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ABSTRACT

Existing geophysical and geological data indicate that orthorhombic media with
a horizontal symmetry plane should be rather typical for naturally fractured
reservoirs. Here, we consider two orthorhombic models, one of which contains
parallel vertical fractures embedded in a transversely isotropic background with
a vertical symmetry axis (VTI medium), and the other is due to two orthogonal
sets of rotationally invariant fractures in a purely isotropic host rock.

Using the linear slip theory of Schoenberg, we obtain simple analytic expres-
sions for the anisotropic coefficients of the effective orthorhombic media. Under
the assumptions of weak anisotropy of the background medium and small com-
pliances of the fractures, all effective anisotropic parameters reduce to the sum
of the background values and the parameters due to each fracture set. For
the model with a single fracture system, this result allows us to eliminate the
influence of the VTT background by evaluating the differences between the ani-
sotropic parameters defined in the vertical symmetry planes. Then the dimen-
sionless fracture weaknesses, which carry information about both the density
and content of the fracture network, can be determined in the same way as for
fracture-induced HTI (transversely isotropic with a horizontal symmetry axis)
media examined in our previous paper (Part I). The parameter-estimation pro-
cedure can be based on the azimuthally-dependent reflection traveltimes and
prestack amplitudes of P-waves alone, if an estimate of the ratio of the P- and
S-wave vertical velocities is available.

In each vertical symmetry plane of the model with two orthogonal fracture
sets, the anisotropic parameters are largely governed by the weaknesses of the
fractures orthogonal to this plane. Therefore, for weakly anisotropic media the
fracture sets are essentially decoupled, and their parameters can be estimated
by means of two independently performed HTI inversions. It is crucial that
the input data for this model include the vertical velocities (or reflector depth)
because it is necessary to resolve the anisotropic coefficients in each vertical
symmetry plane rather than their differences.

We also discuss several criteria which can be used to distinguish between the
models with one and two fracture sets. For example, the semi-major axis of the
P-wave NMO ellipse and the polarization direction of the vertically traveling
fast shear wave are always parallel to each other for a single system of fractures
but may become orthogonal in the medium with two fracture sets.

Introduction retical and experimental, were devoted to the processing
Characterization of fractured reservoirs using surface and inversion of seismic data acquired over azimuthally
seismic data continues to be a topic of significant ex- anisotropic fractured formations (e.g., Martin and Davis,

ploration interest. A number of publications, both theo- 1987; Mueller, 1991; Lynn et al., 1996; Riiger and Tsvan-
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kin, 1997; Withers and Corrigan, 1997; Tsvankin, 1997a;
Grechka and Tsvankin, 1999a). Fracture-detection algo-
rithms discussed in the literature are largely aimed at
estimating the fracture orientation (under the assump-
tion of a single fracture system) and evaluating seismic
attributes that would provide a measure of relative frac-
ture intensity over the survey area. More quantitative in-
version methods for azimuthally anisotropic media (e.g.,
Grechka and Tsvankin, 1999a; Grechka et al., 1999) are
designed to obtain a certain subset of the anisotropic pa-
rameters of the effective medium. Further interpretation
of the inversion results in terms of the physical proper-
ties of fracture networks requires application of effective
models of fracture media, such as those developed by
Schoenberg (1980, 1983), Hudson (1980, 1981, 1988) and
Thomsen (1995).

This is the second paper of our series of three pub-
lications on seismic fracture characterization. The main
goal of the series is to provide a connection between seis-
mic fracture-detection methods and rock-physics models
of fractured media. In particular, we are interested in
elucidating the dependence of reflection seismic signa-
tures on the physical parameters of the fractures and
developing inversion algorithms for estimating fracture
parameters using P and converted (PS) reflection data.
In the first paper of the series (Bakulin et al., 1999; here-
after referred to as Paper I) we addressed these problems
for the simplest azimuthally anisotropic model — trans-
verse isotropy with a horizontal axis of symmetry (HTI
media).

The HTI model describes a single set of vertical,
parallel, rotationally invariant fractures in a purely iso-
tropic background medium. As discussed in Paper I, the
fracture orientation and the so-called fracture compli-
ances (or weaknesses) introduced in the linear slip the-
ory of Schoenberg (1980, 1983) are the only quantities
constrained by seismic data acquired over HTI forma-
tions. A more detailed information about the fractures
including their shape and degree of saturation is beyond
the capabilities of seismic methods, unless specific as-
sumptions about the fracture microstructure are made.
For instance, if the cracks are known to be penny-shaped
(i-e., they have the shape of oblate spheroids) and iso-
lated from pore space, it is possible to evaluate both the
crack density and fluid saturation using seismic data. Pa-
per I describes several possible ways of inverting normal-
moveout (NMO) velocities and reflection coefficients of
P- and PS-waves for the normal and tangential com-
pliances of the fractures. If the ratio of the vertical P
and S-wave velocities is known, P-wave data alone can
be used to estimate the crack density and distinguish
between dry and fluid-filled cracks.

However, since the rock matrix of most subsurface
formations exhibits some form of anisotropy, it is diffi-
cult to expect that the HTI model can give an adequate
description of typical fractured reservoirs. Here, we ex-
tend the approach of Paper I to more complicated, but
likely more realistic, orthorhombic models. The descrip-
tion of seismic signatures in orthorhombic media can
be significantly simplified by using Tsvankin’s (1997b)
notation based on the analogy between the symmetry
planes of orthorhombic and transversely isotropic me-
dia. For instance, P-wave velocities and traveltimes are
fully controlled by the vertical velocity and five dimen-
sionless anisotropic coefficients introduced by Tsvankin
(1997b), rather than on nine stiffnesses in the conven-
tional notation. Also, this parameterization yields con-
cise expressions for NMO velocities of pure modes re-
flected from a horizontal interface (Grechka and Tsvan-
kin, 1998; Grechka et al., 1999). As shown by Grechka et
al. (1999), eight out of nine parameters of orthorhombic
media with a horizontal symmetry plane can be obtained
from the NMO velocities of horizontal P and split PS
events, provided the vertical velocities or reflector depth
are known. Reflection moveout of P-waves alone is suf-
ficient to find the orientation of the symmetry planes,
NMO velocities within them, and three “anellipticity”
coefficients 7. The parameters 7, however, can be ob-
tained only if dipping events or nonhyperbolic moveout
are available.

While orthorhombic symmetry may be caused by a
variety of physical reasons, in this paper we restrict our-
selves to two orthorhombic models believed to be most
common for fractured reservoirs: (i) a single set of verti-
cal cracks in a background medium characterized by ver-
tical transverse isotropy (VTI), and (ii) two systems of
vertical fractures orthogonal to each other in an isotropic
background medium. If both the intrinsic anisotropy of
the host rock and the anisotropy induced by the fractures
are weak, the anisotropic coefficients of the background
and fractures can be algebraically added in describing
the effective medium. This result provides important in-
sights into the influence of fractures on the effective ani-
sotropy and helps to generalize the parameter-estimation
methodology of Paper I for orthorhombic media. For the
model with a single fracture set in a VTI background, the
azimuthal variation of such seismic signatures as NMO
velocity and amplitude-versus-offset (AVO) gradient is
largely independent of the properties of the background
and can be inverted for the fracture parameters. Also,
we introduce practical strategies to invert the signatures
of P- and PS-waves for the physical parameters of the
medium with two fracture systems.
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One set of vertical fractures in a VTI back-
ground

Effective orthorhombic medium

A single system of vertical fractures embedded in a VTI
matrix yields an effective medium of orthorhombic sym-
metry. According to the linear slip theory developed by
Schoenberg (1980, 1983),* the effective compliance ten-
sor of such a medium can be obtained by simply adding
the excess fracture compliances to the compliance of the
background. The inversion of the resulting compliance
tensor yields the stiffness tensor (and the corresponding
two-index stiffness matrix) of the fracture-induced ortho-
rhombic model. If the fracture faces are perpendicular to
the z1-axis, the effective stiffness matrix c has the follow-
ing form (Schoenberg and Helbig, 1997; Appendix A):

ci1 c12 c3 0 0 0

ci2 c22 c23 0 0 0
o= ci13 ce3 ¢33 0 0 0
- 0 0 0 ca 0 O
0 0 0 0 Cs5 0
0 0 0 0 0 ces
C1 0
= ) (1)
0 Ca
where €; and €; are given by
C11be C1Qbe C13be
¢ = ci2pf ci1p— 1 c13p — P2 ) (2)
c13pl  c13p — 2 C33p — P3
Ca4p 0 0
¢ = 0 casp (1 —Ay) 0 , o (3)
0 0 ceep (1 — Am)

L=1—An, p1 = An clap/ci1p, P2 = AN C12p C135/C115,
p3 = An cizy/c11p, and O is the 3 X 3 zero matrix. cij,
are the stiffness coefficients of the VTI background (con-
strained by ci12p = c11p — 2ce6p), and An, Ay, and Ay
are the dimensionless weaknesses (Schoenberg and Hel-
big, 1997; Bakulin and Molotkov, 1998) that character-
ize the intensity of fracturing and change from zero (no
fractures) to unity (extreme fracturing). The tangential
weaknesses Ay and Ay provide a measure of crack den-
sity whereas the normal weakness Ay contains informa-
tion about the fluid content of the fractures and possible

* Comparison of the linear slip theory with the effective
media theories of Hudson (1980; 1981; 1988) and Thomsen
(1995) can be found in Paper I.

fluid flow between the fractures and pore space (Schoen-
berg and Douma, 1988; Paper I).

The matrix (1) describes a special type of ortho-
rhombic media with the stiffnesses satisfying the relation
(Schoenberg and Helbig, 1997)

c13 (c22 + c12) = ca3 (c11 + c12) - (4)

The existence of the additional constraint (4) stems from
the fact that while general orthorhombic media are char-
acterized by nine independent c;;’s, the fracture-induced
model considered here is defined by only eight quantities:
five stiffness coefficients ci1p, c13p, C33p, Ca4p, and cgep Of
the VTI background and three fracture weaknesses Ay,
Av, and Ag.

Weak-anisotropy approximation

The inversion of surface data for the physical parame-
ters of the fractures requires relating seismic signatures
to the fracture weaknesses An, Ay and Awx. The re-
sults of Grechka and Tsvankin (1999b) and Grechka et al.
(1999) show that in orthorhombic media such commonly
used signatures as NMO velocities and AVO gradients
are most concisely expressed through the dimensionless
anisotropic coefficients introduced by Tsvankin (1997b).
The definitions of Tsvankin’s parameters 2§23
and 412 in terms of the stiffness elements ¢;; are given
in Appendix B. Substituting equations (1)—(3) for the
stiffnesses of the fracture-induced orthorhombic model
yields the anisotropic coefficients €, § and =y as functions
of the weaknesses An, Ay, and Ag.

These exact expressions, however, are too compli-
cated to give an insight into the influence of the fractures
on the effective anisotropic model. Therefore, here we as-
sume that Thomsen’s (1986) anisotropic coefficients ep,
&y, and -y in the VTI background, along with the weak-
nesses Ay, Ay, and A, are small quantities of the same
order. Linearization of the effective stiffness matrix in the
anisotropic parameters leads to equation (A17) show-
ing that for weak anisotropy the effective anisotropic co-
efficients 12, §(123) and 7(1’2) should represent the
sums of the VTI background parameters €5, dp, and -,
and the corresponding anisotropic coefficients of the HTT
medium due to the fractures in an imaginary isotropic
host rock sufficiently close to the VTI background model.
This isotropic medium can be characterized, for instance,
by the P- and S-wave velocities Vp and Vs equal to the
vertical velocities Vpo, and Vso, in the VTI background.

Since this result provides a theoretical underpinning
for most of the subsequent discussion, we prove it for one
of the anisotropic coefficients — the parameter ¢® de-
fined by equation (B3). Substituting the stiffnesses from
equations (1) and (2) into (B3) yields
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2
(2 Gl Ca3b— An (0111, - 2?:)

€= 5 . (5)

2eszp (1 — Ay —22b

33b N C115€33b

Using the definition of the coefficient €, in the VTI back-
ground medium (e, = “42—33b; see Thomsen, 1986),

33b

equation (5) can be rewritten as

2 2
€115 ~C13s

€p — AN
2 2c11p ¢33
6( ) = 2b - (6)
1—-A €13
N Ci1p cass

Linearizing this equation with respect to ¢, and Ay, we
drop the anisotropic term in the denominator to obtain

el —cf
€? gy — Ay 20T U136 (7)
2 c11p C33p
02 —C2 . . .
ﬁ is multiplied by the already
small weakness Ay, it can be replaced in the weak ani-

Since the fraction

sotropy approximation by the corresponding isotropic
quantity 4 g (1 — g), where g = V&y,/Vao, is the ratio
of the squared vertical S- and P-wave velocities in the
background. This allows us to represent equation (7) as

P reg—29(1—g)An. (8)

The combination —2g(1 — g) Ax can be recognized
as the linearization of the anisotropic coefficient ™)
(Riiger, 1997; Tsvankin, 1997a) in an HTI medium due
a single set of vertical fractures embedded in a purely
isotropic rock with the squared S-to-P velocity ratio g
(Paper I). Hence, equation (8) implies that

(2)

€D e+ eV 9)

We conclude that in the weak-anisotropy limit the
anisotropic coefficient € reduces to the sum of the
Thomsen background parameter €, and the coefficient
¢V of the HTI model due to the fractures embedded in
an isotropic medium “close enough” to the VTI back-
ground medium. Similar linearizations for the other ani-
sotropic parameters of the effective orthorhombic model
are given below.

Symmetry plane [x2,x3)] parallel to the fractures

The linearized anisotropic coefficients in the symmetry
plane [z2, 23], derived from equations (B6)—(B8), have
the following form:

e =g, (10)
oW =4, (11)
and

¥ =y + # : (12)

Therefore, in the weak-anisotropy limit the coefficients
e and 6 coincide with those of the VTI background

medium. This is an expected result because if rotation-
ally invariant fractures are introduced into an isotropic
matrix, the plane [z2, 3] represents the so-called iso-
tropy plane of the effective HTI medium. In the isotropy
plane the velocities of all waves are not influenced by
the fractures and remain constant for all propagation di-
rections (e.g., Tsvankin, 1997a). The coefficient 4™ is
different from +, only because, in contrast to the more
conventional model from Paper I, the fractures consid-
ered here are not rotationally invariant (i.e., Ay # Ag).

In addition to the basic set of the anisotropic pa-
rameters introduced by Tsvankin (1997b), it is useful to

consider the “anellipticity” coefficients 7](1’2’3)

respon-
sible for time processing of P-wave data (Grechka and
Tsvankin, 1999b). For weak anisotropy, the n coefficient
in the [z2, z3]-plane given by equation (B10) is also equal

to the background value:
N =, (13)
Symmetry plane [x1,z3] perpendicular to the fractures

The weak-anisotropy approximations of the anisotropic
coefficients in the plane [z1, z3] are given by as follows:

P =¢—29g(1—g)An, (14)

6@ =6, -29[(1 - 29)Ax + Av], (15)
A

NO NPV TH ’ (16)

N =m+2g[Av —gAn]. (17)

Each of the expressions (14)—(17) contains two terms
with a distinctly different physical meaning. The first
term is simply the corresponding anisotropic coefficient
of the VTI background, while the second term absorbs
the influence of the fractures. As discussed above for the
parameter 6(2), the fracture-related terms coincide with
the coefficients ¢V, §), 'y(V), and n(V) derived in Paper
I for a fracture set embedded in an isotropic background.
The constraint on the effective stiffnesses (4) leads
to an additional relationship between the anisotropic co-
efficients. In the weak-anisotropy limit, equation (4) can
be rewritten as
Ay ﬁ 5@ _ s _ (5(2) _ E(1)) 11 _Zgg (18)
It is interesting that the background parameters and the
tangential compliance Ag have no influence on the con-
straint (18) that depends only on the differences be-
tween the anisotropic coeflicients in the vertical symme-
try planes, i.e., on the parameters ¢V, §V) and (V).
As a result, equation (18) is fully analogous to the con-
straint given by Tsvankin (1997a) and Paper I for HTI
media due to rotationally invariant fractures (i.e., for
Ag = Ay).
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Horizontal symmetry plane [z1, 2]

The only Tsvankin’s (1997b) anisotropic coefficient de-
fined in the horizontal plane is §‘® [equation (B9)]. After
the linearization, it becomes

§® =2g[An — An]. (19)

The parameter 6> does not contain any background ani-
sotropic coefficients because [z1, z2] is the isotropy plane
of the VTT medium. Since §® is defined with respect to
the z-axis that is normal to the fractures, equation (19)
coincides with the expression for the generic Thomsen
coefficient § obtained for VTI media due to horizontal
fractures by Schoenberg and Douma (1988).

The linearized anellipticity coefficient 7‘® [equa-
tion (B12)] has the form

n® =2g[An — gAx]. (20)

Estimation of fracture parameters

Since we are mostly interested in evaluating the prop-
erties of the fracture set, it is convenient to remove the
influence of the background medium at the outset of the
inversion procedure. Inspection of equations (10)—(17)
shows that the contribution of the VTI background pa-
rameters can be eliminated by computing the difference
between the anisotropic coefficients in the planes parallel
and orthogonal to the fractures:

e — e =—29(1-g)Aw, (21)
6@ — 6 = _29[(1-29)AN + Av], (22)
4 A % , (23)
n? - =2g[Av — gAx]. (24)

Equations (21)—(24) are identical to the expressions for
eV 6V 4 and p") (respectively) in HTI me-
dia due to a single set of vertical rotationally invari-
ant fractures with the weaknesses Ay and Ay (Paper
I). Therefore, the weaknesses can be determined from
equations (21)—(24) using the HTI expressions described
in detail in Paper L.

Recovery of the anisotropic parameters from surface data
The differences between the anisotropic coefficients de-
fined in the vertical symmetry planes can be obtained
from the azimuthal dependence of normal-moveout ve-
locities and AVO gradients. Azimuthally varying NMO
velocity of the P-wave in a horizontal orthorhombic layer
is described by an ellipse with the semi-axes V},}Ifmo and
V2 in the vertical symmetry planes (Grechka and

P,nmo

Tsvankin, 1998):

VDo = Vo 17250,

(i=1,2). (25)

The difference x between the two d coefficients [equa-
tion (22)] can be evaluated from equations (25) in the
following way:

St A SN T JPLLS (26)
146@ 450 ’

In the orthorhombic model due to a single fracture set,

61 > §? [equation (22)], and the semi-major axis of

the P-wave NMO ellipse points in the direction of the

fracture strike. This result holds for horizontal transverse

isotropy as well (Paper I).

The values of 7® and n*) (or €® and ¢V) can be
obtained using the NMO velocities of P-wave reflections
from dipping interfaces (Grechka and Tsvankin, 1999b)
or nonhyperbolic moveout in the directions parallel and
perpendicular to the fractures (Al-Dajani et al., 1998).
Thus, if an estimate of the Vs /Vp ratio (g) is available,
P-wave moveout data provide sufficient information to
determine the weaknesses Ay and Ay (explicit expres-
sions are given below).

If the P-wave moveout information is limited to the
NMO ellipse of horizontal events, it is possible to ob-
tain the difference v(? — 4 by using the P-wave AVO
gradients in the directions parallel and perpendicular
to the fractures. In the weak-anisotropy approximation,
the variation of the P-wave AVO gradient between the
vertical symmetry planes is governed by the expression
8@ — 61 — 8g (v — 4M) (Riiger, 1998). If the ve-
locity ratio g is known and 6§ — §) has been found
from the P-wave NMO ellipse, the AVO gradient yields
an estimate of v — 4 = —Avy /2. The normal weak-
ness Ay can then be evaluated from §* — §) [equa-
tion (22)]. The algorithm based on the NMO ellipses of
horizontal events and AVO gradients is identical to the
one described in Paper I for HTT media. The presence
of anisotropy in the background has no influence either
on estimating 6 — ) and 4® — 4™ or on inverting
these differences for the weaknesses Ay and Ay.

If shear or converted waves are recorded, their verti-
cal traveltimes (in combination with P-wave data) give
a direct estimate of the Vg/Vp ratio g. The difference
7(2) - ’y(l) represents the shear-wave splitting parame-
ter at vertical incidence conventionally determined from
the time delays between the fast and slow shear or con-
verted waves. Also, the difference between the AVO gra-
dients of the split converted (PS) can be combined with
the azimuthal variation of the P-wave AVO gradient or
the P-wave NMO ellipse to obtain another estimate of
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¥® —~M) A more detailed discussion of the AVO inver-
sion for HTI media is given in Paper L.

Inversion for the weaknesses

While the weaknesses Ay and Ay can be obtained from
the differences in the anisotropic parameters using the
HTTI expressions of Paper I, the remaining weakness Ay
has to be discussed separately. Note that Ax does not
enter any of the differences (21)—(24) despite the fact
that it appears in the equations (12) and (16) for 4" and
v®. However, even if the coefficients v and 4 were
determined separately, they constrain only the combina-
tion 75 — Ag /2 that contains the unknown background
coefficient ;. Therefore, the only source of information
about the weakness Ay is the parameter p® or §
[equations (19) and (20)], which can be estimated using
the NMO velocities of P-wave reflections from dipping
interfaces (Grechka and Tsvankin, 1999b).

If such reflections are not available, a reasonable
simplifying assumption is that the fractures are rota-
tionally invariant, and Ay = Ap. Then the number of
independent medium parameters reduces to seven, and
the coefficients 6® and 7](3) can be expressed as

5(3) — 5(2) _ 5(1) _9 (6(2) _ e(l)), (27)

n® =@ _ (28)

In the following, we assume that seismic data have
been inverted for the differences § —§™®, n® —y® (or
€® — W) 4® _ 4@ and the parameter 5®. It should
be emphasized that determination of the weaknesses Ay
and Ay requires knowledge of any two of the three dif-
ferences 8 — 51, €@ — M and v? — 4@ [if necessary,
the remaining one is given by the constraint (18)]. Then
the fracture weaknesses can be found, for example, from
equations (20), (22) and (24):

(5(2) _ 5(1)) + (,7(2) _ 77(1))

Ay =— 29
N 2g(1-g) 29)
1
T
| =L =) - 6P - @)
77(3)
AH:—-I-gAN. (31)

29

As discussed above, if the coefficient 7(® is unknown, the
data cannot be inverted for the weakness Ag. Note that
in general P-wave moveout data provide not just the
difference between 7® and 5*), but also the individ-
ual values of these coefficients (Grechka and Tsvankin,
1999b; Al-Dajani et al., 1998). Therefore, in addition to
substituting n@) — 77(1) into the equations for the weak-

nesses, we can use the relation n = 1, to determine
the 7 coefficient in the background VTI model.

It should be emphasized that non-negligible values
of both 7™ and n® help to detect the presence of aniso-
tropy in the background and discriminate between HTI
and orthorhombic models. For HTI media, all anisotro-
pic coefficients in one of the symmetry planes should go
to zero, but the ¢, § and y parameters (unlike 1) are diffi-
cult to recover from surface data without known vertical
velocities or reflector depth.

Interpretation of the weaknesses in terms of the
physical properties of the fractures is discussed in Pa-
per L. For rotationally invariant penny-shaped cracks,
the tangential weakness Ay = Ap gives an estimate of
the crack density, while the normal weakness Ay rep-
resents a sensitive, albeit non-unique, indicator of fluid
content.

Numerical ezamples

Although the weak-anisotropy approximations provide a
useful insight into the parameter-estimation problem, it
is preferable to use the exact equations for actual in-
version. In the examples below, we compute the frac-
ture weaknesses Ax, Ay, Ag and the anisotropic coef-
ficient 7, of the background by inverting the values of
X = (6@ —6D)/(146@ +5D), g®, 1@ and p® pre-
sumably extracted from seismic data. The goals of this
numerical study are to examine the sensitivity of the in-
verted parameters to errors in the input data and in the
parameters of the background medium.

Our non-linear inversion algorithm is based on the
equations (1)—(3) for the stiffness elements and on the
exact expressions for the anisotropic coefficients given in
Appendix B. The weak-anisotropy approximations (13)
and (29)—(31) are used only to obtain the initial guesses
for the weaknesses and the coefficient 7,. The parame-
ters of the background medium (contained in the exact
equations for the anisotropic coefficients) are ¢, = 0.1,
8 = 02, % = 0.1, and g = V&, /VEo, = 0.25. The
fracture set is defined by the weaknesses Ay = 0.5,
Ay = Apx = 0.2, which approximately correspond to
penny-shaped gas-filled cracks (see Paper I).

The inversion results are displayed in Figure 1. For
the correct input parameters the inversion algorithm pro-
duces accurate values of the weaknesses and 7. Errors in
the measured anisotropic parameters of up to +0.1 result
in similar (often smaller) errors in the inverted values, so
the parameter-estimation procedure is reasonably stable.
As expected from the analytic results, different inverted
parameters are most sensitive to errors in different mea-
sured quantities. For example, errors in the parameter y
produce comparable distortions in all three weaknesses
reaching +0.1 (Figure 1a). The anellipticity coefficient
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nb is quite sensitive to errors in 7*) (Figure 1b) and
almost independent of the other input parameters in ac-
cordance with the weak-anisotropy approximation (13).
The errors in 7 and p® of about +0.1 cause smaller
errors (£0.05) in the tangential weaknesses Ay and Ag
than in the normal weakness Ay (%0.1; Figures 1b,c).
The weakness Ay is sensitive primarily to errors in 7
(Figure 1d), as suggested by equation (31). In the weak
anisotropy limit, Ay and Ay are independent of 7
[equations (29) and (30)], which is confirmed by Fig-
ure 1d.

In the second test, we examine the influence of errors
in the background parameters g, d, and 7, (which were
assumed known a priori in the previous example) on the
inversion results. Although the only background param-
eter in equations (29)-(31) is the velocity ratio g, the
anisotropic coefficients d, and 7, of the VTI medium are
contained in the exact equations for the stiffnesses and
effective anisotropic parameters. The errors in g of +0.1
or less lead to relatively small errors of only about £0.03
in all inverted parameters except Ay (for Ay the errors
reach +0.1; Figure 2a). The anisotropic coefficients ds
and v, have an even smaller influence on the estimated
quantities, especially on the tangential compliances (Fig-
ure 2b,c). This result is especially encouraging because
the parameters §, and 7, are difficult to estimate from
surface seismic data without information about the ver-
tical velocities or reflector depth.

Two orthogonal fracture sets in isotropic rock
Another practically important fractured model with
orthorhombic symmetry is composed of two orthogo-
nal fracture sets embedded in an isotropic or VTI back-
ground. To simplify the parameter-estimation procedure,
we assume that the fractures are rotationally invariant
and the background matrix is purely isotropic. Choosing
the z1-axis to be perpendicular to the first set of frac-
tures, we obtain the compliance matrices for both frac-
ture systems in equations (A3) and (A14), where due
to the rotational invariance Kvi = Kgi1 = K71 and
Kyvy = Kgs = Krs. Building the effective matrix of the
excess compliance [equation (A12)] and adding the com-
pliance of the isotropic background yields the effective
stiffness matrix [equation (A1)]

ci1 ciz2 c3 0 0 0
c12 c2 ca3 0 0 0
o | €18 23 ca3 0 0 0
0 0 0 C44 0 0
0 0 0 0 e¢5 0
0 0 0 0 0 ces

ou
b,
o

; (32)

where 0 is the 3 x 3 zero matrix, and the matrices & and
C2 are given by

Al1 ms3 )\llml )\l1m2
= D Alimi Alsma Alamy ,  (33)
Al ma Alamy A(ls ms3 —l4)
& = (34)
12 (1 — ATQ) 0 0
0 p(l—Ar1) 0
1-A 1-A
0 0 H ( 1—TA1;£ ATsz)

Here X and p are the Lamé parameters of the background
medium, A = X + 2y, and the coefficients I; and m; are
expressed as

l1=1—AN1, l2=1—7°AN1,
la=1-72An1, la=4r g> AniAna,
mi1=1—An2, m2=1—1rAn2, (35)

g=np/\+2p) =V3/VE,
Dzl—rzANlANQ.

m3 =1-— 7“2 Ana y
r=1-2g,
An; and Ar; (i = 1,2) are the normal and tangential

fracture weaknesses related to the fracture compliances
by the equations

Kni(A+2p)

Ay; = — 2T 2R 36
YT IYEvi (A +2p) (36)
Krip
Ap;= —2iF
r 1+ Krip ®7)

which represent a special case (valid for an isotropic
background) of equations (A4).

Since both fracture planes and the horizontal plane
constitute three orthogonal planes of mirror symme-
try, the effective medium has to be orthorhombic with
the nine independent stiffness elements shown in equa-
tion (32). Our model, however, represents a special case
of general orthorhombic media with only six independent
parameters: A, u, An1, Ari, Ana, and Ars. As follows
from equations (33) and (34), the three additional rela-
tionships (constraints) between the stiffnesses are

c12(c3z + c23) = ciz(caz + c23) (38)
+ ¢s55 1
2 (c11 + c13) = - (L - _) O
(e11 + 1) = (erness — ciy) CcaaCss Ce6 39
and

cast 55 L)

40
C44Cs5 Co6 (40)

2(ca2 +c23) = (022033 - 033) (
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Models with two identical orthogonal fracture sets, char-
acterized by fewer independent parameters, are discussed
in Appendix C.

Anisotropic coefficients in the weak anisotropy
limit

Equations (32)—(35), combined with the definitions from
Appendix B, can be used to express Tsvankin’s (1997b)
anisotropic coefficients in terms of the fracture weak-
nesses A7; and Apn;. Here we restrict ourselves to
the corresponding linearized expressions obtained in the
limit of small fracture compliances Ari» <« 1 and
An1,2 € 1. The result of this linearization can be pre-
dicted from equation (A13): since in the linear approxi-
mation fracture systems are not influenced by each other,
the effective orthorhombic medium is composed of two
HTI media produced by both fracture sets individually.

Symmetry plane [z2, 3]

The anisotropic parameters with the subscript “(1)” are
defined in the symmetry plane [z2, 3], which is parallel
to the first set of fractures and orthogonal to the sec-
ond one. In the absence of the second set, the [z2, z3]-
plane would coincide with the isotropy plane of the HTI
medium caused by the first fracture system. Therefore,
we can expect these parameters to be largely influenced
by the second set of fractures which is orthogonal to the
xo-axis. Indeed, the linearized ¢, 8, v and 7 coefficients
in the [z2, 23] plane depend only on the weaknesses Ay
and Ars:

5(1) = —2g(1—g) AN27 (41)
6W = —2g9[(1-29)Ana + Am], (42)
¢n:_%?, (43)
17(1) = 2g[AT2 — gANz] s (44)

where g = VZ/VZ is the ratio of the squared S- and
P-wave velocities in the background.

Symmetry plane [z1, z3]

Likewise, the linearized anisotropic coefficients in the
symmetry plane [z1,z3] are governed by the weaknesses
of the first fracture set. As follows from the symmetry of
the model, the expressions for the parameters 6(2), 6(2),
® and ® are fully analogous to equations (41)—(44):

€?=-29(1-g)An, (45)
§® = —2¢9[(1—-29g)An1 + Ar1], (46)
NONN A2Tl , (47)
and

n® =2g[Ari — gAm]. (48)

Symmetry plane [z1,z2]
The remaining anisotropic coefficient §©) defined in the
horizontal symmetry plane [z1,x2] is given by

6% =2g[An1 — Ari] —2g[(1 —29) Anz + Ara]. (49)

The linearized parameter §® is equal to the sum of the
generic Thomsen coefficient § caused by horizontal frac-
tures (the first term; see Schoenberg and Douma, 1988)
and the HTI coefficient §” due to vertical fractures (Pa-
per I). To explain this result, recall that 6@ is defined
with respect to the x1-axis that is orthogonal to the first
fracture set (so this set becomes “horizontal”) and lies
in the planes of the second set of fractures (making this
set “vertical”).

The anellipticity coefficient n® [equation (B12)] in
the horizontal plane is

n® = 4 (50)

Relations between the anisotropic coefficients

The nine stiffnesses of the orthorhombic model due to
two orthogonal fracture sets contain only six indepen-
dent quantities (A and p of the background and the frac-
ture weaknesses An1, Ar1, An2, and Ars), which leads
to the three relationships (38)—(40) between the c;;’s.
Rewriting the constraints (38) and (39) through Tsvan-
kin’s (1997b) parameters yields

¥ = ﬁ [6(” — —11 _299] . (6=1,2), (51)
where quadratic and higher-order terms in the anisotro-
pic coefficients were dropped. The same result can be
obtained from the linearized expressions for the anisotro-
pic coefficients in terms of the weaknesses given above.
Equation (51) is identical to the relationship between
eV, 6V and vV in HTI media (Tsvankin, 1997a; Pa-
per I).
The remaining constraint (40) takes the form

§® =60 463 22 (52)

Equations (51) and (52) show that in Tsvankin’s no-
tation our orthorhombic model can be fully described
by the two vertical velocities and four anisotropic coeffi-
cients 62 and 2,

In the special case of penny-shaped gas-filled frac-
tures, the normal and tangential compliances are equal
to each other (Kn1 = K71 and Kn2 = Kr2), and, as no-
ticed by Schoenberg and Sayers (1995), the anellipticity
parameters in the symmetry planes go to zero:

,,7(1) — ,,7(2) — ,’7(3) =0. (53)

Estimation of fracture parameters
The structure of equations (41)—(48) for the anisotropic
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coefficients suggests that estimation of the weaknesses
of the orthogonal fracture sets can be decomposed into
two HTI-type inversions in the vertical symmetry planes
discussed in Paper I. Here, we verify the accuracy of the
weak-anisotropy approximations given above and outline
two possible strategies for obtaining the weaknesses from
surface reflection data. One is based on azimuthally de-
pendent P-wave reflection moveout, while the other uses
both P- and converted-wave data.

P-wave traveltimes

The axes of the P-wave NMO ellipse in a horizontal
orthorhombic layer are always confined to the vertical
symmetry planes, which for our model coincide with the
fracture planes. Therefore, the fracture orientation can
be determined directly from conventional-spread P-wave
moveout recorded over a wide range of azimuths, un-
less the NMO ellipse degenerates into a circle. This and
some other special cases are discussed in detail in Ap-
pendix D. Even if the P-wave NMO velocity from a hor-
izontal reflector is independent of azimuth, the fracture
orientation and the anellipticity coefficients n(l), n(2),
and ® ~ 7™ 4 ® [equation (50)] can be obtained
from the NMO ellipse of a dipping event (Grechka and
Tsvankin, 1999b) or from the azimuthal variation of non-
hyperbolic moveout (Al-Dajani et al., 1998).

Suppose the parameters 6V and 6 have been
found using the semi-axes of the P-wave NMO ellipse
from a horizontal reflector and the vertical velocity [see
equations (25)]. Combining the § coefficients with the
anellipticity parameters n*) and 7® allows us to solve
equations (42), (44), (46), and (48) for the weaknesses:

and
Sl et B

Note that the equations for each pair of weaknesses
[(54)—(55) and (56)—(57)] are identical to those obtained
in Paper I for HTT media due to a single set of rotation-
ally invariant fractures. In principle, the inversion based
on equations (54)—(57) requires knowledge of the squared
velocity ratio g = (Vs/Vp)? that cannot be determined
without shear- or converted-wave data. However, numer-
ical tests in Paper I show that even a relatively rough
estimate of g is sufficient for recovering the weaknesses
with acceptable accuracy.

Any1  Ar1 An2  Agps

Actual 0.30 0.15 0.60 0.30
Estimated  0.28 0.14 0.66 0.21
Actual 0.30 0.15 0 0
Estimated  0.30 0.14 0 0
Actual 0 0 0.60 0.30
Estimated 0 0 0.67 0.21

Table 1. Comparison of the actual fracture parameters with
those estimated by inverting the exact anisotropic coefficients
[equations (32)-(34) and Appendix B| using the linearized
equations (54)—(57); the squared velocity ratio g = 0.25. The
first model (top row) is composed of two orthogonal fracture
sets in an isotropic background, while the second and third
models contain only one fracture set (i.e., they have the HTI
symmetry).

To test the accuracy of the weak-anisotropy approx-
imations (54)—(57), we computed the exact anisotropic
coefficients 82 and 7](1’2) for three fractured models
in Table 1 [using equations (32)—(34) and the defini-
tions from Appendix B] and inverted them for the weak-
nesses in the limit of weak anisotropy. Table 1 shows that
the approximations (54)—(57) give reasonably good esti-
mates of the fracture weaknesses. The only noticeable
error, in the tangential weakness of the second fracture
set, is not associated with the influence of the first set
because it remains the same for the corresponding HTI
model (third row in Table 1).

P- and PS-wave traveltimes

If dipping events are not available and common-midpoint
spreads are not sufficiently long for using nonhyperbolic
moveout, it may be possible to find all fracture weak-
nesses by combining P- and PS-wave data. Similar to
pure modes, the azimuthally varying NMO velocity of
the PS-wave in a horizontal orthorhombic layer is de-
scribed by an ellipse aligned with the vertical symmetry
planes (Grechka et al., 1999). The semi-axes of the P-
and two split PS-wave NMO ellipses (i.e., the symmetry-
plane NMO velocities) can be used to reconstruct the
NMO ellipses of the pure shear waves S; and S» using
the formalism of Grechka et al. (1999). Assuming that
the wave S; represents an SV (in-plane polarized) mode
in the [z2,zs]-plane [subscript “(1)”], the semi-axes of
the shear-wave ellipses can be written as

Vilimo = Va1v/1+27® =VH) (58)
VD imo = Va1v/1 4 200, (59)
Ve = Vea/14 200, (60)
Vs nmo = Vaa/1+29M =V . (61)
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Here oV and ¢® are the anisotropic coefficients,

W _ (Veo\? ) _ s

oV =—] (¢’ =48), (62)
Vsi1

o = (Y20) (e —5®), (63)
Vs2

and Vg1 and Vs2 are the vertical velocities of the split
shear waves:

Vs2 = Vso, (64)

_ /142y
Vs1 = Vso W - (65)

Including the P- and S-wave NMO and vertical ve-
locities into the parameter-estimation procedure makes
it possible to determine the squared vertical-velocity ra-
tio g and six anisotropic coefficients - 82 (12 and
7(1’2). Since the anisotropic parameters depend on only
four fracture weaknesses, the combination of P and PS
provides useful redundancy in the inversion procedure.
The weaknesses can be computed, for example, as

Ary=1-— (%)2 : (66)
Ay =1— (%)2 , (67)
A =— ﬁ [An + g] , (68)
Awz =1 _12g [Am + %] . (69)

Discussion and conclusions

Applying the linear slip theory developed by Schoen-
berg (1980, 1983), we studied two types of orthorhom-
bic media believed to be typical for naturally fractured
reservoirs. The first model contains a single set of ver-
tical fractures embedded in a VTI background (e.g.,
the background anisotropy may be due to fine layering)
while the second is produced by two orthogonal systems
of rotationally invariant fractures in an isotropic host
rock. For both effective models we obtained Tsvankin’s
(1997b) anisotropic parameters, which capture the com-
binations of the stiffness coefficients responsible for com-
monly measured seismic signatures.

To gain a better understanding of the influence of
fractures on the effective medium, we simplified the ani-
sotropic parameters under the assumption of weak back-
ground and fracture-induced anisotropy. For the model
with a single fracture set, the anisotropic coefficients of
the HTI medium due to the fractures are simply added to

the background parameters to produce the linearized ef-
fective parameters of the orthorhombic medium. There-
fore, subtracting the effective coefficients defined in the
vertical symmetry planes eliminates the influence of the
background and reduces the inverse problem to that for
horizontal transverse isotropy (Paper I). The information
necessary for this inversion procedure can be obtained
from the azimuthally dependent P-wave reflection travel-
times alone, if dipping events or nonhyperbolic moveout
are available (also, it is necessary to have an estimate of
P- and S-wave vertical velocities). Alternatively, the in-
version can be performed by combining the P-wave NMO
ellipse from a horizontal reflector with other data, such
as the azimuthally varying P-wave AVO gradient or the
vertical traveltimes and, possibly, NMO velocities of the
split converted (PS) modes. The algorithm based on the
NMO ellipses and AVO gradients of P- and PS-waves
reflected from horizontal interfaces coincides with that
outlined in Paper I for HTI media (i.e., it is independent
of the presence of anisotropy in the background).

In the case of two orthogonal fracture sets, the lin-
earized expressions for the effective anisotropic coeffi-
cients in each vertical symmetry plane contain only the
contribution of the fractures orthogonal to this plane.
As a result, the inversion for the fracture weaknesses
splits into two separate inversion procedures in the sym-
metry planes which can be carried out using the HTI
algorithm of Paper I. In contrast to the model with a
single fracture set, however, determination of the weak-
nesses of both fracture sets requires knowledge of the
vertical velocities in addition to the azimuthally vary-
ing surface seismic signatures. The inversion procedure
for this model may also be based entirely on P-wave re-
flection traveltimes, if the data contain dipping events
or nonhyperbolic moveout; otherwise, it is necessary to
combine P- and PS-wave NMO velocities from horizon-
tal reflectors.

Although both effective media considered in the pa-
per have orthorhombic symmetry, the results of our anal-
ysis indicate several possible ways to identify the correct
underlying physical model. Since in both cases the stiff-
ness tensor is described by fewer independent parameters
then for general orthorhombic media, the anisotropic co-
efficients satisfy several constraints, which are different
for the models with one and two fracture sets. Another
useful criterion is the sign of the anisotropic parameters.
The coefficients e?, §2) and 7(1’2) for the model
with two orthogonal systems of fractures in an isotro-
pic background are always negative [equations (41)—(43)
and (45)—(47)]. In contrast, the anisotropic coefficients
€, and v (and often § as well) defined in the fracture
plane of the model with a single fracture set in a VTI
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background are usually positive. Also, we can distinguish
between the two models by comparing the polarization
direction of the vertically traveling fast shear wave with
the orientation of the semi-major axis of the P-wave
NMO ellipse. For one set of fractures (in either isotro-
pic or VTI background), they always coincide with each
other, whereas for two systems of fractures with different
fluid content they may become orthogonal. This hap-
pens, for example, if the two inequalities Ar; > Atz
and (1 — 2g)AN1 + Ar < (1 — 2g) An2 + Ara (OI‘,
equivalently, 6 > §(V)) are satisfied simultaneously.
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APPENDIX A: Compliance formalism for

fractured media

Here we briefly review both exact and approximate
methods of obtaining effective parameters of fractured
media using the results of Schoenberg (1980, 1983),
Schoenberg and Douma (1988), Schoenberg and Muir
(1989), Nichols et al. (1989), and Molotkov and Bakulin
(1997). A more detailed discussion of different ap-
proaches to effective medium theory for fractured models
can be found in Paper 1.

It is simpler to determine the effective elastic pa-
rameters of fractured media by using the compliances s
instead of the stiffnesses c¢. The effective compliance ma-
trix of a fractured medium can be written as the sum of
the background compliance s; and the so-called matrix
of excess fracture compliance sy:

cl=s=s;, +sy. (A1)
If the background is transversely isotropic with a vertical
symmetry axis (VTI), the matrix s, is given by
— 1
Ch=8§,
Ci1p Ci12p C13p 0
Ci2p Ci1p C13p 0

o o o

Cc13p C13p C33p 0
0 0 0 Ca4p 0
0 0 0 0 Ca4yp 0
0 0 0 0 0 ceep

» (A2)

o O O O©

where c12, = c11, — 2 ce6p. The matrix sy of the excess
compliance of a fracture set with the normal parallel to
the zi-axis can be written as

Ky 0 0
0
0
0
Ky
0 Ky

Sy = y (A3)

o OO oo
OO o oo

o oo o oo

o O O o O
o O o oo

0

where Ky is the normal fracture compliance, and Ky
and Ky are the two shear compliances in the verti-
cal and horizontal directions. The matrix sy in equa-

tion (A3) is assumed to be diagonal, which is not neces-
sarily the case if the fractures are corrugated (Paper I).
Since Kv # K, fractures described by the matrix (A3)
are sometimes called “orthorhombic” (Schoenberg and
Douma, 1988).

It is convenient to replace the excess fracture com-
pliances Kn, Kv, and Kg by the following dimensionless
quantities introduced by Schoenberg and Helbig (1997):

Ay = Kn ci1p
1+ Knecitp '
Ky caqp
Ay = _—, A4
VoI Ky caqp (A4)
Ap = KH cesp _
14+ Kg cesp

Then equation (A3) becomes

Sf:

An/c

Sxfs 00 0 0 0
0 000 0 0
0 000 0 0 (45)
0 000 0 0
0 0 0 0 Srfaw 0

Amn/ceen

0 00 0 0 S

We will call Ay, Ay, Ag the normal, vertical and hori-
zontal weaknesses introduced by the fractures (Bakulin
and Molotkov, 1998). The weaknesses vary from 0 to 1,
with the zero value corresponding to unfractured media
and unity describing heavily fractured media in which
the P- (for Ay =1) or S-wave (for Ay =1 or Ag =1)
velocity vanishes for propagation across the fractures
(Paper I).

Substituting equations (A2) and (A5) into equa-
tion (A1) yields the effective stiffness matrix for a single
fracture set embedded in a VTT background (Schoenberg
and Helbig, 1997):

¢t O
= A.
-(52) "
where
Cnbf Clzbf Clsbf
¢ = ci2pf ci1p — 1 C13p — P2 ) (A7)
cizpl  c13p — P2  €C33p — 3
Ca4yp 0 0
62 = 0 Ca4p (1 — Av) 0 5 (AS)
0 0 C66p (1 — AH)

£=1-Ap, p1 = Anclay/c11p, p2 = AN c12p C13p/C110,
03 = AN c3gy/ci1p, and 0 is the 3 x 3 zero matrix.
Alternatively, the same result can be obtained using
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the series

c=[sp+ Sf]_lz [(T+sy sb_l)sb]_1
:Cb[I—I-Sf cb]_l
=cp ) (—ssep)’, (A9)
k=0

where I is the 6 x 6 identity matrix. The series (A9) con-
verges to (AG) if all eigenvalues of the matrix sfc; have
absolute values less than 1. This is always the case if the
weaknesses An, Ay, Ay, which define nonzero eigenval-
ues of the matrix sy [see equation (A5)], are sufficiently
small.

Equation (A9) can serve as the basis for developing
useful approximations for the effective stiffness matrix c.
If the crack density (or fracture intensity) is small, and
the weaknesses {An, Ay, Ag} < 1, we may truncate
the series (A9) by keeping only linear terms with respect
to An, Ay, and Ap:

CRCp—ChSfFCh. (A10)

It is interesting to note that equation (A10) becomes
ezact if we replace the matrix sy [equation (AB)] by its
linearized version

An

000 O 0
C11p
0 0 00 0 0
. 000 O 0
lin __
SF = 0 000 0 0 (A11)
0 000 Zx 0
b Ap
0 0 0 0 I

The approximation (A10) can be used to obtain two
important results. First, it can be extended in a straight-
forward way to multiple fracture sets (Nichols et al.,
1989). If the effective compliance represents the sum of
the excess compliances of N fracture sets,

N
S = Z Sfi, (A12)
=1
then for the effective stiffness ¢ we have
N
Csz—ZCbSﬁCb- (A13)

i=1

Note that the compliance matrix s¢; cannot be described
by equation (A3) if the normal n; to the ith fracture set
does not coincide with the x;-axis. The matrices sy; for
arbitrary orientation of n; may be obtained from equa-
tion (A3) using the so-called Bond rotation (Winterstein,
1990). For example, the compliance matrix for a fracture
set with the normal n; = [0, 1,0] has the form

o 0 0 0 0 O
0 Ky 0 0 0 O
s = o 0 0 0 0 O (A14)
0 0 0 Ky 0 0
o 0 0 0 0 O
0 0 0 0 0 Kgm

Second, equation (A10) is well-suited for deriving
the weak-anisotropy approximation for the stiffnesses of
effective media formed by fractures embedded in an ani-
sotropic background. We assume that the background
medium is weakly anisotropic, so that

chb = +eci™, (A15)

where ci® is the stiffness matrix of a purely isotropic

solid that approximates c; in some sense, ci™
sotropic” portion of ¢, and € < 1. We also assume that

the elements of the fracture compliance matrix are of the

is the “ani-

same order as € and can be denoted as esy. If we rep-
resent the effective stiffness matrix c in the form similar
to equation (A15), equation (A10) can be rewritten as

ni ani

Rcy  +ec

— (C;,SO +Ecl::.ni) sy (cibso +€ani) ) (A].G)

iso

c® +ec?

Collecting the terms linear in £ yields

ani ani

™M = cf™ — sl (A17)

This equation, valid in the weak-anisotropy limit, can
be loosely interpreted in the following way: the aniso-

ani

tropy ¢*" of an effective medium containing fractures

in an anisotropic background described by c; is equal
to the sum of the background anisotropy c2™ and the
anisotropy caused by the fractures embedded into any
iso

isotropic medium with ¢;° sufficiently close to c; (i.e.,

Lol _q| < g).

Tei=e]]

ci5° has to satisfy the inequality

APPENDIX B: Anisotropic parameters for
orthorhombic media

The basic set of the anisotropic parameters for ortho-
rhombic media was introduced by Tsvankin (1997b).
His notation contains the vertical velocities of the P-
wave and one of the S-waves and seven dimensionless
Thomsen-type (1986) anisotropic coefficients. The defi-
nitions of those parameters in terms of the stiffnesses c;;
and density p are given below.
e Vpo — the P-wave vertical velocity:
Vpo =

css/p (p is the density) . (B1)

e Vso — the vertical velocity of the S-wave polarized
in the z;-direction:

Vso = \/655/,0. (B2)
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o ¢ —the VTI parameter € in the [z1, 23] symmetry
plane normal to the x2-axis (this explains the superscript
“27’ ):

() = Cu T ¢33

= —. B
Yous (B3)

e 5 _ the VTI parameter J in the [z1, z3] plane:

5@ = (c13 + cs5)% — (c33 — c55)?
2c33 (033 - 055) ’

(B4)

e 7® — the VTI parameter ~ in the [z1,x3] plane :
(2) _ C66 — Caa

= ——. B
Yom (B5)

o ¢ — the VTI parameter € in the [x2, 23] symmetry
plane:
D = C22 — €33

= . B
Yous (B6)

e 6 — the VTI parameter § in the [z2, 3] plane:

s = (c23 + €14)? — (c33 — cas)?
B 2c33 (c33 — caa) )

(B7)

o v _ the VTI parameter + in the [z2, 23] plane:
(1) _ C66 — C55

= 66 ~ ©55 B
Y ens (B8)

e §® — the VTI parameter § in the [z1, z2] plane (z;
plays the role of the symmetry axis):

5® = (c12 + ce6)® — (c11 — ce6)’
- 2c11 (c11 — ces) )

(B9)

These nine parameters fully describe wave propaga-
tion in general orthorhombic media. In particular appli-
cations, however, it is convenient to operate with specific
combinations of Tsvankin’s parameters. For example, P-
wave NMO velocity from dipping reflectors depends on
three coefficients 7, which determine the anellipticity of
the P-wave slowness in the symmetry planes (Grechka
and Tsvankin, 1999b). The definitions of p*>®) are anal-
ogous to that of Alkhalifah-Tsvankin (1995) coefficient
7 in VTI media:

e 7Y — the VTI parameter 7 in the [z2, 23] plane:
M _ g
€
= ——. B10
15250 (B10)
o 7® — the VTI parameter 7 in the [z, z3] plane:
@ _ 5@
€
= —. B11
15250 (B11)

o 7® — the VTI parameter 7 in the [z, z2] plane:
o _ D ® 51 49
T = T A 2e@) (1 +260)

Vertical transverse isotropy may be considered as a
special case of orthorhombic media where

(B12)

D =@ — e, (B13)
60 = =g, (B14)
YV =4® =y, (B15)
6@ =o, (B16)
and, as a consequence,

' =n® =1, (B17)
¥ =0. (B18)

APPENDIX C: Two identical fracture sets

If the model includes two identical orthogonal fracture
sets in a purely isotropic background, only four effec-
tive stiffnesses out of nine remain independent because
the stiffness matrix depends on four quantities: A, p,
ANl = ANQ = AN and ATl = ATQ = AT. From equa-
tions (32)—(35) it follows that in this case ci11 = c22,
c13 = 23, and cas = cs5. The constraints (39) and (40)
become identical and, together with (38), may be re-
duced to

c12 (33 + c13) = ci3 (c11 + c13) (C1)
and
2 (c11 + c13) caaces = (2co6 — Caa) (611 €33 — 0?3) . (C2)

We can call this medium “quasi-VTI” because its
stiffness matrix is close to the one for vertical transverse
isotropy. Unlike real VTI media, however, the stiffnesses
of the quasi-VTI model satisfy the constraints (C1)
and (C2) which replace the VTI relationship c¢11 =
c12 + 2 cgs. Physically, the model with two identical frac-
ture sets does not have the VTI symmetry due to the
difference between the normal and shear compliances.
Indeed, the combination of the stiffnesses that has to
vanish in VTI media can be written in the exact form as

4y’ (Kr — Kn)
(14+2puKnN)1+2pKr)
The anisotropic coefficients of quasi-VTI media are de-
scribed by equations (B3)-(B5), (B13)-(B15), and

4p®> A+ p) (Kr — Kn)
2p+A/[1+2(A+p) Ky]

(C3)

€11 — 2¢Cep — C12 =

§® = _

A1+4pKy)

x<u+2u()\+p)(KT—KN)+ 15 20 K

+2u° Kr

-1
1+2(A+p)Kn
1+2puKn ) (G4)

It is interesting to note that quasi-VTI media have two
additional vertical symmetry planes at 45° with respect
to the planes [z1, 23] and [z2, 23]. Expressions for aniso-
tropic coefficients ¢, §(?) and 7(1’2) which could be
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defined within these symmetry planes are different from
those given by equations (41)—(50).

Two identical “scalar” fracture sets

If we further assume that both fracture sets are filled
with gas (i.e., Kn = Kr; Schoenberg and Sayers, 1995;
Paper I), the effective medium becomes VTI. The ef-
fective stiffnesses given below depend only on the back-
ground parameters A and p and the weakness Ar =
1f+“ [equation (37)]:

(I1-Ar)1+Ar(3—49))

e =(A+2p) D ; (C5)
1—- A2
Ci13 = A D T ; (06)
1-Ar(8g—-5
= (A2 BB, (1)
cas = p(l—Ar), (C8)
_1-Arp
066—H1+AT, (C9)
where
D =(1+Ag)[1+Ar (2 —3g)]. (C10)

The five stiffness elements of this three-parametric VTI
medium are related by two constraints that can be ob-
tained by substituting the relation ci11 = c12 + 2 cg6 into
equations (C1) and (C2). In terms of Thomsen’s (1986)
anisotropic coefficients, these constraints take the form

e=0=4v(1+2v)(1—g). (C11)

The equality e = § indicates that the effective medium
is elliptically anisotropic. In the weak anisotropy limit,
equation (C11) yields

e=d=4y(1—g). (C12)

For a typical value g =0.25, e = 6 = 3.

APPENDIX D: Fracture characterization
for two orthogonal fracture sets: special
cases

Azimuthally independent P-wave NMO velocity
In contrast to the case of a single fracture set in an iso-
tropic or VTI background, the orientation of two ortho-
gonal fracture systems cannot always be found from
the P-wave NMO ellipse from a horizontal reflector. If
M = §® or, equivalently,

(1—29)AN1 +AT1=(1—2g)AN2—|—AT2 (D].)

[equations (42) and (46)], the P-wave NMO ellipse de-
generates into a circle. This equation does not necessarily
imply that the two systems of fractures are identical be-
cause it can be satisfied for fracture sets with different

crack density (e.g., A1 > Ar2) and different fluid sat-
uration (An1 < An2). The azimuths of fractures in this
case can be found from the shear-wave polarization direc-
tions or using P-wave reflections from dipping interfaces
and/or the azimuthal variation of P-wave nonhyperbolic
moveout.

Equal tangential weaknesses

If the tangential weaknesses are equal to each other
(A1 = Ars), the anisotropic coefficients v and ®
also become identical [see equations (43) and (47)], and
there is no shear-wave splitting at vertical incidence.
Hence, the fracture orientation cannot be determined
from shear-wave splitting. However, if the fracture sets
have different normal weaknesses (Anx1 # Anz), the
fracture azimuths can be found using P-wave NMO el-
lipses from a horizontal or a dipping reflector.

Identical fracture sets (quasi-VTI medium)

In the case of two identical orthogonal fracture sets, nei-
ther the P-wave NMO ellipse from a horizontal reflector
(it degenerates into a circle because §*) = §(®) nor the
shear-wave polarization directions ('y(l) = 7(2), see Ap-
pendix C) can be used to detect the fracture orientation.
Still, due to the fact that 6 (or n®) differs from zero,
the orientation can be found from normal moveout of P
waves reflected from dipping interfaces or from P-wave
nonhyperbolic moveout. The rest of the inversion proce-
dure is similar to that for the general case of two different
fracture systems.

Despite the absence of shear-wave splitting in the
vertical direction, S-waves can still be used for estima-
tion of the fracture parameters. The wavefront of the
slow shear-wave in quasi-VTI media always has cusps
at 45° with respect to the symmetry planes [z1,z3] and
[x2, 23] (Figure D1) if c11 — 2¢e6 — c12 > 0 (or, equiva-
lently, K+ > Kn; see equation (C3) and Paper I]. This
wavefront structure by itself can be used to identify the
symmetry directions (and, therefore, the fracture strikes)
if a sufficient number of azimuthal measurements is avail-
able. (Another option, as discussed above, is to use P-
wave data.) Once those directions are found, we can use
equations (58)—(65) for the NMO velocities of the S1- and
So-waves in the vertical symmetry planes and estimate
fracture parameters based on equations (66) and (68).
It is interesting that in quasi-VTI media the S-wave
normal-moveout velocities from a horizontal reflector are
defined, strictly speaking, only within the vertical sym-
metry planes because the shear-wave singularity makes
the S-wave offset-traveltime curve non-differentiable in
any other azimuth.

Identical gas-filled fracture sets (VTI medium)
Finally, if two identical fracture sets are gas-filled, the
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Figure D1. Group velocity surfaces of the fast (a) and slow (b) shear waves for the model with two identical orthogonal
fracture sets.The background velocities are Vp = 2 km/s and Vg = 1 km/s. The fracture weaknesses Ay = 0 and A = 0.15
approximately correspond to fluid-filled penny-shaped cracks with a crack density of 7% . (Paper I).

effective medium becomes VTI (Appendix C). Since the
VTI model is azimuthally isotropic, it is impossible to
find the fracture orientation from seismic data. The sin-
gle parameter Ar (or Kr) needed to describe the frac-
tures may be found from any anisotropic coefficient given
by equations (41)-(48) provided that the background
Vs /Vp ratio is known. Estimating several anisotropic co-
efficients provides a redundancy that can be used to ver-
ify the validity of this model [see equation (C11)].
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