof thephase-

screenmethodgenerallyrequiresthatthescreeninterval satisfiesthefollowing criteria: small

mediumvariations(weakscattering),transverselysmoothmediumvariations(narrow-angle

scattering),andevensmoothervariationsin thepreferreddirection(negligible backscattering).

With theGSapproach,we accesstheaccuracy of thephase-screenmethod,andgeneralizeit

to larger-contrast,wider-angle,andback-scattering.

The conceptof screenapproximationsto the propagationof waveshasbeenaroundfor

many years.Thephase-screenapproximationhasbeenappliedto light transmissionthrough

theatmosphere(Ratcliffe, 1956;Mercier, 1962;Filice, 1984;Martin & Flatt́e, 1988),propa-

gationof light in opticalfibers(Feit & Fleck,1978),propagationof radiosignalsthroughthe

ionosphere(Buckley, 1975;Bramley, 1977;Knepp,1983),propagationof acousticwavesin

theocean(Flatt́eetal., 1979;Thomson& Chapman,1983),andpropagationof seismicwaves

in theearth(Stoffaetal., 1990).Morerecently, thephase-screenmethodhasbeenextendedto

elasticwaves(Fisk& McCartor, 1991;Fisketal., 1992;Wu, 1994).

We analyzetheaccuracy of theGSmethodin complex structuresusingsyntheticmodels

that exhibit significantmulti-pathing: the IFP 2D Marmousimodelandthe SEG-EAGE 3D

saltmodel.Thesetwo modelsrepresenttwo fundamentallydifferentgeologicalsituations.In

theMarmousimodel,complexity arisesfrom faultingandtectonicdeformationin a sedimen-

tary region. In the SEG-EAGE 3D salt model,it arisesfrom the intrusionof a salt body the
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wave speedof which is significantlyhigherthanin thesurroundingformations.Thesemodels

commonlyyield poorimagingbelow thesecomplex structures.With thehelpof theGSprop-

agator, which we prove to beaccuratein thesesituations,we shall illustratethat theorigin of

thisproblemis possiblyassociatedwith multi-pathing.

We first presenttheGSrepresentationof thethin-slabpropagatoraswell asthereflection

operator. Theseresultsarethencastinto numericalalgorithms,andour accuracy analysisis

carriedout by modelingprimarily. We analyzethemigrationoperatorbeforestackingthat is

conventionallyperformedin theprocessof imaging.We focusonmulti-pathingand‘second’-

arrival energy. We illustratethemodelingcapacityof theGSmethodin 2D and3D. For com-

pleteness,we show someprestackdepthmigrationresultsin 2D.

Throughoutthis paper, we assumethat the medium is isotropic. In a companionpa-

per (Le Rousseau& De Hoop, 1999),we extendthe methodto mediathat are transversely

isotropicwith verticalsymmetryaxis.

THE SCALAR GENERALIZED-SCREEN PROPAGATOR

The scalarone-wayGreen’s function

Selectingthedirectionof preferencealongthe ��� -axis(or ‘vertical’ axis)anddenotingthe

remaining(‘transverse’or ‘horizontal’) coordinatesby ��� , ��� 	�

� , the one-way acoustic

Green’s function ������� is definedby anequationof theform��� ��� i ����������
����! 
"$#!%'&(� �)��� �*���+
����, ���-./
���-� %0�213�����546��-� %713�����846��-� % (1)

in the frequency-spacedomain. The left-handside of equation(1),
� �5� i ��� , is the one-

way wave operator. Thechoiceof signdiscriminatesupgoing( � �:93� ) from downgoing( � �);�� )
Green’s functions.For uniformdensity< , theoperator� satisfiesthecharacteristicequation,

�>=?�A@B
C@D�2E 9 =84F"G#,"$#H
 (2)
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where E is themediumwavespeedand"$#JI 	
i � � #H
 (3)

hastheinterpretationof horizontalslownessoperator;�K�L�������3
����M N"G#M% is thevertical slow-

nessoperator. In equation(2) andthroughoutthepaperwe usethesummationconventionfor

repeatedindices.

For variabledensitymedia,DeHoop(1996)derivedthat� = �L4J"G#,"$#PORQ7<S4T< 9�U �V"$#M<�%7"$#W46< 9�U �X"$#M"$#Y<�%ZOF< 9 = �X"$#Y<�%,�X"$#M<�%?
 (4)

equalto thetransverseHelmholtzoperatorin theacousticpressure-normalizationanalog

(De Hoop,1996;De Hoopet al., 1999); < is thevolumedensityof mass[kg/m� ], and Q is the

compressibility[Pa9�U ], with thewavespeeddefinedas E!9 = �[Q7< .
The thin-slab propagator.—In the presentdevelopment,it is advantageousto usethe

Laplacetransformwith respectto time, \ , andtheFourier transformwith respectto thehori-

zontalspatialcoordinates,��� . We introducethenotation] � 4 i �^
 (5)_ # � 	
i � ` #a�L4 	] ` #b
 (6)

where� and
` # arethefrequency andthehorizontalwavenumbercomponents.In theLaplace

( ] ) domainwith cedf� ] %6gih , the operator @ becomesstrictly elliptic, which enablesus to

considerany of its fractionalpowerswith theaidof pseudodifferentialcalculus(Treves,1980).

Here,we areinterestedin its squareroot, � . Using theFourier transformwith respectto the

horizontalspatialcoordinateswe canassociatewith � and @ their ‘left symbols’(Hörmander,

1985;Treves,1980), j and k respectively, i.e., let l bea testfunction,then�V�Zlm%,�*����
����n%o� pq� ] � �srZ% =ut _ U t _ = p t � - U t � - = jv�����3
����M _ #!%+dxw3y � 4 i ] ����z{46� -z % _ z(&|lv�*� -. 
����x%?

�V@}lm%Y�����3
����n%o� p � ] � �srZ% =ut _ U t _ = p t � - U t � - = k��*���3
u���! _ #M%+dnw3y � 4 i ] �*��z}46� -z % _ zs&|l~��� -. 
����x%?
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wherethesymbol k is obtained,afterequation(4), as

kS� _ # _ #PORQ7<S4T< 9�U �V"G#Y<�% i _ #e46< 9�U �X"$#,"G#Y<�%�O�< 9 = �V"G#Y<�%,�V"G#,<�%W

sincei _ # is the left symbolof "$# U . For uniform density, k reducesto _ # _ #eOAQ7< , consistent

with equation(2). Equation(2) transformsinto acharacteristicequationfor left symbols:

dxw3y���4 i
�f�M�� "�� ��M� j��*���+ _ -z %�jv�*� -z  _ #!%~���� � � � �M� � � � �:�|� � � � � � � �2k��*���+ _ #!%P
 (7)

asgiven by symbolcalculusof pseudodifferentialoperators(Treves,1980; De Hoop, 1996,

equation(A12)).

With the vertical slownessleft symbol, the one-way Green’s function, � �)��� , from equa-

tion (1) can be representedby a Hamiltonianpath-integral representation(De Hoop et al.,

1999;Fishman& McCoy, 1984b;Schulman,1981;Cohen-Tannoudjiet al., 1977).We define

thescalarone-waypropagator, ���)��� , through

� ����� �2�H�T�X� � ����46� -� &*%~� �)��� 

where the Heaviside function � generatesthe Dirac distribution in equation(1) (cf. Ap-

pendixA). For a sufficiently small vertical step ����� (thin slab),anda mediumsufficiently

smooth,theHamiltonianpath-integral representationfor theone-way thin-slabpropagatorre-

ducesto (DeHoopetal., 1999):

� �)��� �����3
����! �� -. 
�� - � %8�
p ��	 � �(rZ%�= t ` U t ` = dxw3y � i ` z3����z54�� -z %�&Mdnw3y � � i ��jv�����3
�����! i ` # � �P%�������&
� p � ] � �sr�% =Nt _ U t _ = dnw3y � 4 i ]Z_ z3�*��z54�� -z %'&!dnw3y � � ] jv�����3
�����! _ #!%u�����N&�
 (8)

with

�����?�A����46� -� 
�
�:�W�x����� �¢¡/£V�¢¤N��¥�¦§�©¨
ªx«x¬���­�®s¯ � ®(¯ ­ ¦P®!�¢°� ®!�¢°­ i
¯7�+±�²!³�´¶µ

i
¨,�:�¢·PµS�¸°· ��¯+·,¹¸�+� �¸°º¢£X�¢¤N�
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����?�»����4 U= �$���?�»� -� O U= �����{¼
In the limit of a laterally homogeneousthin slab, j will not dependon ��� , andthe thin-

slab propagatorreducesto Gazdag’s phase-shiftoperator(Gazdag,1978). The operatoris

composedof a forward Fourier transform,a multiplication by a phasefactor (the phaseis

proportionalto the vertical slowness)andan inverseFourier transform. In the generalcase

of equation(8), the thin-slabpropagatorhasa similar structureexcept that the phasefactor

is dependentupon the output point, ��� . Every output point requiresits own evaluationof

equation(8), which representsa considerablecomputationaleffort. The GS approximation

of the thin-slabpropagatorenforcesa simplificationof this computationalcomplexity, while

allowing laterallyvaryingmedia.

High-fr equencyapproximation.—Throughoutthispaper, we will usea ‘high-frequency’

approximation.Thenthepseudodifferentialoperator� reducesto its principalpart � U , andthe

associatedleft symbol,j , reducesto its principalsymbol,j U . Theprincipalsymbol,j U , follows

from takingthehigh-frequency limit of equation(7) (cf. AppendixB):

j U �����3
����! _ #!%8�¾½ � E¢�����3
����n%'& 9 = O _ # _ #b¼ (9)

Thetriplet � i _ U 
 i _ = 
�j U % representsthecomponentsof thegradientof thetravel time. Then,the

scalarone-way thin-slabpropagatorbecomes

� �)��� �����3
����! �� -. 
�� - � %8� (10)

p � ] � �srZ% =Nt _ U t _ = dxw3y � 4 i ]Z_ z3����z54K� -z %�&Mdnw3y � � ] j U �*���+
¢����M _ #!%u�����N&�¼
Generalized-screenprincipal-slownesssurface

The contrast formulation.—For the subsequentanalysis,we employ a ‘contrastformu-

lation’ that allows us to take lateralheterogeneityinto accountin the thin-slabpropagation.
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In theslab
� � - � 
����N& we introducea backgroundmediumwith wave speedEn¿ . Thebackground

mediumis constantin the slab,but may vary from oneslabto another. We expressthis by

letting E ¿ �2E ¿ �*���n% . A mediumperturbationterm À is thenintroducedas

À~������
����n%0� � E¢�����3
����n%�& 9 = 4 � E ¿ �*���n%�& 9 = ¼ (11)

To avoid having anartificial branchpoint enterthepropagating-wavedomain(seebelow), we

imposethecondition

E ¿ �*���n%WÁ»E¢�����3

Â�% for ÂGÃ � � - � 
����N&�¼ (12)

We will expandtheprincipalsymbolof theverticalslownessleft symbol, j U , into thepertur-

bation À aboutthebackgroundmedium.

Generalized-screen expansion.—Assumingsmall vertical mediumvariation acrossthe

thin slab,i.e., if thethin slabis sufficiently small,weset

j ¿ �XÂ� _ #M%8� ½ � E ¿ �����n%'& 9 = O _ # _ #
�»j ¿ �����! _ #!% for ÂGÃ � � - � 
����N&�
 (13)

the vertical slownessassociatedwith the backgroundmedium. The principal symbolof the

verticalslowness,j U , canthenbedecomposedinto abackgroundcomponent,j ¿ , andapertur-

bation, j>UU , i.e.,

j U �*���+
����! _ #M%��aj ¿ �����M _ #!%>OTj UU �����3
����M _ #!%x¼ (14)

To find anexplicit form for j>UU weuserelationship(9), whichcanberewrittenas

j U �*���+
u���M _ #!%8�L½ � E ¿ �����n%'& 9 = O�À~�*���+
����
%>O _ # _ #
�Aj ¿ �*���! _ #M%ÅÄÆÆÇ 	�O À~�����3
����n%� j ¿ �����, _ #M%�& = 
 (15)
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andexpandtheresultin aTaylorseriesaccordingto

j U �*���+
u���M _ #!%8�»j ¿ �����, _ #M%�OFj UU �����3
����! _ #,%�»j ¿ �*���! _ #,%�O ÈÉÊ �|U�Ë Ê � Àv�*����
����n%�& Ê� j ¿ �*���! _ #!%�& = Ê 9�U O o �VÀ~������
����n%u% È 
 (16)

where

Ë Ê �Å��4S	(% Ê ;|U 	WÌs�ÍÌ!Ì!Ì��X�,ÎS4TÏ�%ÎSÐÑ� Ê ¼ (17)

In practice,we shalllimit ourselvesto thefourth-orderexpansion,

j U �*���+
����, _ #M%8�»j ¿ �����! _ #!%>O 	� À~������
����n%j ¿ �����! _ #M% 4 	Ò � À~������
����n%'& =� j ¿ �����! _ #!%'& � O 		!Ó � À~������
����n%'& �� j ¿ �*���! _ #M%�&©Ô4 Õ	(� Ò � Àv�*���+
u���x%�&:Ö� j ¿ �����! _ #!%'&�× O o �VÀ~�����3
����x%u% Ö ¼ (18)

It is importantto notethat in eachtermof theexpansion,thedependencieson ��� andon _ #
arefactorized.This propertywill inducethe structureof the GS propagator. Justificationof

expansion(16) is given in De Hoop et al. (1999),wherethe full symbol j is analyzed;here

wehaverestrictedourselvesto its principalsymbol,j U . Wherenormalmodeexpansionsof the

one-waypropagatorapply, thefactorization,in fact,occursnaturally(Fishmanetal., 1999).

Phase-screenand split-stepFourier approximations.—Thephase-screenapproximation

followsfrom expansion(16)by settingØ��L	 andapproximating	 � j ¿ by its zero-orderTaylor

expansionin _ # abouth (verticalpropagation),

j U �*���+
u���! _ #M%0�2j ¿ �����! _ #!%>O U= E ¿ À~������
����n%P¼ (19)

Thisleadsto theapproximationof theverticalslownesssymbolemployedbyStoffaetal. (1990),

since

ÀÙ�AE 9 =�4»�VE ¿ % 9 =?�B�7�VE ¿ % 9�U �VE 9�U 4A�XE ¿ % 9�U %P
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whichyieldswith equation(19),

j U �����3
����M _ #!%8�Dj ¿ �*���! _ #M%>O � E¸�*���+
u���n%�& 9�U 4 � E ¿ �����n%'& 9�U 
 (20)

asfoundin thesplit-stepFouriermethod.

Figure1 illustratestheprincipalslownesssurfaces( j U asa functionof thehorizontalslow-

nessÚ��ÜÛ 4 _ # _ # ) of the GS expansionsfor Øa�Ý	�
x� and Ï asgiven in equation(16), and

the split-stepFourier one. The split-stepapproximationapproachesthe actualslownesssur-

faceby simplyverticallyshiftingthebackgroundslownesssurface.Addinghigher-orderterms

in theGSexpansion,theshapeof theslownesssurfaceis improvedand,hence,theaccuracy

for wider-anglepropagationis increased.This observation indicatesthat for theextensionto

anisotropicmedia,thesplit-stepapproximationdoesnot have thedegreeof freedomto shape

theslownesssurfaceappropriately(Le Rousseau& De Hoop,1999;Thomsen,1998);the in-

fluenceof theanisotropicparametersoccursonly atnonverticalpropagation.

TheGSexpansionasshown in equation(16) revealstheintroductionof reciprocalpowers

of j ¿ andhencecontainsbranchpointsat _ # _ #Þ� 4 � E ¿ &�9 = , as illustratedin Figure1. The

vicinity of thebranchpoint shouldbetreatedcarefully. To ensurethat thebranchpoint is out

of thepropagationregimewithin the thin-slab,we have chosenE ¿ smallerthantheminimum

mediumwave speedwithin theslab,asillustratedin Figure1. Unlike theGSexpansion,the

split-stepFouriermethoddoesnot suffer from thepresenceof a branchpoint. Thechoiceof a

backgroundwavespeedE ¿ greaterthantheminimumwavespeedin eachthin-slabis therefore

possiblefor this approximation.Onemay thenchoose,for example,themeanor themedian

of themediumvelocitiesin theslabasa reference.Differentchoicesyield differentoperators;

It is notobvioushow to find the‘optimum’ backgroundmedium.

In the phase-screenapproximation(cf. equation(19)), the Taylor expansionof 	 � j ¿ in_ # _ # wastruncatedafter the first term. The accuracy of this approximationis increasedby
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simplyaddingmoreterms,e.g.,

j U �*���+
u���! _ #M%0�2j ¿ �����! _ #!%>O U= À~������
����n% � E ¿ �*���n%v4 U= _ # _ #��XE ¿ �����n%u% � &>
 (21)

yielding anangularcorrectionin theverticalslowness.Theaccuracy, however, is boundedby

theaccuracy of thefirst-orderGSexpansion.Comparisonof accuracy is illustratedin Figure2.

Approximation(21) is labeledasGSP1,2in Figure2.

The scalargeneralized-screenpropagator

With theanalysisgivenin equation(16),wewrite equation(10) in theform

� ����� �����3
����! �� -. 
u� - � %8�Bpq� ] � �(rZ% =Nt _ U t _ = dnw3y � 4 i ]~_ z+�*��z54�� -z %'& (22)

Ì�dxw3y � � ]8ß j ¿ �n����! _ #M%>OFj UU �����3
�����! _ #!%
à�������&�

where

����?�»����4 U= �$���?�»� -� O U= �����{¼ (23)

Expandingtheexponential,weseekanapproximationof thepropagatorthatmatchesthestruc-

tureof theGSexpansion.Wethereforeexpandtheperturbationtermaboutverticalpropagation

andwrite

j UU �*���3
�����! _ #M%8�»j UU �����3
¸����M 
h�%>O � j UU �����3
�����! _ #!%v4�j UU �����3
�����M Nhf%�&�

and

dnw3y � � ] ��j UU �����3
�����M _ #M%v46j UU �����3
�����! 
hf%u%7�$���u&|� (24)

	�� ] �¶j UU �����3
�����! _ #!%v4�j UU �����3
¸����M Nhf% � �����{¼
Expandingtheexponentialseparatesdependenciesof thepropagatoron ��� andon _ # , which

allowsspatialdependenciesto betakenoutof theFourierintegral(22). Wehaveaccomplished
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that theinverseFouriertransformswith respectto _ # no longer have to beevaluatedfor each��� separately, which is thekey simplificationof theGSpropagatorcomparedwith the‘exact’

thin-slabpropagator. We obtain

� ����� �*���+
����, �� -. 
�� - � %0�2� ¿ ����� �����3
����! �� -. 
u� - � %>Oá� U'�)��� �����3
����! �� -. 
�� - � %P
 (25)

with

� ¿ �)��� �����3
����! �� -. 
�� - � %��»dnw3y � � ] j UU �*���+
�����! 
hf%7������& (26)

Ì|pq� ] � �srZ% =�t _ U t _ = dnw3y � 4 i ]~_ z7�*��z}46� -z %�&âdnw3y � � ] j ¿ �x����! _ #!%7������&�

and

� U'�)��� �����3
����! �� -. 
�� - � %��»dnw3y � � ] j UU �*���+
�����! 
hf%7������& (27)

Ì p � ] � �srZ%�= t _ U t _ = dnw3y � 4 i ]~_ z3����z54�� -z %�&âdnw3y � � ] j ¿ �x����M _ #!%7�����N&
Ìx����� � � ] �*j UU �����3
�����! _ #!%v4�j UU �����3
¸����M Nhf%�% � ¼

Since

j UU �����3
�����M Nhf%0ã äÉÊ �|U Ë Ê � Àv�*����
�����n%�& Ê� j ¿ �n����! 
h�%�& = Ê 9�U � � E¸�*���7
¸����
%�& 9�U 4 � E ¿ �����3
¸����x%�& 9�U 

which is a spatialcorrectionterm that may be found in the split-stepFourier method(Stoffa

etal., 1990),weobtain

� ¿ ����� �����3
����M u��-./
���-� %8�Adnw3y � � ]æå � E¢�����3
�����n%'& 9�U 4 � E ¿ �x����n%�& 9�U�ç ����� � (28)

Ìèpq� ] � �(rZ% =Nt _ U t _ = dnw3y � 4 i ]~_ z7�*��z}46� -z %'&{dxw3y � � ] j ¿ �n����! _ #M%7�����N&>¼
Thefirst constituenttermof theGSpropagator, � ¿ ����� , is thepropagatorof thesplit-stepFourier

method,i.e., a propagatorassociatedwith the backgroundmediumfor the thin-slaband a
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correctiontermin spacethatis accuratefor theverticalpropagationonly. Thesecondtermin

theGSpropagatorfollowsasthen� U'�)��� �*���+
����, �� -./
�� -� %0�Ddxw+y � � ] å � E¸�*���+
�����n%'& 9�U 4 � E ¿ �n����n%�& 9�U�ç �$��� � (29)

Ì p � ] � �sr�%�= t _ U t _ = dnw3y � 4 i ]Z_ z+����z{46� -z %'&{dxw+y � � ] j ¿ �n����! _ #M%7�$���N&
Ìx�����^� � ] ��j UU �����3
¸����M _ #M%v46j UU �����3
�����! 
hf%u% � 


which,uponreplacingj>UU by its truncatedexpressionasin equation(16),gives� U'�)��� �*���+
u���M �� -. 
�� - � %0�Ddxw3y�� � ] å � E¸�*���+
�����n%�& 9�U 4 � E ¿ �n����n%'& 9�U�ç ����� � (30)

Ì}� ] �����TÈÉÊ �|U
é
Ë Ê � À~�����3
�����n%�& Ê p � ] � �sr�% =Nt _ U t _ = dnw3y � 4 i ]Z_ z3�*��z54�� -z %'&

Ì
dxw3y � � ] j ¿ �n����! _ #M%7������&Kê 	� j ¿ �n����M _ #!%�& = Ê 9�U 4 	� j ¿ �n����M 
h�%�& = Ê 9�U,ë§ì ¼
Thesecondconstituenttermof theGSpropagator, � U'����� , arisesfrom thehigher-ordertermsof

theGSexpansion.We call Ø theorderof theGSapproximation.As mentioned,thehigherthe

order, thehighertheaccuracy for wide-anglepropagation.

Thesplit-stepFourierpropagatorsimplyyieldsashuttlingbetweenthefrequency-horizontal

spaceandfrequency-horizontalslownessdomainsanda multiplicationin eachdomain.Each

additionalterm of the GS expansion(16) requiresan additionalinverseFourier transformin

spaceasexpressedin equation(30). As thecomputationalcomplexity of thedownwardcon-

tinuation in the split-stepFourier methodis proportionalto �¸í U í =|î©ï�ð = í U í = ( íH� denoting

thenumbersof samplesin the ��� -direction),thecomplexity of our Ø th-orderGSapproachis

proportionalto �ñ�eOFØ>%uí U í =�îòï¸ð = í U í = .
Normalization of the scalargeneralized-screenpropagator

TheTaylorexpansionof theexponentialin equation(24)destroys theunitarityof propaga-

tor (8) andhencetheamplitudecharacteristicsof thepropagator;dependingon thewavenum-
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ber, or thelocalangleof propagation,partof theenergy maybeamplifiedor attenuatedincor-

rectly. It canalsoleadto anumericalalgorithmthatis unstableovera largerangeof downward

continuation.To restore,approximately, theamplitudebehavior, weapplyanormalizingoper-

atorandobtaintheGSpropagator�¸ó�ô(õ
� �)���ó�ô(õ �����3
����! �� -. 
u� - � %8�A� ¿ ����� �����3
����! �� -. 
u� - � %mö ê÷	�O ��U'�)���u�����3
����M �� -. 
�� - � %� ¿ �)��� �����3
����M �� -. 
�� - � % ë 


thedivisionbeingcarriedoutin somestablesense,andthenormalizingoperatorö beinggiven

by

ö � 	�OÞÚÑO i ø(&|�Ddnw3yZ� i ø¸% ����� 	�O Ú	PO i ø ����� 9�U ê'	�O Ú	�O i ø ë ¼
In effect, this normalizationcorrectsfor the error introducedby the expansionof the expo-

nentialin equation(24), andrestorestheamplitudebehavior exactly in thecaseof a constant

perturbationÀ , i.e.,amediumwith wavespeedhigherthanthereferencewavespeed.

THE SCALAR GENERALIZED-SCREEN ALGORITHM

Here,wediscusstheGSalgorithmbaseduponequations(22) through(30). Wedenotethe

(one-way) wavefieldby ù , andcarryout thewavepropagationin thefrequency domain,with

eachfrequency componentcomputedindependently. Thedownwardcontinuationfor model-

ing andimagingwith theone-way propagatoris performedaccordingto thedecompositionof

theverticalslownesssymbolinto onebackgroundtermandaseriesof perturbationtermsasin

equation(16).

Let the currentdepthbe set to � - � �ûú , andset ������ü� -� O U= ����� asbefore. Following

equation(30),we introducetheintermediatefield quantitiesý ¿ 
MÌ!Ì!Ìn
Ný È accordingto (step1)

ý ¿ �����3
 ] %0�Ddxw+yÙ��4 ] ����� å � E¢�����+
¸����x%�& 9�U 4 � E ¿ �n����n%'& 9�U'ç � ùþ�����3
�� -� 
 ] %P

ý U �����3
 ] %0�L4 ] ����� Ë U À~������
�����n%mý ¿ �*���+
 ] %P
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ý = �����3
 ] %0�L4 ] ����� Ë = À�=(�����3
¸����x%mý ¿ �*���+
 ] %P

...

ý È �����3
 ] %��ÿ4 ] �$��� Ë È À È �*���+
�����n%mý ¿ �����3
 ] %P¼ý ¿ representsthe split-stepFourier term; the higher-order terms increasethe accuracy for

wider-anglepropagation. The intermediatefield quantitiesare then Fourier transformedto

thehorizontal-wavenumberdomain(step2),�ý Ê � _ #¸
 ] %0� p ý Ê �*���+
 ] %$dnw3y � 4 i ��z ` zs& � ��� (31)

� p ý Ê �*���+
 ] %$dnw3y � i ] ��z _ zs& � ���$
 Î��2h3
MÌ!Ì!ÌY
�ØÍ¼
Thewavefieldatdepth���W�Aú{O��$��� thenfollowsas�ùþ�����! _ #¢
 ] %0� �ý ¿ � _ #¸
 ] %$dnw3y � 4 ] �����Nj ¿ �n����! _ #!%'&Ì÷ö ê'	�O �ý U � _ #¸
 ] %�ý ¿ � _ #¸
 ] % � 	j ¿ �n����! _ #M% 4TE ¿ �x����n%��OFÌ!Ì!Ì!O �ý È � _ #�
 ] %�ý ¿ � _ #¸
 ] % � 	� j ¿ �n����! _ #n& = È 9�U 4 � E ¿ �n����n%'& = È 9�U � ë ¼
(step3). Finally, we carry out the inverseFourier transform

�ùþ�*���M _ #¸
 ] %�� ùþ������
����! ] % ,
(step4).

Thesequenceof stepsillustratestheshuttlingbetweenthefrequency-horizontalspacedo-

mainandfrequency-horizontalwavenumberdomainthat is performedwith theGSapproach.

Themethoddepartsfromtheexactsolutionthroughthe(approximate)expansionof thevertical

slownessoperator.

The caseof a constantmediumperturbationprovides insight in how wavefrontsevolve

basedon Huygens’principle(Huygens,1690). Let thebackgroundmediumbecharacterized

by awavespeedEx¿ thatis � � Ï of thetruewavespeed.Thetopof Figure3 shows(instantaneous)



J.H.Le Rousseau,M.V. deHoop
�

GeneralizedScreens 18

wavefrontsconstructedasthepolarreciprocalof thelocalslownesssurfaceshown in Figure2.

In thebottompartof Figure3 we show numericalimpulseresponsesof theone-way propaga-

tor for differentordersof generalizedscreens,aswell asfor thesplit-stepFouriermethod.For

a constantperturbation,thepredictedwavefrontsandtheactualcomputedwavefrontscanbe

overlainexactly. Theexactresponseis plotteddashedin thetoppartof thefigure.Notethatthe

accuracy varieswith propagationangle(or migrationdip uponimaging),andthatthisaccuracy

varieswith (local)mediumperturbation.In all theapproximations,independentof order Ø , the

propagationspeedin the horizontaldirectionsapproachesE ¿ , which causesany approximate

wavefront to fold inwardsaway from thetruewavefront. Indeed,thenormalto any slowness

surfacein Figure2 is horizontalor convergesto horizontalwhenthe horizontalslownessis	 � E ¿ . As such,the GS approximationdiffers, for example,from the paraxialapproximation

wheretheaccuracy with dip is independentof themedium(DeHoop& De Hoop,1992).The

GSinaccuracy athorizontalpropagationis inheritedfrom theGSexpansionof thevericalslow-

nesssymbol. Note,however, that for non-horizontalpropagation,includingvery large angle

propagation,any accuracy canbe obtaineddependingon the orderof the GS approximation

chosen.We shouldalsonotethatthelargeerrorseenherefor horizontalpropagationis dueto

thechoiceof E ¿ : E ¿ is only � � Ï of theactualwavespeedE .
Figure4 compares3D computationsfor the first four ordersof the GS propagatorsand

for thesplit-stepFouriermethod.Again, thedashedcurvesshow thetruewavefront location.

FromFigure4 weconjecturethat,asa ruleof thumb,thesplit-stepFouriermethodis accurate

up to 	�� o, thefirst-orderGSis accurateup to Ï
	 o, thesecond-orderGSup to 	 Ò o, the third-

orderGSup to Õ¸Õ o, andthefourth-orderGSup to Óf� o, whensucha perturbationoccurs(the

backgroundwave speedbeingonly � � Ï of the actualwave speed).The rateof convergence

with orderis alsosuggestive in Figure4. As in any Taylorexpansion,thefirst termsin theGS

expansionbring themaincontribution to theoperator, andthehigher-ordertermshave lesser

contributions,slowly increasingtheaccuracy.
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THE GENERALIZED-SCREEN REPRESENTATION OF THE REFLECTION
OPERATOR

Thethin-slabpropagatorgivenin equation(8) is theoneassociatedwith theone-waywave

equation. To recover the two-way wave propagationone hasto make useof the Bremmer

series,asdescribedby De Hoop(1996).Thefirst termof theseriesis theone-way wavefield;

thesecondtermis thefirst (classtwo) multiple; thethird termis thesecondmultiple,etc.The

evaluationof eachtermof theBremmerseriesrequirestheuseof thereflectionoperatorgiven

as �
� U= � 9�U � � �
�Z%?
 (32)

for constantdensityandacontinuousmedium.Weassociateto

�
its left symbol, � ,�

lv������
����n%8�7p � ] � �(rZ% =Nt _ U t _ = p t � - U t � - = �7�*���+
u���! _ #M%Gdxw3y � 4 i ] ����z{46� -z % _ z(&|lv�*� -. 
����x%?¼
In theframework of thepresent‘high-frequency’ approximation,

�
reducesto its principalpart

�
U , with � reducingto its principalsymbol � U .

In asimilarfashionasin AppendixB, onecanshow thatsuchreductiontoprincipalsymbol,

yields � U � � �Nj U�(j U ¼ (33)

At a horizontalinterface,the reflectionsymbol is simply the reflectioncoefficient, but this

is not true for a non-horizontalinterface. For a non-horizontalinterface,the reflectionof an

incomingwave is split betweenthe one-way propagationoperatorandthe reflectionopera-

tor. Thereflectionoperatoris responsiblefor the interactionbetweentheup- anddowngoing

constituentsof thewavefield.Theone-waywaveoperatordescribesthetransversescattering.

Like j U , the reflectionsymbol � U canbe expandedby introducingthe samebackground

mediumandperturbationaswithin thethin slabthroughwhichpropagationtakesplace.Here,
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we presenttheGSexpansionof thereflectionsymbolin a mediumsampledat discretepoints.

At aninterfacelocatedat ��� , thereflectionsymbolcanbeexpressedas� U �*����
����! _ #!%8� j U �*���+
�� ;�  _ #M%v46j U �����3
�� 9�  _ #!%j U �����3
�� ;�  _ #M%>OFj U �����3
�� 9�  _ #M% 
 (34)

where

� 9� �A����4 U= �����{

and

� ;� �A���vO U= �����{¼
Uponintroducingabackgroundmediumandaperturbationonbothsidesof theinterface,i.e.

À~�����3
�� 9� %8� � E¢�����3
�� 9� %'& 9 = 4 � E ¿ �*� 9� %�& 9 = 

and

À~�����3
�� ;� %8� � E¢�����3
�� ;� %'& 9 = 4 � E ¿ �*� ;� %�& 9 = 

one can expandthe reflectionprincipal symbolwith respectto thesetwo perturbations.In

the GS expansionof the one-way thin-slabpropagator, the expansionof the exponentialin

equation(24) yieldsaccuracy in thevicinity of verticalpropagation.We wantto enforcesuch

accuracy for theexpansionof thereflectionoperatoraswell, andthuswrite� U �����3
����M _ #!%8�
� U �����3
����M 
h�%>O � � U �����3
����! _ #!%v4�� U �����3
����M 
h�%�&�¼ (35)

Wethenexpand� U �����3
����M _ #!%|4�� U �����3
����M Nhf% with respectto theperturbationsÀ at � 9� and � ;� ,

which, to first order, yields� U �����3
����M _ #!%8��� U �*���+
u���! 
hf%§O Ë 9U �*���! _ #M%�Àv�*���+
u� 9� %>O Ë ; U �*���! _ #M%�À~�����3
�� ;� %P
 (36)
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with

Ë 9U �����! _ #M%�� 4���� � ���� � � � �� � � ���� � � � ��� � En¿!��� ;� % � = O � Ex¿s��� 9� % � =�� O�En¿s�*� 9� %uEx¿(��� ;� %>O�� � � � � �� �"! �� � � � �� �# ��� ;� 
�� 9� 
 _ #M%
O � _ # _ #}� E ¿ ��� 9� % � � E ¿ �*� ;� % � 	�O ��� � ���� � � � �� � � � �� � � � � �# �*� ;� 
�� 9� 
 _ #!% 
 (37)

and

Ë ; U �����! _ #!%0� � � � � �� � � � �� � � ���� � � � � � � E ¿ ��� ;� % � = O ��E ¿ ��� 9� % � = � 4FE ¿ �*� 9� %uE ¿ ��� ;� %v4 � � � � ���� � & �� � � � �� �# ��� ;� 
�� 9� 
 _ #M%
4 � _ # _ # � En¿s�*� ;� % � � Ex¿s��� 9� % � 	�O$� � � � �� � � � �� � � ���� � � � � �# ��� ;� 
u� 9� 
 _ #!% 
 (38)

where # �*� ;� 
�� 9� 
 _ #!%0� � j ¿ ��� ;� 
 _ #!%>OTj ¿ ��� 9� 
 _ #!% � = � E ¿ ��� ;� %>ORE ¿ �*� 9� % � = ¼
The superscript‘ 4 ’ refersto the uppermediumand the superscript‘ O ’ to the lower one,

whereasthesubscriptrefersto theorderin theGSexpansion.We have

Ë 9U �*���! 
hf%0�2h$
 Ë ; U �*���M 
hf%8�DhG¼
Figure5 illustratesthe GS expansionof the reflectionsymbolat an interfacewherethe

uppermediumis characterizedby a constantperturbationand the lower mediumby a zero

perturbation.In the top of the figure, the exact reflectionsymbol(dashed)andthe first two

GS approximationsareshown asa function of the horizontalslownessÚA�ûÛ 4 _ # _ # . The

bottompartof Figure5 shows therelative errorof thefirst two GSapproximations.Notethe

increasingangularaccuracy astheorderof theGSexpansionincreases.This accuracy will be

requiredto predictmultiplescatteringat largeoffset.

Note that to computethe Ø th term in the Bremmerseries,the reflectionoperatoris only

applied Ø times to the wavefield while a cascadeof thin-slabGS propagatorsis appliedfor
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eachof theterms.Suchcascadeimpliesanaccumulationof errorsassociatedwith theinaccu-

raciesof thethin-slabGSpropagator(e.g. propagationvery closeto thehorizontaldirection).

Suchaccumulationof errordoesnotoccurwhenapplyingtheGSreflectionoperator, sincewe

usuallyconsiderthefirst few termsin theBremmerseriesonly.

TheGSrepresentation(here,first order)of theprincipalpartof thereflectionoperatorthen

followsas

�
�
U lm%Y�����3
����x%8� p � ] � �srZ%�= t _ U t _ = p t � - U t � - = dnw3y � 4 i ] �*��z}46� -z % _ zs& (39)

Ì � � U �*���+
u���M 
hf%>O Ë 9U �����! _ #!%�Àv�*����
�� 9� %>O Ë ; U �*���M _ #!%�À~�*���+
�� ;� % � l~����-./
����n%P

whichcanbewrittenas

�
�
U lm%,�*���+
u���x%8��� U �����3
����! 
h�%&%��*���3
u���n% (40)

O}Àv�*����
�� 9� % p � ] � �srZ% =Nt _ U t _ = p t � - U t � - = Ë 9U �*���! _ #M%Gdxw3y � 4 i ] ����z54K� -z % _ z!&|lv�*� -. 
����n%
O}Àv�*����
�� ;� %�pq� ] � �srZ% =Nt _ U t _ = p t � - U t � - = Ë ; U �*���! _ #M%Gdxw3y � 4 i ] ����z54K� -z % _ z!&|lv�*� -. 
����n%P


yielding thereflectionoperator(Schwartz)kernel ' U (De Hoopet al., 1999;Schwartz,1966;

Treves,1967)

' U �����3
�� -. 
����n%0��� U �*���+
����, 
hf%�13�����546� -� % (41)

O}À~������
�� 9� % p � ] � �sr�%�= t _ U t _ = p t � - U t � - = Ë 9U �����! _ #!%}dnw3y � 4 i ] �*��z}46� -z % _ zs&
O}À~������
�� ;� % p � ] � �sr�% =�t _ U t _ = p t � - U t � - = Ë ; U �����! _ #!%}dnw3y � 4 i ] �*��z}46� -z % _ zs&�¼

Equations(40) and(41) candirectly becastinto a numericalalgorithm.Eachadditionalterm

in theGSexpansionof thereflectionoperatorrequirestwo additionalFouriertransforms.
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BRANCH POINTS

The terms in GS expansioncontain powers of 	 � j ¿ increasingwith order [cf. equa-

tion (16)]. Thesepowers inducebranchpointsat _ # _ #�� 4 � E ¿ &V9 = , correspondingto graz-

ing propagationin the backgroundmedium(cf. Figure1). Thebranchpointsalsoappearin

expansion(30) for theGSpropagator.

For a constant-perturbationmedium,the normalizationoperatorexactly compensatesthe

errorsarisingfrom theexpansionof theexponentialin equation(24). Yet, in laterallyhetero-

geneousmediasuchasthe Marmousimodel(cf. Figure6), theseapproximationscancreate

errorsthatcanbeboostedby largevaluesof 	 � j|¿ closeto thebranchpoint. Figure7 showsa

snapshotof thewavefield, computedwith thesecond-orderGSalgorithm,in theregionof the

Marmousimodelshown in Figure6 whenthewavenumberis allowedto getcloseto thebranch

point. Thesourceis locatedat a starin Figure6. The resultis noisy; thenoiseis associated

with high-anglepropagation,i.e.,whenwavenumbersreachthevicinity of thebranchpoint.

In equation(30), the pathof integration in the _ U -planeshouldbe chosenappropriately

aroundthebranchcuts.To avoid gettingtoocloseto theartificial branchpoints,weusecontour

deformationin thecomplex plane,asillustratedin Figure8. Comparingtheresultin Figure7

with thatin Figure9, wherethecontourdeformationhasbeenapplied,notetheremoval of the

noiseassociatedwith high-anglepropagatingenergy.

In practice,we applythecontourdeformationto all factorsappearingin theGSalgorithm

(thevaluesof j ¿ arecomputedalongsucha path)exceptfor the intermediatefield quantities

in thewavenumberdomain.Theseareassumedto vary smoothlyaway from therealaxisand

henceareapproximatedby theirvalueson therealaxisasgivenby theFouriertransforms.We

thereforemake a zero-orderTaylor approximationfor the regionswherethe contourdeparts

from the real axis. The higher the power of
� j ¿ &V9�U , the further the pathshoulddepartfrom

the real axis in the vicinity of the branchpoints; thuswe usedifferentdeformationsfor the
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differenttermsin theGSexpansions.

ACCURACY ANALYSIS

Weillustratetheaccuracy of theGSalgorithmfor two scenarios:the2D Marmousimodel,

andtheSEG-EAGE 3D saltmodel.Our analysisemphasizesnumericalmodeling.We gener-

ateGreen’s functionsandfocusour observationson second-arrival energy andmulti-pathing.

Imaginginvokesanaveraging(stacking)process;to learnabouttheprestackmigrationoper-

ator, we hencefavor to analyzemodelinginstead.We shall,however, show depth-migration

resultsin theMarmousimodel.

Modeling

Marmousi model.—Themediumcomplexity andthemaximumpropagationangledeter-

minethesophisticationof theapproximationrequired.To illustratethis,we considera region

of the Institut Français du Pétrole(IFP)’s Marmousimodelthat includesthe target reservoir

(Figure6). A pointsource(star)is locatedat thereservoir horizon,below acomplex partof the

model(anticline,unconformity, faults) that hassignificanthorizontalwave speedvariations.

Beingbasedonactualgeology(Bourgeoiset al., 1991),theMarmousimodelintroducescom-

plexitiesthatcanbeencounteredin practice.Thesourceis excitedattimet �2h , andthefield is

imagedat timet �Ah+¼)( Õ s,creatingthesnapshotsin Figure10throughFigure13. For compari-

son,wemodeledthetwo-waywavefieldwith thefull acousticwaveequation(finite-difference

time-domain,secondorderin space,secondorderin time), andshallusethatwavefield(Fig-

ure10)asareference(thecomputationalcomplexity of thefull acousticwaveequationmethod

in 2D, andevenmoreso in 3D, comparesunfavorablywith the fastalgorithmsdevelopedin

thispaper).In modelingtheupgoingwavefield,wecomparetheGSmethodwith thesplit-step

Fourier andthe phase-shift-plus-interpolation(PSPI)methods.In the PSPImethod(Gazdag

& Sguazzero,1984),wave componentsareupwardor downwardcontinuedasif themedium

werelaterallyhomogeneousbut usingseveralreferencevelocitiestoaccommodatelateralwave
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speedvariations:in thefrequency-spacedomain,at any point in depth,aninterpolationis per-

formedusingtwo fieldsassociatedwith thetwo adjacentreferencevelocities.

Unlike the GS methods,the split-stepFourier methoddoesnot suffer from the presence

of a branchpoint. We canthereforeusea backgroundwave speedEx¿ that is greaterthanthe

minimumwave speedin eachthin-slab. We usethearithmeticmeanof thewave speedacross

thethin-slabasa referencewave speed.Useof themedian( U= �+*�,.-��{4/*�,10 È % ) for thereference

wave speedgivesa poorresult(not shown here).Useof thesamereferencewave speedasfor

theGSmethod(i.e., theminimumwavespeedin thethin slab)yieldsevenpoorerresult,for it

increasesthecontrastbetweenthetruemediumandthebackgroundmedium.

With the numberof referencevelocitieschosenfor the PSPImethod,we guaranteeda

betteraccuracy, but at higher cost, than that of the split-stepFourier method. To compare

algorithmaccuracies,we look at the degreeat which the wavefront is curved downward or

upward with respectto the full-acousticwave-equationgeneratedwavefront. The split-step

Fourier (Figure11) resultgivesan impulseresponsewith a wider shape(upwardcurved) for

thefirst arrival thanthefull-wave result,whereasthePSPImethod(Figure12) givesa correct

generalshapefor thefirst arrival. Neitherof thesemethodsgives,however, accurateimagesof

thesecond-arrival energy (althoughthePSPImethodstill yieldsa betterresult).This second-

arrival energy resultsfrom multi-pathingassociatedwith thecomplexity andtheheterogeneity

of the Marmousimodel. The multi-pathinghereoccurswith scatteringat reasonablywide

angles. For the split-stepFourier method,the limited accuracy for wide-anglepropagation

explainsthepoormodelingfor thesecond-arrival energy. For thePSPImethod,inaccuracies

areattributableto the linear interpolationscheme.

To begin with the resultsof the variousordersof the GS method,the second-orderalgo-

rithm (Figure9) createsa wave front whoseshape,asexpected,is slightly curveddownward

with respectto the full-acousticwave-equationwavefront. As theorderof theGSexpansion

increases,theGSwavefrontmatchesthe trueonemoreclosely. Thewavefrontof the fourth-
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ordersolution(Figure13) closelyapproachesthe true wavefront. With the second-orderGS

method(Figure9) onecanalreadyseegooddefinitionof the second-arrival energy, dueto a

higheraccuracy for wide-anglepropagationthan that in the split-stepFourier method. The

betterpositioningand modelingof the later-arrival energy constitutesa key contribution to

the imagingof complex structuressuchasthosein theMarmousimodelwherethesearrivals

carrya significantpartof theenergy. Observe thatsubtledifferencesin Figures11 through13

representdifferencesin positioningof theorderof ahundredmeteraccordingto thescaleused.

Furthermore,whentaking multiples into account,wide-anglepropagationcanbe partic-

ularly significant,asmentionedbefore. Incorporatingmultiples is achieved with the useof

the Bremmerseries(De Hoop, 1996; Van Stralenet al., 1998; De Hoop et al., 1999). It is

illustratedin Figure14,wherethefourth-orderGSalgorithmis usedto calculatethefirst three

termsof theBremmerseries.Thefirst termcorrespondsto theupcomingenergy asgivenby

the one-way operator. The secondterm correspondsto energy that first travels upward then

downward. Thethird termcorrespondsto energy that travelsupward,downwardandupward

again. Here,we alsomake useof the first-orderGS representationof the reflectionoperator

asdescribedbefore. Note that someof the multiple eventsfound in Figure10 aremissing

becausethey wouldbelongto yethigher-ordertermsin theBremmerseries.Notein Figure14

that somebranchesof the wavefrontsdo propagatealmosthorizontallyandaccurateresults

requirehigherorderGS.

SEG-EAGE 3D salt model.—For a 3D modelingdemonstration,we usetheSEG-EAGE

3D saltmodel.Significantmulti-pathingoccursin thismodel,andweshallillustratehow well

theGSpropagatoraccountsfor this. Figure15showstwo verticalprofilesof wavespeedacross

the SEG-EAGE 3D saltmodel,oneparallelto theso-calledin-line direction,andthesecond

oneparallelto the orthogonalcross-linedirection. The profilesintersectat the centerof the

model.As in theMarmousimodel,weplaceapointsourcein thezoneof interest,i.e. beneath
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thesaltbody. Thesourcelocationis representedby anasteriskin Figure15. Notethestairstep

shapeof the baseof the salt body. We expect this artificial roughness,which is due to the

coarsesamplingof themodelin depth,to creatediffractionsthatwill appearas‘noise’ in the

wavefield.

In our example,thesourceis excitedat time t ��h andwe usethesecond-orderGSalgo-

rithm to imagethe field at time t �o	�¼)� s (snapshotsin Figure16 throughFigure20). Both

the in-line sectionin Figure16 andthe cross-linesectionin Figure17 show that secondar-

rivalscarrya significantpartof theupgoingenergy. They bothshow that,with thegeometry

of the salt body, partial waveguidingcanoccur, which could imply that a significantpart of

information is containedat large offsetsin the scatteredfield recordedat the surface. Note

the occurrenceof a triplication in thecross-linesectionin Figure17. Thevarioushorizontal

sectionsof the 3D image(Figure18 throughFigure20) illustratethe strongimprint that the

saltstructureimposeson thewavefront.Thedeepestslices(Figure18) intersectthesaltbody,

which explainsthe higher‘noise’ level alsovisible in the vertical sections;this noise,again,

correspondsto diffractedenergy from theroughsaltbottom.

Imaging

Laterally varying medium.—The differencein accuracy betweenthe split-stepFourier

methodandtheGSapproachis illustratedwith a2D imagingexperiment(Figure21). The2D

sectionis composedof variousreflectorswith dips rangingfrom h32 to � Õ 2 . The wave speed

profile is characterizedby a gradientwith a horizontalcomponentof 0.1 s9�U anda vertical

componentof 0.4 s9�U . Figure21 shows resultsafter migrationsof a zero-offset section(not

shown) with thesplit-stepFourieralgorithmandthefourth-orderGSmethod.In thesplit-step

Fourierresult,reflectorssteeperthanabout	 Õ 2 aremispositionedwith anerrorthatgrowswith

dip. Again, the accuracy with dip is a function of the lateralmediumvariationfor both the

split-stepFourier methodand the GS approach.In the GS generatedsection,reflectorsare
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accuratelypositionedbecausethewide-anglepropagation,associatedwith thesteepestevents,

is betterhandled. Note that the steepestevent appearsweaker on the GS generatedsection

thanon thesplit-stepFouriersection.This is dueto theproximity of thebranchpoint to the

propagationanglesassociatedwith the steepestreflectordip. The cascadeof the expansion

of thethin-slabpropagatorandthenormalizationareprogressively lessaccuratefor thephase

asonedepartsfrom verticalpropagationandconstantmediumperturbation.This introduces

someamplitudeinaccuracy.

Application to prestackdepth migration.—To illustratetheaccuracy of thedifferentGS

expansionsfor imaging,we incorporatedtheGSalgorithmin prestackdepthmigrationof shot

gathersusingtheentireMarmousidataset(Figure22). In themigrationprocedure,thefields

associatedwith thesourceandreceiversaredownwardcontinued.For eachpoint in thesub-

surfacethetwo fieldsarecorrelatedatzerotime lag(Claerbout,1986).

Figures23 and24 comparethe imagesobtainedwith thesplit-stepFourierversionof the

phase-screenmethodandthesecond-orderGSapproach.The lattergivesa betterresult;be-

causeof the two additionalcorrectiontermsappearingin the expansion,dipping eventsare

moreaccuratelypositionedandbetterfocusedby theGSapproach.Regionswheresignificant

differencesoccurarehighlightedin Figures23 and24. The anticline(above the reservoir)

of theMarmousimodelposesa challengeto imagingfor any migrationalgorithmbecauseof

multi-pathingandwide-anglescattering.TheGSmethodaccommodatesthesephenomenabet-

ter thandoesthesplit-stepmethodandyieldsmorecontinuityin, andlessdeformationof, the

reflectors.

DISCUSSION

Thegeneralized-screen(GS)wave extrapolationmethodis basedon thedecompositionof

themediuminto a backgroundcomponentandaperturbation.In lowestorder, theGSapprox-

imationmay besimplified to yield the phase-screenandsplit-stepFouriermethods.TheGS
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methodextendsthesetwo methodsandcanaccommodatemoresignificantandrapidhorizon-

tal wavespeedvariations.Its enhancedaccuracy allowsa bettermodelingof thewavefieldsin

complex structureswheremulti-pathingis significant.

With theGSrepresentationof thepropagatoris associateda verticalslownesssymbolthat

generalizesthe phase-screenandsplit-stepFourier symbolandhasthe dependencieson the

spatialcoordinatesandthe dependencieson the wavenumberfactorized,inducingthe struc-

ture of the GS propagator. The GS expansionof the vertical slownesssymbolis justified in

De Hoopet al. (1999). TheGSexpansionprovidesa fundamentalsimplificationof theone-

way operator;thepropagatordoesnot have to beevaluatedat every outputpoint. We obtain

analgorithmthatworksasashuttlingbetweenthefrequency-horizontalspacedomainandthe

frequency-horizontalwavenumberdomain.Eachadditionaltermin theGSexpansionincreases

theaccuracy. Theadditionalcostis anadditionalFourier transformfor eachadditionalorder

in the expansion. In anisotropicmediasuchas transverselyisotropicmediawith a vertical

symmetryaxis,theinfluenceof theanisotropicparametersin theverticalslownesssymboloc-

cursonly atnon-verticalpropagation.Thesplit-step-Fouriertypeapproximation(Stoffaetal.,

1990)doesnot have thedegreeof freedomto accountfor anisotropy or to shapetheslowness

surfaceappropriately, becauseof its accuracy restrictedto near-verticalpropagation.TheGS

methodscanbe extendedto thesemediaasshown in the companionpaper(Le Rousseau&

De Hoop,1999).

We illustratetheGSpropagator’saccuracy primarily throughmodeling.Themathematical

accuracy analysisof theGSapproximationwascarriedoutby DeHoopetal. (1999).Herewe

focuson its numericalcounterpart.We chosetwo syntheticmodels,bothrepresentativeof the

realworld: theMarmousimodel(off-shoreAfrica) andtheSEG/EAGE3D saltmodel(Gulf of

Mexico). Eachof thesemodelsprovidesinsightinto thecapacityof theGSmethodto perform

wave extrapolation,andshows in how it compareswith thesplit-stepFouriermethod,aswell

asPSPIandfull-wave time-domainfinite-differencemethods.The GS modelingcapacityis
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illustratedin both2D and3D. In thepaperwe focuson thecomputationof Green’s functions

ratherthanon imaging. Imaginginvokesanaveragingprocedurethathidespropagationinac-

curaciesof thevariousmethods.For completeness,however, we show someprestackimaging

resultsin 2D.

WehavecomparedtheGSmethodwith themostcompetitivealgorithms.Wedid notcom-

pareourresultswith single-pathingapproach.TheGSmethod,with its �X�7O�Ø>%�í U í =èî©ï�ð = í U í =
( Ø is theorderof theGSapproximationand íH� arethenumbersof samplesin the ��� -direction)

computationalcomplexity, makesfeasible‘waveequation’modelingandimagingin 3D.Finite-

differencemethodsextendto 3D, but yield algorithmswith greatercomputationalcomplexity.

Nowadays,3D surveys are common,and someareaspresentgeologiccomplexities where

multi-pathingcannotbe ignored. Unlike traditional low-cost asymptoticmethods(suchas

Kirchhoff) thatusea uniquearrival (first or maximalenergy), theGSmethodcanpredictthe

effectof multi-pathing.In areaswith geologiccomplexities,theGSmethodprovidesacompet-

itive tool for imaging.Theintroductionof theBremmercouplingseriesyieldsa computation

of thetwo-wayGreen’s functions.Thiscreatesa tool box thatcanbeusedfor processingmul-

tiples,velocityanalysis,andinversion(De Hoop& De Hoop,1999).Finally, thelowestorder

approximationsintrin this paperhave alreadyfoundapplicationin seismicimaging(Huang&

Wu, 1996;Wu & Jin,1997;Huangetal., 1998).
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FIGURE CAPTIONS

FIG. 1. Principalpartsof thegeneralized-screenverticalslowness;zero-order(GSP0),first-

order(GSP1)andsecond-order(GSP2)asa functionof thehorizontalslownessÚ . Also

shown is theprincipalpartof theverticalslownessfor thesplit-stepFouriermethod.The

principalpartof theexactverticalslownessis shown with theinnerdashedcurve.

FIG. 2. Taylor expansionsof theprincipalpartof thefirst-ordergeneralized-screen(GSP1)

verticalslowness:zero-order(split-stepFourier= GSP1,0)andsecond-order(GSP1,2),

asa functionof horizontalslownessÚ . Theprincipalpartof theexactverticalslowness

is shown with theinnerdashedcurve.

FIG. 3. Wavefrontsin aconstant-perturbationmediumassociatedwith thevariousgeneralized-

screenapproximations:second-order(GSP2),first-order(GSP1)andsplit-stepFourier;

top: ascalculatedaspolarreciprocalof theslownesssurface;theexactandbackground

wavefrontsareshown dashed;bottom:numericalwavefront.

FIG. 4. 3D wavefieldsnapshotsin aconstant-perturbationmediumassociatedwith thevarious

generalizedscreenapproximations:fourth-order(GSP4),third-order(GSP3),second-

order(GSP2),first-order(GSP1),andsplit-stepFourier. Theexactwavefield is shown

dashed.

FIG. 5. Top: Principalpartsof thegeneralized-screenreflectionsymbols:first-order(GSR1)

andsecond-order(GSR2)asafunctionof horizontalslownessÚ . Theprincipalpartof the

exactsymbolis shown dashed.Bottom: relativeerrorof thefirst-orderandsecond-order
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GSapproximations.

FIG. 6. Part of theMarmousiwave speedmodelusedto generatethesnapshotsof Figure7,

Figure9 andFigure10 to Figure14. Thestarlocatesthepositionof thesource.

FIG. 7. Snapshotof the wavefield at time \ �oh+¼4( Õ s computedwith the secondorderof

thegeneralized-screenmethod,with no contourdeformation.Figure6 shows thewave

speedmodelusedandthesourcelocation.

FIG. 8. Appliedcontourdeformation.

FIG. 9. Snapshotof thewavefieldat time \0�2h+¼4( Õ swith thesecondorderof thegeneralized-

screenmethod.Thecomplex contourdeformationshown in Figure8 is applied.

FIG. 10. Snapshotof thewavefieldat time \5� h+¼)( Õ s with the full two-way acousticwave

equation.

FIG. 11. Snapshotof thewavefieldat time \8�2h3¼)( Õ s with thesplit-stepFouriermethod.

FIG. 12. Snapshotof thewavefieldat time \P�Bh+¼4( Õ s with thephase-shift-plus-interpolation

method(PSPI).

FIG. 13. Snapshotof thewavefieldattime \8�2h3¼)( Õ swith thefourthorderof thegeneralized-

screenmethod.
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FIG. 14. Snapshotof thewavefieldattime \8�2h3¼)( Õ swith thefourthorderof thegeneralized-

screenmodelingthethreefirst termsof theBremmerseries.

FIG. 15. Verticalprofilesacrossthecenterof theSEG-EAGEsaltmodel.Theasterisklocates

the position of the source;the dashedline indicatesthe region detailedin Figure 16

through 20.

FIG. 16. Snapshotof thewavefieldat time \��L	�¼ � swith thesecondorderof thegeneralized-

screenmethod;in-line section. The threehorizontaldashedlines representthe depth

locationof thehorizontalsectionsof figures18 through20.

FIG. 17. Snapshotof thewavefieldat time \��L	�¼ � swith thesecondorderof thegeneralized-

screenmethod;cross-linesection.

FIG. 18. Snapshotof thewavefieldat time \��L	�¼ � swith thesecondorderof thegeneralized-

screenmethod;horizontalsectionatdepth1500m. Thedashedlinesrepresenttheverti-

cal sectionsasshown in figures16and17.

FIG. 19. Snapshotof thewavefieldat time \��L	�¼ � swith thesecondorderof thegeneralized-

screenmethod;horizontalsectionatdepth1000m. Thedashedlinesrepresenttheverti-

cal sectionsasshown in figures16and17.

FIG. 20. Snapshotof thewavefieldat time \��L	�¼ � swith thesecondorderof thegeneralized-

screenmethod;horizontalsectionatdepth500m. Thedashedlinesrepresentthevertical

sectionsasshown in figures16and17.
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FIG. 21. Top: modelhaving reflectorswith dipsof h 2 , 	 Õ 2 , Ï�h 2 , 	 Õ 2 , Ó�h 2 and � Õ 2 . Middle:

migrationof themodeleddatawith split-stepFouriermethod.Bottom: migrationof the

fourth-ordergeneralized-screenmethod(GSP4).

FIG. 22. Marmousiwavespeedmodel.

FIG. 23. Prestackdepthmigrationof theMarmousidatawith thesplit-stepFouriermethod;

highlightedarefeatureswherelargerdifferencein accuracy ascomparedwith theresult

in Figure24canbeobserved.

FIG. 24. Prestackdepthmigrationof theMarmousidatawith thesecond-ordergeneralized-

screenmethod;highlightedarefeatureswherelargerdifferencein accuracy ascompared

with theresultin Figure23canbeobserved.
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APPENDIX A: RELATIONSHIP BETWEEN ONE-WAY GREEN’S FUNCTION
AND PROPAGATOR

Thepropagator, 687"9;: , associatedwith the one-way wave equationsatisfiesthe pseudodif-

ferentialequation <>=@?BADCFEHG 6 7"9;:JILK;MONJK ?�P K;QRSN&K;Q?�TVUXW N (A-1)

complementedwith theinitial condition6 7Y9;: I K;MZN&K ? U K Q ? P K QRSNJK Q?�T[U�\ ILK;M^]_K QM T�`
(A-2)

Let usconsidera function a I K;MZN&K ? T
thatsatisfiestheone-way waveequationalso.With prop-

erties(A-1) and(A-2), wehavea ILK;MZNJK ? TbUXced K Q f d K Q g 6 7"9;: I K;MZN&K ?�P K QRSNJK Q?�T a I K QRSNJK Q?hT N (A-3)

hencetheterminologypropagator. Wenow provethatthefunction ij7Y9;: I K;MZN&K ?FP K QR NJK Q ? T defined

as i 7Y9;:JI K;MZN&K ?FP K;QRSN&K;Q?�T[U Alk I Am< K ? ]_K;Q? G T 6 7"9;:&ILK;MON&K ?nP K;QRSN&K;Q?�T N (A-4)

is aGreen’s functionassociatedwith theone-waywaveequation.

k
is theHeavisidefunction.

Applying theone-wayoperatorto expression(A-4) yields<>=S?oADCFEHG i 7"9;: I K;MpN&K ?FP K QR N&K Q ? T[U A 6 7"9;: I K;MZN&K ?FP K QR N&K Q ? T =@?.k I A�< K ? ]_K Q? G TAqk I A�< K ? ]_K;Q? G T <r=S?BAsCFEHG 6 7Y9;:tI K;MZN&K ?FP K;QR N&K;Q? Tu`
(A-5)

Thesecondtermin equation(A-5) vanishesbecauseof property(A-1), hence<>=S?oAsCFEHG i 7"9;:&ILK;MON&K ?FP K;QR N&K;Q? TVU A 6 7Y9;:JI K;MZN&K ?FP K;QR NJK;Q? T <4A \ ILK ? ]_K;Q? T GU 6 7Y9;:tI K;MZN&K ? U K;Q? P K;QR NJK;Q? TV\ I K ? ]_K;Q? TU�\ ILK;M^]�K;QM T[\ ILK ? ]�K;Q?�T N (A-6)
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which is thedefiningequationfor theone-way Green’s function.Theoccurrenceof theHeav-

isidefunction,enforcestheGreen’s functionto becausal;thepropagatoris not.

In this paper, we definea one-way Green’s function with respectto the preferredspatial

direction( K ?
). In thefield of Quantummechanics,thesameargumentsareusedto definethe

one-way Green’s function in time using the propagatorthat satisfiesthe Schr̈odingerequa-

tion (Cohen-Tannoudjietal., 1977).

APPENDIX B: REDUCTION TO THE PRINCIPAL PARTS

Usingthecompositionrule for symbolsof pseudodifferentialoperators(Treves,1980),the

operatorequation, E g Uwv N (B-1)

is transformedinto anequationfor thecorrespondingleft symbols(DeHoop,1996):x�yZz|{ ]~} =@�����������F��� I K;M P�� Qz T � I K;Q z P��1� T.���� 7 ����F� ���� :���7 � � � � � :
U�� I K;M P���� T N (B-2)

where

�
is theleft symbolof

E
and

�
is theleft symbolof

v
, i.e.,E I K;MZN&K ?FP���� T xhyZz I i C�� z K z T[� � I K;MZN&K ?FP���� T xhyOz I i CF� z K z T Nv I K;MZN&K ?FP���� T x�yZz I�� i

CF� z K z T[�$� I K;MZN&K ?FP���� T x�yZz I�� i

CF� z K z T�`
Fromtheform of

v
in theacoustic-pressure-normalizationanalogof equation(4) (De Hoop,

1996)wehave�lU$��� � �1�n�1� ] �O� f I ��� �pT
i

�1� ] �O� f I ������� �pT ] �O� g I ��� �pT I ��� �pTu`
(B-3)

As ���   thecompositionof symbolstendsto anordinarymultiplication,andthesolution

of equation(B-2) reducesto theprincipalparts,

� f and

� g respectively, of thesymbols:� f I K;M P���� T � f I K;M P��1� TVUX� g U$��� � �1�n�1� U�¡ � g � ���F��� `
(B-4)
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Referringto the contrastformulationmadehereandin De Hoopet al. (1999),the ‘high-

frequency’ approximationof equation(B-4)canalsobeexpressedbyassumingthatthevertical-

slownesssymboldependsonly onthemagnitude( ¢ ) of themediumperturbation,but notonthe

smoothness( £ ) of themediumperturbation,i.e.

� f is ¤ I £u¥ T .


