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Abstract. Linearized asymptotic inversion of seismic data is carried out in general
anisotropicmedia. In an anisotropicmedium, even if it is homogeneousthe shearwaves
form (instantaneousjaustics. In the absencef causticswe formulatedthe seimicinverse
scatteringporoblemvia the GeneralizedRadonTransform(GRT). In the presencef caustics,
which areassociatedavith multi pathing,we have to rederize the inversionprocedurewhich

is now basedon the weak formulation of the inverseproblem. The key ingredientsare the

Maslov canonicaloperatorsdescribingthe transmissiorfrom the imagepoint to the sources
andthe recevers,anddelicatehigh-dimensionastationaryphaseanalyses.The importance
of causticdn practicalapplicationdbecomespparentn theanalysisof modecornvertedwave

constituentsn sedimentarypasins.

1. Introduction

For wave propagationn mediathatarenon-triially heterogeneousndelastic theformation
of causticsis quite common. Due to the heterogeneity multi-pathing in the set of
characteristicer geometricaraysmight occur while dueto anisotropicelasticitythe quasi-
sheatwave fronts might ‘fold’. Both phenomenaruly coexist in geophysicabpplications,
andmaybe hardto separate.

In theselecture notes,we will focus on the constructionof an asymptoticinversion
formulain the presencef multi-pathedand multi-modewave propagation.The asymptotic
inversion of remote scatteringdatais basedon a separationof medium components:a
smoothcomponent- typically representedby spline functions— thatis knownanddefines
the badkground medium,and a singularcomponent- typically step-functionlike — thatis
unknownmanddefineghe mediumcontrast
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Causticsare supposedo form in the backgroundmedium. The medium contrastis
supposedo be representedy a superpositionof conormalfunctions, i.e., functionsthat
aresingularacrosssuriaces. Asymptoticinversioncarriesout a mappingfrom the singular
supportof the scatteringdata (wave front) to the singularsupportof the mediumcontrast
(interfaces). Underlying the inversionare the assumptionghat: the (incident) wave field
in the backgroundmedium can be evaluatedwith Maslos asymptoticsthe backgrounds
sufficiently smooth),andthe scatteredield canbe evaluatedin the Born approximationthe
contrasts sufficiently localizedandsmall).

The successof the constructionpresentedin these notes relies on the choice of
parametrizatiorof the scatteringdata. Our parametrizations the one of the Generalized
RadonTransform(GRT) andoriginatesateachpointwherethecontrasis to bereconstructed.
The cornventionalparametrizationthe oneof the Kirchhoff diffractionstack,simply usesthe
coordinate®f obsenation. The GRT parametrizatiorunfolds’ thescatteringlata,unlike the
Kirchhoff parametrization.

The simplestform of an asymptoticinversion procedurecan be found in Norton and
Linzer[1]. ThescalarGRT wasintroducedandanalyzedy Beylkin [2, 3, 4, 5] andMiller et
al. [6, 7]. Therelationbetweerthe GRT andinversionof sphericalveragesvashighlighted
by Fawcett [8]. GRT-style inversionformulasfor the linearized elastic inverse problem
have beendevelopedby Beylkin and Burridge [9] for the isotropic caseand by De Hoop
etal. [10, 11], SpenceandDe Hoop[12] andBurridgeetal. [13] for theanisotiopiccase De
HoopandBleistein[14] developeda GRT formalismexploiting a conormalepresentationf
the mediumcontrastfollowing the original work of Bleistein[15]. All theseformulaswere
strictly valid for the caseof singlepathing.Theinclusionof multi-pathingin the (anisotropic)
elasticasymptotianversionformulasis the subjectof thesdecturenotes.A summarycanbe
foundin De Hoop[16].

The outline of thesenotesis asfollows. In the following sectionthe basicequations
for anisotropicelasticwave scatteringare given. Our inversescatteringoroblem,including
multi-pathingandmulti-modesjs formulatedasa Least-Squags(LS) minimumsolution. In
Section3 Maslov asymptotidheoryin anisotropicelasticmediais summarizedin Section4
we introducethe high-frequeng-Born approximatiorto the scatteringoroblem,andanalyze
theassociatedirectscatteringpperatorandits properties Also, usingareciprocityargument,
we introducethe adjoint of the direct scatteringoperator The adjoint operatorrepresents
the processof imaging, i.e., (re)constructinghe singularsupportof the mediumcontrast.
In Section5, upon composingthe adjoint with the orginal direct scatteringoperatorswe
constructthe normal operator In this Sectionwe discussconditionsunderwhich imaging
is possible. Thenwe extract from the normaloperatora pseudo-diferentialconstituent.In
Section6 we finally constructheinversionformulafrom thenormalandtheadjointoperators
and obtain the Maslov extensionof GRT inversion;using a stationary-phasanalysis,we
recover a LS-GRT inversion. Finally, in Section7 we reducethe LS-GRT inversion of



Section6 to thedirectGRT inversion.

2. Thebasic equations

We considera configuration,in which we illuminate a remotescatteringdomain® C IR?
with elasticwavesgeneratedy point bodyforcesat s € 95 ~ S? andobsened by multi-
componenpointreceversatr € OR ~ S? for timest € Ro.

We assumethat S and R do not intersectD, but 0S and OR may have pointsin
common. We denotethe manifold on which experimentsare carriedout by @ = 05 x
OR x IR>¢. Experimentsaresectionsof a vectorbundlewith baseQ andfibrescontaining
the polarizations.To enhanceconsisteng in notation,we denotethe scatteringdomainalso
by X = D. We will analyzethe scatteredield dueto a singularmediumperturbationwith
supportcontainedn X', ontop of a smoothlyvaryingelasticbackgrounaccuging IR3. The
mediumperturbatiorcanbe viewed asthe sectionof a vectorbundlewith baseXx” andfibres
containingscalardensitycombinedwith therankfour stiffnesstensor

The inverseproblemconcerngre)constructinghe singularmedium perturbationfrom
the information on the singular support(wave front) of the scatteredfield measurements.
We assumeéhat we canmeasurédhe arrival time of andamplitudeon the wave front of the
scatteredield, aswell asthe polarizationandthe moveouttangentirection. We will restrict
our analysigo bodywaves.

2.1. Notation

First,weintroducesomebasicnotation.We chooseCartesiartoordinatesn theconfiguration,
andlet s = (s, s9, s3) denotethesourcepositionvector » = (rq, 9, 3) therecever position
vector x = (x1, 2, x3) andy = (y1, ¥o, y3) the scatteringandimagepoint positionvectors,
andt thetime. The mediumis describedy p(x), the scalardensityof mass,andc;;x.(x),
theelasticstiffnesstensor Thewavefieldis representetly thethree-componertisplacement
vectoru(z,t) = (u1(x,t), us(x, t), us(x, t)) andis generatedby a sourcedistribution given
by thebody-forcesourcedensityf (z, t) = (fi(z,t), fa(x, t), fs(x,t)). In thefollowing, we
will employ thesummatiorconvention.

2.2. Governingwaveequation
Thedisplacemenin a heterogeneouanisotropicelasticmediumsatisfieshe wave equation
p 07 u; — ;(cijedypur) = f; - (1)
Let
G(z,z',t) = (Gip(z, 2', 1)) (2)



4
bethe causalGreenstensorwhich—in thetime domain- satisfieqcf. equation(1))

p0;Giy — 0(Cijre0eGrp) = dipd(x — ')S(t) , Gy =0 for t < 0. (3)
In thefrequeny domain,0, — —iw, andwe getf

pw?Gip + 0;(CijrediGryp) = —6ipd(z — ') | 4)

wherefor w € IR, the senseof causalityis lost. In thefollowing, we will considerw to bea
large parameter

3. Madov asymptotics

Here,we summarizehe formulationof Maslov asymptotictheory[17] in anisotropicnedia
with emphasin the evaluationof the Greens tensordefinedin equation(4). For a more
detaileddiscussionwe refer the readerto Kendalland Thomson[18]. For a discussioron
acoustidVlaslov theoryin ageophysicatontet, seeChapmarandDrummond19].

3.1. Raygeometrytraveltime

Let 7(x; ') denotethetravel time alongaray connectinge with ’. Thewave frontis given
by ¥(z',t) = {z | 7(x; ') = t} andthe propagatiorconeby {(z,t) | 7(x; ') — t = 0}.
Thetravel time satisfieghefirst-orderpartial differentialequation(cf. equation(1))

det[p 5,k — Cijkg(aﬂ') (8]7')] =0. (5)
Let
Yo = VaT(z; T') (6)

denotethe slownessvector which is normalto the wave front ¥(z’,¢) at . The slowness
vectorlies on a sextic surface,A(z), consistingof threeovoid sheetsAY) (z), N = 1,2, 3,

eachsurroundingheorigin. To seethis, we definethe phasevelocity V',
1 Oy

W Ve )
sothateay is theunit vectorin thedirectionof ~,,. Substitutingequation(7) into equation(5)
we recognizethat pV? are the eigevaluesof a positive symmetricmatrix with ;;, entries
cijrecyc;. Thusateache, for eachdirectionay, therearethreepositive valuesV ™) (z, a),

N =1,2,3,0f V. Then,asa, sweepgheunit spheregach

V) - ___ Qe 8
Y V(N)(:c,am) ( )

sweepsa closedsheetA™N) (), of A(z).

V=

T In our corvention,the Fouriertransformis givenby G(z, z',t) = (27) ! ffooo G(z,z',w) exp(—iwt) dw.



For geneal « not necessarilpn A, let V) (z, v) be definedby
det[p(a) (V™M) 6y, — cigre(®)7e7;) = 0. (9)

ThefunctionsV™) arepositive homogeneousf degreeonein «; in view of equation(8) the
surfaceA™) () is givenby

VM (@,y) =1. (10)
For wavesin mode N we maythenwrite equation(5) in theform
V(@ Ver)=1. (11)

It is standardpracticeto solve equation(11) by the method of characteristics. The
characteristicurvesfollow from theequalities

dz; dr d;

5, VM = 32, Y = g, ) (12)
By thehomogeneityf V(™) in 4 andEuler’s relation,we have
O O (13)
With thisrelation,equation(12) impliesthe Hamiltonsystem
dx; dv;
t — 9. YW —n__5 P 14
d,]_ a’YzV ) dT aw’bv ’ ( )

subjectto the constraint(10), the generalsolutions of which are the bicharacteristics
(2™ (1), 42" (7)) in phasgz~)-space Thetracesof (V) (r) aretheraysin ordinaryspace.
Addingto theHamiltonsystemaninitial condition,theoneassociatedvith the Greenstensor
(cf. equation(3))
N — o) — N — ) — Oy 2 2

:I:( )(T—O)—afl, ’Y( )(T—O)—m, amIESw/CS (15)
for example, the bicharacteristicform a three-dimensionamanifold embeddedn R°.
Particular coordinateson this manifold follow from equation(6). (S2, denotesa subsetof
theunit spherefor lateruse,we introducecoordinategq;, ¢») onthis sphere.)

Considerthe Hamiltonian

HO) =y 1.
Via theinverseLegendreransformationthis Hamiltoniancanbe mappednto a Lagrangian,
homogeneousf degreeonein
-~ dr
This relationinducesa mappingfrom the slownessvector+ to the groupvelocity v ateach
x. In view of equation(13) thesevectorsare eachothers polarreciprocalsj.e. v;v; = 1,

=0,V =9, H"N) . (16)

U
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whichreflectsthefactthatv representthe coordinate®f atangentvectorwhile v represents
the coordinate®f the correspondingotangentector In accordancevith this obsenation,
we introducethe mappingfrom the groupvelocity to the slownessvectory = ~(z,v). The
Lagrangiarthenfollows as(EpsteinandSniatycki[20])

LN (@, v) = vz, v) vi = H™ (2, v (2, v)) = iz, v) vi , (17)

in view of constrain(10). In fact,with ~ parametrizinghe bicharacteristicsL, ™) (z, v) = 1
(equation(13)); we find thatalongthe bicharacteristics

dr™) = 'yl-(N)dxz(N) . (18)

If there are multiple rays connectingz with «’, we emplg/ the more careful notation
T(x; ', agr), Or T(x; ) in shorthand,to identify each individual ray. This way,
the geometryof the bicharacteristicsvith initial conditions(15) will be representedy
(2™ (2', o), ¥5 (', ). We will omit the superscript™) in subsectionsvhereit is
irrelevantwhich themodeunderconsideratiors.

The form ~;dz; is denotedasthe fundamentabymplecticoneform. Takingits exterior
derwvative,leadsto the standardsymplecticform in phasespaceit is givenby dv; A dz;. The

restrictionof this form to the manifold of bicharacteristicganishesbecause

d(817') N d.TZ = (8]827) dﬂ’)j N d.CL'Z

= Zz d(ﬁfr) dﬂ?z N diL‘Z + Z]¢Z(8jaﬂ') [dxj N d.TZ + dﬂ?z VAN dﬂﬁj] =0.

Thisis thegenericpropertyof so-called_agrangianmanifolds.

3.2. Thepartial Legende transformation

O X, (Y. %7) X
;. 2x73%") -
T ) T
t T(x;x)

Figure 1. The Legendretransformatiorandthe Maslos phase
function.
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Applying the integrated partial Legendretransformationto the travel time function
compriseghefollowing procedureLet thesubsetd U I = {1, 2, 3} inducea partitioningof
subscriptsz € I labelsat mosttwo out of threecoordinatesindz € I theremainingone(s),
sothat (v, z;) constitutepropercoordinatesn the Lagrangianmanifold over a region ;.
We will denotea pointin this manifold by A; if A € €y, it hasa neighborhoodadmitting
a diffeomorphicprojectiononto the (7, z7)-domain. Let X; denotethe pointin the plane
z; = constantwherethe wave front has (projected)slovnessy;; the mappingy; — X;
represents changeof coordinate®n the Lagrangiarmanifold.

TheLegendretransforme of 7 is thengivenby

o(vr, vp; ') = (X1 (v, 2p), o ') — 7. Xo(vr, 1) - (19)
Differentiatingexpression(19) with respecto ;, sincedx, 7 = vy, it followsthat

0,,0 = —X; for z; fixed (0,,¢ =~ for v; fixed). (20)
Fromequationg19)-(20)it alsofollowsthat

o(vr 2 &) — (05, 9) (v 2p) = 7(Xi(yr, xp), 25 &) (21)

The function ¢ in turn definesa hypersuréce {(y;, z;,t) | t — é(yr, z5;2") = 0}. The
Legendrearansformatiorcanbereappliedo ¢ to yield

T(Xn, 25 2') = o(vi(X1, 1), 215 2") + X0 (X1, 27)
andwe recovertheoriginaltravel timefunction. Now, in view of equation(20), it followsthat
Ox,7= o for z; fixed (0,,7 =~; for z; fixed . (22)
Notethat ¢ satisfiesa pseudo-diferentialequationof thetype(11), viz.
VN (=0, 6, 21,71, 0ay) =1 . (23)
Fromequation(19) we constructhe phasdunction(seefigure 1)

19(71: T; wl) = (b(’}/[, Tr; ml) + %,
(24)
= 7(Xr(yr, zr), o3 @) + vl — X (y1, 21)) -
This is the arrival time at z; of a ‘constanty wave’ reachingX; attime 7(X;, zj; '), see
figure2. At z; = X;(vr, 1) this phasés stationaryi.e.
0y (v 25 2') = w1 — Xi(yr,21) =0 when vy =v,(z', )  (25)

is associatedvith the geometricakay connectinge’ with z(2’, az/). The stationaryphase
argumentieadsto

H(Vz)r, x5 2') = 7(252") (26)
onthebicharacteristicayhile
Vel ((Vz)1, T 2') = 74 - (27)

The partialLegendretransformations illustratedin the (¢z;-)domain,in figure 1.



8

3.3. TheMaslov canonicalopemator

Vi(x, =X, (Yr.xp)

Figure 2. Contritutionsfrom neighboringraysat the point of
obsenationwith coordinateg,.

In the high-frequeng approximation, the Greens tensor decomposesnto three
uncouplednodesN € {1, 2, 3}, associatewvith qR, gS1landgS2polarizedvave constituents.
The (‘one-way’) Maslov asymptoticrepresentatiofior eachmodeon a givenregion, 2;, of
theLagrangiammanifoldis givenby

w1172
(N) 1w
Gy, (z, 2, w) ~ (—) X

27 (28)

[ B 252) € (X1, 21), 1)) @) explio 9 (s, 5] dys

(seefigures2 and 3). Note thatthe Legendretransformatiorof travel time generatesa term
Y(z, — X,(v1,25)) in the Maslos phasefunction (24), which implies that the integrand
in equation(28) is a (high-frequeng) representatiorof the Greens tensorin the spatial
Fourier (wvy;-)domain. The entire amplitudetensorappearingn the oscillatory integral of
equation(28)is yetto bedeterminedAs before we will freely omit thesuperscripts™.

In the stationaryphaseanalysis(cf. equationg25)-(27))of equation(28) we encounter
the|I| x |I| Hessian

90Xy

3—7% B ot
usingequation24). Carryingoutthis stationaryphaseanalysisof theMaslov representatian

for x; fixed, (29)

1 Away from conical points, in the absenceof kiss or intersectionsingularities(for a treatmentof thosesee
CoatesandChapmarj21]).

1 Thom's theoremcanbe employedto prescribea normalform of the Maslov phasefunction [22]; this form
canbeusedto evaluatethe slovnessntegral representatioat a caustic[23].



away from causticsyieldsthe mappingfrom B) to thegeometricatay amplitudeA™,

A(XI(’YI(:EI: am’)a .Q','I’(il?l, a:l:’))a iCj(lU,, a:l:’)a :BI) = (30)
B(yi(2', o), zp(x', g ); ')

VI det[hr(z', o))

exp [i%ﬂsgn(w) inerdex hy (', am,)] ,

with
, 029
hr(z', ag) = (W) ‘ , / R (31)
i (vl(w’aw’)a$($7aw’);m)
which, with the aid of expression(29), canberewrittenas
X
hi (', ) = — (%)‘ , (32)
g (Vl(wlaaw')vxl_(wlvail?'))

and

. 0X1 ) 00Xy
inerdexh; = X (sgnh; + |I]) = l(—s n (—) + I) = —inerdex (—),
1 =5 (sgnhy +|I]) = 5(—sg 3, 1] O

(33)

theinertial index of h; (its numberof positive eigervalues). The Jacobiann the right-hand

Figure 3. TheMaslov integral.

sideof equation(32) is relatedto the geometricabpreadingseefigure 4.

Let us now analyzeand comparerepresentationsf the type (28), andtheir stationary
phaseapproximationsat differentpoints,A and\’ say onacurwe, ¢ say containedn Q; (see
Mishchenlo etal. [24]). Assumingthat B is well definedeverywhereon €);, but allowing the
occurrencef asingularpoint} associateavith a caustic(in the z-domain)on the curve, the

1 A point A in the Lagrangianmanifold is said to be nonsingularif it hasa neighborhoodadmitting a
diffeomorphicprojectionontothe z-domain.
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pathindex is introducedas

ind £[A, '] = —inerdex <%> (34)

VI
Theindex countsthe numberof change®f signin the curvaturesof the wave front between
(theprojectionsof) thenon-singulapoints A’ and . A ray lifts to acurve ontheLagrangian
manifoldthatcanbe brokenup into sggments/ C ;. Theaccumulatiorof theindicesind ¢
alongthe curwe is the so-calledKMAH index o: in the presencef causticsthe amplitude
A connectingz with =’ becomesomplex with phasefactorexp[izmsgn(w) o(z (', o))
[25, 26].

Ontheotherhand,representation@8) on overlappingregions); N ©2; say—where2;
admitscoordinateqy;, z ;) — should‘match’ asymptoticallyat a commonpoint. A special
caseof suchamatchwasdiscussedh equationg30)-(33)whereJ = () and.J = {1,2,3}. In
generallet usintroducethe setnotation

+ inerdex <%)
o1

A XN

gre€INJ and jrelnJ.

Thenwe have to applythe cascad®f (inverse)Fouriertransforms,
Y (¥ () -\ INT|/2
w 1w .
(?) / (%) /eXp[Zw ('VJ_I‘TJ_I - ’yjijf)] cedyngderny
to theintegrandof theintegralin equation(28)
BN (1, 25;2') € (X1 (1, 20), 21)é8 (') expliw ¢ (11, 27; @)

to obtaintheintegrandin arepresentationf thetype
w7172
1w .
<%> / -~ expliw v,2,] dvys ,
whichresemblesepresentatiof28) ontheregion 2; (cf. equation(24)). Thefactorin front
of the Fouriertransformsanberewritten as(with (—1) = exp [—i])

(—iw)mJW (i_w)mj|/2 _ (_1)|I'0J\/2 (iﬁ)(mJ|+mJ|)/2 .
27 2T 2
Thephaseof this cascad®f Fouriertransformsg(vr, z7; €') 4 73,25, — 7,,%,,, is stationary
(comparesquation(25)) if

Ty = _a’YjIQS(fYI::Ef; wl) = XJ_I(fYIaxf) )

(35)

Y = Ou dzna) = (v ar)
(usingequation(20)). This systemof equationgepresentshe transformatiorof coordinates
(v, 27) O (Vg 25) ) = vy 5 Y — T3 0N N Q.
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Carrying out the stationaryphaseanalysisof the cascadeof Fourier transforms,we
encountethe Hessiarof ¢(v;, zr; ') with respecto the coordinategz,_, v;,), which with
theaid of equation(35) canbewrittenasthe (|I N J| + [INJ|) x (|[INJ|+ |INJ|) Jacobian

8(7]1?7 _le)
6($]f7 ,YJ_I)
Thenthe phaseactorassociateavith the stationaryphaseanalysiss givenby

(36)

jiss(v,xr) =

exp [z (%ngn(w) inerdex jr_,; + w{o(vr, x5 &) + V5,25, — fyjj_:ch_})] :
evaluatedat the stationarypoint set(cf. equation(35)), with

inerdex jr_,; = % (Sgnd_>J +|INnJ|+|In J\) ) (37)
Hence thetransformatiorof representatio(28) on(2; to theassociatedepresentatioon(;
amountgo a multiplicationby the phasdactor(Mishchenlo etal. [24,4.1.2]),

expli (37sgn(w) cry +wdpy)],
with

cry = inerdexj;,; — |[INJ|, (38)

diy = ¢y, apa) — (v, o) + V525 — 77, (39)

(representinghedifferencen partialLegendreransformationsy;, v;, —v,.z,. = v.2,—7,7,),
andadivision of thekind

B(’)’[, e :BI)
| det[j;- ]|

in accordancavith thecoordinatdransformatiorgivenby equation(35). It canbeshowvn that
d;s is areal-valuedconstan{d d;; = 0) whereag;; is anintegerto beconsiderednod 4.
Away from causticsn the z-domain,in the casewhereJ = () and.J = {1, 2,3} (hence
InJ = ( also)we find theidentificationj;_,; — h; (cf. equation(36)). Equation(35) then
reducedo equation(25),i.e.,z; = X;(v, z;) while d;; = 0. Uponapplyingthe analysisof
equation(30) to representation@8) on 2; andon €2 ;, andmatchingtheresults Jeadsto the
obsenationthattheindex c;; of the pair (€2, 2;) candirectly berelatedto theray geometry

accordingto
+ inerdex <%>
07

B(vs,z5;a) = (40)

(41)

crj = —inerdex | ——
afyI by by

(compareequation(34)). It canbe shavn that the differencein equation(41) is constant
(mod 4) onthesetof all non-singulapointsA € Q; N Q; (Maslosr andFedoriuk[17, Lemma
6.4]). Asaconsequencdheindex ind £ in equation(34)alongacurwve ¢ containedn Q; N,
doesnotdependdnthechoiceof coordinates.
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Figure 4. lllustration of the geometricakpreading- of a qSV
wave — in the z, direction. In gray aredepictedthe differences
AX, andA~,; on S? is shavn the differencein groupdirection
associatewvith AX,.

3.4. Thetransportequation

We will now discusghe equationghat{ and B, appearingn theintegrandof equation(28),
shouldsatisfy To thisend,implicitly, wewill developa‘commutationformula’ for theelastic
wave operatordefinedby equation(3) andthe Maslov integral givenin equation(28), see
Maslov andFedoriuk[17, §8.3].

While substitutingepresentatio(28)into equation4), wewill make useof thefollowing
derivatives:from equation(24) we obtain

0,V =", (42)
whereadrom equation(24) with equation(20) we obtain
O, = 0y, = y; for v fixed, (43)

where,implicitly, v; = % (71, z7).
Carryingout the substitutioninto equation(4), andcollectingtermsO(w™), n = 2,1, 0,
yields(n = 2 — m; m increasesvith smoothness)
2 i\ 1/2
w . \2-m
S (5) )o@

(44)

/Ii(;l?_m)(wa')’; ') expliw 9™ (v, z; @) dv; =0,
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where,with Cijke = péz’jkéa

I (@, v 2') =

w
[0ik — Cirkwr () VY — Cimkw () VeV — Cikr () VY — Cimnr () VY7 ] (45)
BM(yr,zp; @) &7 (X1 (vr, 21), 218 (@)

in whichs,+/ € I andz,7’ € I, and(sinced,, { B") §,(€N)§I(,N)} =0)

I (z, ;') = ~[p(@)] ™
[(awlcizkz’)(m) Yo + (a;cgciikz’)(m) Yo + (awlcizki’)(m) Y + (awgciiki’)(m) ’YZ’]

BN (yy,zp;2') M (X1 (vr, 21), 21) 8V (')
(46)

_[éizlci’ (ZS)’Y, azi/ + éiikz’ (m)'Yz’ az; + éiiki’ (m)'Yi 6%/
+Cizkw (CU)’YE’ 8:57 + Cimw (w)(azz%’)]
BM (yp,zr; @) (X1 (v, 1), 2r)€N (@)

andsoon. Here,partialderivativesof mediumparametergnclosedn parenthese$g,. ¢ )

for instancearetakenundertheassumptiorthat{z,, z;} aretheindependentariablesj.e.,
suchderiativesrelatesimply to the aguments.In expressiong45)-(46),z = (z;,z;) and
~; are not necessarilyconnectedhroughthe mappingz; = X;(v;,z;) via a point on a
bicharacteristic Also, notethatI,-(;’) dependsn x; throughthe mediumparametergscalar
densityandstiffnesstensor)only. Let usnow expandIi(;L) asafunctionof z; in aTaylorseries
aboutz; = X:

o (@, ;') = Io) (X, or, v, &) + (2, — X)) R (X, @, ;&) (47)

1P

SinceRg‘p) representshe higherordertermsin a Taylor seriesjts dependencen z; is via a

polynomialin z; — X;. In view of equation(25), we have
(iw) ', expliw 9™ (1, 2; 2")] = [z, — X, (71, 27)] expliw 9N (y7, z; ')

sothatthesecondermin equation(47) inducesa contributionto theintegralin equation(44)
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of thetype

/ (z, — X)) RE (X1, 2, v; @) expliwd™ (v, z; 2')] dyr
= ()™ [ 0 {RG) (X1, 1), 2,952 explioo 9 (1, 23 2)]} dys (49)

—(iw) ™! / {0, RE) (Xr(r, 1), 2, v; &)} expliw 9™ (yr, 2 2')] oy -

With the aid of Gauss’divergencetheorem|it canbe showvn thatthe first term on the right-
handsideof this equationyields a boundarycontritution that canbe eliminated;the second
termtransfersntoI(" Y. We will focusontheleading-ordeterms(n = 2).

Since

R( )(XI’ L, YT ) (8%:[1;1 )(Xfa Ty, s wl)

1P

+%($ )(8 aﬂhIzp )(vaxf77;a:l)+"' )
we find that
_a Rzzp (XI(’YIaxI) Tp, Y& )

= 0,, { (0x, Cijie) (X1 (71, TF), TF) V57Ye
B, 2') € (X, 00), 50)Ef (@) |
—3(07,Xv) (71, @7) (s, On, i) (X1 (V15 7), 27) Vive
BM (v, zp @) & (Xi(vr, 1), 20) €M (@) + -+ (49)
= (0. r) (X1 21), 1) 05 {170
B, 2') 6 (X (o, ), eV @) |
+5(07, X)) (V1> 7) (Ba,, O, Eigne) (X1 (V1> 27), 1) 757Ve
BM (v, zr; ') €M (Xe(yr, 1), 2) € (@) + -+
andsoon.

Upon substitutingequation(45) andequation(46) togethemwith (49) into equation(44),
collecting terms O(w?), yields an equationfor ¢: I(I,)(Xf(yf,xl) zp,v;x2') = 0 or
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(cf. equation(45))

[0 — e Xr, 2r)vve € (X1 (v, 1), 1) = 0, (50)
the solutionsof which arethe polarizationvectorson bicharacteristicsCollectingall terms
O(w), yieldsanequationfor B (cf. equationg46) and(49)). Takingtermsin equation(46)
togetherfor instance,

Cinkr (X1, 27)% On,y + Cinkw (X1, 21) V2 Onyy = Cijiw (X1, 21) Y5 Oy
we obtain

[p(X1, 1)~ On; (pCijie) (X1, 21) e
BN (yr,ar ) & (X1 (yr, 21), 21)EN (')
+Cijr (X1, 1) O,y + Ciake( X1, 7)Y Op, + Cinkw (X1, 27) (O, 7))

B (v, zp; &)™ (X1 (vr, 27), 1) EN ()

(51)
— (O, Cije) (X1, 71) O, {%’%

B, @) € (X (o, ), 20)Ef @) |
—%(an,,) (awl/ Ox, éijkf) (X1, 77) Yive
B (o) 7 (Xi (v, 77), )€ (2) = 0.
Next, we contractthis equationwith the polarizationvectorgi(N) (X1(yr,25),z5). In this

processve will make useof severalidentities.First, notethatd,.v, = 0. Secondexploiting
thesymmetryof the stiffnesstensorwe find theidentity associateavith theseconderm,

&M (X1 (yr, 1), @1) s (X1, o1); (00, €0 (X1 (vr, 27), 7))
M(x 1), 1) aane (X1, 27) e (D€ (X 1), a1
+§z ( I(’YI;-T[),-T])C”ICE( I;-Q:I)’YZ( l‘ié—k ( I(’Y[,.T]),l'[))
M (x D), 27) e (X1, 27) (Oyve) €8 (X D), T7
+f, ( 1(71,331)a331)0uk1£( 1,551)( a:ﬂz)fk ( I(W’I,I[)afﬂf)

= Cime( X1, 1) O, {% é-i(N)é-IE;N) (X1(vr, 21), 17)} .
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Third, in view of thesymmetryof the stiffnesstensoragain,we have

&N (X1, 2 e (X1, 21)7; & (X1, 20) 00, BY (71, 275 @)
+fi(N) (X1, 27)Cane (X1, 1) ve fi(cN) (X1, l"f)amB(N) (v zp; ')
=26 (X1, ) eane( X1, 21) 04" (X1, 27) 0, BN (71, 215 2')

Fourth,associateavith thethird term,

&M (X (v1,27), 27) (D ijie) (X1, 27) Y72 O &8 (Xt (1, 27), 7)

= —1(Onijee) (X1, 77) 177205, {&" (Xi (v, 20), 20) 6 (X (yr,21), 27) | -

Theoutcomeof the contractionyeorderingerms,thenfollows as,

[o(X1, 7)) 720s, (ptijie) (X1, 21) §VEN (X1, 27) 1B (1, 213 2') €V (')
+eane (X1, 27) O, {6060 (X (yr, 27), 21) v} BN (yr, 375 2') €6 (')
+26iake(X7, 1) €V (X1, 21) e 00 { BN (1, 2132) V(') }
—5(0,Xr) (B, O, Cijie) (X1, 20) €N (X1, 20) vve
BM (yp, x5 ') €V (')
— 300, Eie) (X1, 1) By, {EV G (X1 (v, 1), 1) v (52)
B™ (yp,zp; &) €M (')
~1 (B, ijre) (X1, 27) EMVEN (X7, 1) By, {7576}
B (v, a1, ') €M) (')
— (D) (X1, z7) EVEN (X1, 27) vive

Oy, { BN (v, 252" €M ()} = 0.
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We will now employ afifth identity, associateavith the sixthterm,

500, Eij0e) (X1, 27) €706 (X1, 1) 01, {0}
(@:ﬁmkﬁ)(XIaxI)f( f (XI:$I)7
(O, ite) (X1, 7)€ (X, 1) (9790
to eliminate(0,, é.x¢) from thefirst termin equation(52). This leadsto
[o(X1,27)) (00, 0) ijre( X1, 27) €V (X1, 27) 1 B™ (1, 27 2') €V (')
+(Oasline) (X1, 27) G (X1, 20) 7B (1, 073 2) €6 (')
+eiane (X1, 27) O {€V G (Xt (11, 27), 27) v} BN (v, 27 2') €4V ()
+2eake( X1, 27) &N (X1, 27) 700 { BN (1, 27 2) €V (') }
~5(0,,X0) (0o, 0n, ijne) (X1, 1) 6N (X1, 21) e
BM (yp, ap; &) €M ()
(53)
— 2 (Onigne) (X1, 27) 05, {€ 6N (X1 (1, 1), 1) Yi0e
BM (yy,p;a’) €M ()
(@ﬁuk@)(XIanI)g fk (Xfa‘rf) (Oy,72) e
BM (yy, ap; &) €M ()
— (05, Eane) (X1, 1) €MV (X1, 27) e

0y {BM(yr,zr; @) €M ()} = 0.

At this stagewe will make useof a sixth identity associateavith the seventhterm,
0y, % = 04,050 = 04,05,0 = =0, X,

(cf. equationg43)and(20)). Thenwe rewrite themediumcoeficientof thesumof thesecond
andseventhtermsasfollows,

(OsCinke) (X1, 2F) — (O, Ciawe) (X1, 25) (04, %1) = Oy {Citke( X1 (1, x5), 27) } -
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Hence,taking togetherthe second,third and seventh terms, and the fifth and sixth terms,
yields

(X1, )] (D) e X1, 1) €V (X1, 21) e

[BM (v, ap; ) V) ()2
00, { e X1, 27) €N (X1, 20) 9 BV (11, 27 2) 0 ()]} (54)
+05, {— 5 @n i) (X1, 27) ENEN (X1 (91, 77, 27) Y57

[B(N) (v, zp; ') 51(,]\])(1?/)]2} —-0.

In this equationwe recognizethe Hamilton systemof equation(14): the Hamiltoniany®)
in equation(9) canbe expressedn termsof eigervectors¢ V) of thematrix Cijke(2) Ve,

V) (@, 3)? = eine() €6 () v7e - (55)
Henceonthebicharacteristics,
awv(N) = éﬁszz(N)f/(cN) Ye )
(56)
~0, V™ = —L(0r 0 €M™ 7
Substitutingequation56) into equation(14),andidentifyingtheresultingsystemwith factors
in the secondandthird termsof equation(54), finally yields

dx; , ,
p~ (0, 0) (X1, 27) = [BY) (v, zpy ') €5 ()]

dr

dz; ) '
1, { U4 500 () 0 )12} (57)

+<9m{d% (BN (yr, zp; ") €7 () ? }:0.

Hence,

L 1og {p(X1,2) BV (1, 27 2') € ()2

dr
. d, dz;
—-o, {2} -a {2} (58)

where,in the right-handside, we recognize(minus)the divergenceof a vector the ‘group’
vector givenby thecomponents

d% de
drdr /|
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This vector is the tangent vector to the bicharacteristicprojectedonto the (y;zf)-space.
The ‘wave front’ in this spaceis determinedby an equationof the type ¢ (v, z5; ') = ¢
(equation(19)). Thenormalto this front follows from the gradientof ¢,

(01,6, 02,8) = (X1, 77)

(equation(20)), denotedasthe ‘phase’vector
With theaid of Smirno/’slemmal27, p.442],thesolutionof equation(58) canbewritten
in termsof aJacobian,

(X 27) (B 5 ) @) = {1
with M(%,xl):|detl% ]|. (59)
A2 5 (v )

Here, (g1, ¢2) arecoordinate®n S2, (seeequation(15)) andC; is a constan{independenof
(’717 mf))

The structureof solution(59) revealsthe conserationof power flux. Fromthis structure
we now extractanamplitudefunction B directly associateavith the Lagrangiarmanifold,

Y2

(XY %), %1)

Figure 5. The Lagrangianmanifold. lllustration of volume
elements.

) do
exp [l%arg (dwdxfﬂ . (60)

The expressioninside the square-rootepresents Radon-Nilodym derwvative of measures
[28, Section11.6 — Theorem23]; o representshe three curvi-linear coordinateson the

I
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Lagrangiarmanifold generatedby the bicharacteristicsyhile do- denotesa volumeelement
For the specialcasewherel = (), I = {1,2,3}, B reducesto the geometricalray
amplitudeA andequation(60) reducego
d
Az;z') = A(z; ') ‘E exp lz’%arg <£>] : (61)
multiplicationby aphasedactor (Similarly, the mapping(40) becomes phasamultiplication
betweercorrespondings’s.)
JacobianM in a specialform. If the local, orthogonalcoordinatesassociatedvith = are
choserin awave-frontnormalsensej.e. ¢ = (z*, z*) wherez* represents vectorin the

in this manifold(figure5).
do
In view of equation(30), the mappingfrom B to .A on the bicharacteristicgs just a
Also, in the expressionfor A(z; ') following from equation(59), we can write the
wave front X (2, 7) while 2z is the coordinatenormalto thewave front, then

—1det 1277 ] et [ 2D ] 1
M(@_‘dtlav"’]‘d tla(ql,qg)] Viz), (62)
with
ot [20%) ] _ o)
et la(qh%)] V(z)]?’ (63)

wherey”” denotesvectorontheslownesssurfaceA’ = A(z') atz’, andv; = (9,,V)(z',v*)
denotesheassociategroupvelocity vector(cf. equation(16)).

The constantC; in equation(59) follows from theinitial conditionsassociatedvith the
pointbody-forcesourcegseeequation(4)). Assumingthatthesources containedn asmall,
homogeneouball, following Burridgeetal. [13, AppendixB], we find that

1 :

A= wpepev@pe = ¢4
consistentwith the Hemlotz-Petrosky-Leray formula [29, 30] f. A properinitial choice
of coordinateqy,, z;) is guaranteedby the condition|I| = 2. However, in a caustic-free
environment,C is given by equation(64) for ary choiceof |I|. V(') is evaluatedin the
directiona,: whichdefinesheray from which~; in the Maslov representatiors extracted.

3.5. SouceandreceiverGreens functions

Fromthe Greens tensorintroducedso far we cangeneratehe ‘two-way’ scatteringorocess
— from the sourceat s in mode N via the scatteringpoint at « to therecever at » in mode

T Insidethe homogeneouball containingthe sourceat z’, for I = {1,2}, I = {3} (|I| = 2), the Legendre
transformis givenby ¢(v1,v2, z3; ') = y3(71,72) (23 — 23) — 7127 — 7225. Here,ys(y1,72) is the (implicit)
solutionof equation(10) atz’. In analogywith equationg62)-(63),we employ thefollowing relations

A v
M(y1,7v2,23) = |det [6(,()’()1;7,3;)] | det [86(((1? qz)] |vs| and|det [82\’(}/;;7?]' - %
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M —thattakesplacein the subsuréce,seefigure 6. For this,we will have to corvolve,in the
time domain,the Greens tensororiginatingat the sourceandobseredat the scatteringpoint
with the Greens tensororiginatingat the scatteringpoint andobsered at therecever. The
associategubstitutiongo bemadein the Greenstensorof Subsection2.2and3.3aregiven
in Tablel. In theremaindeiof thesenoteswe will follow a particularexampleof the Maslov

original | substitution| interpretation
' Tory scatteringor imagepoint
T sorr sourceor recever point

Table 1. Changeof agumentsn equation(28).
representatiornthe othersbeing easily obtainedfrom this example. Thus,we will consider
(cf. equation(28))
'L'C() 1/2
@, aw) ~ (32) [ BV (200
fz(N)(Xl(%,$2,3),I2,3)§,(,N)(w') expliw ) (71, 2;2")] dys

Following thesubstitution®f Tablel we thenintroducethe Greenstensorsriginatingatthe
sourceandthe scatteringpoints,

Gy (@,w) = G (®,5,0), G (@,0) = GO (r,2,w), (65)
respectrely. Usingreciprocity we have
Gl (@,w) = G4 (s, 2,w) . (66)

To distinguishthe sourceandtherecever Maslov integrals,we thenintroducethe notation
~ 1w 1/2 ~ 5
Gl(c];[)(w’w) ~ (g) /B(N)(71,52,3;33)
(67)
EM(S1(n, 520), 520)60 () expli 9™ (5, 552)] A
while
. iw 1/2 . .
G;i'w)(w,w) ~ (2—) /B(M)(71,7“2,3;$)
" (68)

EM (Ry(31,72,), 72,3) 6 () expliw 9™ (31, 7 )] dFs -
The time-domaincorvolution of theseGreens tensorscorrespondsvith a multiplication of
their frequeng-domaincounterpartsin this processtheamplitudeanultiply, viz.

B(NM)(%, 72,3, 7, 82,3) = p(:c) B (71, 52,35 m)B(M) (5’1, 72,33 33) ) (69)
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introducingthe two-way Maslos amplitudescaledoy densityof massandthe phasesaddup,
viz.

ﬁ(NM)(fAyl,r,w,%, 8) = 1§(N)(%, s;x) + @(M)(%,r; z), (70)

introducingthe two-way Maslov phase.Including the inverseFourier transformfrom w to ¢
in our two-way scattered-fieldMaslov representatiogieldsatotal phasefunction

?(q,z,¢) = w [ (G, 7, 2,91, 8) — 1] ; (71)

in Table2 therelevantvariablesaregroupedappropriately

variables domain role

q=(s,rt) Q = 0S5 x OR x IR5 | acquisition
T X=D subsuréce
¢=@,mw) | Z2=0xOxR | integration

Table 2. Variablesin thescatteringorocess(Here, O, OCR, open.)

Thephased is stationaryif

(05,9 =0,
Ved =0,ie.if{ 95,9 =0, (72)
| 9VM) — ¢t =0.

In accordancevith equation(25) we find the solutionset

' (S(m’ dw)a :}/1 (iB, dw)) )

] (r(maaw)afyl(waaw)) 9 (73)

| t= TN (852, éz) + TM(r; 2, &g)

the (multiple) characteristiceonnectingr with s via x, for x € D. Here,theinitial phase
directions— at the scatteringpoint « — of the geometricalaysto the sourceandtherecever
positionshave beendenotedas

Gy €S52CS? and @y €S2CS?. (74)
They uniquelydetermingherays.Not all theraysthatleave x will intersecdS or R hence

the introductionof partial spheres.SA*g3 andS‘Z. In fact, the stationarypointsassociateavith
equation(73) are parametrizedy (z, &z, dz;w) € X x S? x 5?2 x R accordingto the
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Figure 6. Parametrizatiorof the stationarypoint set.

mapping(figure6)
(wa &wa &wa (,{)) — (qa wa C) =
(75)
(S(w, diL‘)a Ir(ma dw)a T(NM)(ra de‘a (B, &wa 3), wa ﬁl(ma d’w), ﬁ’l(‘ra dw)a w) -
Thismapping(notnecessarilpne-to-onejlefinesghe ‘stationarypointset' S C @ x X x Z.
We have introducedhetwo-way travel time

NM)(

7 T, Oy, T, Oy, 8) = T(N)(S; T, 0g) + 7 (M) (ryx, &) - (76)

Letusreview thelevel surfacesassociatewvith thephasdunction. For ‘one-way’ propagation
we had

{z |9 (1, 2;2') —t =0}

whichreducego thewavefront (', t) onthe stationarypoint set. The associatedlowness
vectoris V9"). For two-way propagatiorwe distinguishtwo level surfaces,one where
q = (s,r,t)isfixed,

{:B ‘ w [ﬂ(NM) (;5/1’ r,&r, 5/1, S) - t] = 0} = {w | (I)(Qﬂ T, C) = 0} (77)
parametrizedy ¢, which reduceso the isochrone surfaceon the stationarypoint set (cf.
equation(73)). Theassociatetwv ave vector’is

Ve® = w VI ™M) = [V 00 + V9] (78)

from which — at stationarity— the ‘slownessvector’, I'{" ) is obtainedupondivision by w
(seefigure7 for anillustrationof equation(78); seefigure 8 for anillustrationof isochrones).
Thesecondwo-way level surfaceis obtainedby keepingz is fixed,
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Figure 7. A two-way slownessvectorI'y, with é&g-dy =
cosf fixed, for qP-qSV corversion on the stationary point
set. (Constructionof the anisotropicanalogueof the Ewald
spherg31].)

{(S,’I”,t) ‘ w [ﬁ(NM)(rAylaraw::)'/la S) - t] = O} = {q ‘ (I)(Q7m7<') = O} (79)

parametrizedy ¢, which reducedo the diffraction surfaceon the stationarypoint set(cf.
equation(73)). Let B(s) denotethe unit outward normalto 0S at s thenwe definethe
directionalderivativein 0S as

Ds' = Vs : _:8(3) (B(S)'Vs') (80)

andlikewiselet 3(r) denoteheunit outwardnormalto AR atr thenwe definethedirectional
dervativein OR as

Dy- =V - =B(r) (B(r)-V,-) . (81)
The‘wave vector’ associateavith the secondwo-way level surfaceis thengivenby
Vq® = (Dg,Dy,0:) @ = (wp,wp, —w) (82)

with

(83)

»
—
=
N—
o}
N—r
»
—
3

p=Dp)™ =4 —(
where(cf. equationg42)-(43))

Y= %1, Y2,3(71,523)) » ¥ = (1, Y2,3(51,72,3)) -

Fromequation82)— at stationarity- the‘slownessvector’, ‘I‘EINM) , is obtainedupondivision
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by w. Onthestationarypointset,we find

i) = ﬁs(wa &w) = DST(N) (Sa wa &w) I
(84)

f) = IA),,.(.’.B, d‘:l:) = D:,-T(M)(’I"; Z, &:l:) )
seefigure6. Notethat Y {"™) = (p,, p,., —1).

S

-~

Figure 8. An isochronesurface for qP-gqSV corversion.
The dots indicate points on the isochronefrom numerical
computations.The relationbetweerthe one-way andtwo-way
slownessvectorsis shavn.

4. Thesingle scattering approximation

4.1. Thedirectscattering(modeling opemator

We bgyin the analysis with the volume-scatteringrepresentationof the Maslov-
Born approximationfor the scatteed displacementfield (for the geometricalray-Born
approximationanalogueseeDe Hoopet al. [11, (22)-(23)]) u(! for the (N M) corversion
dueto acontrastin density p(), andcontrastn stiffness,cz(-;,)ce, onX = D. Werepresenthe
relatve mediumcontrastor perturbatiorby

(1) 1)
n_ )P Cijke
T {P ,PVO(M)VO(N)} ’ (85)

whichis a tensorvalueddistributionin X'. The embeddingr backgroundnediumdoesnot
carryary superscriptsWe have introducedV(M-™), the (local) phasevelocity of modeN, M
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in the backgroundmediumaveragedover all phasedirections. The notation, is meantto
emphasize¢hatthe quantityis angleindependentwhich is importantfor retainingthe actual
mediumperturbatiorfrom ¢,

The p-componentdisplacementt » dueto a g-componentpoint body force at s is a
tensofvalueddistributionin Q, follows from the linearizedreciprocitytheoremof thetime-
convolutiontype (seeBurridgeetal. [13, (2.21)]),andis givenby (cf. equationg67)-(68))

ufy (r, 8,t) ~ (LeW)(r, 5,1) =

1 w . 5 A . ~ 5
%/mdw w? (%) /d’h/d% /DQ()M)(Rl (71,7"2,3),7"2,3)5(5]\7) (51 (71, 52,3), 32,3) (86)

BWM) (5, 193, &, 71, $2,3)

(NM)( (NM

(w N, T, T, A1, s))Tc(l)(a:) expliw (9 )(’?1,r, xz,%,8) —t)]de,

where
SN _ {éT(nM)gT(nN)J/;(M)V;(N) [éZ(M)(Vwé(M))j ~,£N)(qu§(N))g] } ,  (87)

describeshecontrast-sourceadiationpatterns.TheoperatorL definesalinearmappingfrom
therelatve mediumcontrasdefinedon X to thedisplacemenbbsenedon Q. Thefirst three
integralsin equation(86) canbe groupedogethemith the notationof Table2, viz.

/dw /d%/d%:/dc. (88)
R Z
ObserethatheredimZ = 3. Werecognizehe phasan theintegral ontheright-handsideof

equation(86) to be ®. We introducethe ‘amplitudetensor’'a,, as

ay(q,x,¢) = QLm (%)

~

f,(;M)(Rl (91, 7"2,3), T2,3)§:§N)(51(")71, 52,3); 52,3)
(89)

B(NM)(’%, 72,3, x, %, 82,3)(W(NM)(’71, T, x,Y, 3))T .

4.2. Analysisof thephaseof thedirectscatteringopemator
Let usintroducethewave numbers
bi=wh, bi=wy and ¢, = (ki ki,w). (90)

This changeof variablesinducesthe changein volumeformsd¢ = w2d¢,,. The phased
(cf. equation(71)) canbewritten asafunctionof ¢, viz.

(I)w(Qa €T, CW) = (I)(qa €, Cw/w) =w [ﬁ(NM)(]%I/wv r, T, 7;31/(»0, 3) - t] ’
andsince

(I)w(q’ T, GCw) = EQW(qa T, Cw) )
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®,, is homaeneouf dgyreeonein ¢ ,.
Next, we will shav thatthe phaseunction® is nondgeneate, i.e.,we will showv that

V(q,m,C) aCJ(I) ) J = 1: 25 3 with V(q,:l:,C) = (DSa D’r‘, at: Vwa VC)

(cf. equation(82)) arelinearly independentor (g, z,¢{) € Se. Equivalently, we mustshav
thattherankof thematrix V(q,m,C)ch"S is three.Alternatively, since
@

0, ® = wa’?lqg(N) , 0,® = wa%&(M) , 0@ = YVM) — ¢ )

uponregroupingthederivatives,we will have to shawv that

[ (Ds, 85, ) (wds, 9™) 0 (Ds, 05,)0™) ]
0 (Dy, 03,) (w03, 9UD) | (Dy., 35,)9™)
rank | Vg (wds, dM) Ve (w5, 9D) VM) | =3, (91)
0 0 —1
I D5, ) 85, 9 0 _

From the structureof this matrix, however, we obsenre that the third column must be
linearly independenbf the first two columns. Also note that on the stationarypoint set
85,0 = 8, 9M) = 0 (cf. equation(25)). Hence,it remainsto be shavn that the first
two columnsof the upperleft submatrixarelinearly independentConsiderthefirst column,
in particularits combinedirst entry, whichis the3 x 1 matrix
D05, DN)
(Ds, 05,) (wds, 0™ = w
o2 9
In casethis columnmatrix reducego the zerocolumnmatrix (its rank is no longer1), the
first two columnsin the matrix of equation(91) will not be linearly independent.We will
investigatdhatparticularcase.Iln view of equation(29) we have 6,%115(1" ) = —05, 51, shawing
that this second-ordederiative vanishesat a causticwith normalthatis alignedwith the
si-axis. Now obsenre thatusingequation(24) andthenequation(19),

83219(]\]) (’?1’ S; (B) = a$2¢(N) (’?1’ 52, 53; (E) = (aszT(N))(Sl (;)’/1’ 52, 83)’ 592, 53; (B),
hence
37185219(]\])(71, S 5'3) = (8518527(1\7))(51(71782783), 52753;33) (3&151)(’71, 82753)a

which vanishespreciselyat a causticfor which 92 9(Y) = 0. The sameis true for
05, 05, 9™). With this obsenationandusingequation(42), atsucha causticuponsubstituting
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equation(80),
D05, 0N = V505, 9™) — B(s) (B(8)-V505,9™))

= 05, V59N — B(s) (B(s)- 05, VsI™) = &1 — B(s) Bi(s) ,

which equalsthe first columnof the matrix representationf the orthogonalprojectiononto
the tangentplaneto S at s. Heree; = (1,0,0)T. If this columnvanishes(aswell as
02, 9™M), we find that|3;| = 1i.e. B || e;. Thus,the columnmatrix (Ds, d5,)(wds;, 9™))
doesnotreduceto the zerocolumnmatrix if we excludethe occurrencef ‘grazingcaustics’,
I.e. causticsaata sourcethenormalsto which align with thenormalof thetangeniplaneto the
sourcemanifold (seefigure 9). For a similar reasonwe excludethe occurrenceof caustics
at arecever the normalsto which align with the normalof the tangentplaneto therecever
manifold. In conclusionthelinearindependenceonditionwill besatisfiedf we excludethe
occurrencef ‘grazingcaustics’associateavith eitherthe sourceor recever manifolds.

A S1
»S23

oS

caustic

Figure 9. lllustration of degeneratiorof the phase® dueto a
causticalignedwith the sourcemanifold.

With the aid of the phaseunction ®, we cannow extendmapping(75) to animbedding
of thetype

Se 3 (qamaC) =

A A~

(S(wa &w)a r(w, dw)’ T(NM)(ra dwa T, &wa S)a T, :Yl(wa &w)’ Vl(ma aw)a w)

= (q,Vq®; 2, Vo ®) = (92)

(S(w, aiL‘)a Ir(ma dw)a T(NM) (7’, de‘a (B, &wa 3), wi’s(ma dw)a CU]A)T(CC, &fL‘)a —CL),

x, T (Gg, 6z)) € T*Q X T* X,

whereT*Q denotesthe cotangentbundle over Q@ and7*X denotesthe cotangentoundle
over X. Equation(92) pairsthe (mediumrelated)isochronecotangentoundle 7*X with
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the (measurementelated)dlffractlon cotangenbundle 7*Q into a wave front relationfor
(xz, &g, Og;w) € X X 52 x §? x R. Theexclusionof the bicharacteristicassociateaith
Ips] = 0 and|p,.| = 0 (i.e. grazingrays)andthe exclusionof the onesassociatedvith
TMM)| = 0 (i.e. # = =) enforcesthatthe mappingin equation(92), in fact, inducesan
embeddingnto (7*Q\0) x (T*X\0). We denotetheimageof Sg, constrainedppropriately
underthis embeddindyy As. The exclusionof grazingraysimpliesthe exclusionof grazing
caustics.

Note that p, and p, (containedin an analysisof Riabinkin [32]) can be directly
estimatedrom ul(}q) asa function of s andr on the diffraction surface,a procesdamiliar
in stereotomographfBillette etal. [33]). Suchanestimatedetermines cotangent/ectorin
T*Q, andonewould hopethat this cotangentectorwould uniquelydeterminethe ray and
bicharacteristiggeometryin particulara cotangenvectorin 7*X’. Thisis unfortunatelynot
alwaysthe case.However, zoomingin to a piece(A¢) of Ag sufficiently small, we canre-
establistarelationbetweerll™ Q\0 and7*X\0: letwg : (T*Q\0) x (T*X\0) — (T*Q\0)
denotethe naturalprojection;thenthereexistsa smoothmappingbs .y suchthat

(Ag) C Ao
o | (93)
(T'O\0)>  de 22 (Trx\0)

We cancarry out this constructiorfor a sufficiently small neighborhoof any pointin Ag,
makinguseof the local immersiontheorem[45, p.16]and AppendixA. We will make sure
that A\s is open, henceis a submanifold. Note that b,y canbe viewed as a local conic
symplectomorphisn¥3, VIII.6]. A neighborhoodr piece(Aq) is controlledby a rangeof
valuesfor (z, &z, az).

Applying the analysisof Duistermaa{34, Section2.4], it follows that our operatorL
is a local Fourier integral operator This resultis an extensionfrom isotropic acoustics
to anisotropicelasticity of a theoremdue to Rakesh[35]. The order of the operatoris
(Duistermaaif34, (2.4.22)])

p+idimZ — 1(dimX + dimQ) =1+ 3 -2=1 (94)

with ¢ = 1 denotingthe degreeof homogeneityof a,, (equation(89)) asa functionof ¢,
(equation(90)).

4.3. Theadjointscattering(imaging operator

Thelinearizedreciprocitytheoremof the time-correlationtype (De Hoop andDe Hoop [36,
(5.12)-(5.13)]Jeadsto anaturalintroductionof theadjoint L' of thedirectscatteringoperator
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L, viz.
(LTuM)(y) =

1 w'
= [ dw ("2 [ /dw/d~1/ / BNM) (4 1 .
27m'/1& v (w) (27r> Ny 8SxOR IRZO[ (71’T2’3’y’71’82’3)] (95)

w(NM) 7y, 7, 8) {.':,(;M) (R1(F1572,3), 7"2,3)%(,? (r, s, t)é:(SN) (S1(71, 52,3), 52,3)

exp|[—iw' (VM) (31,7, y, 7., 8) — t)] dtdrds ,
whichmapsatensorvalueddistributionin Q into atensofvalueddistributionin X”, X’ being
acopy of X. Thewave front relationof this operatorAID,, is the sameasthe oneof Eq.(86)
but with @ and X" interchangedFor a discussioron the geometrical-rayadjointanaloguen
the caseof isotropicacousticsn the absencef causticswe referthereaderto Fomel [37].
Theadjointoperatomproducesan ‘image’ of ¢(V.

Expression(95) is in factthe Maslov extensionof the ‘Kirchhoff diffractionstack’[38].
The Maslov integrals do not necessarilyalign with (the tangentplanesto) 05 or R (see
figure10). If they do,in view of theterms

~1 ~1
Y181+ N

containedin the Maslov phasefunction 9(¥™)  the integration over g inducesa (local)
Fourier transformof the scatteredield. (Focussingon the recever Fourier transform,we
find similaritieswith thework of Akbaretal. [39, 40].)

R (.7,.7;)

OR

Figure 10. lllustrationof the Maslov integrationrelative to the
recevver manifold.
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4.4. ‘Stad’ versus‘superposition’
Let uswrite
ul(r, s,1) /// (r', 8", t") 8y q0pp (s — 8 )o(r —r)o(t —t') dt'dr'ds’ .

Then,uponextractinga particularsample,d(s — s')é(r — 7')d(t — t'), out of the scattered
field, we introduce

Lg;p'q’ (’I’I, vy, SI, tl) =

1
_2—71'1/ dw < > /d /d71 [B(NM (71,7‘23,3/,’}/1,823)]

W(NM)(’VD"' Y, 7,8 )gg(;M)(Rl(”%:rlz,?,) 7'23){: (51(71a523) 523)

eXp[_iwl(ﬁ(NM) (,)/1’ ’l" ' Y, ’Yla ) - tl)] :

Thewave frontin y € X’ of this distribution is exactly the isochronesurfaceat time ¢’ for
the source-receer pair (s, r'). The adjointoperatorcanthen be written in the form of a
superpositionyiz.

(Ltu®)(y) = /a oon i Dy (81w (', 8, 1) dt'dr'ds’ . (96)
>

Thusthewave front, i.e. the singularsupport,of theimagecanbe viewed asanernvelopeof
isochronesurfaces.

5. Thenormal operator

Figure 11. lllustration of a pair of non-reciprocalpaths
associateavith differenttwo-way travel times.
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/ | L

Figure 12. lllustrationof a pair of non-reciprocapaths(y # «
but (dfy, fx'y) = (&g, Gg)) associatesvith thesamevectorout
of thediffractioncotangenbundle.

S r

Figure 13. lllustrationof a pair of non-reciprocapaths(y = «
but (d'y, d;J) # (éx, Gig)) associatewvith thesamevectorout
of thediffractioncotangenbundle.

In the spirit of Least-Squaresigration-imaging[41, 42], in preparationof the weak
linearizedinversion,we composethe direct scattering(modeling) operatorwith its adjoint
(imaging)to form the so-callechormaloperator To analyzethis operatoywe will employ the
calculusof Fourierintegral operatorg43, VIII.5].

The normal operatorwill map a mediumcontrastinto its image. For the imageto be
representate of the mediumcontrastwe will requirethatthe singularsupportof theimage
is containedn thesingularsupportof themediumcontrasithe ‘pseudolocality’property).in
theproces®of composingheimagingoperatowith themodelingoperatorwe will encounter
the complicationthat we may constructpairsof nonreciprocalpathswhich definethe same
cotangenvectorin 7*Q (compardigure 11 with figures12 and13). Onepathoutof the pair
couldthenbeassociateavith the modelingoperatomwhile the otherpathcouldbeassociated
with theimagingoperatoieaving the compositionof thetwo to becomea stationarypathfor
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thenormaloperator In the phaseanalysisof the normaloperatorwe will have to distinguish
non-reciprocafrom reciprocalpathscontritutions. In fact, we will needa refinementof
propertienf phasdunctions,from ‘nondegenerateto ‘clean’.

Thenormaloperatomwill ‘compose’thewave front relationsof theimagingandmodeling
operators:

My oo = { (0I5 (&, &) 2. T (6, ) | 3

L S,T,T(NM),WIN)S,Wf)r,—W)
(CU a:l:7 awa w) (75) (92)( 7 T(NM)vwi)sa wf)’r'ﬂ _w) (97)
(ya y; w) (75) (92)( s, T, T(NM)a wi’sa wﬁra _w)} .

If wereplacethedirectscatteringpperatoby actualscatteredield measurementshenormal
operatorreveals whetheror not a ‘phantom’ image could be generatedby applying the
imagingoperatorto the measurementsyhich would violatethe pseudolocalityproperty
5.1. Compositiorof thedirectscatteringoperator andits adjoint
Composingequationg95) with (86) yields

(L'LeW)(y) =

%/mdwl (“")2< ) /d /d71 27/ dw o* (%) /d%/d% /aSXaR /1R>0/

§(M)(R1(’)/1,7'23) 7’23){: (R1(’V1,7"23) 7“2,3)

= ~ = . 98
féN) (S1(%1, 52,3), 52,3)§§N) (S1(91, 52,3), 52,3) (98)

[B(NM) (;%7 23, Y, &1? 52,3)]*B(NM) (;5/1’ 2,3, T, ;5/1’ 82’3)

NM)(

wiNM (31,7, y, 7, 8) (WM (5,7, 2, %, 8)) T ()

expli (WIVM (3n, 7, 2,71, 8) — £) — o (IV (3], 7, 9,7}, 8) — )] de dedrds .
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Theintegrationovert generatesa Dirac distribution, 276 (w’ — w); theintegrationoverw’
thenyields

(LTLeW)(y) = %/}Rdw w? (%)2 /d%/d’% /d’%/d% /85><8R /D

ééM) (Ri(F1572,3), 7'2,3)51(1M) (B1(F1,72,3),m2)

ééN) (S1 (71, 82,3), 52,3)§§N) (S1 (%1, 32,3)a 32,3) (99)

[B(NM) (;%7 T2,3a Yy, ;5/1’ 52,3)]*B(NM) (/5/17 T2,3’ T, ;5/1’ 8273)
W(NM) (’%a ™Y, ;%7 3) (W(NM) (/3/17 r, T, ;}'/17 3))TC(1) (CB)

exp[iw (ﬁ(NM) (’3/17 r, T, ;}’/17 3) - ﬁ(NM) (;%7 ™Y, ;%7 8))] de drds .

Hiddenin this high-dimensionaintegral arethe contritutionsfrom all pairsof reciprocaland
pairsof non-reciprocapaths.Also, obsene thatthe dyadicproductin thefifth line generates
a22 x 22 matrix.

In analogywith equationg70)-(71)we introducethe phasel of the normaloperatoy

U(y,2,¢ q) = w (@ (3, v 2,50, 8) - 9V (A, r,y,9,8)) . (100)
where(seetable?2)
&:(;)'/17’3/17/?17’?1:(“))Eé:élX@,X@X@XR7 (101)

where ' is a copy of @ and @’ is a copy of O; obsere thatdimZ = 5. In view of the
simplificationgoing from equation(98) to equation(99) the phase¥ doesnot dependon¢.
We will denotethe normaloperatoby N.

5.2. Stationaryphaseanalysis:pairs of reciptocal andpairs of non-reciprocal paths

In this subsectionwe will investigateahephasel with aview to the propertief thenormal
operator First, we will establishunderwhat conditionsthe normal operatoris a Fourier
integral operatoy using the cleanintersectioncalculus(Treves[43, pp.457-461]). Second,
we will unravel this Fourierintegral operatorinto constituenpperatorsthe stationarypoint
setsof which canbe identified with pairs of reciprocalpaths(‘the reciprocalconstituent’)
and with pairs of non-reciprocalpaths(‘the non-reciprocalkonstituent’)respectrely. We
will shov underwhatconditionsthe non-reciprocatonstituenbperatoris a Fourierintegral
operatorof lower orderthenthe reciprocalconstituentoperator Third, we will showv that
thereciprocalconstituenbperators in factan elliptic pseudo-dilerentialoperator We will
derive anexplicit representatioof this elliptic pseudo-diferentialoperator
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Thenormalphase¥ givenby equation(100) canbewritten asthedifference
V=90-9" at w'=w,
where® = &(q, x, {) is givenby equation(71) while
' =d(q,y,¢) with ¢'=(9,9,0).

Thephasel in equation(98)is stationary(in analogywith equation(72)) if

( Vcl(bl == 0,
Vig¥?=0,ieif Vo = 0, (102)
| V@ = VP .

With theaid of equation(92) we find thatthe solutionor stationarypointsetSy C X’ x X’ x
Z x Q is parametrizedy (z, &g, O, Y, &;/, &;/;w) andcanbeimbeddednto

M = (T*X'\0) x AG x (T*X\0)
in accordancevith
( (qa vq(I)IQ ya qu)l) =

(s(y, d;/), 'r(y, &;/), T(NM) (’I’, &y’a Yy, d;/, 8), wi)s (y, d{y)a wﬁ’r (ya &;/)a —W;

y,wl{"™M (&), &) ,

(8(:17, &:c): ’I‘(:l:, d:l:)a T(NM) (7'7 Qg, T, Oy, 3)7 wf)s(a:, dw)a wﬁ,,.(il:, é‘:l:)a —Ww

:B,wI‘g}NM)(dm, ag)),

(3((3,&;1;),7'((3, dw)vT(NM)(ra CAX;I;,(B, d:l:, s)awi)s($7 dw)awﬁr(ma dw)? —(U) =
| (8(y, &), 7(y, &), TV (r, Gy, y, &y, 8), WD, (Y, &), why (Y, &), —w)

where Ay denoteghe diagonalin (T*Q\0) x (T Q\0). Theseequationsdefinea pair of

two-way pathsthat‘match’in (7 Q\0). A pair of pathsin Sy is reciprocalff (y, &), &;/) =
(z,ay,az). A pair of pathsin Sy is non-reciprocalf eithery # x, seefigure 12, or
(G, Oy) # (Gg, Gz, Seefigure13.

Let the first equality in equation(103) generateAs C (7*Q\0) x (T*X\0) asin

equation(92), and let the secondequality generateAy C (7*Q\0) x (T*X'\0) — upon
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interchanging® and X, we obtainAl, ¢ (T*x"\0) x (T*Q\0) — andlet usintroducethe
product

L=AL x Ay .

Then Ay associatedvith the stationarypoint set Sy, generateddy (y, V4 ¥; z, VL ¥) in
accordancavith equation(103), is representedby equation(97), but is alsodeterminedoy
theintersection

LNAM

throughthe naturalprojection N M — AII,, o Ap = Ay. Ay pairstheisochronecotangent
vectorsassociateavith the mediumwith theisochronecotangentectorsassociatedvith the
image.

In accordancevith Theorem5.3 (Treves[43, SectionVIII.5]), the normaloperatoris a
(global) Fourierintegral operatoiif £ and M intersectcleanly; i.e.

LN Misamanifold T(LNM)=TLNTM pointwisein LN M.

Thelatterconditionrequireshatdim 7’2 N T'M = dim £ N M independenof the pointin
L N M. Following TenKroodeetal. [44] below, we will breakthis conditioninto conditions
that guaranteeleanintersectiorfor our reciprocaland non-reciprocatonstituentoperators
separately

Let the dimensionof the fibersin the projectionL N M — Afb, o Ag, describedby
(equation(111)) — (equation(97)), bee; thendim £L N M = dim Ay + e. Wereferto e as
theexcessIf £ and M intersectcleanlywith excesse, then[43, p.458]

dmTLNTA, =e

atary pointin £ N M.

To relate the clean intersection condition to the phase ¥, we make the fol-
lowing obsenation. To every (y,m,&,q) € Sy can be assignedan element
(3, w0 q,w XM g, w XM 2, wTE™) € £ 1N M by taking the appropriategra-
dientsof ¥ _(equation(lOB)); on the otherhand,in £ N M, to (g, ngWV”) canbeassigned
avalueof (¢, q) by constructingy, and+, from the valuesof p, andp,. usingthe eikonal

equation(11)ats andr. Thus,theprojectionLNM — Ag, o Ag canbeviewedasamapping

Su 3 (y,2,¢, q) = (y, TP 2, wIT M) € Ay

evaluatedby taking the appropriategradientsof ¥ (cf. equation(78)). For interpretational
corvenience let us composethis mappingwith the permutationof wI',""") andz. The
resultingmapping,Il say

Sy 3 (y,z,¢q) B (y,w,wI‘glNM),wl"gyNM)) , I‘g}NM) =w 'V, T, TV = 1V, T,
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hassmoothfibersof dimensionequalto thedimensionof the null spaceVpr of the Jacobian
DII of IT atary pointin Sy, with

I 0 0 0

DII.
VyVyl VeVyT VeVyl V V,T

| Vy Vel VeVl ViVl VeVl |

Let Wy, Wg, W&, Wqlt = Wiy.), W(& q)]T representhe component®f a vectorW in the
tangenspacel’ Sy andlet usdeterminghenull spaceof DII . Fromtheexplicit form of DIT.
it followsthatW € Npr if

Wyae)y =0, Weo, ¢

On the otherhand,notethat Sy = Ny_y..10{(y, x, ¢, q) | 0., ¥ = 0}, viewing 9z . W
asfunctions.Sinceavectorin 7'Sy mustbeorthogonato thenormalsto ary of thezero-level
setscontainedn thisintersection[0, W; ,\]" € T.Sy if

0. Vige) ¥ =0 (104)

Wiaw %¢ax9tq, ¥ =0, J=1,---,10. (105)
Combiningthe equationg104)-(105)or W leadsto
(Viyaea9éan¥) Wieax =0

Introducingthe spanof gradientsof 8(6’,1)1{\1! appearingn this equation,
g = Span{v(yama&ﬂq)a(&aq)Kqj}K:L""lO ’
we concludethat
Npn C G+, (106)

where G+ denotesthe orthogonal to the spanof gradientsG. The dimensionof Npr is
preciselythe excesse; thus,with the mappingll, we have

dim Sy = 2dim X +e . (107)
Throughequation(102)the spanof gradientsallows the partitioningG = G, + G With
G = Span{v(y,m,&,q)aél(\II}K:L...,5 . g.M = Span{v(y,m,é,q)aqK\II}K:L...,E', .

ObserethatGz canbeassociateavith 7' £, whereagji, canbeassociateavith 7M. If £
and M intersectcleanly, the phase¥ will becleanaswell, i.e., in anopenconic subsebf
X' x X x £ x Qwehave

TSy = G+ ateveryoneofits points; G = Gz NGx, . (108)
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Then,with dim 7' Sy givenby equation(107),upontakingthecodimensiorof equality(108),
we find thatthe spang hasdimension43, p.417]

dimG = 2dim X + dim Z + dim Q@ — dim T Sy = dim Z + dim Q — e.
(109)

With equations(106), (107) and (109), a requirementfor ¥ to be cleanis thatdimG =
dimZ + dimQ — dimNpg. Here, dimG = rank Vi, o s Vz ¥, Whereas(cf.
equation(104)) dim Npy = nullity V(y,w)v(&, q)\IJ. Obsere thatif the excesse = 0 that
thenthephasel is nondgenerate.

With excesse, the order of the normal (Fourier integral) operatoris given by (cf.
equation(94))

2(p+ 3dimZ — $(dimX +dimQ)] + je=2[1+2 - 2]+ Je=1+ ie.
(110)

Theintersectionviewedin thediffractioncotangentbundle

Let us introducefor every pointin Ag a neighborhoodA¢) (asin equation(93)) and for
everypointin Ae aneighborhoodA4), with associate@stereotomographichappings,,)
andb,,,, thatdeterminethe ray geometriesuniquelyfrom ary vectorin A = mg(As) OF
Ao = mo(AL) in T*Q\0, respectrely. Then,with equation(103),the intersection N M
canbewrittenas(cf. equationg78) and(82))

{(y’WF%NM); q,wYg™, g YTz, wTE™) |

(g, Y{™) € A N e, (3, wTGM™)) = biay,y (@, XY, (111)
(2, 0T) = biasy (g, 0 X)),

This setis theunionof (subset®f) pairsof neighborhoodgAl,) x (Ag) with Aer N Mg # 0.
Thekey, here,is thatthe propertiesof theintersection N M follow from the propertiesof
theintersectiomg N A\g iNn themeasuementelateddiffractioncotangenbundle.

A tangentvectorin a manifold is generatedy a parametrizeccurve on that manifold
(see,for example,Guillemanand Pollack[45]). With this representationt becomeslear
that? (LNM) Cc TLNT M (acurveon LN M isacurveon £ andon M simultaneously).
Ontheotherhand,considercurveson £ and M independentlyin thefollowing diagramsve
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tracethesecurvesdown to thediffractioncotangenbundle,

AL x Ag (T*X'\0) x A% x (T*X\0)
YERERN v N\
Agr Ao (T"X'\0) x (T"Q\0) (TQ\0) x (T X\0)
) TQ \J \ mQ )
A Ao (T*Q\0) & (T*Q\0)

In theright-handdiagram the curvesmustcoincidein thediffractioncotangenbundle.Thus,
ontheonehandacurve on £ thatgenerates tangentvectorin 7' £ canbetracedto a pair of
curves,oneon Ay andoneon \g. For this tangentvectorto be containedn 7'M aswell,
the curvesin the pair mustcoincide,andbe containedn A N Ag. Now, throughthe local
stereotomographimappingswe canreversethe diagramsabove from the bottomup. Thus,
acurve on \g N Mg lifts to a curve on £ (left diagram)anda curve on M (right diagram)
simultaneously Suchcurwve generates tangentvectorin 7'(£ N M). We concludethat
TLNTM C T(LNM). Hence,the existenceof the local stereotomographimappings
guaranteethat

TLNTM=T(LAM),

andthatif A¢r N \e is @ manifold theintersectionC N M mustbeclean.
Combiningthe analysisof the previous sectionsyve find the sequencef mappings

Xx82xPxRB s, 3@, B\, 510, (112)
Hence

dim A\ = dim X + dim 52 x 52 x IR = dim Mg’ ,
while

dimS2 x $?2 x R = dim O .

We will alsomake useof thefactthatdim 7*Q = 2dim Q.

Thenon-reciprocal constituent:(Ag:) N (Ag) = 0

For the non-reciprocalpairs, we invoke the transversal intersection condition: i.e. we
will assumethat the backgroundmediumis suchthat thereare no points (y, &;,, &;,) #
(z, &g, &z) suchthat(omitting thetrivial equalityinvolving the frequeng in bottomline of

equation(103),yielding 9 equationdor the 14 variables)

(S(CB, ) ’I"(il?, &m)v T(NM) (7', é‘:l:v 217, &flh 8),133(53, dm)ai)r(wv &m))

ag),
= (s(y, &y), r(y, &), TV (1, by, y, &y, 8), Ps(y, 01), Py (y, &)
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andtherankof thematrix,
[ Vs Vé.S 0 Vys Va 8 0
Vgr 0 VasT Vyr 0 Var
rank | VgprMM) Vg 7(VM) g, 7 (NM) VM) o (NM) g (NM) | g,
x x Y
VaPs VaaPs 0 VyDs Vd'yﬁs 0
| Vb 0 VéePr VyDy 0 Ve, br
(113)

In this equation,for example, Vs should be interpretedas Vs Y and Vdfys should
be interpretedas des\a'y’ etc. Equation(113) is a condition on the geometryof the
bicharacteristicat the sourcesaandrecevers. This conditioncanbereformulatedn termsof
derivativesof a mappingfrom y to « alonga pair of differentbicharacteristicg¢seeStolk [46,
Section3d]). It guaranteethat A\ and \g intersecttrans\ersallyin the diffraction cotangent

vector(q, wYX{'M), i.e.

TAer +TAe =TT7Q.

In this respect,notice that the Jacobianof the sequenceof mappings(112) at frozen w,

generategheleft-half submatrixin equation(113)thecolumnsof which spani’ \¢. A similar

reasoningeadsto ageometricalnterpretatiorof theright-half submatrixin equation(113).
Since\y and s intersectransersallyin 7% Q, we have

codim Agr N A = codim Agr + codim Ag ,

dim Aer N A\ = dim ey + dim Ay —dim7*Q = 2dim X ;

thenalso,locally, dim £ N M = 2dim X is thedimensionof Sy.
Since,with thetrans\ersalintersectiorcondition, A\ N A¢ IS amanifold,theintersection
L N M is clean.With equation(107),the excesss

e=dim Sy —2dimX =0,

independenof the intersectionpointin £ N M. It follows that £ and M intersectcleanly
with zeroexcesq43, p.458].

As aconsequencehe phaseV is cleanwith zeroexcesshenceis non-dgenerateThen
— by virtue of the trarversalintersectioncondition— the order of the associateatonstituent
Fourierintegral operatoiis 1 (cf. equation(110));we will denotethis operatoby N**.
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Thereciprocal constituent:(Ag) N (Ag) # 0

For therecipocal constituentwe find that \er N A is naturallya manifold. Sincenow b,
andb, ., mustcoincideon Ay N Ag, thisintersectioris diffeomorphicto (Ae) N (Ae) With
dimension,

dim A\gr N A = dim (Ag) = dimAgp = dim Ag = dim X + dim Q ;

thenalso,locally, dim £ " M = dim X + dim Q is thedimensionof Sy.
Sincels N Ag IS @amanifold,theintersection N M is clean.With equation(107),the
excesss

e=dimSy —2dimAX =dim Q —dim X",

independenof the intersectionpointin £ N M. It follows that £ and M intersectcleanly
with excesse = dim @ —dim X =5 — 3 = 2.

As aconsequencehe phaseV is cleanwith excess2. Thenthe orderof the associated
constituentFourier integral operatoris 2 (cf. equation(110)), which, by virtue of the
trans\ersalintersectioncondition, is larger by %e = 1 thenthe orderof the non-reciprocal
constituentwe will denotethis operatotby N .

Obsere that, once again since b,y and b,y Mmust coincide on Ay N Ag,
(ALY x <A¢>‘(A () is the graphof the identity of 7* X'\ 0. It follows thatthereciprocal
constituentis ianfactq)a pseudo-diferential operator[47]. We will analyzethis pseudo-
differentialoperatotin greaterdetailin the remainderof this Section.

Carryingoutthestationaryphaseanalysisof equation(99)in the slownessvectorsfor the
reciprocalconstituentwith theaid of equation(30) leadsto

1
N© e N /d 4/ / AWNM) 2
( <) (y) 2w Ir Y Jasxor D| (r,y,8)]

NM) (114)

W( (ya dya d‘y) (W(NM) (y7 dy: dy))TC(l) (CU)

NM) ( NM) (

expliw (¢ T, 0y, T, 0y, S) — 7( T, 0y, Y, Oy, s))| de drds ,

upto leadingorder(wherethe sumover multiple reciprocalpathshasbeensuppressedince
(seeequation(70))

ﬁ(NM) (’Ayl(mﬂ &flﬁ)v T‘(:E, dm)v Zz, '71(517, aflﬁ)a 3(:13, a:l:)) =

T(NM) (7’, d:127 wa d:lh 3) )

(115)
19(NM) (’:)/I(ya &’y)a r(ya &’y)a ya ;)/l(ya d’y)’ S(ya &y)) =

T(NM) (7’, &ya y7 d’ya S) )
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while we have introducedthe simplified notation

W(NM)(ya&ya&y) =
(116)
W(NM) (/% (y’ dy)7 ’I"(y, dy)a Y, 5/1 (y, dy)a S(y; dy)) -

In equation(114),dr = dr(y, &) andds = ds(y, &), hencetheintegrationoverdS x 0R
couldbeviewedasa Stieltjesintegral in theabsencef caustics.

5.3. Integrationover phasedirections

In equation(114), asin De Hoop et al. [10, 11], we changevariablesof integration (see
figure6)

S x OR + S x 52 : (s,7) (ay,0y), giveny.

In the presencef causticsthis mappingis multi-valued On the otherhand,this changeof
variablesunfoldsthe multi pathing.Theassociatedacobian,

0(ary, &y) _ O(ay) O(dy)

o)~ 0(s) o(r) ' (117)

is directly relatedto dynamicray theory In generalthe factorscanbe expressedn terms
of thedynamicray amplitudessince,lik e the amplitudesthey follow from a variationof the
anisotropicray tracingequationsIntroducingwave-frontnormalcoordinategs*, s*) atthe
sourcen s, we get

o(s%) 1

&y)  16720(3)p(y) V) (8) (T () A (51 9) |2 (118)

If &S in the neighborhoodof s doesnot coincide with the wave front X (y, 7V (s; y))
originatingaty, we haveto correctfor theratio of theareaon 0S to theareaonthewave front
at s ontowhichit is mappeddy projectionalongtherays. It amountgo dividing the previous
Jacobiarby the Jacobian

0(s¥)
d(s)

= (@s-B(s)) -

Notethat & is the normalto the wave front at s. Similar expressionsold for the recever
side.
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Combiningequationg117)and(118),with aview to thefirstline of equation(114),leads
usto introduce

A ~ NM , O(s,r
I, oy 3y, ) = [ Ay, 0) 5
1
= 16m0(s)ply) VO (8) (709 (3))° 16w2p(r)ply) 700 () (V00 ()
1
(@0B(s)) (6rB(r)

afunctionthatremaindinite andsmoothin thevicinity of caustics For (™) to remainfinite
in generalwe haveto excludegrazingraysatthesourceandatthereceveraswe did already:

&S.B(S) 7é 0, &T.B(T) 7A 0. (120)

Carryingoutthe changeof integrationvariableshenyields

1 A -
(N“cW)(y) ~ %/mdw w? /k&)(k&/D](NM)(r,ay,y, Oy, S)

WM (y Gy, bey) (WM (y, Gy, éy)) e () (121)

NM)(

expliw (7¢ T, Gy, T, By, 8) — TNM) (1, Gy, y, By, 8))] dz dérydéyy, .

Sincethe phassis stationaryfor (z, T'("*)) near(y, T'{"""), we canrestrictthe integration

over D to asmallneighborhooaf y (seealsoBeylkin [4]). Onthisneighborhoodwe have
T(NM) (’l", dya ma &ya S) - T(NM) (’l”, &’ya ya d’ya S)

(122)

~ F.EJNM)(&yﬂ Q) (z —y) .

Upon substitutingequation(122) into equation(121), the integration over x becomesa
Fourier transformof the mediumcontrastthatappearslsoin diffractiontomography[48].
The normal operator takes the explicit form of a pseudo-diferential operator In
equation(122),s = s(y, &) € 0S andr = r(y, &y) € OR.

To be ableto introducean integrationover the orientationy,, of the gradientl';" ") of
two-way travel time 7(V™) | we have to excludescatteringover§ = «: then

INGELE (123)
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With vy, = [TV 1T (V™) togethemwith the homogeneityn w, we get

where

1 A -
(NoeO) () ~ o[ dwwt [ [ (e ay.v.0y.9)

WM (y, Gy, y) (WO (y, Gy, Ery)) e (2) (124)
A~ ~ (NM) ’I",(A){’ adas
MLS("', Ay, Y, Oy, S) = ! ( v¥ % ) (125)

TP (Gy, éy)?

5.4. Theprincipal symbolmatrix

Following De Hoop et al. [10, 11], we changethe variablesof integration, (6, éy), to dip
v, scatteringangled andazimuthy (seefigure8)

S2 % 82 = B, x (Es(v) X Ey(0,v)) : (&g, &y) = (vy,0y,%y,), (126)

in which (Burridgeetal. [13, AppendixD])

' Vy = FéNM)(dy’dy) €s?
NM)  ~ A )
‘F( )(a’ya a’!/)|
| cosby = by by, 6 €[0,m), (127)
_ 1 ~ A _ (Gyvy) by — (Gyvy) Gy 1
\wy—siney(ay/\ay)/\uy— sind, est.

Thenequation(124)takestheform

1
o)~ g faset [ 318
( Y )(y) 27 IR ww By JD onEw,u’LS(r’ay:y,ayas)

- . 0(ay, bry) (128)
wM) (. &y, y) (WM (y, Gy, y)) T =——2—42_ d6,,dep }
( Yy y)( ( Y y)) a(Vy’gy’wy) Yy ry

cW(z) expliw vy+(y — z)]dz dv, .

In this equation,éey = Gy (vy, 0y, 1y) € SZ andéy = by (vy, Oy, 1by) € SZ. Fromthe
integrandin betweenthe braces,we extract a point-symmetrizednatrix in the form of an
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angularaverage
ANM) (g, vy) = / w0 (y, Gy, Gry) (WM (y, Gy, Gy )"

EgXE¢
(129)
. 0(Qtyy, Gty)
1 A y Xy
QMLS(T7 aya Y, a’y7 3) a(yy’ ey’ wy)
TheJacobiannsidethisintegralcanbefoundin Burridgeetal. [13, AppendixD]. Thematrix
in equation(129)is positve whencethe operatoiis elliptic. We thenobtain

1 3
(N @) ~ (57) [ wdwa? [ sn?A(y,uy) [

deyddjy + (- )y, _Vy) .

2m (130)

c(z) expliw vy+(y — z)]dz dvy .

Uponcombiningw?dw with dv,,, we recognizeA¥™)(y, v,)) asthe principalsymbolmatrix
associatewvith thereciprocalkonstituenbf thenormaloperator Theconditionnumberof the
principal symbolmatrix canbe small;in fact, the principal symbolmatrix may not have full
rank,seeDe HoopandSpencei49]. We obsene thatthe orderof theoperatoiis 2 indeed.

6. Least-Squagsinversion

6.1. Theparametrixof thenormaloperator
Theleading-ordematrix kernelP of the ‘parametrix’ P of the normaloperatornn Eq.(130)
is givenby
1 3
Py, xz) ~ (%) /m>0w2dw w™? . dvy (82 ANM) (y, 1)) ! expliw vy (z — y)] -
(131)

In view of the possibilityof AXYM) (g, vy) having asmallconditionnumber we introduceits
pseudo-imerseindicatedby theangularbraclets[50, 51].

Composingthe parametrixassociatedwvith the reciprocal constituentof the normal
operatomwith thefull normaloperatoryieldstheresolutionoperator Since

PN =P[N“ + N"|~ PN*®
up to leadingorder to obtain the leading-orderasymptoticinversescatteringoperatoy it
sufficesto incorporatehereciprocalconstituenpnly in the parametrixconstruction.
6.2. Maslov-Fourier representation

While composingheparametrixP of thenormaloperatomwith theadjointscatteringpperator
L' in equation(95), we applythefollowing changesin equation(95) we replacey by x; we



46

obserethenthattheentireintegrandin thecompositiortransformsnto its complex conjugate
uponmapping(w’, vy) — (—w', —vy). Thus,theintegrationoverw’ is madeone-sidedand
we obtaintheinversescatteringoperator

(PL'®)(y) =

IRe / dw [ dl/y/d:z: dw ( /d far [
T 27T ]R,>0 Ey ]R,>0 27T OSxOR

. ~ 132
<87T2A(NM) (y, Vy)>71 [B(NM) (’71’ T2,3, I, ’Y{a 82,3)]* ( )

(NM)(

w A, 2,7, 8) EM (R3], ), raa)ull) (m, 8,w)EM (S (3L, s2.3), 52,3)

expliwvy-(x — y) — iw IV (3, r, @, 7, )] drds .

Thenwe expandd®™M) (%1 r &, 7!, s) in a Taylor seriesabouty. Theintegrationin = can
now becarriedoutto yield

(27)36 (wry — W'V VM) = (27)36 (wry — W' |V VM) vy)
with
vy = |Vyd" M1y, g M) (133)

representinghe ‘Maslov dip’. Consideringur,, andw’|V, 9V ")[131 as(intermediateyvave
vectorswe carryouttheintegrationoverw’ andv,. We obtain

(PLu®)(y) =

w\3 1
“Re gz [ dwi(o) farifadt | P
e&r Ro -\ 27 NN Joswor [(Vy 0@ 0) (3, 7,9, 7., ) 2

<A(NM) (ya V’%l\//[)>_1 [B(NM) (ﬁ/i: 72,3, L, ;5/15 82,3)]*

(134)

wVM) (3 2, 7, 8 )5( J(Ri(A,723), To,3)uly) (r, s w)f(N (S1(71, 52,3), 52,3)

exp[—iwd N (Y], 7, y, 7, 5)] drds .
This formularepresentshe Maslov-GRT inversionandis perhapshe moststableprocedure

for linearizedinversescatteringn thevicinity of caustics.
6.3. Stationaryphaseanalysis:GRTrepresentation

A stationaryphaseanalysisof Eq.(134)overthe slownessvectorsandatransformatiorfrom
source/rec@er coordinatego phasedirections,asin equation(124)finally yieldsthe GRT-
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styleinversion

(PLu)(y) =

1 1
“Re d _/~ R _ , Oy, O T, 04y, Y, Oy, S
T R “ 872 52><52X{A 0}y, Gy, Oy s v Y Gy, 8)

T (Gy, Gy)I?

0y, &, Gy )(135)
A(NM) ('l"(y, d‘y)a Yy, S(y’ d'!/))

W( ya a’ya dy)

(A (y,py)) !

gggM) (T’(y, dy))“&) (’r(ya d’y)a S(ya d’y)a W)géN)(s(ya dy))
exp[—iwTNM) (1) &y, Y, Gy, 8)] Aty déry

where,throughthe characteristidunction y, we smoothlytaperaway causticsat the source
ortherecever. Obsene thatthiswould happerabruptlyin view of theamplitudefactorin the
third line of equation(135).

Theactionof (AN (y, v,))~! combinedwith the premultiplicationby
w"™)(y &y, &,) for fixed dip v, generateswhat is known as A(mplitude) V(ersus
scattering)A(ngles)inversionat theimagepoint y.

The time-domaindiffraction stadk is found upon carrying out the one-sidedinverse
Fouriertransform,

1 } . -
- dw eXp[_ZWt] ug()}l) (Ir(ya a’y)a s(ya ay)a w)
T JR>o

(136)
= ug()}z) (’T‘(’y, dy)v S(y, dy)7 t) + ZHU’&I) (’l“(y, dy)a S(y, d’y)a t)

att = 7(™M)  Here,H denoteghe Hilbert transform. The right-handside of equation(136)
representghe ‘analytic trace’associatedavith the scatteredield. The stackis overthe phase
directionsa, & attachedo theimagepoint y.

7. Reduction to directGRT inversion

In equation(135), obsere that the factor \I‘%NM)P inducesa natural taper attenuating
contributions over increasinglylarge scatteringangles. This taperingis counteractedy
the factor urs given by equation(125). To restorethe natural tapering action, in the
stationaryphaseapproximation,we replaceu;s by 1. We thenrecover the original GRT
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formulation[10, 11] with

NM ~ A ~ A~
AE}RT)(ya Vy) = %/ W(NM) (y7 aya ay) (W(NM) (’!/; a’ya ay))T

EgXEw
(137)
8(dyaé‘y)
—————d0,dvy + (- ) (y, —vy) ;
a(yy’ey’wy) Y Y ( )( y)
thenthe GRT inverseis givenby
(PLTU(l))GRT(y) =
“Re [ dw oy [ (y, 6y, éy)
e R0 Y g2 S, @ X AT#D Yoy y
Gl 138
AWM) Y, vy)) ! | Yy Y=y _ w(VM) y, buy, O ( )
Ve (820" 480 (), 1, (9, ) W, 09, )

gg()M) (Ir(y’ dy))“&) (T(y’ &y)’ S(y’ dy)’ w)géN) (S(y’ &y))

This formulain itself is a generalizatiorof the formulationof Schleicheret al. [52], who
developeda first steptowardsallowing for causticsyia theinclusionof the KMAH index, in
thediffractionstackfor the caseof isotropicacoustics.

8. Discussion

We have developeda Maslov asymptoticextensionof the GeneralizedRadonTransform
(GRYT) inversionfor elasticparametere anisotropicmedia. The extensionnaturallyallows
for the occurrenceof caustics, either ‘macroscopic’ onesin either polarization due to
heterogeneityr ‘instantaneousdnesin the shearmpolarizationgueto anisotrop.
Startingwith the Maslov representatioffor elasticone-way propagatiorbetweenmage
point and sourceor recever, we have derived a Maslov extensionof the GRT describing
elastictwo-way scattering,or modeling, in the distortedBorn approximation. From this
two-way scatteringepresentatiome have derivedthe Maslov extensionof the adjoint GRT
for imaging. (The Gaussiarbeamcounterparbf the imagingoperatorfor scalay isotropic
acousticsvasdevelopedby Hill [53].) Composingheimagingwith the modelingoperators
we found the normal operatoy which pairs two two-way scatteringprocesses.Imposing
a trans\ersal intersectioncondition associatedwith the bicharacteristicgeometryin the
backgroundmedium, for anisotropicelasticity we selectedthe most singularcontribution
to the normal operatorand, with the aid of a stationaryphaseapproximation,constructed
its parametrix— asin the analysisof GRTs. Inversionis accomplishediponcomposinghe
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parametrixwith the imaging operator A key ingredientin the analysisis the conceptof
microlocalization i.e., localizationin the cotangenbundlesassociatedvith the isochrones
andthediffractionsurfaces.

To preventthatinformationin the scatteredield — measureavith finite resolution- gets
lostin thevicinity of causticsye proposedo evaluatetheinversionoperatomwith the Maslov
representatiom the imagingcomponentWhenapplyinga stationaryphaseanalysisto this
inversionoperatoywe recoveredthe GRT inversionformula.

For theinversionprocedurdo bewell defined,it is key to useall thedata,i.e., opensets
of sourceandrecever locations.Aspectsof aninversionprocedureusingall the data,in the
caseof isotropicacousticsn theabsencef causticswereaddressedly Oristaglio[54]. The
complicationsarisingfrom partial acquisitiongeometriesin the caseof isotropicacoustics,
wereanalyzedoy NolanandSymeg55].

For the numericalimplementatiorof the Maslov amplitudeswe suggesthe useof the
work of éer\en;/ [56]. For thediscretizatiorof theimagingandinversionoperatorsye refer
to De HoopandSpencef57].

In the framework of the local optimizationapproachto inversescattering,our adjoint
operatomrovidesthe ‘gradient’ while the parametrixcanbe employedasa ‘preconditioner’,
seeSevink andHerman[58].
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Appendix A. Local stereotomographic duality

A mappingbetweemmanifoldsis calledanimmersionif its derivative(Jacobian)s one-to-
oneatevery pointof its domain.It tells usaboutthelocal behaior of the mapping.anddoes
notimply thatthe mappingitselfis one-to-ongGuillemanandPollack[45]).

‘one-way’immesion
Here,we will shawv thatthe‘one-way’ mapping
S2 3 Gy — (s(x, Gg), Pg(, 6tz)) (A1)

(seetext below equation(18)) is animmersion.With the eikonalequation(11), this mapping
canbeextendedo the equvalentmapping

S23 bup — (s(, 6z), Vo (e, Oz)) - (A2)
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It follows immediatelyfrom the factthatbicharacteristicssolving the Hamilton system(14)
with initial conditions,cannotintersecion the Lagrangiammanifold,that

V(,s

£

rank =2, (A3)
Vdm:YS
whencethemapping(Al) is animmersion.
(ThemappingS2 > ag — (r(x, &g), P, (T, &g)) isanimmersionaswell.)
‘two-way’ immesion

With theresultof thefirst subsectiorfequation(Al) is animmersion),t followsimmediately
thatthe ‘two-way’ mapping

Xx2x2xRDB s, 3 p, (Ad)

is animmersionalso.

stereotomgraphicduality

Let usconsidemapping(112)
x5 xP xR D5, 3 as B, (A5)
anddenotet by P, andlet usintroduceits Jacobia{ D Psp) :

Vs VazS 0 0
Ver 0 VeéaaT 0

VoerWM) s 7(NM) 7, (VM)

(DPq;.) == ;
Vwi)s Vdmf)s 0 0
Vaby 0 Vaubr O
0 0 0 -1

whichcorrespondsvith theleft submatrixin equation(113). To evaluatethenull spaceof this
Jacobianlet

U = Uz, Usw, Usas U]



51

representhe componentsf avectorin T (X x 52 x 52 x IR). Then,(DPs) U = 0 implies
thatonthebicharacteristics,

Ug+Vas + UayVa,s = 0, (i)
UgVgr + Ua,Va,T = 0, (i)
Ug-Ver™M) 4 U Va, ™™ 4+ Us, Vg, = 0, (i)
Ug'VzDy + Uas*VaaDPs = 0, (iv)
Ug*VzD, + Usas'VaaPr =0, (v

- U, = 0. (vi

We contract(i) with 9,,9"), andobtain

Ug+(Vgsi) 85,0 + Us,+(Vags:) 05,90 = 0. (A6)
In view of equation(26),with s € 05 we have

T (852, éz) = 0NV ((Fs (2, &t2))1, 8(x, bz); ) (A7)
Differentiatingthis equalitywith respecto z, sinced;, ¥¥) = 0, leadsto

Vor®™ = Vo d®™) 4 (Vgs;) 0,00 (A8)
wheretheleft-handsidederivative is a total derivative 1, whereas

Voo TN = (Vausi) 05,00 (A9)

wheretheleft-handsidederiative is atotal derivative again.Equation(A8) canbewrittenin
theform

(Vgs;) 05,0 = Vpr®™) — w90 (A10)
SubstitutingequationgA10), (A9) into equation(A6) yields
Ug (Vg™ = Ved™) + Us, Vg, 7 = 0. (A11)

Similarly, contracting(ii) with 8,,9(), we obtain

Up+(Var™) = V™M) + Uy, Va, 7™M =0. (A12)
Adding equationgAl11l) and(A12) togetheryields

Ug*(Ver™M) — 7 0WM)) 4 Us Vau ™™ + Usy Ve, 7™M =0, (A13)

1 In thepresentinalysisthe mappingdor s andr mustbe substitutedn thetwo-way travel time 7(V ™).
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Substractingequation(A13) from (iii) thenresultsin
Ug Vo 9OM) = |
which onthestationarypoint setreducedo (cf. equation(78))
Up T(M =0, (A14)

which stateghatU, mustbeperpendiculato themigrationdip (notethatI‘g:NM) # 0, having
excludedscatteringover  in the maintext).
Theleft-handsideof (i) generateghe perturbatiorof initial conditions,

s(x+ €Uy, ag + €Ua,,) = s(x,0z) + €{UzVzs + Usy*Va, s}t + .. (A1)
If (Ug,Us,) is asolutionof (i), equation(A15) impliesthat

s(x + €Uy, G + €Us,,) = s(x, Oy) . (Al16)
With (iv), applyingasimilaranalysisto p,(x + €Uy, &4 + €Ug,, ), Wefind that

Po(@ + Uy, @ + Us,) = Dy, ) - (A17)

With the aid of the eikonal equation(11), we find thatequation(A17) musthold for all the
component®f theslownessvectory ., andhence(i) and(iv) imply that

(s(x + €Uy, g + €Ug, ), Ys(® + €Ug, Oz + €Us,)) = (s(x, 0z), ¥s(x, 0z)) . (AL8)

Fromthefactthatbicharacteristicssolvingthe Hamiltonsystem(14) with initial conditions,
cannotintersecton the Lagrangianmanifold, we concludethat x + eU, lies on the
characteristiovith initial values(z, &5). Hence,

Uz || vV (x, éz) (A19)
cf. equation(16). Startingfrom (ii) and(v), we alsofind that
Ug || v™)(x, éz) . (A20)

If both N and M arethe gP constituentequationgAl14), (A19) and(A20) combinedjmply
thata, = —a,, which casewe have excludedalready For the othercombinationof NV and
M, wewill now alsoexcluderaysfor which

v (x, ép) || v (2, Gez) L I‘ECNM) )
Thentheonly solutionto equationgA14), (A19) and(A20) is U, = 0. Substitutinghisinto
() and(iv) yields

Uap*Vaz,s = 0,
(A21)
Uar'VarPs = 0.
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Since, as we shawved in the first subsectionof this Appendix, the ‘one-way’ mapping
&y — (s(z,az), ps(x, &z)) is animmersionwe find thatUs, = 0. ThenalsoUsg, = 0.
Finally, (vi) impliesthatU, = 0, andwe concludethat with the appropriatesxclusion of
particularrays,the mappingPs is animmersion.

Returningto equation(A5), from the factthat Ps is animmersionandthe factthatthe
‘two-way’ mapping

X><§§><§\2><IR(§)S¢(9—2>) As

is an immersion as well (secondsubsectionof this Appendix), it follows that 7o in
equation(93), theright-mostleg of thesequence equation(A5), is animmersion.Thelatter
immersionestablishethe microlocalduality betweertheisochroneanddiffractioncotangent

bundles.In theabsencef causticsthis duality is globaland,in the caseof scalaracoustics,
hasbeenanalyzedy Tygeletal. [59].
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