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ABSTRACT

Simple models of wave propagation in porous media depending on a small num-
ber of parameters directly related to wave propagation are presented. Based on
theoretical and experimental evidence, viscous phenomena are represented in
terms of singular convolution operators. The equations of motion are hyper-
bolic but their solutions are infinitely smooth.

Asymptotic, exact and numerical solution methods are discussed.

Introduction

Mathematical complexity of wave propagation problems
for realistic porous media entails the necessity of a flex-
ible approach to solution of specific problems. An ex-
cess of irrelevant detail for a given problem often forces
an oversimplification in the description of more relevant
features of the medium. In poroelasticity reliance on
the original system of equations obtained by Biot leads
to unfortunate compromises such as neglecting the fre-
quency dependence of dynamic permeability. This ap-
proximation, justified for porous media whose parame-
ters do not vary excessively over the distance one wave-
length, prevents an extension of seismic modelling to
more realistic micro-heterogeneous porous media (Gure-
vich & Lopatnikov, 1995; Gelinsky et al., 1998).

In view of significant energy conversion among vari-
ous wave modes, use of a system of equations is necessary
in problems with interfaces, high gradients of medium
parameters and scattering at a subwavelength scale. In
other problems, the effective parameters vary smoothly,
and it is more convenient to model the selected wave
mode by a scalar equation with a realistic attenuation
model. Limitations of mathematical apparatus impose a
compromise: neglecting memory in the first case and ne-
glecting polarization and wave conversion in the second
case. In this paper we shall explore the second case.

In poroelastic media the influence of memory ap-
pears through the viscodynamic operator, which ac-
counts for the friction between the pore fluid and pore

walls. The resulting frequency-dependent factor F(w) of
the fluid filtration velocity in Biot’s equations of mo-
tion has been determined for some idealized pore ge-
ometries such as slits, aligned pores with circular, tri-
angular or rectangular cross-section, (Norris (1986) and
Stinson & Champoux (1992)). This factor depends on
the shape of the pore cross-section, but it has certain
general characteristics independent of the pore geome-
try. Since in all these cases a boundary layer of thick-
ness Cw~/? is present with a constant C of dimension
[L/T'/?], the factor F(w) depends on a dimensionless pa-
rameter (C/R)w™/2, where R is a characteristic length
associated with the pore cross-section. The singularity
t~/2 of the convolution kernel is therefore a universal
feature of the high-frequency behavior (or wavefront fea-
tures in the time domain) of idealized models of poroe-
lastic media. For more realistic physical models (variable
pore cross-section, direction, dimension and alignment),
the parameters of F(w) can be determined experimen-
tally or by seismic inversion. This also includes a heuris-
tic transfer function for fractal pore cross section (Wil-
son, 1992), while fractal models of pores (Johnson et al.,
1987; Ruffet et al., 1991) lead to a more general singular-
ity t7%, 0 < 8 < 1, dependent on the fractal dimension
d of the pore surface.

Taken too literally, the idealized physical models
are misleading. As pointed out by Champoux & Stin-
son (1992) and Norris (1986), these models are often in-
compatible (notably Zwikker-Kosten-Attenborough and
Biot-Allard) and inconsistent with experiments, e.g.,
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for artificial porous media with pores of variable cross-
section. Furthermore, the shape factors appearing in
such models are too complicated and henceforth inade-
quate for numerical applications in heterogeneous media.

As noted by Wilson (1992; 1997), Johnson et al.
(1987) and Berryman et al. (1988), it is possible to con-
struct universally valid models of the viscodynamic op-
erator that involve only simple algebraic functions. Such
models can provide a good match for various specific
physical models over a wide range of frequencies. Wilson,
in particular, noted that the approximation is uniform
with respect to the frequency provided that the param-
eters of the approximating function are determined in
such a way that they fit the physical models in the tran-
sition region of their transfer function. Minor variations
accommodate the models of Zwikker-Kosten (Zwikker
& Kosten, 1949; Attenborough, 1983) and Biot-Allard
(Biot, 1962; Allard et al., 1983).

At least ome physical model of a micro-
heterogeneous porous medium (Gurevich & Lopatnikov,
1995) can be represented by the above class of models.
Indeed, the Gurevich-Lopatnikov model is well approxi-
mated by even simpler universal functions corresponding
to the high-frequency limit of the Wilson model (Hanyga
& Rok, 1999).

General hereditary models of attenuation

Attenuation in seismic wave propagation can be linked to
a number of specific physical mechanisms (viscosity, mul-
tiple scattering, viscous friction of the pore fluid, etc). A
general method of accommodating such phenomena in
the equations of motion consists in allowing for memory
effects in the stress-strain relations and in the inertial
term. In viscoelasticity the elastic stiffness coefficients
are replaced by convolution operators,

t
oij (6, %) = Cijk1 * ext = / cijrt (1, %) ept (t — 7,%x) dr,
0
(1)

while in poroelasticity the inertial force associated with
the fluid includes a viscous drag force

o0
Nij * uj g = / Nij(r,x)ujque(t — m,x)dr. (2)
0

For specific idealized pore geometries (parallel
cylidrical or triangular pores, slits) explicit expressions
can be derived for N;; (Biot, 1956; Norris, 1986; Cham-
poux & Stinson, 1992). All these specific expressions
share one important property:

—1/2

N;j ~ const X ¢ for t — 0. 3)

Singularity (3) is independent of pore geometry and is

a consequence of the viscous boundary layer associated
with pore fluid motion.

An alternative and often more important mecha-
nism of attenuation in rocks is scattering and P-to-slow
wave conversion on small-scale heterogeneities. A good
example is the effective dispersion-attenuation law for
the longitudinal wave, incorporating its conversion to
the slow wave (Gurevich & Lopatnikov, 1995). It is well
matched by a causal power law k = w/coo + Ai(—iw)%,
a = 0.66, where k denotes the wavenumber (Hanyga
& Rok, 1999). In one-way wave propagation this corre-
sponds to an operator {1/coo + [A/T(1 — )] t~*%)} s+
0q, very close to an equation for which there are explicit
closed-form solutions (see next section). The symbol I'(z)
denotes the Gamma function (Abramowitz & Stegun,
1970).

Memory models of viscoelasticity involve a variety of
singularities. Singularities are either deduced from theo-
retical models or from a careful interpretation of exper-
imental data. A good example from the second group
is the Bagley-Torvik model of a polymer under uniaxial
tension (Bagley & Torvik, 1986), with the Young modu-
lus given by the formula

ERr + Eg (—itw)®

B(-iw) = 1+ (—irw)>

)
where 0 < a < 1, Er and Eg denote the rubbery and
glassy Young modulus, while 1/7 is a characteristic fre-
quency which determines the location of the transition
region between the regions characterized by the glassy
and rubbery behavior. There are two important reasons
for the fractional power of frequency in (4): it allows a
good matching of experimental data over a wide range
of frequencies, and it requires only three parameters, in
contrast to models based on rational approximations. A
high-frequency asymptotic expansion of the right-hand
side of equation (4) involves a term const X (—iw)™ %,
which in the time domain corresponds to the convolu-
tion operator const x t*~'/T'(c).

The general form of transfer function (4) applies to
all the cases with a single transition region. In particular
the the same transfer function is well known as the Cole-
Cole model of dielectric permittivity (Cole & Cole, 1941).
Extensive bibliographies of related results can be found
in the paper of Hanyga & Seredyriska (1998) and in the
book of Priiss (1993).

It has been proved that hyperbolic systems with a
weakly singular convolution operator have C*°-smooth
solutions (Renardy, 1982; Narain & Joseph, 1982; Priiss,
1993). Due to unboundedness of the attenuation in the
high-frequency limit, any initial singularity is immedi-
ately smoothed out (Hanyga, 1999a). A general pulse
can be decomposed into the delta singularities, which
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are smoothed out in the course of propagation. In conse-
quence, the wavefront does not carry any energy and the
pulse gradually builds up after the passage of the wave-
front. An important practical consequence is the pulse
delay with respect to the wavefront.

In singular hereditary models the singular part of
the convolution kernel plays a far more important role
than does the regular part. The singular part determines
the rate of the build-up of the pulse behind the wavefront
and its gradual widening. The regular part controls the
exponential decay of the amplitude and the shape of the
tail.

Scalar equations with singular convolution
kernels

A general hyperbolic scalar wave equation with a singu-
lar memory can be written in the form

et + K(8,%) ¥ up — V- (L(E,%) ¥ V) =0, (5)

where L(t,x) = n(x)? §(t) + M(t,x), n(x) is the refrac-
tive index and K (t,x), M (t, x) ~ const x t*~! for ¢t — 0,
where §(z) denotes the Dirac delta function.

A point source can be incorporated in equation (5),
either as a delta-spiked source term on the right-hand
side with zero initial conditions or through the initial
conditions

u(o, x) =0, u,t(o’ X) = J(X) (6)

In either case it is assumed that the wavefield is at rest

(v = 0) for t < 0. The solutions of the two problems are

related by Duhamel’s principle (Courant, 1962).
Equation (5) has explicit solutions if n(x)? = 1 and

either
K(t,x) =2at™ " /\/T+b(t), (7)
with
b= a2,
(8)
a = const,
or

K(t,x) = At~ *3/T(1/3) + Bt~'/3/1(2/3) + C 6(¢)
+Dt%/1(4/3) (9)
with
A=2, B=2d+¢*, C=2cd, D=4d’
¢, d = const.

(10)

In both cases, in 1D the operator in equation (5)
factors into two operators governing the left- and right-
going waves. In the 1D homogeneous case equation (5)
can be expressed in the form

Q+Q-u=0, (11)
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Figure 1. Basis function fT(Z)(t, o),r=0,1,2 for o = 0.1.

with
Q+ = P(t)* 0 F 0u (12)

and P(t) = 4(t) + at™?/\/m or P(t) = o(t) +
at™?3)0(1/3) + bt~'/3/1(2/3) for @ = 1/2 or 1/3.

The solutions of the initial-value problem (5,6) are
particularly simple:

u(t,x) = (1/4xr) [féz)(t —r,ar)+ 2a fl(l)(t —r,ar)+
a? f2(2) (t—mr, ar)] (13)

for the the kernel (7) satisfying (8) and

u(t,x) = (1/4nr) [f$2 (t — r,ar, br) +
2a fO(t —r,ar, br) + (2b + a®) £ (t — r, ar, br) +
2ab fél)(t —ryar,br)
+b° fiz) (t—r,ar,br)] (14)

for the kernel (9) satisfying (10). The basis functions
f;n)(t,)\l,... ,An) are defined by their Laplace trans-

forms s /" exp (— >y )\Tsr/") for A1 > 0. Explicit

expressions for the basis functions fr(Z) and fr(3) can be
found in the papers of Hanyga & Seredynska ((1999b)
and (1998)), resp.
In particular, the basis function
(2)

s (t,a)=$

432 e—02/(4t) (15)

has a unique maximum at ¢ = ¢°/6 and tends to §(t)
when ¢ — 0 (Figure 1). This implies that the origi-
nal delta-spiked signal widens into an asymmetric pulse,
with the peak arriving with a delay of AT = (ar)?/6
with respect to the wavefront » = t. The rate of de-
crease of the maximum value of the pulse is algebraic:
o (ar)~2. Depending on the value of ar, the signal can
have the appearance of being sharp, with the build-up
phase invisible without zooming, or being nearly diffu-
sive in form, without any apparent connection with the
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Figure 2. A snapshot of the wavefront part of the solution
u(t,x)

wavefront typical of the slow wave in Biot’s theory. A
snapshot of the solution (13) is shown in Figure 2.

In the context of equation (5), with the memory
function (7), the coefficient b is Biot’s frequency, while
a can be expressed in terms of b for specific idealized
pore geometries (Hanyga, 1999a). For seismic waves in
a poroelastic medium with frequencies ~ 100Hz, b ~
10° Hz the attenuation is commonly assumed to be ad-
equately represented by the term bu:. In the context
of the memory function (7) this amounts to neglecting
the term 2at_1/2/\/7_r. The resulting equation can be re-
duced to the telegraph equation with independent vari-
ables r,t. The initial-value problem (6) has an explicit
solution that consists of a delta-spiked signal with an
exponentially decaying amplitude followed by a negligi-
ble distorting signal (Hanyga & Seredyriska, 1999b). This
is a qualitatively different behavior from solution (13).

When constraints (8) or (10) are violated, asymp-
totic methods described in Hanyga & Seredyriska (1999a)
and Hanyga & Seredyniska (1998) yield approximate so-
lutions in terms of the basis functions. The solution of
eq. (5) with the kernel (7) and the initial conditions (6)
is similar in form to (13) and reduces to it in the limit
of b — a*:

u(t,x) = (1/4xr) e~ 9/? {f(gz))(t —r,ar) +
2a(1+dr/A)fP @t —rar) + ... }, (16)

where d = b — . The parameter a controls the high-
frequency aspects such as the build-up of the pulse at
the wavefront, while d controls the rate of exponential
decay of its amplitude.

It is natural to expect that a physically reasonable
model involves a vanishing memory. Replacing the kernel
K (t), equation (7), in equation (5) by K (t)e™*/" results
in a negligible correction to the coefficient of f1(2) of the
asymptotic solution (Hanyga & Seredyriska, 1999b). On
the other hand, the behavior of the exact solution at the
source changes dramatically: with vanishing memory, the

wavefield at the source decays exponentially; otherwise
it does not.

Fractional-derivative formulation and
finite-difference approximations.

Equations (5), with the kernels (7), and (9) can be ex-
pressed in terms of fractional derivatives. In particular,
equation (5) with the kernel (7) can be expressed in the
form

<D2+2aD3/2+bD)u—V- (n®Vu) =0, (17)

where the D = 8/t and the fractional derivative D3/2
is defined in the sense of Caputo (Appendix A).

The Caputo fractional derivative can be expressed
in terms of the Riemann-Liouville derivative, which in
turn can be expressed in terms of finite differences (the
Griinwald-Letnikow derivative). This immediately leads
to finite-difference (FD) schemes of various types, in par-
ticular the leapfrog. The leapfrog scheme can be obtained
= D/2D,
which holds for the Caputo derivative. Introducing a new

by taking advantage of the identity D?%/2

variable v = D u, equation (17) can be recast in the form
Du=vw (18)
(D+2aD"? +b) v =V (n” Vu) (19)

A leapfrog FD scheme is obtained by expressing the Ca-
puto derivative D'/? in terms of the Griinwald-Letnikow
approximate formula and solving for the value of v at the
last step. The operator on the left-hand side of equation
(19) has a causal continuous inverse for b,a > 0. Stabil-
ity of the numerical scheme based on this formulation is
examined in Hanyga (1999c).

Wilson models of porous media.

The main manifestation of singular memory is associated
with the singular part of the convolution kernel. Asymp-
totic analysis shows that the regular part, responsible for
low-frequency behavior, modifies the overall attenuation
and higher-order amplitudes.

In poroelasticity one can distinguish between high-
and low-frequency regimes, separated by a single transi-
tion region. The low-frequency action of the memory can
be represented by an additional parameter that corrects
the theory for low frequencies as well as for a transition
region.

A simple model of a poroelastic medium with these
properties can be constructed by replacing the vis-
codynamic operator with a simple algebraic function
of frequency (Berryman et al., 1988; Johnson et al.,
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1987). Alternatively, an acoustic model with a frequency-
dependent density and bulk modulus can be used
(Deane, (1997) for seabeds; Allard & Champoux (1992),
Wilson (1992; 1997) for synthetic porous air-saturated
materials). In the second group of models, the density
and the bulk modulus become convolution operators

pruy — V- [K*Vu] =0 (20)

In order to match all the frequencies it is important to
choose the parameters of the simplified model in such a
way that the matching in the transition region is optimal
(Wilson, 1992; Wilson, 1997). The resulting equations of
motion are well adapted for numerical solution by gen-
eralized FD schemes.

The models developed by Wilson involve viscosity
in the stress-strain constitutive relations, due to thermal
relaxation in the pore fluid, and in the inertial part, due
to viscous relaxation. The effective frequency dependent
density p(w) and bulk modulus K (w) are given by the
equations

K(w) = Ko
1+ g R(—iw, vk, €x) (21)
) ~

T 14 r, R(—iw,fy,,,e,,)’

where the relaxation function R(s, 7, ¢) is defined by one
of the following formulas:

R(s,7,€) = Ro(s,7) = (L +75)™" (22)
(Wilson, 1992), or

R(s,7,€) = Rals,v,€) = {1+ e[(L+79)* = 1]}
(23)

(Wilson, 1997), with 0 < a < 1 and s = —iw.

In the time domain, the relaxation function (22)
combines the singularity t*~! with a vanishing memory
factor e~/

Ro(t) = (1/7)* e /747! [I(a). (24)

The relaxation function (23) can be explicitly calculated
in the time domain for @ = 1/2. It is, however, more in-
structive to examine its high- and low-frequency asymp-
totics in the frequency domain:

i () (ru )™ forw — o0 (25)
S) ~
' 1—7s forw—0,

where 71 = €/%~ and 7, = ae~y. It follows that the
relaxation function (23) has two separate scales for the
short-time and long-time response. Wilson (1997) shows
that the model based on the density and bulk modulus
(21) with the relaxation function (23) closely matches the
theoretical prediction and experimental results for dis-
persion and attenuation in a synthetic porous material

with cylindrical pores with a variable radius assuming
two different values (Stinson & Champoux, 1992). For
this model, the Biot equations with the improvements
suggested in Allard et al. (1983) give erroneous predic-
tions. On the other hand, in a different study involving
a ceramic material the Biot-Allard model and the sim-
pler Wilson model involving the relaxation function (22)
agree very well with experimental data.

In Wilson’s paper, the special value of the exponent
a = 1/2 is justified by the diffusive mechanism of pore
fluid relaxations. More general exponents are expected
to apply if attenuation is mostly due to multiple scatter-
ing in a micro-heterogeneous porous medium (Hanyga &
Rok, 1999).

In the high-frequency limit or, equivalently, for
Ypy YK — 00, the Wilson models reduce to the simpler
models considered in the preceding section. Finite vk, 7,
affects the tail of the pulse, in particular, by a theorem
of Lokshin & Suvorova (1982), causing the disturbance
at the source to fade away with time A comparison of
the fundamental solution

u(t,x) = [a2 fo(t —ar,br,y) —2ab f_1(t —ar,br,y) +
b’ f—2(t — ar,br, 7)]/(47‘”’“) (26)

folt,yym) = 5T 0@ e e A0 (a)
Falt,7) =D 2 folt, ) (28)

0
f*2(t7y,7) =D 26y2f0(t7y’7) (29)
of equation (20) with

p=po[atbs (v+5)"7]
K = K [a+b571('y+s)1/2]71 0

is shown in Figure 3 (Hanyga, 1999b). The model defined
by equation (30) is formally similar to the Wilson model
but it allows explicit analytic solutions.

Fractional calculus and numerical
implementation of Wilson models

Notwithstanding their complexity the Wilson models are
amenable to finite-difference approximations. In the first
step the Laplace domain expressions (1 + 7 s)io‘ have to
be replaced by the time-domain operators (1 + TD)i"‘.
The latter can be defined as follows:

(L+7D)*g(t) = r e /"D [/ 9()],  (31)

where D™ is a fractional integral operator and D¢ is a
Caputo fractional derivative (Appendix A).
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Figure 3. Comparison of the snapshots s of u(t,x), (26) at
t = 1.0 for v = 100 (solid line) and v = 0 (dashed line).
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Figure 4. Comparison of the snapshots of u(¢,x), (26), at
t = 1.0 for v = 100 (solid line) and v = 0 (dashed line).
Wavefront pulse.

The operator (31) can be readily discretized apply-
ing the definition (31) and equation (A7) or (A5).

A time-domain formulation of the Wilson equation
can be obtained by introducing an auxiliary variable v =
K xV0:

[1+T, (1+7,D)" %] divv
= pPoo D2%9

[1 +T'x 1+vx D)_a] v
=K V6

(32)

for the relaxation function (22), and
[T, +e (14+7,D)%] divv =
Poo [1 —€p +€p (1+7,D)7] D¢
[[x +ex 1+ vk D)*] v=
Koo [1 — €K + €x (1 + vk D)a] Ve

(33)

with I, = +1—¢,, 'y = 'k +1—ex for the relaxation
function (23). Equations (32) and (33) can readily be
approximated by finite difference schemes.

Conclusions

In the context of wave propagation problems complex
physical models can be replaced by simple models de-
pending on a small number of relevant parameters. Due
to their simple structure the resulting equations are
amenable to rigorous mathematical analysis. The associ-
ated initial-value problems can be solved by asymptotic,
numerical and analytical methods.

Notwithstanding their simplicity these models can
account for the singularity of the convolution kernels de-
scribing the viscous drag, thermal relaxation and mul-
tiple scattering. An important practical consequence of
these phenomena is pulse delay with respect to the ray-
theoretical travel time.

Singular convolution kernels cannot be approxi-
mated by a discrete set of relaxation mechanims of the
Maxwell-Voigt or Zener type. This follows from the fact
that the relaxation spectra (Christensen, 1971) of singu-
lar convolution kernels have a singularity at the zero re-
laxation time. Consequently the numerical methods com-
monly used in visco-elastic modeling are not applicable
for singular memory models.
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APPENDIX A: Elements of Fractional
Calculus

The Dirichlet formula for repeated indefinite integral

(I”)f(t)z/otdﬁ /0”.../0%_1 drn f(r)

= [ dr =y ) /=0t = 1/ -1 41 ()

(A1)
has a natural generalization to positive real values of the
exponent:

ta—l
I“ft) = = t A2
)@ F(a)*f() (A2)

An alternative notation for fractional integrals is
D™ef=1°f.

The Riemann-Liouville derivative DR (Samko
et al., 1993; Miller & Ross, 1993) and the Caputo de-
rivative (Caputo, 1969; Gorenflo & Mainardi, 1998), are
defined as the left and right inverse of I*, a > 0, respec-
tively. More specifically,

form>a>m—1.

The Riemann-Liouville fractional derivative is inap-
propriate for modelling dissipation because Dip1 # 0,
which would entail dissipation in a system at rest. In
contrast the Caputo derivative of a constant is zero. The
Caputo derivative is also more convenient in the con-
text of conventional initial-value problems because its
Laplace transform depends on the initial values of the
derivatives of integer order:

m—1
(DY f)(s) =" f(s) = Y s * 71 fP(0+)  (A3)
k=0
for m—1 < a < m (Gorenflo & Mainardi, 1998). Finally,
the Caputo derivative satisfies the exponent law at least
in one case

D*' =D*D for0< a< 1. (A4)

On the other hand, the Riemann-Liouville derivative
has its equivalent finite-difference definition, known as
the Griinwald-Letnikow derivative (Samko et al., 1993;
Miller & Ross, 1993):

o o]

DRwf(t) = lim h™* Y (-1)* (:) flt—kn) (A5)

k=0

Note that, for a causal function f(¢) (f(¢) = 0 for ¢ < 0),
the summation terminates at k = [t/h] (the integer part
of t/h).

The Caputo derivative can be expressed in terms of
the Riemann-Liouville derivative

m—1

k—a
D"F() = DRf) + Y rrag O (A9)
k=0

form>a >m—1.

Fractional integral operators can also be approxi-
mated by finite-difference operators (Gorenflo, 1997; Lu-
bich, 1986):

Dyt £(t) = lim h* Y (~1)* (‘,j‘) f(t—kh) (A7)
k=0



