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Abstract. Linearized asymptotic inversion of seismic data is carried out in general
anisotropicmedia. In an anisotropicmedium,even if it is homogeneous,the shearwaves
form (instantaneous)caustics.In the absenceof caustics,we formulatedthe seimic inverse

scatteringproblemvia theGeneralizedRadonTransform(GRT). In thepresenceof caustics,
which areassociatedwith multi pathing,we have to rederive the inversionprocedurewhich
is now basedon the weakformulationof the inverseproblem. The key ingredientsarethe
Maslov canonicaloperatorsdescribingthe transmissionfrom the imagepoint to the sources

andthe receivers,anddelicatehigh-dimensionalstationaryphaseanalyses.The importance
of causticsin practicalapplicationsbecomesapparentin theanalysisof modeconvertedwave
constituentsin sedimentarybasins.

1. Introduction

For wavepropagationin mediathatarenon-trivially heterogeneousandelastic,theformation
of caustics is quite common. Due to the heterogeneity, multi-pathing in the set of
characteristicsor geometricalraysmight occur, while dueto anisotropicelasticitythequasi-
shear-wave fronts might ‘fold’. Both phenomenatruly coexist in geophysicalapplications,
andmaybehardto separate.

In theselecturenotes,we will focus on the constructionof an asymptoticinversion
formula in thepresenceof multi-pathedandmulti-modewave propagation.Theasymptotic
inversion of remotescatteringdata is basedon a separationof medium components:a
smoothcomponent– typically representedby spline functions– that is knownanddefines
the backgroundmedium,anda singularcomponent– typically step-functionlike – that is
unknownanddefinesthemediumcontrast.�
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Causticsare supposedto form in the backgroundmedium. The mediumcontrastis
supposedto be representedby a superpositionof conormalfunctions, i.e., functions that
aresingularacrosssurfaces.Asymptoticinversioncarriesout a mappingfrom the singular
supportof the scatteringdata(wave front) to the singularsupportof the mediumcontrast
(interfaces). Underlying the inversionare the assumptionsthat: the (incident) wave field
in the backgroundmediumcan be evaluatedwith Maslov asymptotics(the backgroundis
sufficiently smooth),andthescatteredfield canbeevaluatedin theBorn approximation(the
contrastis sufficiently localizedandsmall).

The successof the constructionpresentedin these notes relies on the choice of
parametrizationof the scatteringdata. Our parametrizationis the one of the Generalized
RadonTransform(GRT) andoriginatesateachpointwherethecontrastis to bereconstructed.
Theconventionalparametrization,theoneof theKirchhoff diffractionstack,simply usesthe
coordinatesof observation.TheGRT parametrization‘unfolds’ thescatteringdata,unlike the
Kirchhoff parametrization.

The simplestform of an asymptoticinversionprocedurecan be found in Norton and
Linzer [1]. ThescalarGRT wasintroducedandanalyzedby Beylkin [2, 3, 4, 5] andMiller et
al. [6, 7]. TherelationbetweentheGRT andinversionof sphericalaverageswashighlighted
by Fawcett [8]. GRT-style inversion formulas for the linearized elastic inverseproblem
have beendevelopedby Beylkin and Burridge [9] for the isotropic caseand by De Hoop
etal. [10,11], SpencerandDeHoop[12] andBurridgeetal. [13] for theanisotropiccase.De
HoopandBleistein[14] developedaGRT formalismexploiting aconormalrepresentationof
themediumcontrast,following theoriginal work of Bleistein[15]. All theseformulaswere
strictly valid for thecaseof singlepathing.Theinclusionof multi-pathingin the(anisotropic)
elasticasymptoticinversionformulasis thesubjectof theselecturenotes.A summarycanbe
foundin DeHoop[16].

The outline of thesenotesis as follows. In the following sectionthe basicequations
for anisotropicelasticwave scatteringaregiven. Our inversescatteringproblem,including
multi-pathingandmulti-modes,is formulatedasa Least-Squares(LS) minimumsolution.In
Section3 Maslov asymptotictheoryin anisotropicelasticmediais summarized.In Section4
we introducethehigh-frequency-Born approximationto thescatteringproblem,andanalyze
theassociateddirectscatteringoperatorandits properties.Also,usingareciprocityargument,
we introducethe adjoint of the direct scatteringoperator. The adjoint operatorrepresents
the processof imaging, i.e., (re)constructingthe singularsupportof the mediumcontrast.
In Section5, upon composingthe adjoint with the orginal direct scatteringoperators,we
constructthe normal operator. In this Sectionwe discussconditionsunderwhich imaging
is possible.Thenwe extract from the normaloperatora pseudo-differentialconstituent.In
Section6 wefinally constructtheinversionformulafrom thenormalandtheadjointoperators
and obtain the Maslov extensionof GRT inversion; using a stationary-phaseanalysis,we
recover a LS-GRT inversion. Finally, in Section7 we reducethe LS-GRT inversionof



3

Section6 to thedirectGRT inversion.

2. The basic equations

We considera configuration,in which we illuminate a remotescatteringdomain � ��� ���
with elasticwavesgeneratedby point body forcesat 	�

��������� andobservedby multi-
componentpoint receiversat ��
�������� � for times ��
�� ����� .

We assumethat � � and � � do not intersect � , but ��� and ��� may have points in
common. We denotethe manifold on which experimentsare carriedout by ! " � �$#� �%#�� �&��� . Experimentsaresectionsof a vectorbundlewith base ! andfibrescontaining
thepolarizations.To enhanceconsistency in notation,we denotethescatteringdomainalso
by '("%� . We will analyzethescatteredfield dueto a singularmediumperturbationwith
supportcontainedin ' , on topof asmoothlyvaryingelasticbackgroundoccupying � � � . The
mediumperturbationcanbeviewedasthesectionof a vectorbundlewith base' andfibres
containingscalardensitycombinedwith therankfour stiffnesstensor.

The inverseproblemconcerns(re)constructingthe singularmediumperturbationfrom
the information on the singularsupport(wave front) of the scatteredfield measurements.
We assumethat we canmeasurethe arrival time of andamplitudeon the wave front of the
scatteredfield, aswell asthepolarizationandthemoveouttangentdirection.We will restrict
ouranalysisto bodywaves.

2.1. Notation

First,weintroducesomebasicnotation.WechooseCartesiancoordinatesin theconfiguration,
andlet 	)"$*,+.-0/0+ � /0+ � 1 denotethesourcepositionvector, �2"$*43.-5/63 � /63 � 1 thereceiverposition
vector, 78"9*4:;-0/<: � /=: � 1 and >?"@*BA�-6/6A � /6A � 1 thescatteringandimagepoint positionvectors,
and � the time. The mediumis describedby C *B7 1 , the scalardensityof mass,and D0EGFIHIJK*L7 1 ,
theelasticstiffnesstensor. Thewavefieldis representedby thethree-componentdisplacement
vector M�*B7N/<� 1 "O*4PQ-5*L7R/=� 1 /=P � *L7R/=� 1 /6P � *L7�/=� 1<1 andis generatedby a sourcedistributiongiven
by thebody-forcesourcedensity S�*B7�/=� 1 "T*,UV-W*L7�/=� 1 /0U � *B7R/=� 1 /0U � *L7R/=� 1<1 . In thefollowing, we
will employ thesummationconvention.

2.2. Governingwaveequation

Thedisplacementin aheterogeneousanisotropicelasticmediumsatisfiesthewaveequation

CX� �Y PZE�[\�]F.*LDKEGF<H^J^�.JIP�H 1 "_U]Ea` (1)

Let b *B7�/K7�cd/=� 1 "e*Lf�Ehg�*L7�/K7�ci/=� 1=1 (2)
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bethecausalGreen’s tensor, which– in thetime domain– satisfies(cf. equation(1))CX� �Y f�Ehg�[\�]Fj*BD0EhF<HIJk�.J<flH,g 1 "nm5E g]mo*B7p[q7 c 1 mo*r� 1 /�f�Ehg&"ts for �vuws)` (3)

In thefrequency domain,� YQx [�yBz , andwe get {
C|z � f�Ehg�}?�]Fj*BD0EGFIHIJk�jJ^flH,g 1 "e[~m0Ehg]m�*L7�[�7 c 1 / (4)

where,for zt
�� � , thesenseof causalityis lost. In thefollowing, we will considerz to bea
largeparameter.

3. Maslov asymptotics

Here,we summarizetheformulationof Maslov asymptotictheory[17] in anisotropicmedia
with emphasison the evaluationof the Green’s tensordefinedin equation(4). For a more
detaileddiscussion,we refer the readerto KendallandThomson[18]. For a discussionon
acousticMaslov theoryin ageophysicalcontext, seeChapmanandDrummond[19].

3.1. Raygeometry, traveltime

Let ��*B7R�K7 c 1 denotethetravel time alonga ray connecting7 with 7 c . Thewave front is given
by ��*L7 c /=� 1 "���7_�V�Q*L7R�K7 c 1 "%�K� andthepropagationconeby ��*L7�/<� 1 �j�Q*L7R�K7 c 1 [���"@s�� .
Thetravel timesatisfiesthefirst-orderpartialdifferentialequation(cf. equation(1))���5�]� Cvm0E�HR[qD0EhF<HIJ0*L�.Jk� 1 *B��FK� 1k� "ts�` (5)

Let ��� "_� � �Q*L7R�K7 c 1 (6)

denotethe slownessvector, which is normalto the wave front ��*L7 c /=� 1 at 7 . The slowness
vectorlies on a sextic surface, �R*L7 1 , consistingof threeovoid sheets,�X�����6*B7 1 , �("9�V/K �/K¡ ,
eachsurroundingtheorigin. To seethis,wedefinethephasevelocity ¢ ,

¢£" �� � � / � � " ¤ �¢¥*L7R/ ¤ � 1 / (7)

sothat ¤ � is theunit vectorin thedirectionof ��� . Substitutingequation(7) into equation(5)
we recognizethat C�¢ � are the eigenvaluesof a positive symmetricmatrix with E�H entriesD0EGFIHIJk¦;J^¦�F . Thusateach7 , for eachdirection ¤ � , therearethreepositivevalues¢ �§�¨� *L7R/ ¤ � 1 ,��"©�V/0 �/K¡ , of ¢ . Then,as ¤ � sweepstheunit sphere,each� �§�¨�� " ¤ �¢ ����� *B7�/ ¤ � 1 (8)

sweepsa closedsheet,�ª�����=*B7 1 , of �R*L7 1 .«
In ourconvention,theFouriertransformis givenby ¬l­¯®;°L®Z±¯°B²B³�´p­¯µ0¶�³¸·º¹¼»�½· ½ ¬l­¯®;°L®Z±¯°4¾�³À¿IÁÃÂ�­4ÄQÅi¾�²B³ÃÆÀ¾ .
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For general � not necessarilyon � , let Ç �§�¨� *L7�/ � 1 bedefinedby���5�]� C *L7 1 *4Ç ����� 1 � m5E�HR[�D0EGFIHIJ0*L7 1^È J È F � "ns)` (9)

ThefunctionsÇÉ�§�¨� arepositivehomogeneousof degreeonein � ; in view of equation(8) the
surface� ����� *L7 1 is givenby

Ç �§�¨� *L7�/ � 1 "£�Ê` (10)

For wavesin mode� wemaythenwrite equation(5) in theform

Ç �§�¨� *L7�/0� � � 1 "e��` (11)

It is standardpractice to solve equation (11) by the method of characteristics. The
characteristiccurvesfollow from theequalities� :ZE�jË<ÌLÇ ����� "

� �È Er�jË<Ì4Ç ����� "e[ � È E�ºÍ0Ì4Ç �§�¨� ` (12)

By thehomogeneityof Ç������ in � andEuler’s relation,we haveÈ Ed�jË<ÌBÇ ����� "ÎÇ �§�¨� "©�l` (13)

With this relation,equation(12) impliestheHamiltonsystem� :ZE� � "t�jË<ÌBÇ ����� / � È E� � "e[É�ºÍ0Ì4Ç �§�¨� / (14)

subject to the constraint (10), the generalsolutions of which are the bicharacteristics*L7X�§�¨�<*4� 1 / � ������ *r� 1<1 in phase( 7 � )-space.Thetracesof 7v�§�¨�<*4� 1 aretheraysin ordinaryspace.
Addingto theHamiltonsystemaninitial condition,theoneassociatedwith theGreen’stensor
(cf. equation(3))

7 �§�¨� *4�¥"ns 1 "n7 c / � �§�¨� *4�¥"ns 1 " ¤ �¼Ï¢ �§�¨� *B7 c / ¤ �ºÏ 1 / ¤ � Ï 
Ð� �� Ï �Î� � (15)

for example, the bicharacteristicsform a three-dimensionalmanifold embeddedin � �ÉÑ .
Particularcoordinateson this manifold follow from equation(6). ( � �� Ï denotesa subsetof
theunit sphere;for lateruse,we introducecoordinates*4Ò�-5/6Ò � 1 on thissphere.)

ConsidertheHamiltonianÓ �§�¨� "tÇ ����� [w�Ê`
Via the inverseLegendretransformation,thisHamiltoniancanbemappedinto a Lagrangian,
homogeneousof degreeoneinÔ E;" � :ZE� � "n�jË<ÌBÇ ����� "n�jË=Ì Ó �§�¨� ` (16)

This relationinducesa mappingfrom theslownessvector � to thegroupvelocity Õ at each7 . In view of equation(13) thesevectorsareeachother’s polar reciprocals,i.e.
È E Ô E~"Ö� ,
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whichreflectsthefactthat Õ representsthecoordinatesof a tangentvectorwhile � represents
thecoordinatesof the correspondingcotangentvector. In accordancewith this observation,
we introducethemappingfrom thegroupvelocity to theslownessvector � " � *B7�/6Õ 1 . The
Lagrangianthenfollowsas(EpsteinandŚniatycki[20])× ����� *B7R/6Õ 1 " È Ek*B7R/6Õ 1 Ô E�[ Ó ����� *L7�/ � *L7R/6Õ 1=1 " È E¸*L7R/6Õ 1 Ô E�/ (17)

in view of constraint(10). In fact,with � parametrizingthebicharacteristics,
× ����� *B7�/6Õ 1 "$�

(equation(13));wefind thatalongthebicharacteristics� � ����� " È �����E � : �§�¨�E ` (18)

If there are multiple rays connecting 7 with 7 c , we employ the more careful notation��*L7R�K7 c / ¤ �ºÏ 1 , or ��*B7R� ¤ �¼Ï 1 in shorthand,to identify each individual ray. This way,
the geometryof the bicharacteristicswith initial conditions(15) will be representedby*L7X�§�¨�<*L7 c / ¤ �ºÏ 1 / � �§�¨�� *L7 c / ¤ �ºÏ 1<1 . We will omit the superscript�§�¨� in subsectionswhereit is
irrelevantwhich themodeunderconsiderationis.

The form
È E � :ZE is denotedasthe fundamentalsymplecticoneform. Taking its exterior

derivative,leadsto thestandardsymplecticform in phasespace;it is givenby
� È EºØ � :ZE . The

restrictionof this form to themanifoldof bicharacteristicsvanishes,because� *L�VEd� 1 Ø � :ZEÙ"T*B��F5�VEd� 1 � :�F|Ø � :ZE
"_Ú E � *B� �E � 1 � :ZEoØ � :ZEo}8Ú FÀÛÜ E *L�]F5�ºEi� 1 �h� :�F|Ø � :ZEo} � :ZEoØ � :�F � "nso`

This is thegenericpropertyof so-calledLagrangianmanifolds.

3.2. Thepartial Legendre transformation

ιι

ÝÞ ß
ϑ(γ ,   ;    )ß Ý Ý

Ýφ(γ ,    ;    )

τ Ý; )(Ý

Þ ß

ι

ι

Þà

á
γ

(γ  , −1)

ßÞâ

ßâτ(    ,    ;    )

ß
(γ ,   )ß

Figure 1. The Legendretransformationandthe Maslov phase
function.
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Applying the integrated partial Legendretransformationto the travel time function
comprisesthefollowing procedure.Let thesubsetsã�ä_åãæ"e�¼�V/K �/K¡�� inducea partitioningof
subscripts:ç�
�ã labelsat mosttwo out of threecoordinatesand å ç�
 åã theremainingone(s),
so that * È�è /=:�éè 1 constitutepropercoordinateson the Lagrangianmanifold over a region ê è .
We will denotea point in this manifold by ë ; if ë9
£ê è , it hasa neighborhoodadmitting
a diffeomorphicprojectiononto the * È�è /=:|éè 1 -domain. Let ì è denotethe point in the plane: éè " constantwherethe wave front has(projected)slowness

È�è
; the mapping

È�è x ì è
representsachangeof coordinateson theLagrangianmanifold.

TheLegendretransformí of � is thengivenbyí¨* È�è /=: éè �K7¨c 1 "
��*4ì è * È�è /=: éè 1 /=: éè �67|c 1 [ È¼î ì î * È�è /=: éè 1 ` (19)

Differentiatingexpression(19)with respectto
È�è

, since �VïÙð6�ñ" È�è
, it follows that�jË<ð5íò"e[�ì è for :�éè fixed ( �VÍºóð íô" È éè for

È�è
fixed) ` (20)

Fromequations(19)-(20)it alsofollowsthatí¨* È�è /=:�éè �K7 c 1 [ È�î *L�jË<õLí 1 * È�è /=:�éè 1 "Î�Q*4ì è * È�è /=:|éè 1 /=:�éè �K7 c 1 ` (21)

The function í in turn definesa hypersurface ��* È�è /=:|éè /=� 1 �Ù�~[$í�* È�è /=:|éè �K7 c 1 " s�� . The
Legendretransformationcanbereappliedto í to yield��*rì è /=: éè �K7¨c 1 "_í�* È�è *rì è /<: éè 1 /=: éè �K7¨c 1 }qì î¯È¼î *4ì è /=: éè 1 /
andwerecovertheoriginal travel timefunction.Now, in view of equation(20),it followsthat�Vï;ð6�¥" È�è

for :�éè fixed ( �VÍVóð �¥" È éè for : è fixed) ` (22)

Notethat í satisfiesapseudo-differentialequationof thetype(11),viz.Ç �§�¨� *I[É�jË ð í�/=:�éè / È�è /K�VÍ óð í 1 "e��` (23)

Fromequation(19)weconstructthephasefunction(seefigure1)ö * È�è /K7��K7 c 1 "ní�* È�è /=:|éè �67 c 1 } È¼î : î
"Î�Q*4ì è * È�è /<:�éè 1 /=:�éè �K7 c 1 } È¼î *r: î [�ì î * È�è /<:�éè 1=1 ` (24)

This is the arrival time at : è of a ‘constant� wave’ reachingì è at time �Q*4ì è /=:�éè �K7 c 1 , see
figure2. At : è "Îì è * È�è /=: éè 1 thisphaseis stationary, i.e.*L�jË ð ö 1 * È�è /K7��67¨c 1 "Î: è [�ì è * È�è /=: éè 1 "ns when � " � � *L7¨cr/ ¤ �ºÏ 1 (25)

is associatedwith the geometricalray connecting7 c with 7�*L7 c / ¤ � Ï 1 . The stationaryphase
argumentleadstoö *=* È � 1^è /K7R�K7¨c 1 "w��*L7R�K7�c 1 / (26)

on thebicharacteristics,while� � ö *<* È � 1Iè /K7��67 c 1 " � � ` (27)

ThepartialLegendretransformationis illustratedin the( �k: è -)domain,in figure1.
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3.3. TheMaslov canonicaloperator

ι
ι

÷
τ( 

   ,
    

;   
 )÷

ι øùø(γ ,   )
ú

ιι ι
ùγ øùø(γ ,   ))(

ú
−

ù
γ

Σ

û ξ

ξ

γ

Figure 2. Contributionsfrom neighboringraysat the point of

observationwith coordinatesüjý .
In the high-frequency approximation{ , the Green’s tensor decomposesinto three

uncoupledmodes�þ
��¼�j/0 �/K¡�� , associatedwith qP, qS1andqS2polarizedwaveconstituents.
The(‘one-way’) Maslov asymptoticrepresentationfor eachmodeon a givenregion, ê è , of
theLagrangianmanifoldis givenby

f �����Ehg *B7�/K7 c /<z 1 � ÿ y4z  � ��� è � � � #��� ����� * È�è /<:�éè �K7 c 1
	 �§�¨�E *rì è * È�è /=:�éè 1 /<:�éè 1�	 �§�¨�g *L7 c 1 �
�
�a� y4z ö �§�¨� * È�è /K7��K7 c 1k� � È�è(28)

(seefigures2 and3). Note that theLegendretransformationof travel time generatesa termÈ�î *4: î [eì î * È�è /=:�éè 1=1 in the Maslov phasefunction (24), which implies that the integrand
in equation(28) is a (high-frequency) representationof the Green’s tensorin the spatial
Fourier ( z È�è -)domain. The entireamplitudetensorappearingin the oscillatory integral of
equation(28) is yet to bedetermined.As before,wewill freelyomit thesuperscripts����� .

In thestationaryphaseanalysis(cf. equations(25)-(27))of equation(28) we encounter
the � ãQ��#�� ãQ� Hessian�Z� ö� È �è "e[ �Zì è� È�è for :�éè fixed / (29)

usingequation(24). Carryingoutthisstationaryphaseanalysisof theMaslov representation
�
,«

Away from conicalpoints, in the absenceof kiss or intersectionsingularities(for a treatmentof thosesee
CoatesandChapman[21]).�

Thom’s theoremcanbe employed to prescribea normalform of the Maslov phasefunction [22]; this form

canbeusedto evaluatetheslownessintegral representationat acaustic[23].
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awayfrom caustics,yieldsthemappingfrom
� �§�¨� to thegeometricalray amplitude� �§�¨� ,�)*rì è * È�è *L7 c / ¤ �ºÏ 1 /=:�éè *L7 c / ¤ �¼Ï 1<1 /=:|éè *B7 c / ¤ �ºÏ 1 �K7 c 1 " (30)� * È�è *L7 c / ¤ �ºÏ 1 /=: éè *B7 c / ¤ �ºÏ 1 �K7 c 1� � ���5�Ã��� è *L7 c / ¤ �VÏ 1^� � �
�
��� y -� ������� *rz 1�� � ���=���
��� è *L7 c / ¤ �ºÏ 1 � /

with � è *L7 c / ¤ � Ï 1"! # � � ö� È �è%$'&&&&& * È�è *L7 c / ¤ �VÏ 1 /K7N*L7 c / ¤ �¼Ï 1 �67 c 1 / (31)

which,with theaidof expression(29),canberewrittenas� è *L7 c / ¤ �ºÏ 1 "£[ # �Zì è� È�è $ &&&&& * È�è *L7¨cd/ ¤ �ºÏ 1 /<: éè *L7�cd/ ¤ �VÏ 1=1 / (32)

and � � �(�<���)�*� è+! -� * �,�-� � è }£� ãQ� 1 " -� # [ �,�-� # ��ì è� È�è $ }�� ãQ� $ ! [ � � �(�<���)� # ��ì è� È�è $ /
(33)

the inertial index of
� è

(its numberof positive eigenvalues).TheJacobianin theright-hand

ι

ι

γ

.
dγ

ξ

Figure 3. TheMaslov integral.

sideof equation(32) is relatedto thegeometricalspreading,seefigure4.
Let us now analyzeandcomparerepresentationsof the type (28), and their stationary

phaseapproximations,atdifferentpoints, ë and ë c say, onacurve, / say, containedin ê è (see
Mishchenko etal. [24]). Assumingthat

�
is well definedeverywhereon ê è , but allowing the

occurrenceof a singularpoint{ associatedwith a caustic(in the 7 -domain)on thecurve, the«
A point 0 in the Lagrangianmanifold is said to be non-singular if it has a neighborhoodadmitting a

diffeomorphicprojectionontothe ® -domain.
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pathindex is introducedas� � � / � ë�/0ë c � "e[ � � ���=���
� # �Zì è� È�è $ &&&&& 1 }
� � �(�<���)� # ��ì è� È�è $ &&&&& 1 Ï ` (34)

Theindex countsthenumberof changesof signin thecurvaturesof thewave front between
(theprojectionsof) thenon-singularpoints ë�c and ë . A ray lifts to acurveon theLagrangian
manifoldthatcanbebrokenup into segments/ �nê è . Theaccumulationof theindices

� � � /
alongthe curve is the so-calledKMAH index 2 : in the presenceof caustics,the amplitude� connecting7 with 7 c becomescomplex with phasefactor

�)�
�a� y -� �����-� *rz 1 2�*B7N*L7 c / ¤ �VÏ 1=1k�
[25, 26].

On theotherhand,representations(28) on overlappingregions ê è"3 ê54 say– where ê54
admitscoordinates* È 4�/=:&é4 1 – should‘match’ asymptoticallyat a commonpoint. A special
caseof suchamatchwasdiscussedin equations(30)-(33)where 6 "87 and å6 "©�¼�V/0 �/6¡�� . In
general,let usintroducethesetnotation

å9 è 
�ã 3 å6 and 9 éè 
 åã 3 6Ð`
Thenwehave to applythecascadeof (inverse)Fouriertransforms,

ÿ [Éy4z  � �:� éè�; 4 � � � � ÿ yBz  � �:� è<; é4 � � � � �)�
�a� y4z�* È é= ð : é= ð [ È = óð : = óð 1k�?>@>@> � È è<; é4 � :�éè<; 4 /
to theintegrandof theintegral in equation(28)� �§�¨� * È�è /=:|éè �67 c 1
	 �§�¨�E *4ì è * È�è /=:�éè 1 /=:|éè 1A	 �§�¨�g *L7 c 1 �
�B�a� yBzñí ����� * È�è /<:�éè �K7 c 1k�
to obtaintheintegrandin a representationof thetype

ÿ yBz  � �:� 4 � � � � >@>@> �)�
�a� y4z È = : = � � È 4 /
which resemblesrepresentation(28) on theregion ê54 (cf. equation(24)). Thefactorin front
of theFouriertransformscanberewrittenas(with *I[l� 1 " �)�
�Ê� [Éy � � )

ÿ [Éy4z  � �:� éè�; 4 � � � ÿ yBz  � �:� è<; é4 � � � "T*^[Ê� 1 � éè�; 4 � � � ÿ y4z  � � � � è<; é4 � CD� éè�; 4 � � � � `
Thephaseof thiscascadeof Fouriertransforms,í¨* È�è /=:|éè �67 c 1 } È é= ð<: é= ðX[ È = óð : = óð , is stationary
(compareequation(25)) ifEFFG FFH : é= ð " [É�jË óI ð í¨* È�è /=:�éè �K7 c 1 " ì é= ð * È�è /=:|éè 1 /È = óð " �ºÍ I óð í¨* È�è /=:�éè �K7 c 1 " È = óð * È�è /=:|éè 1 (35)

(usingequation(20)). This systemof equationsrepresentsthetransformationof coordinates* È�è /=: éè 1 to * È 4¼/=: é4 1 : : = óð x È = óð / È é= ð x : é= ð on ê èJ3 ê54 .
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Carrying out the stationaryphaseanalysisof the cascadeof Fourier transforms,we
encounterthe Hessianof í¨* È�è /=:�éè �K7 c 1 with respectto the coordinates*4: = óð / È é= ð 1 , which with
theaidof equation(35)canbewrittenasthe *K� ã 3 å6v�I}w� åã 3 6X� 1 # *0� ã 3 å6v�I} � åã 3 6v� 1 JacobianK è<L 4�* È�è /=:|éè 1 " ��* È = óð /À[N: é= ð 1�a*4: = óð / È é= ð 1 ` (36)

Thenthephasefactorassociatedwith thestationaryphaseanalysisis givenby�)�
�M� yON -� ���,�-� *dz 1B� � ���=���
��K è<L 4R}\zô�.í¨* È�è /=:�éè �K7 c 1 } È é= ð : é= ð [ È = óð : = óð �QP � /
evaluatedat thestationarypoint set(cf. equation(35)),with� � �(�=�o�)�RK è<L 4�" -� N ���-� K è<L 4R}£� ã 3 å6v� }�� åã 3 6v� P ` (37)

Hence,thetransformationof representation(28)on ê è to theassociatedrepresentationon ê54
amountsto amultiplicationby thephasefactor(Mishchenko etal. [24, 4.1.2]),�)�
�a� y|* -� �����-� *rz 1BSWè 4R}�zUT è 4 1k� /
with SWè 4�" � � �(�<���)��K è<L 4~[_� åã 3 6X�¼/ (38)T è 4�"_í¨* È�è /=:�éè �K7 c 1 [qí�* È 4�/<:�é4 �K7 c 1 } È é= ð : é= ð [ È = óð : = óð (39)

(representingthedifferencein partialLegendretransformations:
È é= ð : é= ð [ È = óð : = óð " È¼î : î [ È = : = ),

andadivisionof thekind� * È 4¼/=:&é4 �K7�c 1 " � * È�è /<:�éè �K7 c 1� � ���5�]� K è,L 4 � � / (40)

in accordancewith thecoordinatetransformationgivenby equation(35). It canbeshown thatT è 4 is a real-valuedconstant(
� T è 4l"ts ) whereas

S è 4 is anintegerto beconsideredVXW �ZY
.

Away from causticsin the 7 -domain,in thecasewhere 6�"[7 and å6�"@�¼�V/0 �/6¡�� (henceåã 3 6�"\7 also)we find theidentification
K è<L 4 x � è

(cf. equation(36)). Equation(35) then
reducesto equation(25), i.e., : è "_ì è * È�è /=: éè 1 while T è 4 "�s . Uponapplyingtheanalysisof
equation(30) to representations(28) on ê è andon ê54 , andmatchingtheresults,leadsto the
observationthattheindex

SWè 4 of thepair *Lê è /Kê54 1 candirectlyberelatedto theray geometry
accordingto SWè 4�"e[ � � ���=���
� # �Zì è� È�è $ &&&&& 1 }

� � �(�<���)� # ��ìU4� È 4 $ &&&&& 1 (41)

(compareequation(34)). It can be shown that the differencein equation(41) is constant
( VXW �'Y

) on thesetof all non-singularpoints ë8
�ê è]3 ê54 (Maslov andFedoriuk[17, Lemma
6.4]). As aconsequence,theindex

� � � / in equation(34)alongacurve / containedin ê è^3 ê54 ,
doesnot dependon thechoiceof coordinates.
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Figure 4. Illustrationof thegeometricalspreading– of a qSV
wave – in the ü ý direction. In grayaredepictedthedifferencesc�d ý and

c:e ý ; on fhg is shown thedifferencein groupdirection
associatedwith

c�d ý .
3.4. Thetransportequation

We will now discusstheequationsthat i and
�

, appearingin theintegrandof equation(28),
shouldsatisfy. To thisend,implicitly, wewill developa‘commutationformula’ for theelastic
wave operatordefinedby equation(3) andthe Maslov integral given in equation(28), see
Maslov andFedoriuk[17, j 8.3].

Whilesubstitutingrepresentation(28)intoequation(4),wewill makeuseof thefollowing
derivatives:from equation(24)weobtain�VÍ0õ ö " È¼î / (42)

whereasfrom equation(24)with equation(20)we obtain�VÍ óõ ö "n�VÍ óõLíò" È éî for
È�è

fixed / (43)

where,implicitly,
È é î " È é î * È�è /=:�éè 1 .

Carryingout thesubstitutioninto equation(4), andcollectingterms k2*dz"l 1 , m\"  �/W�V/Ks ,
yields( m "t �[on ; n increaseswith smoothness)�pq Ü � ÿ yBz  � �:� è � � � *By4z 1 ��r q C *L7 1�ts � ��r q �Ehg *B7R/ � �K7 c 1 �
�B��� yBz ö ����� * È�è /67��K7 c 1^� � È�è "Îsæ/

(44)
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where,with D0EGFIHIJ�"ÎCvuDKEGF<HIJ ,s � � �E g *L7�/ � �K7 c 1 "� m5E�HR[wuDKE î H î Ï *L7 1kÈ�î È¼î Ï [xuD0E é î H î Ï *B7 1kÈ é î¯È¼î Ï [xuD0E î H é î Ï *B7 1^È¼î¯È é î Ï [wuDKE é î H é î Ï *L7 1^È é î È é î Ï �� �§�¨� * È�è /=: éè �67 c 1
	 �§�¨�H *rì è * È�è /=: éè 1 /=: éè 1A	 �§�¨�g *L7 c 1 /
(45)

in which ç^/6ç c 
�ã and å ç^/ å ç c 
 åã , and(since�VÍ õ � � ����� 	 �§�¨�H 	 �§�¨�g �&"ns )s � - �E g *L7�/ � �K7 c 1 "e[ � C *B7 1^� r -
� *L�VÍ õ D0E î H î Ï 1 *L7 1�È¼î Ï }n*L�VÍ ó õ DKE é î H î Ï 1 *L7 1�È¼î Ï }n*B�VÍ õ DKE î H é î Ï 1 *B7 1�È é î Ï }t*L�VÍ óõ D0E é î H é î Ï 1 *L7 1�È éî Ï �� �§�¨� * È�è /=:|éè �67 c 1
	 �§�¨�H *rì è * È�è /=:�éè 1 /=:|éè 1A	 �§�¨�g *L7 c 1
[ � uDKE î H é î Ï *L7 1kÈ�î �ºÍ ó õ Ï }\uD0E é î H î Ï *B7 1^È¼î Ï �ºÍ ó õ�}\uDKE é î H é î Ï *L7 1^È é î �VÍ ó õ Ï

}yuDKE é î H é î Ï *B7 1^È é î Ï �VÍ óõ }\uDKE é î H é î Ï *L7 1 *L�VÍ óõ È é î Ï 1^�� �§�¨�<* È�è /=:|éè �67 c 1�	 �����H *rì è * È�è /=:|éè 1 /=:�éè 1�	 �����g *B7 c 1 /

(46)

andsoon. Here,partialderivativesof mediumparametersenclosedin parentheses,*B�VÍ óõ4D0E é î H î Ï 1
for instance,aretakenundertheassumptionthat �Ã: è /=:�éè � aretheindependentvariables,i.e.,
suchderivativesrelatesimply to thearguments.In expressions(45)-(46), 7�" *r: è /=:�éè 1 andÈ�è

are not necessarilyconnectedthroughthe mapping : è " ì è * È�è /=:�éè 1 via a point on a
bicharacteristic.Also, notethat

s �zlÃ�E g dependson : è throughthe mediumparameters(scalar

densityandstiffnesstensor)only. Let usnow expand
s �{lÀ�Ehg asafunctionof : è in aTaylorseries

about: è "Îì è :s �{lÀ�Ehg *B7R/ � �K7�c 1 " s �zlÃ�Ehg *4ì è /=:|éè / � �K7�c 1 }n*r: î [�ì îr1
| �zlÃ�î Ehg *4ì è /K7�/ � �K7¨c 1 ` (47)

Since
| �zlÃ�î Ehg representsthehigher-ordertermsin a Taylor series,its dependenceon : è is via a

polynomialin : è [�ì è . In view of equation(25),we have

*By4z 1 r - �VË õ �)�
�a� y4z ö �§�¨� * È�è /K7��K7 c 1k� " � : î [�ì î * È�è /=:�éè 1^� �
�
�a� y4z ö �§�¨� * È�è /K7��K7 c 1k�
sothatthesecondtermin equation(47) inducesacontributionto theintegral in equation(44)
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of thetype � *4: î [�ì î41
| �{lÀ�î Ehg *rì è /K7R/ � �K7 c 1 �
�B�a� yBz ö ����� * È�è /67��K7 c 1^� � È�è
"T*By4z 1 r - � �jË<õh} | �zlÃ�î Ehg *4ì è * È�è /=:�éè 1 /K7�/ � �67 c 1 �)�
��� y4z ö �§�¨� * È�è /K7��K7 c 1^� ~ � È�è
[ *ByBz 1 r - � } �VË<õ | �zlÃ�î Ehg *4ì è * È�è /<:�éè 1 /K7�/ � �K7¨c 1 ~ �
�
�a� y4z ö �§�¨� * È�è /K7R�K7¨c 1k� � È�è `

(48)

With the aid of Gauss’divergencetheorem,it canbeshown that the first termon the right-
handsideof this equationyieldsa boundarycontribution thatcanbeeliminated;thesecond
termtransfersinto

s �zl r - �Ehg . Wewill focuson theleading-orderterms( m "n  ).
Since | � � �î E g *4ì è /K7�/ � �K7 c 1 "T*B�ºÍ0õ s � � �Ehg 1 *4ì è /=:�éè / � �K7 c 1

} -� *r: î Ï [�ì î Ï 1 *B�ºÍ Ïõ �VÍ0õ s � � �Ehg 1 *rì è /<:�éè / � �K7 c 1 } >@>@> /
wefind that [~�jË<õ | � � �î Ehg *4ì è * È�è /<:�éè 1 /=:|éè / � �67 c 1

"n�jË<õ��Q*L�VÍ0õ
uDKEGF<HIJ 1 *rì è * È�è /=:|éè 1 /=:�éè 1�È F È J� �§�¨�<* È�è /=:�éè �K7 c 1
	 �����H *4ì è * È�è /=:|éè 1 /=:�éè 1�	 �����g *L7 c 1��
[ -� *L�jË<õ4ì î Ï 1 * È�è /=:|éè 1 *B�ºÍ õ Ï �VÍ0õ)uDKEGFIHIJ 1 *4ì è * È�è /<:�éè 1 /=:|éè 1�È F È J� �§�¨� * È�è /=: éè �K7 c 1
	 �����H *4ì è * È�è /=: éè 1 /=: éè 1�	 �����g *L7 c 1 } >@>@>

"T*L�VÍ0õ�uDKEGF<H^J 1 *4ì è * È�è /=:|éè 1 /=:�éè 1 �jË<õ � È F È J� �§�¨� * È�è /=: éè �K7 c 1
	 �����H *4ì è * È�è /=: éè 1 /=: éè 1�	 �����g *L7 c 1 �
} -� *L�jË õ ì î Ï 1 * È�è /=: éè 1 *B�VÍ õ Ï �VÍ õ uD0EhF<HIJ 1 *rì è * È�è /=: éè 1 /<: éè 1�È F È J� �§�¨�<* È�è /=:�éè �K7 c 1
	 �����H *4ì è * È�è /=:|éè 1 /=:�éè 1�	 �����g *L7 c 1 } >@>@> /

(49)

andsoon.
Uponsubstitutingequation(45) andequation(46) togetherwith (49) into equation(44),

collecting terms kò*rzª� 1 , yields an equation for i :
s � � �Ehg *4ì è * È�è /=:|éè 1 /=:�éè / � �K7 c 1 " s or
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(cf. equation(45))� m5E�HR[�uDKEGFIHIJ5*rì è /=: éè 1^È F È J �(	 �����H *rì è * È�è /=: éè 1 /=: éè 1 "ts�/ (50)

thesolutionsof which arethepolarizationvectorson bicharacteristics.Collectingall termsk2*dz 1 , yieldsanequationfor
�

(cf. equations(46) and(49)). Takingtermsin equation(46)
together, for instance,uDKE î H é î Ï *4ì è /=: éè 1^È¼î �ºÍ ó õ Ï }\uD0E é î H é î Ï *rì è /<: éè 1^È é î �VÍ óõ Ï "�uDKEGF<H é î Ï *4ì è /=: éè 1kÈ F��VÍ óõ Ï /
weobtain � C *rì è /=:�éè 1^� r - �VÍ<�j*4CRuD0EGFIHIJ 1 *4ì è /<:�éè 1�È J� �§�¨�<* È�è /=:�éè �K7 c 1
	 �����H *4ì è * È�è /=:|éè 1 /=:�éè 1�	 �����g *L7 c 1

} � uDKEGF<H éî Ï *4ì è /=:|éè 1kÈ F �VÍ óõ Ï }\uDKE é î HIJ0*4ì è /=:|éè 1kÈ J��VÍ óõZ}\uDKE é î H é î Ï *4ì è /=:|éè 1 *B�VÍ óõ È é î Ï 1k�� �§�¨�<* È�è /=:�éè �K7 c 1A	 �§�¨�H *4ì è * È�è /=:�éè 1 /=:|éè 1A	 �§�¨�g *L7 c 1
[ *B�VÍ0õ)uDKEGFIHIJ 1 *4ì è /=:|éè 1 �jË<õ � È F È J� �§�¨� * È�è /=:�éè �K7 c 1
	 �����H *4ì è * È�è /=:|éè 1 /=:�éè 1�	 �����g *L7 c 1 �
[ -� *B�VË õ ì î Ï 1 *L�VÍ õ Ï �ºÍ õ uDKEGF<H^J 1 *4ì è /=:�éè 1�È F È J� �§�¨� * È�è /=: éè �K7 c 1
	 �����H *4ì è * È�è /=: éè 1 /=: éè 1�	 �����g *L7 c 1 "ts�`

(51)

Next, we contractthis equationwith the polarizationvector
	 �����E *rì è * È�è /=:�éè 1 /<:�éè 1 . In this

processwe will make useof severalidentities.First,notethat �VÍ óõ È�î Ï "£s . Second,exploiting
thesymmetryof thestiffnesstensor, wefind theidentityassociatedwith thesecondterm,	 �§�¨�E *4ì è * È�è /<:�éè 1 /=:|éè 1 uD0EGFIH é î Ï *rì è /=:�éè 1^È F�*B�VÍ óõ Ï 	 �§�¨�H *4ì è * È�è /=:�éè 1 /=:|éè 1<1

} 	 �§�¨�E *4ì è * È�è /<:�éè 1 /=:|éè 1 uD0E é î HIJ *rì è /=:�éè 1^È JÙ*B�ºÍ ó õ 	 �����H *rì è * È�è /=:|éè 1 /=:�éè 1=1
} 	 �§�¨�E *4ì è * È�è /<: éè 1 /=: éè 1 uD0E é î HIJ *rì è /=: éè 1 *B�ºÍ ó õ È J 1
	 �§�¨�H *4ì è * È�è /<: éè 1 /=: éè 1

"�uDKE é î HIJ *rì è /<:�éè 1 �ºÍ ó õ } È J 	 �§�¨�E 	 �§�¨�H *rì è * È�è /=:�éè 1 /=:|éè 1 ~ `
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Third, in view of thesymmetryof thestiffnesstensoragain,wehave	 �§�¨�E *4ì è /=:|éè 1 uD0EhF<H é î Ï *rì è /=:�éè 1^È F 	 �����H *4ì è /=:�éè 1 �VÍ ó õ Ï � �����=* È�è /=:�éè �K7 c 1
} 	 �����E *rì è /=:�éè 1 uDKE é î H^J *4ì è /<:�éè 1^È J 	 �§�¨�H *4ì è /=:|éè 1 �VÍ óõ � ����� * È�è /=:�éè �K7 c 1
"n  	 �§�¨�E *rì è /<:�éè 1 uDKE é î HIJ5*4ì è /=:|éè 1kÈ J 	 �§�¨�H *4ì è /=:|éè 1 �ºÍ ó õ � �§�¨�<* È�è /=:|éè �67 c 1 `

Fourth,associatedwith thethird term,

[ 	 �����E *rì è * È�è /=:|éè 1 /=:�éè 1 *B�ºÍ õ uDKEGF<H^J 1 *4ì è /=:�éè 1�È F È Jo�VË õ 	 �§�¨�H *rì è * È�è /=:�éè 1 /=:|éè 1
"e[ -� *L�VÍ0õ)uD0EGFIHIJ 1 *4ì è /=:|éè 1�È F È J��jË<õh} 	 �§�¨�E *rì è * È�è /=:�éè 1 /=:|éè 1A	 �§�¨�H *4ì è * È�è /=:�éè 1 /=:|éè 1�~ `

Theoutcomeof thecontraction,reorderingterms,thenfollowsas,

� C *rì è /=:�éè 1^� r - �VÍ<�j*4CRuD0EGFIHIJ 1 *4ì è /<:�éè 1
	 �����E 	 �§�¨�H *4ì è /=:|éè 1�È J � �����=* È�è /=:�éè �K7 c 1
	 �����g *B7 c 1
}�uD0E é î HIJ *rì è /=:�éè 1 �VÍ óõB} 	 �����E 	 �����H *rì è * È�è /=:|éè 1 /=:�éè 1�È J ~ � �����=* È�è /<:�éè �K7 c 1
	 �����g *B7 c 1

}� �uDKE é î HIJ *rì è /=:�éè 1
	 �§�¨�E 	 �§�¨�H *4ì è /<:�éè 1�È J��ºÍ ó õ } � �§�¨�<* È�è /=:�éè �K7 c 1
	 �§�¨�g *L7 c 1 ~
[ -� *B�VË<õrì î Ï 1 *L�VÍ õ Ï �ºÍ0õ
uDKEGF<H^J 1 *4ì è /=:�éè 1
	 �§�¨�E 	 �����H *rì è /=:�éè 1�È F È J� �§�¨� * È�è /=: éè �K7 c 1
	 �����g *L7 c 1
[ -� *B�ºÍ0õ�uDKEGFIHIJ 1 *4ì è /=:|éè 1 �jË<õh} 	 �����E 	 �����H *rì è * È�è /=:|éè 1 /=:�éè 1�È F È J ~� �§�¨�<* È�è /=:�éè �K7 c 1
	 �����g *L7 c 1
[ -� *B�ºÍ0õ�uDKEGFIHIJ 1 *4ì è /=:|éè 1
	 �����E 	 �����H *rì è /=:�éè 1 �jË=õ¼� È F È J6�� �§�¨�<* È�è /=:�éè �K7 c 1
	 �����g *L7 c 1
[ *B�VÍ õ uDKEGFIHIJ 1 *4ì è /=:|éè 1
	 �����E 	 �����H *rì è /=:�éè 1�È F È J

�jË=õ } � �§�¨� * È�è /=:�éè �K7 c 1
	 �§�¨�g *L7 c 1 ~ "ns)`

(52)
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Wewill now employ afifth identity, associatedwith thesixth term,-� *L�VÍ0õ)uD0EhF<HIJ 1 *rì è /<:�éè 1
	 �§�¨�E 	 �§�¨�H *4ì è /=:|éè 1 �jË<õk� È F È J6�
"T*B�VÍ0õ
uD0E î HIJ 1 *4ì è /=:|éè 1
	 �����E 	 �����H *rì è /=:�éè 1�È J

}æ*B�VÍ õ uDKE é î HIJ 1 *4ì è /=:|éè 1
	 �����E 	 �����H *rì è /=:�éè 1 *L�jË õ È é îd1^È JX/
to eliminate *L�VÍ0õ
uDKE î HIJ 1 from thefirst termin equation(52). This leadsto� C *rì è /=:�éè 1^� r - *L�VÍ<�0C 1 uD0EGFIHIJK*4ì è /=:|éè 1
	 �����E 	 �����H *rì è /=:�éè 1�È J � �§�¨�<* È�è /=:|éè �67 c 1
	 �§�¨�g *B7 c 1

}�*L�VÍ óõ)uD0E é î HIJ 1 *4ì è /=:|éè 1
	 �����E 	 �§�¨�H *4ì è /=:�éè 1�È J � ����� * È�è /=:�éè �K7 c 1
	 �����g *B7 c 1
}�uD0E é î HIJ *rì è /=: éè 1 �VÍ óõB} 	 �����E 	 �����H *rì è * È�è /=: éè 1 /=: éè 1�È J ~ � ����� * È�è /<: éè �K7 c 1
	 �����g *B7 c 1

}� �uDKE é î HIJ *rì è /=:�éè 1
	 �§�¨�E 	 �§�¨�H *4ì è /<:�éè 1�È J��ºÍ ó õB} � �§�¨�<* È�è /=:�éè �K7 c 1
	 �§�¨�g *L7 c 1�~
[ -� *B�VË<õrì î Ï 1 *L�VÍ õ Ï �ºÍ0õ
uDKEGF<H^J 1 *4ì è /=:�éè 1
	 �§�¨�E 	 �����H *rì è /=:�éè 1�È F È J� �§�¨�<* È�è /=:�éè �K7 c 1
	 �����g *L7 c 1
[ -� *B�ºÍ õ uDKEGFIHIJ 1 *4ì è /=:|éè 1 �jË õ } 	 �����E 	 �����H *rì è * È�è /=:|éè 1 /=:�éè 1�È F È J ~� �§�¨�<* È�è /=:�éè �K7 c 1
	 �����g *L7 c 1
[ *B�VÍ õ uDKE é î HIJ 1 *4ì è /=: éè 1
	 �§�¨�E 	 �����H *rì è /=: éè 1 *L�jË õ È é îd1^È J� �§�¨� * È�è /=:�éè �K7 c 1
	 �����g *L7 c 1
[ *B�VÍ0õ)uDKEGFIHIJ 1 *4ì è /=:|éè 1
	 �����E 	 �����H *rì è /=:�éè 1�È F È J

�jË õ } � �§�¨�<* È�è /=:�éè �K7 c 1
	 �§�¨�g *L7 c 1�~ "ns)`

(53)

At thisstage,wewill makeuseof asixth identityassociatedwith theseventhterm,

�jË õ È é î "Î�VË õ �VÍ óõ íô"Î�VÍ óõ �jË õ í2"©[É�ºÍ ó õ ì î
(cf. equations(43)and(20)). Thenwerewrite themediumcoefficientof thesumof thesecond
andseventhtermsasfollows,

*L�VÍ ó õ uDKE é î H^J 1 *rì è /=: éè 1 [
*L�VÍ õ uDKE é î HIJ 1 *rì è /<: éè 1 *L�jË õ È é îd1 "n�VÍ óõ �%uDKE é î HIJ5*rì è * È�è /=: éè 1 /<: éè 1 �\`
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Hence,taking togetherthe second,third and seventh terms,and the fifth and sixth terms,
yields � C *rì è /=:�éè 1^� r - *L�VÍ<�0C 1 uD0EGFIHIJK*4ì è /=:|éè 1
	 �����E 	 �����H *rì è /=:�éè 1�È J

� � ����� * È�è /<:�éè �K7 c 1
	 �§�¨�g *B7 c 1^� �
}��ºÍ ó õ }�uD0E é î HIJ0*4ì è /=:|éè 1
	 �����E 	 �����H *rì è /=:�éè 1�È J � � �����6* È�è /=:�éè �K7 c 1
	 �����g *B7 c 1^� � ~
}��VË<õ�}o[ -� *L�VÍ0õ
uDKEGF<HIJ 1 *4ì è /=:�éè 1
	 �§�¨�E 	 �����H *rì è * È�è /=:�éè 1 /<:�éè 1�È F È J

� � ����� * È�è /<:�éè �K7 c 1
	 �§�¨�g *B7 c 1^� � ~ "ts�`

(54)

In this equation,we recognizetheHamiltonsystemof equation(14): theHamiltonian ÇÉ�����
in equation(9) canbeexpressedin termsof eigenvectorsi �§�¨� of thematrix uD0EhF<HIJ0*L7 1^È J È F ,� Ç ����� *B7R/ � 1^� � "�uD0EhF<HIJ0*L7 1
	 �§�¨�E 	 �����H *B7R/ � 1�È F È Jv` (55)

Hence,on thebicharacteristics,EFFG FFH �jË ó õ Ç �§�¨� " uD0E é î HIJ 	 �§�¨�E 	 �����H È J /
[É�ºÍ0õ4ÇÉ�§�¨��" [ -� *L�VÍ0õ
uDKEGF<HIJ 1
	 �§�¨�E 	 �����H È F È J ` (56)

Substitutingequation(56)into equation(14),andidentifyingtheresultingsystemwith factors
in thesecondandthird termsof equation(54),finally yields

C r - *L�VÍ<�0C 1 *4ì è /=:|éè 1 � :�F� � � � ����� * È�è /=:�éè �K7 c 1
	 �����g *L7 c 1k� �
}��VÍ óõ�� � : é î� � � � ����� * È�è /=:�éè �K7 c 1
	 �����g *B7 c 1^� ���
}��jË<õ � � È¼î� � � � �§�¨� * È�è /=:|éè �67 c 1
	 �§�¨�g *L7 c 1^� ��� "ts�`

(57)

Hence, �� �\� W � }VC *4ì è /=:�éè 1 � � ����� * È�è /=:�éè �K7 c 1
	 �����g *L7 c 1k� � ~
"£[~�jË<õ � � È¼î� � � [��ºÍ ó õ � � : é î� � � / (58)

where,in the right-handside,we recognize(minus)the divergenceof a vector, the ‘group’
vector, givenby thecomponents# � È�è� � / � :|éè� � $ `
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This vector is the tangent vector to the bicharacteristicprojectedonto the (
È�è :�éè )-space.

The ‘wave front’ in this spaceis determinedby an equationof the type í¨* È�è /=:�éè �K7 c 1 "��
(equation(19)). Thenormalto this front follows from thegradientof í ,N �jË ð ía/K�VÍ óð í P "$*I[Nì è / È éè 1
(equation(20)),denotedasthe‘phase’vector.

With theaidof Smirnov’s lemma[27, p.442],thesolutionof equation(58)canbewritten
in termsof aJacobian,

C *4ì è /=: éè 1 � � �§�¨� * È�è /=: éè �67|c 1
	 �§�¨�g *L7¨c 1^� � " ��� è *B7 c 1k� �� * È�è /=:|éè 1
with

� * È�è /=:�éè 1 " � ���5���� �a* È�è /=:�éè 1��*4Ò�-5/6Ò � /=� 1 &&&&& � Ë<ð�� ÍVóð �
�� �¼` (59)

Here, *BÒ]-5/6Ò � 1 arecoordinateson � ��ºÏ (seeequation(15))and
� è

is a constant(independentof* È�è /=:|éè 1 ).
Thestructureof solution(59) revealstheconservationof powerflux. Fromthisstructure

wenow extractanamplitudefunction � directlyassociatedwith theLagrangianmanifold,

�
2

�
1

γ2 � 1( ),

γ2 � 1 � 1( , ,2( ) )
�

Σ

2γ

λ
dσ

Figure 5. The Lagrangianmanifold. Illustration of volume
elements.

� * È�è /=:�éè �K7 c 1 "��&* È�è /=:|éè �K7 c 1��  ¡ &&&&&
�h¢� È�è � : éè &&&&& �)�
�¤£ y -�Q¥ � � # �h¢� È�è � : éè $§¦ ` (60)

The expressioninsidethe square-rootrepresentsa Radon-Nikodym derivative of measures
[28, Section11.6 – Theorem23];

¢
representsthe three curvi-linear coordinateson the
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Lagrangianmanifoldgeneratedby thebicharacteristics,while
�h¢

denotesa volumeelement
in thismanifold(figure5).

For the specialcasewhere ã " 7 , åã " �¼�V/0 �/6¡�� , �
reducesto the geometricalray

amplitude� andequation(60) reducesto�)*B7��K7 c 1 "©¨ô*B7��K7 c 1 �  ¡ &&&&&
�h¢� 7 &&&&& �)�
�¤£ y -�Q¥ � � # �h¢� 7 $§¦ ` (61)

In view of equation(30), the mapping from � to ¨ on the bicharacteristicsis just a
multiplicationby aphasefactor. (Similarly, themapping(40)becomesaphasemultiplication
betweencorresponding� ’s.)

Also, in the expressionfor �)*L7R�K7 c 1 following from equation(59), we can write the
Jacobian

�
in a specialform. If the local, orthogonalcoordinatesassociatedwith 7 are

chosenin a wave-frontnormalsense,i.e. 7w"9*B7:ª;/<:%« 1 where 7:ª representsa vectorin the
wavefront ��*L7 c /<� 1 while :%« is thecoordinatenormalto thewave front, then� *B7 1 " � ���5��£ ��7"ª� �"¬ Ï ¦ � ���5��£ �a* � ¬ Ï 1�a*BÒ]-5/6Ò � 1 ¦ ¢ñ*L7 1 / (62)

with ���5�­£ �a* � ¬ Ï 1�a*BÒ]-W/=Ò � 1 ¦ " � Õª*B7 c 1 �� ¢¥*L7 c 1k� � / (63)

where� ¬ Ï denotesavectorontheslownesssurface� c "t�N*B7 c 1 at 7 c , and Ô EÙ"e*L�jË<ÌBÇ 1 *L7 c / � ¬ Ï 1
denotestheassociatedgroupvelocityvector(cf. equation(16)).

Theconstant
� è

in equation(59) follows from the initial conditionsassociatedwith the
pointbody-forcesources(seeequation(4)). Assumingthatthesourceis containedin asmall,
homogeneousball, following Burridgeetal. [13, AppendixB], wefind that� è *B7 c 1 " �Y � � C *L7 c 1^� - � � � ¢ñ*B7 c 1^� � � � if � ãQ�."n )/ (64)

consistentwith the Herglotz-Petrovsky-Leray formula [29, 30] { . A proper initial choice
of coordinates* È�è /=:�éè 1 is guaranteedby the condition � ãQ��"Ö  . However, in a caustic-free
environment,

� è
is given by equation(64) for any choiceof � ãQ� . ¢¥*L7 c 1 is evaluatedin the

direction ¤ �VÏ whichdefinestheray from which
È�è

in theMaslov representationis extracted.

3.5. SourceandreceiverGreen’s functions

FromtheGreen’s tensorintroducedso far we cangeneratethe ‘two-way’ scatteringprocess
– from the sourceat 	 in mode � via the scatteringpoint at 7 to the receiver at � in mode«

Insidethehomogeneousball containingthesourceat ®Z± , for ®l´�¯(°5°,µ@± , ²® ´�¯�³Q± ( ´ ®-´¼´qµ ), the Legendre

transformis givenby µo­ e ¹ ° e g °Bü�¶
·,®Z± ³�´ e ¶ ­ e ¹ ° e g ³^­ ü¸¶;Älüj±¶ ³oÄ e ¹ üj±¹ Ä e g üj±g . Here,
e ¶ ­ e ¹ ° e g ³ is the(implicit)

solutionof equation(10)at ®Z± . In analogywith equations(62)-(63),weemploy thefollowing relations¹ ­ e ¹ ° e g °Bü ¶ ³ ´º´ Æ]¿�»"¼�½ ­ e ¹ ° e g ³½ ­¿¾�À)Á¯³ÃÂ ´4Æ]¿�»Ä¼:½ ­¿¾ À Á ³½ ­¿Å ¹ °ÆÅ g ³�Â ´ Ç ¶ ´ and ´ ÆÃ¿<»"¼�½ ­ e ¹ ° e g ³½ ­¿¾BÀ�Á¯³ÃÂ ´ ´ ´ Ç
¶�´´ È�´ .
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– thattakesplacein thesubsurface,seefigure6. For this,wewill have to convolve, in the

timedomain,theGreen’s tensororiginatingat thesourceandobservedat thescatteringpoint
with the Green’s tensororiginatingat thescatteringpoint andobservedat the receiver. The
associatedsubstitutionsto bemadein theGreen’s tensorof Subsections2.2and3.3aregiven
in Table1. In theremainderof thesenoteswe will follow aparticularexampleof theMaslov

original substitution interpretation7 c 7 or > scatteringor imagepoint7 	 or � sourceor receiverpoint

Table 1. Changeof argumentsin equation(28).

representation,the othersbeingeasilyobtainedfrom this example. Thus,we will consider
(cf. equation(28))

f �����Ehg *B7�/K7 c /<z 1 � ÿ y4z  � � - � � �Ê� �§�¨� * È -0/<: � � � �K7 c 1	 �§�¨�E *4ìò- * È -0/<: � � � 1 /=: � � � 1A	 �§�¨�g *L7 c 1 �
�
�¨� yBz ö ����� * È -0/K7R�K7 c 1k� � È -v`
Following thesubstitutionsof Table1 wethenintroducetheGreen’s tensorsoriginatingat the
sourceandthescatteringpoints,Ëf �����HÍÌ *B7�/<z 1 "tf �����HÍÌ *B7R/0	 /<z 1 / uf �ÏÎ��gKE *L7R/<z 1 "nf ��Î��gKE *B�Q/K7R/<z 1 / (65)

respectively. Usingreciprocity, wehaveËf �����HÍÌ *B7�/<z 1 "tf �����Ì¸H *L	 /K7R/<z 1 ` (66)

To distinguishthesourceandthereceiverMaslov integrals,we thenintroducethenotationËf �§�¨�H�Ì *L7R/<z 1 � ÿ y4z  � � - � � � Ë� �§�¨� * ËÈ -0/K+ � � � �K7 1Ë	 �§�¨�Ì *,�a- * ËÈ -K/0+ � � � 1 /0+ � � � 1 Ë	 �§�¨�H *L7 1 �)�
�a� yBz Ëö �§�¨� * ËÈ -0/K	 �K7 1k� � ËÈ -�/ (67)

while uf ��Î��gKE *L7�/<z 1 � ÿ yBz  � � - � � � u� ��Î�� *(uÈ -0/63 � � � �67 1u	 ��Î��g *B�l- *(uÈ -0/=3 � � � 1 /=3 � � � 1 u	 �ÏÎ��E *B7 1 �
�B�a� yBz uö �ÏÎ�� *�uÈ -0/6�Q�67 1k� � uÈ -X` (68)

The time-domainconvolution of theseGreen’s tensorscorrespondswith a multiplicationof
their frequency-domaincounterparts.In thisprocess,theamplitudesmultiply, viz.� �§�§Î�� *�uÈ -0/63 � � � /K7�/ ËÈ -0/0+ � � � 1 "ÎC *L7 1 Ë� �§�¨� * ËÈ -K/0+ � � � �67 1 u� ��Î�� *(uÈ -K/63 � � � �K7 1 / (69)
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introducingthetwo-wayMaslov amplitudescaledby densityof mass,andthephasesaddup,
viz. ö ���ÐÎ�� *(uÈ -K/6��/K7�/ ËÈ -0/0	 1 " Ëö ����� * ËÈ -0/K	 �K7 1 } uö ��Î�� *(uÈ -0/6���K7 1 / (70)

introducingthe two-way Maslov phase.Includingthe inverseFourier transformfrom z to �
in our two-wayscattered-fieldMaslov representationyieldsa totalphasefunctionÑ *ÆÒ�/K7�/�Ó 1 "
z � ö �§�§Î�� *�uÈ -0/6��/K7�/ ËÈ -0/K	 1 [�� � � (71)

in Table2 therelevantvariablesaregroupedappropriately.

variables domain roleÒò"T*,	�/6�Q/=� 1 !t"n� �8#����e#�� �&��� acquisition7 '@"Î� subsurfaceÓò"T* ËÈ -K/^uÈ -0/<z 1 Ô " Ëk%# uk%# � � integration

Table 2. Variablesin thescatteringprocess.(Here, ÕÖ °Ø×ÖÚÙÜÛ Ý
, open.)

Thephase
Ñ

is stationaryif

�ÜÞ Ñ "tsN/ i.e. if

EFFFFFFFG FFFFFFFH
�%ßË)à Ëö �§�¨��"ns)/
��áË à uö ��Î�� "ns)/
ö �§�§Î��;[��|"ts�`

(72)

In accordancewith equation(25)wefind thesolutionsetEFFFFFFFG FFFFFFFH
*,	�*L7�/ Ë¤ � 1 / ËÈ -5*L7R/ Ë¤ � 1<1 /
*B��*B7�/ u¤ � 1 /?uÈ -5*B7R/ u¤ � 1=1 /
��"w� �§�¨� *,	 �67�/ Ë¤ � 1 }q� ��Î�� *B���K7�/ u¤ � 1 /

(73)

the (multiple) characteristicsconnecting� with 	 via 7 , for 7T
 � . Here,the initial phase
directions– at thescatteringpoint 7 – of thegeometricalraysto thesourceandthereceiver
positionshavebeendenotedasË¤ � 
�â� �� �t� � and u¤ � 
�ã� �� �Î� � ` (74)

They uniquelydeterminetherays.Not all theraysthatleave 7 will intersect� � or ��� hence
the introductionof partial spheresâ� �� and ã� �� . In fact, thestationarypointsassociatedwith
equation(73) areparametrizedby *L7R/ Ë¤ � / u¤ � �<z 1 
O' # â� � # ã� � #8� � accordingto the
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Figure 6. Parametrizationof thestationarypoint set.

mapping(figure6)*L7R/ Ë¤ � / u¤ � �Iz 1 x *íÒa/K7�/�Ó 1 "
*,	�*L7�/ Ë¤ � 1 /=�a*L7R/ u¤ � 1 /<���§�§Î��<*B��/ u¤ � /K7R/ Ë¤ � /0	 1 /K7�/ ËÈ -5*L7�/ Ë¤ � 1 /?uÈ -0*L7R/ u¤ � 1 /<z 1 `(75)

Thismapping(notnecessarilyone-to-one)definesthe‘stationarypointset’ �Dî �$!�#Ê'e# Ô
.

Wehave introducedthetwo-way travel time

� �§�§Î�� *B��/ u¤ � /67�/ Ë¤ � /0	 1 "Î� ����� *L	 �K7�/ Ë¤ � 1 }\� ��Î�� *4���K7�/ u¤ � 1 ` (76)

Let usreview thelevel surfacesassociatedwith thephasefunction.For ‘one-way’ propagation
wehad

��7�� ö �§�¨� * È -0/67N�67 c 1 [���"ts��
which reducesto thewavefront ��*L7 c /=� 1 on thestationarypoint set.Theassociatedslowness
vector is � � ö ����� . For two-way propagationwe distinguishtwo level surfaces,onewhereÒò"T*,	�/6�Q/=� 1 is fixed,

��7��¸z � ö ���ÐÎ�� *(uÈ -0/6��/K7�/ ËÈ -0/0	 1 [�� � "ns��&"©��7�� Ñ *ÆÒQ/K7�/�Ó 1 "ts�� (77)

parametrizedby Ó , which reducesto the isochronesurfaceon the stationarypoint set (cf.
equation(73)). Theassociated‘wavevector’ is

� � Ñ "wzñ� � ö �§�§Î�� "
z � � � Ëö ����� }8� � uö ��Î�� � (78)

from which – at stationarity– the ‘slownessvector’, ï �§�§Î��� , is obtainedupondivision by z
(seefigure7 for anillustrationof equation(78);seefigure8 for anillustrationof isochrones).
Thesecondtwo-way level surfaceis obtainedby keeping7 is fixed,
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Figure 7. A two-way slownessvector ò � , with Õó �Dô ×ó � ´õ�ö(÷@ø fixed, for qP-qSV conversion on the stationarypoint
set. (Constructionof the anisotropicanalogueof the Ewald
sphere[31].)

��*,	Z/6��/=� 1 �¸z � ö ���ÐÎ�� *(uÈ -0/=�a/67�/ ËÈ -0/0	 1 [�� � "ts���"£�¸Òæ� Ñ *íÒa/K7�/�Ó 1 "ns�� (79)

parametrizedby Ó , which reducesto the diffraction surfaceon the stationarypoint set (cf.
equation(73)). Let

Ëù *L	 1 denotethe unit outward normal to � � at 	 then we definethe
directionalderivativein � � asúüû > "n� û > [ Ëù *,	 1 * Ëù *L	 1
ý � û >�1

(80)

andlikewiselet uù *4� 1 denotetheunit outwardnormalto ��� at � thenwedefinethedirectional
derivativein ��� asú�þ > "n� þ > [ uù *B� 1 * uù *B� 1)ý � þ >�1 ` (81)

The‘wavevector’associatedwith thesecondtwo-way level surfaceis thengivenby

�üÿ Ñ "T* úüû / ú�þ /K� Y 1 Ñ "T*rz Ë� /<z u� /W[Nz 1 (82)

with EFFG FFH Ë� " úüû Ëö �§�¨�Ê" Ë� [
* Ëù *L	 1
ý Ë� 1 Ëù *L	 1 /u� " ú�þ uö �ÏÎ�� " u� [Î* uù *B� 1)ý u� 1 uù *B� 1 / (83)

where(cf. equations(42)-(43))Ë� "T* ËÈ -0/ ËÈ � � � * ËÈ -0/0+ � � � 1<1 / u� "e*�uÈ -0/?uÈ � � � *(uÈ -0/63 � � � 1<1 `
Fromequation(82)– atstationarity– the‘slownessvector’, � ���ÐÎ��ÿ , is obtainedupondivision
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by z . On thestationarypointset,wefindEFFG FFH Ë� " Ë� û *L7�/ Ë¤ � 1 " úüû � ����� *L	 �K7R/ Ë¤ � 1 /u� " u� þ *B7R/ u¤ � 1 " ú�þ � �ÏÎ�� *B���K7�/ u¤ � 1 / (84)

seefigure6. Notethat � ���ÐÎ��ÿ "$* Ë� û / u� þ /À[l� 1 .
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Figure 8. An isochrone surface for qP-qSV conversion.
The dots indicate points on the isochronefrom numerical
computations.The relationbetweenthe one-way andtwo-way

slownessvectorsis shown.

4. The single scattering approximation

4.1. Thedirectscattering(modeling) operator

We begin the analysis with the volume-scatteringrepresentationof the Maslov-
Born approximationfor the scattered displacementfield (for the geometricalray-Born
approximationanalogue,seeDe Hoop et al. [11, (22)-(23)]) M�� - � for the *L� É 1

conversion
dueto a contrastin density, C � - � , andcontrastin stiffness,D � - �EGF<H^J , on '�"_� . We representthe
relativemediumcontrastor perturbationby� � - � " EG H C � - �C / D � - �EGFIHIJC�¢ �ÏÎ��� ¢ �§�¨�� 	 
� / (85)

which is a tensor-valueddistribution in ' . Theembeddingor backgroundmediumdoesnot
carryany superscripts.Wehave introduced¢ �§� � Î��� , the(local)phasevelocityof mode� / É
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in the backgroundmediumaveragedover all phasedirections. The notation � is meantto
emphasizethat thequantityis angleindependent,which is importantfor retainingtheactual
mediumperturbationfrom � � - � .

The � -componentdisplacementat � due to a Ò -componentpoint body force at 	 is a
tensor-valueddistribution in ! , follows from the linearizedreciprocitytheoremof the time-
convolution type(seeBurridgeetal. [13, (2.21)]),andis givenby (cf. equations(67)-(68))P � - �g
Ì *B��/0	 /<� 1 �%*�
 � � - � 1 *4��/0	�/<� 1 "

�  � y ��� � � z�z � ÿ z  � � � � uÈ - � � ËÈ - ��� u	 �ÏÎ��g *L��-W*�uÈ -0/63 � � � 1 /63 � � � 1 Ë	 �§�¨�Ì *L�a-W* ËÈ -0/0+ � � � 1 /0+ � � � 1� �§�§Î��<*(uÈ -0/=3 � � � /K7�/ ËÈ -0/K+ � � � 1
*�� �§�§Î��I*�uÈ -0/6��/K7�/ ËÈ -K/0	 1<1�� � � - �6*B7 1 �)�
�a� y4z~* ö ���ÐÎ��=*(uÈ -0/6�Q/K7R/ ËÈ -K/K	 1 [�� 1^� � 7�/

(86)

where � �§�§Î�� " � u	 ��Î��q Ë	 �����q /K¢ �ÏÎ��� ¢ �§�¨�� ¼ u	 �ÏÎ��E *,� � uö ��Î�� 1 F Ë	 �§�¨�H *,� � Ëö �§�¨� 1 J Â � / (87)

describesthecontrast-sourceradiationpatterns.Theoperator
 definesalinearmappingfrom
therelativemediumcontrastdefinedon ' to thedisplacementobservedon ! . Thefirst three
integralsin equation(86)canbegroupedtogetherwith thenotationof Table2, viz.��� � � z � � uÈ - � � ËÈ -�" ��� � Ó�` (88)

Observethathere
� � V Ô "Î¡ . Werecognizethephasein theintegralon theright-handsideof

equation(86) to be
Ñ

. We introducethe‘amplitudetensor’ ��g
Ì as��g
ÌÀ*íÒa/K7�/�Ó 1 ! �  � y ÿ z  � � u	 �ÏÎ��g *L�l-5*�uÈ -0/63 � � � 1 /63 � � � 1 Ë	 �§�¨�Ì *,�a-5* ËÈ -0/0+ � � � 1 /0+ � � � 1� �§�§Î��<*�uÈ -0/63 � � � /K7�/ ËÈ -0/0+ � � � 1 *��ô���ÐÎ��<*(uÈ -0/6��/K7�/ ËÈ -0/0	 1=1�� ` (89)

4.2. Analysisof thephaseof thedirectscatteringoperator

Let usintroducethewavenumbersË� -�"
z ËÈ -v/ u� -�"
zÃuÈ - and Ó���"T* Ë� -0/ u� -0/Iz 1 ` (90)

This changeof variablesinducesthe changein volumeforms
� Ó�"%z r�� � Ó � . Thephase

Ñ
(cf. equation(71))canbewrittenasa functionof Ó � , viz.Ñ � *ÆÒ�/K7�/�Ó � 1 " Ñ *ÆÒa/K7�/�Ó � � z 1 "wz � ö �§�§Î�� * u� - � z�/6�Ù/K7R/ Ë� - � z�/0	 1 [�� � /
andsince Ñ � *ÆÒ�/K7�/"!ÍÓ � 1 "#! Ñ � *ÆÒ�/K7�/�Ó � 1 /
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Next, wewill show thatthephasefunction

Ñ
is nondegenerate, i.e.,wewill show that

� � ÿ�� � � Þ � �%$'& Ñ / 6 "©�j/0 �/K¡ with � � ÿ-� � � Þ � "e* úüû / ú�þ /6� Y /0� � /0�XÞ 1
(cf. equation(82)) arelinearly independentfor *ÆÒ�/K7�/�Ó 1 
��Dî . Equivalently, we mustshow
thattherankof thematrix � � ÿ-� � � Þ � �XÞ Ñ &&&)(+* is three.Alternatively, since

�%$ à Ñ " zX�%ßË
à Ëö �§�¨� /��%$', Ñ " zX��áË
à uö ��Î�� /��%$'- Ñ " ö �§�§Î�� [���/
uponregroupingthederivatives,wewill have to show that

� ¥ �/.
�000000000000000000�

* úüû /K�%ßË
à 1 *dzX�%ßË
à Ëö �§�¨� 1 s * úüû /K�%ßË)à 1 Ëö �����
s * ú þ /K��áË
à 1 *dzX��áË)à uö ��Î�� 1 * ú�þ /K��áË)à 1 uö ��Î��

� � *rzX�%ßË à Ëö �§�¨� 1 � � *rzX��áË à uö �ÏÎ�� 1 � � ö �§�§Î��
s s [Ê�

�hßË
à Ëö ����� ��áË)à uö ��Î�� s

�2111111111111111111� "n¡o` (91)

From the structureof this matrix, however, we observe that the third column must be
linearly independentof the first two columns. Also note that on the stationarypoint set�%ßË
à Ëö �§�¨��" ��áË
à uö �ÏÎ���"Ös (cf. equation(25)). Hence,it remainsto be shown that the first
two columnsof theupperleft submatrixarelinearly independent.Considerthefirst column,
in particularits combinedfirst entry, which is the ¡æ#�� matrix

* úüû /6�%ßË
à 1 *rzX�%ßË
à Ëö �§�¨� 1 "wz �00� úXû �hßË
à Ëö �����
� � ßË
à Ëö �§�¨�

�211� `
In casethis columnmatrix reducesto the zerocolumnmatrix (its rank is no longer � ), the
first two columnsin the matrix of equation(91) will not be linearly independent.We will
investigatethatparticularcase.In view of equation(29)wehave �Z�ßË à Ëö ����� "e[~�hßË à �a- , showing
that this second-orderderivative vanishesat a causticwith normal that is alignedwith the+j- -axis.Now observe thatusingequation(24)andthenequation(19),

�435, Ëö �§�¨� * ËÈ -0/0	��K7 1 "t�435,6í �§�¨� * ËÈ -0/0+ � /0+ � �67 1 "$*L�435,^� �§�¨� 1 *,�a- * ËÈ -0/0+ � /0+ � 1 /K+ � /0+ � �K7 1 /
hence

�hßË à �43 , Ëö �§�¨� * ËÈ -0/0	Z�K7 1 "T*L�43 à �63 , � �§�¨� 1 *L�a- * ËÈ -0/K+ � /K+ � 1 /0+ � /0+ � �67 1 *L�hßË à �a- 1 * ËÈ -0/0+ � /0+ � 1 /
which vanishesprecisely at a caustic for which � �ßË
à Ëö �§�¨�e" s . The sameis true for�%ßË à �43 - Ëö �§�¨� . With thisobservationandusingequation(42),atsuchacausticuponsubstituting
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equation(80), úüû �%ßË
à Ëö ������"n� û �%ßË
à Ëö �����;[ Ëù *,	 1 * Ëù *,	 1
ý � û �%ßË)à Ëö �§�¨� 1
"n�hßË
à<� û Ëö �§�¨�;[ Ëù *L	 1 * Ëù *,	 1)ý �%ßË
à=� û Ëö �§�¨� 1 "87�-�[ Ëù *,	 1 Ë9 -5*,	 1 /

which equalsthefirst columnof thematrix representationof theorthogonalprojectiononto
the tangentplaneto � � at 	 . Here 7�-p" *^�V/Kso/6s 1 � . If this column vanishes(as well as� �ßË
à Ëö �§�¨� ), we find that � Ë9 -Ã�a" � i.e.

Ëù;: 7Z- . Thus,the columnmatrix * úXû /6�%ßË
à 1 *rzX�%ßË
à Ëö ����� 1
doesnot reduceto thezerocolumnmatrix if weexcludetheoccurrenceof ‘grazingcaustics’,
i.e. causticsatasourcethenormalsto whichalignwith thenormalof thetangentplaneto the
sourcemanifold (seefigure9). For a similar reason,we excludethe occurrenceof caustics
at a receiver thenormalsto which align with thenormalof the tangentplaneto thereceiver
manifold.In conclusion,thelinearindependenceconditionwill besatisfiedif weexcludethe
occurrenceof ‘grazingcaustics’associatedwith eitherthesourceor receivermanifolds.

β
~

< <
caustic =

1
2,3

Figure 9. Illustration of degenerationof the phase> dueto a
causticalignedwith thesourcemanifold.

With theaid of thephasefunction
Ñ

, we cannow extendmapping(75) to animbedding
of thetype �Dî@?q*íÒa/K7�/ÍÓ 1 "

*,	�*L7�/ Ë¤ � 1 /=�a*L7R/ u¤ � 1 /<� �§�§Î�� *B��/ u¤ � /K7R/ Ë¤ � /0	 1 /K7�/ ËÈ -5*L7�/ Ë¤ � 1 /?uÈ -0*L7R/ u¤ � 1 /<z 1x *íÒa/0� ÿ Ñ �K7R/0� � Ñ 1 "
*,	�*L7�/ Ë¤ � 1 /=�a*L7R/ u¤ � 1 /<���§�§Î��<*B��/ u¤ � /K7R/ Ë¤ � /0	 1 /<z Ë� û *L7�/ Ë¤ � 1 /<z u� þ *B7�/ u¤ � 1 /À[Rz��

7R/<z�ï ���ÐÎ��� * Ë¤ � / u¤ � 1=1 
BADC�!©#EAFC6'�/

(92)

where A C ! denotesthe cotangentbundle over ! and A C ' denotesthe cotangentbundle
over ' . Equation(92) pairs the (mediumrelated)isochronecotangentbundle ADCK' with
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the (measurementrelated)diffraction cotangentbundle A C ! into a wave front relation for*L7�/ Ë¤ � / u¤ � �<z 1 
?' #Êâ� � # ã� � #p� � . Theexclusionof thebicharacteristicsassociatedwith� Ë� û ��" s and � u� þ �N" s (i.e. grazingrays)and the exclusionof the onesassociatedwith� ï ���ÐÎ��� �ª" s (i.e. Gq" � ) enforcesthat the mappingin equation(92), in fact, inducesan
embeddinginto *�A C !IHVs 1 #2*�A C 'JHVs 1 . Wedenotetheimageof �Dî , constrainedappropriately,
underthis embeddingby K î . Theexclusionof grazingraysimpliestheexclusionof grazing
caustics.

Note that
Ë� û

and u� þ
(containedin an analysisof Riabinkin [32]) can be directly

estimatedfrom P � - �g
Ì asa function of 	 and � on the diffraction surface,a processfamiliar
in stereotomography(Billette et al. [33]). Suchanestimatedeterminesa cotangentvectorinA C ! , andonewould hopethat this cotangentvectorwould uniquelydeterminethe ray and
bicharacteristicgeometry, in particulara cotangentvectorin A C ' . This is unfortunatelynot
alwaysthe case.However, zoomingin to a piece L�K îNM of K î sufficiently small,we canre-
establisharelationbetweenA C !IHVs and A C 'JHVs : let �PORQ *�A C !SHVs 1 #�*�A C 'JHVs 1 x *�A C !IHVs 1
denotethenaturalprojection;thenthereexistsasmoothmappingT�UWV *YX suchthatL�K îNM � K î�PO#ZZ[*�A C !IHVs 1]\ ^ î _5`2a *cbd x *�A C 'JHVs 1 (93)

We cancarryout this constructionfor a sufficiently smallneighborhoodof any point in K î ,
makinguseof the local immersiontheorem[45, p.16] andAppendixA. We will make sure
that

^ î is open,henceis a submanifold. Note that T�UWV * X can be viewed as a local conic
symplectomorphism[43, VIII.6]. A neighborhoodor piece L�KZî�M is controlledby a rangeof
valuesfor *L7�/ Ë¤ � / u¤ � 1 .

Applying the analysisof Duistermaat[34, Section2.4], it follows that our operator 

is a local Fourier integral operator. This result is an extensionfrom isotropic acoustics
to anisotropicelasticity of a theoremdue to Rakesh [35]. The order of the operatoris
(Duistermaat[34, (2.4.22)])e } -� � � V Ô [ -f * � � V 'e} � � V ! 1 "e�X} �� [? �" -� / (94)

with e " � denotingthe degreeof homogeneityof � g
Ì (equation(89)) asa function of Ó/�
(equation(90)).

4.3. Theadjointscattering(imaging) operator

Thelinearizedreciprocitytheoremof thetime-correlationtype(De HoopandDe Hoop[36,
(5.12)-(5.13)])leadsto anaturalintroductionof theadjoint 
Ig of thedirectscatteringoperator
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 , viz.

*�
Ig¸P � - � 1 *4> 1 "
[ �  � y ��� � � z c *dz c 1 � # z c  � $ � � uÈ c- � � ËÈ c- �ih

(kj
hmlU��� �Nnpo � � �§�§Î��<*(uÈ c- /=3 � � � /6>X/ ËÈ c- /0+ � � � 1k� C� ���ÐÎ�� *�uÈ c- /6��/6>ª/ ËÈ c- /0	 1 u	 �ÏÎ��g *L�l-5*�uÈ c- /63 � � � 1 /63 � � � 1 P � - �g
Ì *B��/0	Z/=� 1 Ë	 �§�¨�Ì *,�a- * ËÈ c- /0+ � � � 1 /0+ � � � 1�
�
�a� [�yBz c * ö �§�§Î��<*(uÈ c- /=�a/=>X/ ËÈ c- /K	 1 [�� 1k� � � � � � 	ñ/

(95)

whichmapsatensor-valueddistributionin ! into atensor-valueddistributionin ' c , ' c being
a copy of ' . Thewave front relationof this operator, K gî Ï , is thesameastheoneof Eq.(86)
but with ! and ' interchanged.For a discussionon thegeometrical-rayadjointanaloguein
thecaseof isotropicacousticsin theabsenceof caustics,we refer thereaderto Fomel [37].
Theadjointoperatorproducesan‘image’ of � � - � .

Expression(95) is in fact theMaslov extensionof the‘Kirchhoff diffractionstack’ [38].
The Maslov integralsdo not necessarilyalign with (the tangentplanesto) � � or ��� (see
figure10). If they do, in view of thetermsËÈ c- +.-;}[uÈ c- 3.-
containedin the Maslov phasefunction

ö ���ÐÎ�� , the integration over Ò inducesa (local)
Fourier transformof the scatteredfield. (Focussingon the receiver Fourier transform,we
find similaritieswith thework of Akbaretal. [39, 40].)

2,3
q

q
1(γ ,        )r q

211

s q
3

,

t

Σ

Figure 10. Illustrationof theMaslov integrationrelative to the
receivermanifold.
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4.4. ‘Stack’ versus‘superposition’

Let uswrite

P � - �g)Ì *B��/0	Z/=� 1 " �y�Ü� P � - �g Ï Ì Ï *4� c /0	 c /=� c 1 m�Ì Ï Ì6mIg Ï gamo*L	 [?	 c 1 m�*B�¥[�� c 1 m�*4��[�� c 1 � � c � � c � 	 c `
Then,uponextractinga particularsample,mo*L	¥[
	 c 1 m�*B� [ � c 1 m�*4�X[8� c 1 , out of the scattered
field, we introduce
 guwv g Ï Ì Ï *B� c /=>X/0	 c /=� c 1 "

[ �  � y � � � � z c *dz c 1 � # z c  � $ � � uÈ c- � � ËÈ c- � � ���ÐÎ��6*(uÈ c- /=3 c� � � /6>ª/ ËÈ c- /0+ c � � � 1k� C�ô���ÐÎ��I*�uÈ c- /6� c /=>X/ ËÈ c- /K	 c 1 u	 ��Î��g *L�l-W*(uÈ c- /63 c� � � 1 /63 c� � � 1 Ë	 �§�¨�Ì *,�a-W* ËÈ c- /0+ c � � � 1 /0+ c � � � 1�
�
�a� [�yBz c * ö �§�§Î�� *(uÈ c- /=� c /6>ª/ ËÈ c- /0	 c 1 [�� c 1k� `
Thewave front in >©
t' c of this distribution is exactly the isochronesurfaceat time � c for
the source-receiver pair *L	 c /6� c 1 . The adjoint operatorcanthenbe written in the form of a
superposition,viz.

*5
 g P � - � 1 *B> 1 " � h
(kj
hml � � � npo 
 guwv g Ï Ì Ï *B� c /6>X/K	 c /<� c 1 P � - �g Ï Ì Ï *4� c /0	 c /=� c 1 � � c � � c � 	 c ` (96)

Thusthewave front, i.e. thesingularsupport,of the imagecanbeviewedasanenvelopeof
isochronesurfaces.

5. The normal operator

x
y

z
{

Figure 11. Illustration of a pair of non-reciprocalpaths
associatedwith differenttwo-way travel times.
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Figure 12. Illustrationof a pair of non-reciprocalpaths( |E}~@�
but �m�����w���� �� � ~ �+���� �%���� � ) associatedwith thesamevectorout
of thediffractioncotangentbundle.

Figure 13. Illustrationof a pair of non-reciprocalpaths( | ~@�
but �m�����w���� �� � }~ �+���� �%���� � ) associatedwith thesamevectorout
of thediffractioncotangentbundle.

In the spirit of Least-Squaresmigration-imaging[41, 42], in preparationof the weak
linearizedinversion,we composethe direct scattering(modeling)operatorwith its adjoint
(imaging)to form theso-callednormaloperator. To analyzethisoperator, wewill employ the
calculusof Fourierintegraloperators[43, VIII.5].

The normaloperatorwill mapa mediumcontrastinto its image. For the imageto be
representative of themediumcontrast,we will requirethat thesingularsupportof theimage
is containedin thesingularsupportof themediumcontrast(the‘pseudolocality’property).In
theprocessof composingtheimagingoperatorwith themodelingoperator, wewill encounter
thecomplicationthatwe mayconstructpairsof non-reciprocalpathswhich definethesame
cotangentvectorin �F�i� (comparefigure11with figures12and13). Onepathoutof thepair
couldthenbeassociatedwith themodelingoperatorwhile theotherpathcouldbeassociated
with theimagingoperatorleaving thecompositionof thetwo to becomea stationarypathfor
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thenormaloperator. In thephaseanalysisof thenormaloperator, wewill have to distinguish
non-reciprocalfrom reciprocalpathscontributions. In fact, we will needa refinementof
propertiesof phasefunctions,from ‘nondegenerate’to ‘clean’.

Thenormaloperatorwill ‘compose’thewavefront relationsof theimagingandmodeling
operators:������4� � �����P�����"�]���� S¡� �4¢£D¤� �¦¥£ ¤�N§m¨ª© �"�«���� S¡� �%¢£ � �¦¥£ � §¬§®­�¯ �5°N�ª±P�³² ���� S¡ �¬´ ¢µ·¶ �¬´ ¥µ�¸ ��¹«´ §� © �w¢£ � �¦¥£ � ¨ ´ § (75),(92)º ��°»�ª±P�³² �¼�� S¡ �½´¾¢µ ¶ �¬´¿¥µ ¸ ��¹«´ §À ���Á� ¢£ ¤� � ¥£ ¤� ¨ ´ § (75),(92)º �5°N�ª±P�³² ���� S¡ �¬´ ¢µ ¶ �¬´ ¥µ ¸ ��¹«´ §pÂEÃ

(97)

If wereplacethedirectscatteringoperatorby actualscatteredfield measurements,thenormal
operatorreveals whetheror not a ‘phantom’ image could be generatedby applying the
imagingoperatorto themeasurements,whichwouldviolatethepseudolocalityproperty.

5.1. Compositionof thedirectscatteringoperator andits adjoint

Composingequations(95)with (86)yields��Ä � ÄSÅ �ÇÆ�¡ § ��� § �ÈÉiÊ®Ë�Ì Í»Î ´ ¤ �Ï´ ¤ §ÑÐDÒ ´ ¤ÉiÊ]ÓÔËÕÎ ¥Ö ¤Æ ËÕÎ ¢Ö ¤Æ ÈÉ×Ê®Ë�Ì ÍwÎ ´B´ ÐÙØ ´É×Ê�ÚÛËÕÎ ¥Ö Æ ËJÎ ¢Ö Æ ËpÜmÝkÞYÜmßàË�Ì ÍNápâãË�ä¥å �¼ S¡æ ��ç Æ � ¥Ö ¤Æ �ªè Ð³é ê § �ªè Ð³é ê § ¥å �¼ S¡æ ��ç Æ � ¥Ö Æ �ªè Ð³é ê § �ªè Ð³é ê §¢å ����¡ë �5ì Æ � ¢Ö ¤Æ �îí Ð³é ê § �îí Ð³é ê § ¢å �¼��¡ë ��ì Æ � ¢Ö Æ �îí Ð³é ê § �îí Ð³é ê §ïñð ���� S¡ � ¥Ö ¤Æ �ªè Ð³é ê �ª��� ¢Ö ¤Æ �îí Ð³é ê §Ñò � ð ���� S¡ � ¥Ö Æ �ªè Ð³é ê � © � ¢Ö Æ �îí Ð³é ê §ó �¼�� S¡ � ¥Ö ¤Æ �ª±¦�ª�ô� ¢Ö ¤Æ �î° § � ó ���� S¡ � ¥Ö Æ �ª±¦� © � ¢Ö Æ �î° §³§�õ Å �ÇÆ�¡ � ©ô§öî÷kø ïñù ��´F�'ú ���� S¡ � ¥Ö Æ �ª±¦� © � ¢Ö Æ �î° § ¹üû § ¹ý´ ¤ �'ú �¼�� S¡ � ¥Ö ¤Æ �ª±P�ª�ô� ¢Ö ¤Æ �î° § ¹þû §³§Ñò Î © Î û Î ± Î ° Ã

(98)
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Theintegrationover û generatesaDiracdistribution,
É×ÊPÿ ��´ ¤ ¹B´ § ; theintegrationover ´ ¤

thenyields��Ä � ÄSÅ �ÇÆ�¡ § ��� § � ÈÉiÊ Ë�Ì Í Î ´ ´ � Ø ´É×Ê Ú Ð Ë Î ¥Ö ¤Æ Ë Î ¢Ö ¤Æ Ë Î ¥Ö Æ Ë Î ¢Ö Æ ËpÜmÝkÞYÜmßàË�ä¥å �¼ S¡æ ��ç Æ � ¥Ö ¤Æ �ªè Ð³é ê § �ªè Ð³é ê § ¥å �¼ S¡æ ��ç Æ � ¥Ö Æ �ªè Ð³é ê § �ªè Ð³é ê §¢å ����¡ë �5ì Æ � ¢Ö ¤Æ �îí Ð³é ê § �îí Ð³é ê § ¢å �¼��¡ë ��ì Æ � ¢Ö Æ �îí Ð³é ê § �îí Ð³é ê §ïñð ���� S¡ � ¥Ö ¤Æ �ªè Ð³é ê �ª��� ¢Ö ¤Æ �îí Ð³é ê §Ñò � ð ���� S¡ � ¥Ö Æ �ªè Ð³é ê � © � ¢Ö Æ �îí Ð³é ê §ó �¼�� S¡ � ¥Ö ¤Æ �ª±¦�ª�ô� ¢Ö ¤Æ �î° § � ó ���� S¡ � ¥Ö Æ �ª±¦� © � ¢Ö Æ �î° §³§�õ Å �ÇÆ�¡ � ©ô§öm÷kø ï)ù ´ �'ú �¼�� S¡ � ¥Ö Æ �ª±¦� © � ¢Ö Æ �î° § ¹ ú ���� S¡ � ¥Ö ¤Æ �³± �³�Á� ¢Ö ¤Æ �"° §¬§Ñò Î © Î ± Î ° Ã
(99)

Hiddenin thishigh-dimensionalintegralarethecontributionsfrom all pairsof reciprocaland
pairsof non-reciprocalpaths.Also, observe thatthedyadicproductin thefifth line generates
a
É�É�� É�É

matrix.
In analogywith equations(70)-(71)we introducethephase

�
of thenormaloperator,� �'�ô� © ���� �	� § � ´ �'ú¦�¼�� S¡ª� ¥Ö Æ �³±¦� © � ¢Ö Æ �î° § ¹ úP���� S¡¬� ¥Ö ¤Æ �ª±P�ª�ô� ¢Ö ¤Æ �"° §³§ � (100)

where(seetable2)�� � � ¢ÖN¤Æ � ¥ÖN¤Æ � ¢Ö Æ � ¥Ö Æ �¬´ §�
 �� � ¢
 ¤ � ¥
 ¤ � ¢
 � ¥
 ��� � � (101)

where ¢
 ¤ is a copy of ¢
 and ¥
 ¤ is a copy of ¥
 ; observe that Î�� V �� ��� . In view of the
simplificationgoing from equation(98) to equation(99) the phase

�
doesnot dependon û .

Wewill denotethenormaloperatorby � .

5.2. Stationaryphaseanalysis:pairsof reciprocalandpairsof non-reciprocalpaths

In thissubsection,wewill investigatethephase
�

with aview to thepropertiesof thenormal
operator. First, we will establishunderwhat conditionsthe normal operatoris a Fourier
integral operator, using the cleanintersectioncalculus(Trèves [43, pp.457-461]). Second,
we will unravel this Fourier integral operatorinto constituentoperators,thestationarypoint
setsof which canbe identifiedwith pairsof reciprocalpaths(‘the reciprocalconstituent’)
and with pairs of non-reciprocalpaths(‘the non-reciprocalconstituent’)respectively. We
will show underwhatconditionsthenon-reciprocalconstituentoperatoris a Fourier integral
operatorof lower order then the reciprocalconstituentoperator. Third, we will show that
thereciprocalconstituentoperatoris in factanelliptic pseudo-differentialoperator. We will
deriveanexplicit representationof thiselliptic pseudo-differentialoperator.
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Thenormalphase
�

givenby equation(100)canbewrittenasthedifference� ��� ¹�� ¤ at ´ ¤ � ´ �
where� ���S��� � © � � § is givenby equation(71)while� ¤�� �S���P�ª�Á� � ¤ § with

� ¤ � � ¢ÖN¤Æ � ¥Ö»¤Æ �¬´ ¤ §�Ã
Thephase

�
in equation(98) is stationary(in analogywith equation(72)) if

� ���Þ é � ¡ � �! «� i.e. if

"#######$ #######%
� Þ � � ¤ �  ¿�
� Þ � �  ¿�
� � � � � � � ¤ Ã

(102)

With theaidof equation(92)wefind thatthesolutionor stationarypointset ì'&)(!* ¤ � * ��� � � is parametrizedby � © � ¢£ � � ¥£ � �³�Á� ¢£ ¤� � ¥£ ¤� ¨ ´ § andcanbeimbeddedinto+ � � � � * ¤-,  § �/. � 0 � � � � * ,  §
in accordancewith"###############################$ ###############################%

���¦� � � � ¤ ¨ �ô� � � � ¤ § ��5°»�'�Á� ¢£ ¤� § �ª± �'�Á� ¥£ ¤� § �³² ���� S¡ �'±¦� ¥£ � � �ª�ô� ¢£ ¤� �î° § �¬´ ¢µ·¶ ����� ¢£ ¤� § �¬´ ¥µ�¸ �'�ô� ¥£ ¤� § ��¹«´ ¨�ô�¬´Á�«���� S¡� �%¢£D¤� �P¥£ ¤� §¬§ ����¦� � � � ¨"© � � � � § ��5°»� © � ¢£ � § �ª±�� © � ¥£ � § �¬² ���� S¡ �'±P� ¥£ � � © � ¢£ � �î° § �½´ ¢µ·¶ � © � ¢£ � § �¬´ ¥µ�¸ � © � ¥£ � § ��¹®´ ¨© �¬´Á� �¼�� S¡� � ¢£ � � ¥£ � §³§ ��5°»� © � ¢£ � § �ª±�� © � ¥£ � § �¬² ���� S¡ �'±P� ¥£ � � © � ¢£ � �î° § �½´ ¢µ ¶ � © � ¢£ � § �¬´ ¥µ ¸ � © � ¥£ � § ��¹®´ § ��5°»�'�Á� ¢£ ¤� § �ª± �'�Á� ¥£ ¤� § �³² ���� S¡ �'±¦� ¥£ � �5�ª�ô� ¢£ ¤� �î° § �¬´ ¢µ ¶ ����� ¢£ ¤� § �¬´ ¥µ ¸ �'�ô� ¥£ ¤� § ��¹«´ § �

(103)

where
. � 0 denotesthe diagonalin � � � � ,  § � � � � � ,  § . Theseequationsdefinea pair of

two-waypathsthat‘match’ in � � � � ,  § . A pairof pathsin ì'& is reciprocalif f �'��� ¢£ ¤� � ¥£ ¤� § �� © � ¢£ � � ¥£ � § . A pair of pathsin ì'& is non-reciprocalif either � 1� © , seefigure 12, or�4¢£ ¤� �¦¥£ ¤�N§ 1� �%¢£ � � ¥£ � § , seefigure13.
Let the first equality in equation(103) generate

� �2( � � � � ,  § � � � � * ,  § as in
equation(92), and let the secondequality generate

� ���3( � � � � ,  § � � � � * ¤ ,  § – upon
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interchanging� and * ¤ , we obtain

� �� � ( � � � * ¤ ,  § � � � � � ,  § – andlet us introducethe
product 4 � � ���� � � � Ã
Then

�
& associatedwith the stationarypoint set ì'& , generatedby �'�ô� � � � ¨"© � � � � § in

accordancewith equation(103), is representedby equation(97), but is alsodeterminedby
theintersection465 +
throughthenaturalprojection

475 + º ���� � � � �@� �
& .

�
& pairstheisochronecotangent

vectorsassociatedwith themediumwith theisochronecotangentvectorsassociatedwith the
image.

In accordancewith Theorem5.3 (Trèves[43, SectionVIII.5]), the normaloperatoris a
(global)Fourierintegraloperatorif

4
and

+
intersectcleanly, i.e.465 +

is amanifold� �98 � 4:5 + § � �;8 465 �;8 + pointwisein

4:5 + Ã
Thelatterconditionrequiresthat Î�� V �98 475 �;8 + � Î�� V 475 +

independentof thepoint in
4)5 +

. Following TenKroodeetal. [44] below, wewill breakthisconditioninto conditions
that guaranteecleanintersectionfor our reciprocalandnon-reciprocalconstituentoperators
separately.

Let the dimensionof the fibers in the projection

4<5 + º � ��%� � � � , describedby
(equation(111))

º
(equation(97)), be = ; then Î�� V 4>5 + � Î�� V �

&@? = . We refer to = as
theexcess. If

4
and

+
intersectcleanlywith excess= , then[43, p.458]Î�� V �;8 465 �;8 . � 0 � =

atany point in

4:5 +
.

To relate the clean intersection condition to the phase
�

, we make the fol-
lowing observation. To every �'��� © � �� �A� § 
 ì'& can be assigned an element�'�ô�¬´Á�«���� S¡� ¨ �¦�¬´CBJ�¼�� S¡� �A� �¬´CBJ���� S¡� ¨"© �¬´Á���¼�� S¡� §D
 4E5 +

by taking the appropriategra-
dientsof

�
(equation(103));on theotherhand,in

4F5 +
, to ��� �½´CB ���� S¡� § canbeassigned

a valueof �G�� �	� § by constructing¢H ¶ and ¥H ¸ from thevaluesof ¢µ ¶ and ¥µ ¸ usingtheeikonal
equation(11)at ° and ± . Thus,theprojection

4I5 + º �]�� � � � � canbeviewedasamappingì'&KJ �'�Á� © � �� �	� § º �'�ô�¬´Á� �¼�� S¡� ¨ª© �¬´Á� �¼�� S¡� §L
 �
& �

evaluatedby taking the appropriategradientsof
�

(cf. equation(78)). For interpretational
convenience,let us composethis mappingwith the permutationof ´Á� �¼�� S¡� and © . The
resultingmapping,M say,ì'&)J �'�ô� © � �� �	� §DNº ����� © �¬´Á� ���� S¡� �¬´Á� �¼�� S¡� § ��� �¼�� S¡� � ´CO Æ � � � � � ���� S¡� � ´CO Æ � � � �
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hassmoothfibersof dimensionequalto thedimensionof thenull spaceP�Q N of theJacobianR M of M atany point in ì'& , with

R MS8 �
TUUUUUUUUUUUUU
V

W X X X
X W X X

� � � � � � � � � � � �Þ � � � � � � � �� � � � � � � � � � � �Þ � � � � � � � �

Y[ZZZZZZZZZZZZZ
\
Ã

Let
ï[] � � ] � � ] �Þ � ] � ò õ � ï^] � � é � ¡ � ] ���Þ é � ¡ ò õ representthecomponentsof a vector

]
in the

tangentspace�;8 ì'& andlet usdeterminethenull spaceof
R MS8 . Fromtheexplicit form of

R M_8
it followsthat

] 
 P/Q N if] � � é � ¡ � X � ] � �Þ é � ¡a`/b/� �Þ é � ¡a` � � � é � ¡ � � X Ã (104)

On theotherhand,notethat ì'& � 5dc
e Æ égfgfgf é Æihkj ���Á� © � �� �A� §I­ b ���Þ é � ¡al � �m on , viewing b �i�Þ é � ¡al �

asfunctions.Sinceavectorin �;8 ì'& mustbeorthogonalto thenormalsto any of thezero-level
setscontainedin this intersection,

ï X � ] ���Þ é � ¡ ò õK
 �;8 ì'& if] � �Þ é � ¡ ` b � �Þ é � ¡ ` b � �Þ é � ¡al � �< �:p@� È �kqrqrqm� È  Ã (105)

Combiningtheequations(104)-(105)for
]

leadsto� � � � é � é �Þ é � ¡ b � �Þ é � ¡s` � § ] � �Þ é � ¡a` � X Ã
Introducingthespanof gradientsof b ���Þ é � ¡ ` � appearingin thisequation,t �vu øxwzy j � � � é � é �Þ é � ¡ib/�i�Þ é � ¡ ` � n|{ e Æ égfgfgf é Æih �
weconcludethatP/Q N ( t~} � (106)

where
t }

denotesthe orthogonal to the spanof gradients
t

. The dimensionof P/Q N is
preciselytheexcess= ; thus,with themappingM , wehaveÎ�� V ì'&E� É Î�� V *�? = Ã (107)

Throughequation(102)thespanof gradientsallowsthepartitioning
t � t�� ? t�� witht�� � u øxwzy j � � � é � é �Þ é � ¡ib��Þ ` � n|{ e Æ égfgfgf é � � t�� � u øxwzy j � � � é � é �Þ é � ¡�b � ` � n|{ e Æ égfgfgf é � Ã

Observe that
t }�

canbeassociatedwith �;8 4 , whereas
t }�

canbeassociatedwith �;8 + . If

4
and

+
intersectcleanly, the phase

�
will becleanaswell, i.e., in anopenconicsubsetof* ¤ � * � �� � � wehave�;8 ì'&@� t }

ateveryoneof its points;
t } � t }� 5 t }� Ã (108)
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Then,with Î�� V �;8 ì'& givenby equation(107),upontakingthecodimensionof equality(108),
wefind thatthespan

t
hasdimension[43, p.417]Î�� V t � É Î�� V *�? Î�� V �� ? Î�� V � ¹ Î�� V �98 ì'&B� Î�� V �� ? Î�� VÛ� ¹ = Ã

(109)

With equations(106), (107) and (109), a requirementfor
�

to be cleanis that Î�� V t �Î�� V �� ? Î�� V � ¹ Î�� V)P/Q N . Here, Î�� V t � � w�y�� � � � é � é �Þ é � ¡ � � �Þ é � ¡ � , whereas(cf.
equation(104)) Î�� V)P�Q N � y������ �a��� � � � é � ¡ � ���Þ é � ¡ � . Observe that if the excess= �� that
thenthephase

�
is nondegenerate.

With excess = , the order of the normal (Fourier integral) operatoris given by (cf.
equation(94)) É ï�� ? ÆÐ Î�� V � ¹ Æ� � Î�� V *�? Î�� V � §Ñò ? ÆÐ = � É ï È ? êÐ ¹ É ò ? ÆÐ = � È ? ÆÐ = Ã

(110)

Theintersectionviewedin thediffractioncotangentbundle

Let us introducefor every point in

� � a neighborhood�
� ��� (as in equation(93)) and for

everypoint in

� ��� aneighborhood�
� ����� , with associated(stereotomographic)mappings���������

and ���^� � � � that determinethe ray geometriesuniquelyfrom any vectorin � � � Ê 0 � � �x� or� ���Á� Ê 0 � � ¤ � � in � � � ,  , respectively. Then,with equation(103), the intersection

4�5 +
canbewrittenas(cf. equations(78)and(82))� �����¬´Á������ S¡� ¨ �¦�¬´CB@���� S¡� �	�¦�¬´CBJ�¼�� S¡� ¨ª© �½´Á�]���� S¡� §®­��� �¬´CBJ���� S¡� §C
 � ��� 5 � �J�®�'�ô�¬´Á�]�¼�� S¡� § � �k�^� � � � ���P�¬´CBJ�¼�� S¡� § �� © �½´Á� ���� S¡� § � ���^��� � ���P�¬´CB �¼�� S¡� §�Â Ã

(111)

Thissetis theunionof (subsetsof) pairsof neighborhoods�
� �� � � � � � ��� with � ��� 5 � �71��¡ .

Thekey, here,is that thepropertiesof the intersection

4>5 +
follow from thepropertiesof

theintersection� � � 5 � � in themeasurementrelateddiffractioncotangentbundle.
A tangentvector in a manifold is generatedby a parametrizedcurve on that manifold

(see,for example,GuillemanandPollack[45]). With this representation,it becomesclear
that �;8 � 4D5 + § ( �98 4D5 �;8 + (acurveon

4D5 +
is acurveon

4
andon

+
simultaneously).

Ontheotherhand,considercurveson

4
and

+
independently. In thefollowing diagramswe
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tracethesecurvesdown to thediffractioncotangentbundle,� ���� � � �¢ £� ��� � �¤ Ê 0 ¤
� ��� � �

� � � * ¤ ,  § �K. � 0 � � � � * ,  §¢ £� � � * ¤ ,  § � � � � � ,  § � � � � ,  § � � � � * ,  §¤ Ê 0 ¤� � � � ,  § ¥ � � � � ,  §
In theright-handdiagram,thecurvesmustcoincidein thediffractioncotangentbundle.Thus,
on theonehanda curveon

4
thatgeneratesa tangentvectorin �98 4 canbetracedto a pair of

curves,oneon � ��� andoneon � � . For this tangentvectorto becontainedin �;8 + aswell,
the curvesin thepair mustcoincide,andbecontainedin � � � 5 � � . Now, throughthe local
stereotomographicmappings,we canreversethediagramsabove from thebottomup. Thus,
a curve on � ��� 5 � � lifts to a curve on

4
(left diagram)anda curve on

+
(right diagram)

simultaneously. Suchcurve generatesa tangentvector in �;8 � 4<5 + § . We concludethat�98 4¦5 �;8 + ( �;8 � 4¦5 + § . Hence,the existenceof the local stereotomographicmappings
guaranteesthat�;8 4:5 �;8 + � �98 � 465 + § �
andthat if � �%� 5 � � is a manifold, theintersection

4:5 +
mustbeclean.

Combiningtheanalysisof theprevioussections,wefind thesequenceof mappings

* � âì Ð � ãì Ð ��� � (75)º ì � (92)º � � (93)º � �¨§ º � � � Ã (112)

Hence Î�� VE� �à� Î�� V *�? Î�� Vwâì Ð � ãì Ð ��� � � Î�� V©� ���¦�
while Î�� V âì Ð � ãì Ð ��� � � Î�� V � Ã
Wewill alsomakeuseof thefactthat Î�� V � � � � É Î�� VÛ� .

Thenon-reciprocalconstituent:�
� � � � 5 � � �ª�ô�<¡

For the non-reciprocalpairs, we invoke the transversal intersection condition: i.e. we
will assumethat the backgroundmediumis suchthat thereare no points �'�ô� ¢£ ¤� � ¥£ ¤� § 1�� © � ¢£ � � ¥£ � § suchthat(omitting thetrivial equalityinvolving thefrequency in bottomline of
equation(103),yielding « equationsfor the

Èk¬
variables)�5°w� © � ¢£ � § �³± � © � ¥£ � § �¬² ���� S¡ �'±P� ¥£ � � © � ¢£ � �î° § � ¢µ ¶ � © � ¢£ � § � ¥µ ¸ � © � ¥£ � §³§� �5°w�'�Á� ¢£D¤� § �ª± �'�Á� ¥£ ¤� § �³² ���� S¡ �'±¦� ¥£ � � �ª�ô� ¢£D¤� �î° § � ¢µ ¶ �'�ô� ¢£F¤� § � ¥µ ¸ �'�Á� ¥£ ¤� §¬§
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andtherankof thematrix,

� wzy��

TUUUUUUUUUUUUUUUUUUU
V

� � ° � ß­�® ° X � � ° � ß­ �¯ ° X
� � ± X � á­�® ± � � ± X � á­ �¯ ±

� � ² �¼�� S¡ � ß­ ® ² �¼�� S¡ � á­�® ² ���� S¡ � � ² ���� S¡ � ß­ �¯ ² ���� S¡ � á­ �¯ ² ���� S¡
� � ¢µ ¶ � ß­�® ¢µ ¶ X � � ¢µ ¶ � ß­ �¯ ¢µ ¶ X
� � ¥µ ¸ X � á­ ® ¥µ ¸ � � ¥µ ¸ X � á­ �¯ ¥µ ¸

Y ZZZZZZZZZZZZZZZZZZZ
\

° « Ã

(113)

In this equation,for example,
� � ° should be interpretedas

� � ° ­ � , and
� ß­ �¯ ° should

be interpretedas
� ß­�® ° ­ ß­ �¯ , etc. Equation(113) is a condition on the geometryof the

bicharacteristicsat thesourcesandreceivers.This conditioncanbereformulatedin termsof
derivativesof amappingfrom � to © alongapairof differentbicharacteristics(seeStolk [46,
Section3]). It guaranteesthat � � � and � � intersecttransversallyin thediffractioncotangent
vector ��� �¬´CB ���� S¡� § , i.e.�;8[� �%��? �;8^� �à� �;8)� � � Ã
In this respect,notice that the Jacobianof the sequenceof mappings(112) at frozen ´ ,
generatestheleft-half submatrixin equation(113)thecolumnsof whichspan�;8^� � . A similar
reasoningleadsto ageometricalinterpretationof theright-halfsubmatrixin equation(113).

Since � ��� and � � intersecttransversallyin � � � , wehave± W Î�� VE� ��� 5 � �à� ± W Î�� V©� ����? ± W Î�� VE� �@�
i.e. Î�� VE� � � 5 � �à� Î�� V©� � � ? Î�� V©� � ¹ Î�� V � � � � É Î�� V * ¨
thenalso,locally, Î�� V 475 + � É Î�� V * is thedimensionof ì'& .

Since,with thetransversalintersectioncondition, � ��� 5 � � is amanifold,theintersection
475 +

is clean.With equation(107),theexcessis

= � Î�� V ì'&Õ¹ É Î�� V * �! �
independentof the intersectionpoint in

4¦5 +
. It follows that

4
and

+
intersectcleanly

with zeroexcess[43, p.458].
As a consequence,thephase

�
is cleanwith zeroexcess,henceis non-degenerate.Then

– by virtue of the tranversalintersectioncondition– the orderof the associatedconstituent
Fourierintegraloperatoris

È
(cf. equation(110));wewill denotethisoperatorby �³²´ .
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Thereciprocalconstituent:�
� ���µ� 5 � � �x�_1�<¡

For thereciprocalconstituent,wefind that � �%� 5 � � is naturallyamanifold.Sincenow � �^� � � �
and � �^����� mustcoincideon � �%� 5 � � , this intersectionis diffeomorphicto �

� ����� 5 � � �ª� with
dimension, Î�� VE� � � 5 � �à� Î�� V��

� �ª�ã� Î�� V � ��� Î�� V©� � � Î�� V *�? Î�� V � ¨
thenalso,locally, Î�� V 475 + � Î�� V *¶? Î�� VÛ� is thedimensionof ì'& .

Since � ��� 5 � � is a manifold,theintersection

4F5 +
is clean.With equation(107),the

excessis

= � Î�� V ì'&Õ¹ É Î�� V * � Î�� V � ¹ Î�� V * �
independentof the intersectionpoint in

4¦5 +
. It follows that

4
and

+
intersectcleanly

with excess= � Î�� V � ¹ Î�� V *R�<�S¹>·¾� É
.

As a consequence,thephase
�

is cleanwith excess
É
. Thentheorderof theassociated

constituentFourier integral operatoris
É

(cf. equation(110)), which, by virtue of the
transversalintersectioncondition,is larger by ÆÐ = � È

thenthe orderof the non-reciprocal
constituent;wewill denotethisoperatorby � ´

.
Observe that, once again since � �^� � � � and � �^���z� must coincide on � � � 5 � � ,�

� ���� � � � � �ª�¹¸¸¸ �^� � � �aº��^��� � is thegraphof the identity of � � * ,  . It follows that thereciprocal

constituentis in fact a pseudo-differential operator[47]. We will analyzethis pseudo-
differentialoperatorin greaterdetailin theremainderof thisSection.

Carryingout thestationaryphaseanalysisof equation(99) in theslownessvectorsfor the
reciprocalconstituent,with theaidof equation(30) leadsto� � ´ Å �ÇÆ�¡ § ��� §~» ÈÉ×Ê®Ë�Ì Í Î ´ ´ � Ë�ÜmÝ/ÞYÜmß�Ëpä ­ ¼ ���� S¡ �'±P�ª�ô�î° §p­ Ðó ���� S¡ �'�Á� ¢£ � � ¥£ � § � ó �¼�� S¡ �'��� ¢£ � � ¥£ � §³§�õ Å �ÇÆ�¡ � ©ã§öm÷kø ïñù ´ ��² �¼�� S¡ ��± � ¥£ � � © � ¢£ � �î° § ¹ü² �¼�� S¡ ��±P� ¥£ � �ª�ô� ¢£ � �î° §¬§Ñò Î © Î ± Î °Õ� (114)

up to leadingorder(wherethesumovermultiple reciprocalpathshasbeensuppressed)since
(seeequation(70))ú ���� S¡ � ¥Ö Æ � © � ¥£ � § �ª±�� © � ¥£ � § � © � ¢Ö Æ � © � ¢£ � § �î°»� © � ¢£ � §¬§ �² ���� S¡ �'±P� ¥£ � � © � ¢£ � �"° § �ú ���� S¡ � ¥Ö Æ ����� ¥£ � § �ª± ����� ¥£ � § �ª�ô� ¢Ö Æ ����� ¢£ � § �î°»�'�Á� ¢£ � §¬§ �² ���� S¡ �'±P� ¥£ � �ª�Á� ¢£ � �î° § �

(115)
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while wehave introducedthesimplifiednotationó ���� S¡ �'�ô� ¢£ � � ¥£ � §¾½ �ó ���� S¡ � ¥Ö Æ ���Á� ¥£ � § �³±����Á� ¥£ � § �³�Á� ¢Ö Æ ���Á� ¢£ � § �"° �'�ô� ¢£ � §³§]Ã (116)

In equation(114), Î ±J� Î ±��'�ô�¦¥£ � § and Î ° � Î ° �'�Á�w¢£ � § , hencetheintegrationover b ì � b ç
couldbeviewedasaStieltjesintegral in theabsenceof caustics.

5.3. Integrationoverphasedirections

In equation(114), as in De Hoop et al. [10, 11], we changevariablesof integration (see
figure6)

b ì � b çv¿ âì Ð � ãì Ð ½ �5°N�ª± § ¿ �%¢£ � �¦¥£ � § � given � Ã
In thepresenceof caustics,this mappingis multi-valued. On theotherhand,this changeof
variablesunfoldsthemulti pathing.TheassociatedJacobian,

b � ¢£ � � ¥£ � §b ��°w�ª± § � b � ¢£ � §b �5° § b � ¥£ � §b ��± § � (117)

is directly relatedto dynamicray theory. In general,the factorscanbe expressedin terms
of thedynamicray amplitudessince,like theamplitudes,they follow from a variationof the
anisotropicray tracingequations.Introducingwave-frontnormalcoordinates��°oÀ �îí ­ § at the
sourcein ° , weget

b �5°�À §b �%¢£ � § � ÈÈrÁcÊ ÐÃÂ �5° § Â �'� § ¢Ä ����¡ ��° § � ¢Ä ����¡ �'� §³§ ê ­ ¢¼ ����¡ �5° ¨ � §i­ Ð Ã (118)

If b ì in the neighborhoodof ° doesnot coincide with the wave front Å �'�Á�³² ����¡ �5° ¨ � §³§
originatingat � , wehaveto correctfor theratioof theareaon b ì to theareaonthewavefront
at ° ontowhich it is mappedby projectionalongtherays.It amountsto dividing theprevious
Jacobianby theJacobian

b �5° À §b ��° § � � ¢£ ¶ Æm¢Ç �5° §³§]Ã
Note that ¢£ ¶ is thenormalto thewave front at ° . Similar expressionshold for the receiver
side.
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Combiningequations(117)and(118),with aview to thefirst line of equation(114),leads
usto introduce

È ���� S¡ �'±P� ¥£ � �³�Á� ¢£ � �î° § � ­ ¼ ���� S¡ ��± �³�Á�î° §i­ Ð b �5°N�ª± §b �4¢£ � �¦¥£ � §� ÈÈrÁcÊ Ð Â �5° § Â �'� § ¢Ä ����¡ �5° § � ¢Ä �¼��¡ ��� §¬§ ê ÈrÁcÊ Ð Â �'± § Â ��� § ¥Ä �¼ S¡ �'± § � ¥Ä �� S¡ �'� §¬§ êÈ� ¢£ ¶ Æ+¢Ç ��° §¬§ � ¥£ ¸�Æi¥Ç �'± §³§ �
(119)

afunctionthatremainsfinite andsmoothin thevicinity of caustics.For È ���� S¡ to remainfinite
in general,wehaveto excludegrazingraysat thesourceandat thereceiveraswedid already:¢£ ¶ Æm¢Ç �5° § 1�! � ¥£ ¸�Æi¥Ç �'± § 1�� Ã (120)

Carryingout thechangeof integrationvariablesthenyields� � ´ Å �ÇÆ�¡ § ��� §~» ÈÉ×Ê Ë Ì Í Î ´ ´ � ËÊÉÝ�ËªÞÍÌÝ�Ë Ë ä È �¼�� S¡ ��± �¦¥£ � �ª�Á�w¢£ � �"° §ó ���� S¡ �'�Á�w¢£ � �¦¥£ � § � ó ���� S¡ �'�Á�w¢£ � �¦¥£ � §³§ õ Å �ÇÆ�¡ � ©ã§öm÷kø ï)ù ´ ��² �¼�� S¡ ��±P�P¥£ � � © �»¢£ � �î° § ¹ý² ���� S¡ �'±P�P¥£ � �ª���»¢£ � �î° §³§Ñò Î © Î ¥£ � Î ¢£ � Ã
(121)

Sincethephaseis stationaryfor � © �ª�«���� S¡� § near �'�ô�"�]�¼�� S¡� § , we canrestrictthe integration
over Î to asmallneighborhoodof � (seealsoBeylkin [4]). On thisneighborhood,wehave² ���� S¡ ��±P� ¥£ � � © � ¢£ � �î° § ¹ü² ���� S¡ �'±¦� ¥£ � �ª�Á� ¢£ � �î° §

» �«���� S¡� � ¢£ � � ¥£ � § Æ � © ¹ü� §«Ã (122)

Upon substitutingequation(122) into equation(121), the integration over © becomesa
Fourier transformof the mediumcontrast,that appearsalsoin diffraction tomography[48].
The normal operator takes the explicit form of a pseudo-differential operator. In
equation(122), ° � °»�'��� ¢£ � §¾
 b ì and ±Õ�8±����Á� ¥£ � §L
 b ç .

To be ableto introducean integrationover the orientation Ï � of the gradient � �¼�� S¡� of
two-way travel time ² �¼�� S¡ , wehave to excludescatteringover Ð � Ê

: then� �¼�� S¡� 1� X Ã (123)
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With Ï � � ­ � ���� S¡� ­ O Æ � �¼�� S¡� , togetherwith thehomogeneityin ´ , weget� � ´ Å � Æ�¡ § �'� §Ñ» ÈÉiÊ Ë Ì ÍNÎ ´ ´ � Ë�ÉÝ|Ë"ÞÒÌÝ�Ë Ë ä ��Ó¹Ô ��± � ¥£ � �ª�ô� ¢£ � �"° §ó ���� S¡ �'�ô� ¢£ � � ¥£ � § � ó ���� S¡ �'�ô� ¢£ � � ¥£ � §³§�õ Å �ÇÆ�¡ � ©ô§öm÷kø ï)ù ´ Ï � � ¢£ � � ¥£ � § Æ � © ¹ü� §Ñò Î © Î ¥£ � Î ¢£ � � (124)

where ��Ó¹Ô �'±¦� ¥£ � �ª��� ¢£ � �î° § � È ���� S¡ �'±P�¦¥£ � �ª�Á�»¢£ � �î° §­ �]�¼�� S¡� � ¢£ � � ¥£ � §i­ � Ã (125)

5.4. Theprincipal symbolmatrix

Following De Hoopet al. [10, 11], we changethevariablesof integration, � ¢£ � � ¥£ � § , to dipÏ , scatteringangleÐ andazimuthÕ (seefigure8)âì Ð � ãì Ð º ÖØ× � � ÖØÙ � Ï § � ÖCÚ � Ð � Ï §¬§F½ �%¢£ � �¦¥£ � § º � Ï � � Ð � � Õ � § � (126)

in which (Burridgeetal. [13, AppendixD])"############$ ############%

Ï � � � ���� S¡� � ¢£ � � ¥£ � §­ �«���� S¡� � ¢£ � � ¥£ � §p­ 
 ì Ð �
± W u Ð � � ¢£ � Æ ¥£ � � Ð 
 ï  /� Ê § �
Õ � � Èu � y Ð � � ¢£ � À ¥£ � § À Ï � � � ¢£ � Æ Ï � § ¥£ � ¹ � ¥£ � Æ Ï � § ¢£ �u � y Ð � 
 ì Æ Ã

(127)

Thenequation(124)takestheform� � ´ Å �ÇÆ�¡ § ��� §~» ÈÉ×Ê Ë Ì Í Î ´ ´ � ËkÛ × Ë ä � ËkÛ�Ü Þ Û�Ý ��Ó¹Ô �'±P� ¥£ � �ª�Á� ¢£ � �î° §
ó ���� S¡ �'�ô� ¢£ � � ¥£ � § � ó �¼�� S¡ �'�ô� ¢£ � � ¥£ � §³§�õ b � ¢£ � � ¥£ � §b � Ï � � Ð � � Õ � § Î Ð � Î Õ � ÂÅ � Æ�¡ � ©ô§ öm÷kø ï)ù ´ Ï � Æ �'� ¹ ©ã§Ñò Î © Î Ï � Ã

(128)

In this equation, ¢£ � � ¢£ � � Ï � � Ð � � Õ � §¨
 âì Ð� and ¥£ � � ¥£ � � Ï � � Ð � � Õ � §@
 ãì Ð� . From the
integrandin betweenthe braces,we extract a point-symmetrizedmatrix in the form of an
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angularaverage� �¼�� S¡ �'��� Ï � § � ËkÛ�Ü Þ ÛoÝ ó �¼�� S¡ ���Á� ¢£ � � ¥£ � § � ó ���� S¡ �'�Á� ¢£ � � ¥£ � §¬§�õ
ÆÐ ��Ó¹Ô �'±P� ¥£ � �³�Á� ¢£ � �î° § b �%¢£ � � ¥£ � §b � Ï � � Ð � � Õ � § Î Ð � Î Õ � ?#�Þqrqrq § �'�ô��¹ Ï � §]Ã (129)

TheJacobianinsidethis integralcanbefoundin Burridgeetal. [13,AppendixD]. Thematrix
in equation(129)is positivewhencetheoperatoris elliptic. We thenobtain� � ´ Å �ÇÆ�¡ § ��� §~» Ø ÈÉ×Ê Ú ê Ë Ì Í ápâ ´ Ð Î ´ ´ Ð ËkÛ ×àß Ê Ð � ���� S¡ �'�ô� Ï � § Ë ä

Å � Æ�¡ � ©ô§ öm÷kø ï)ù ´ Ï � Æ �'� ¹ ©ã§Ñò Î © Î Ï � Ã (130)

Uponcombininǵ Ð Î ´ with Î Ï � , werecognize

� �¼�� S¡ ����� Ï � § astheprincipalsymbolmatrix
associatedwith thereciprocalconstituentof thenormaloperator. Theconditionnumberof the
principalsymbolmatrix canbesmall; in fact,theprincipalsymbolmatrix maynot have full
rank,seeDeHoopandSpencer[49]. We observe thattheorderof theoperatoris

É
indeed.

6. Least-Squaresinversion

6.1. Theparametrixof thenormaloperator

Theleading-ordermatrix kernel á of the ‘parametrix’ â of thenormaloperatorin Eq.(130)
is givenby

á ����� ©ã§d» Ø ÈÉ×Ê Ú ê Ë�Ì Í ápâ ´ Ð Î ´ ´CO Ð Ë Û × Î Ï � � ß Ê Ð � �¼�� S¡ ���Á� Ï � § �	O Æ öî÷kø ïñù ´ Ï � Æ � © ¹ü� §�òPÃ
(131)

In view of thepossibilityof

� �¼�� S¡ ���Á� Ï � § having asmallconditionnumber, we introduceits
pseudo-inverseindicatedby theangularbrackets[50, 51].

Composingthe parametrixassociatedwith the reciprocal constituentof the normal
operatorwith thefull normaloperatoryieldstheresolutionoperator. Since

âã� � â ï � ´ ? �³²´ ò�» â/� ´
up to leadingorder, to obtain the leading-orderasymptoticinversescatteringoperator, it
sufficesto incorporatethereciprocalconstituentonly in theparametrixconstruction.

6.2. Maslov-Fourier representation

While composingtheparametrixâ of thenormaloperatorwith theadjointscatteringoperatorÄ � in equation(95),weapplythefollowing changes:in equation(95)wereplace� by © ; we
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observethenthattheentireintegrandin thecompositiontransformsinto its complex conjugate
uponmapping ��´ ¤ � Ï � § º �Ñ¹®´ ¤ ��¹ Ï � § . Thus,theintegrationover ´ ¤ is madeone-sidedand
weobtaintheinversescatteringoperator� â Ä �åä � Æ�¡ § �'� § �ÈÊ � ö ù� É×Ê § ê Ë Ì Í ápâ Î ´ Ë Û × Î Ï � Ë ä Î © Ë Ì Í ápâ Î ´ ¤ �Ï´ ¤ §½ÐDÒ ´ ¤É×Ê Ó Ë Î ¥Ö ¤Æ Ë Î ¢Ö ¤Æ Ë ÜmÝkÞYÜmß

� ß Ê Ð � �¼�� S¡ ����� Ï � § � O Æ ï2ð ���� S¡ � ¥Ö ¤Æ �³è Ð³é ê � © � ¢Ö ¤Æ �"í Ð³é ê §Ñò �ó ���� S¡ � ¥Ö ¤Æ �ª±P� © � ¢Ö ¤Æ �î° § ¥å �¼ S¡æ ��ç Æ � ¥Ö ¤Æ �ªè Ð³é ê § �ªè Ð³é ê § ä �ÇÆ�¡æîë �'±P�î°��¬´ ¤ § ¢å ����¡ë ��ì Æ � ¢Ö ¤Æ �îí Ð³é ê § �îí Ð³é ê §öm÷kø ï)ù ´ Ï � Æ � © ¹ý� § ¹ ù ´ ¤ ú �¼�� S¡ � ¥Ö ¤Æ �³±¦� © � ¢Ö ¤Æ �î° §Ñò Î ± Î ° Ã
(132)

Thenwe expand ú ���� S¡ � ¥Ö ¤Æ �ª±P� © � ¢Ö ¤Æ �"° § in a Taylor seriesabout � . The integrationin © can
now becarriedout to yield� ÉiÊ § ê ÿ ��´ Ï � ¹þ´ ¤ � � ú ���� S¡ § � � É×Ê § ê ÿ ��´ Ï � ¹ý´ ¤ ­ � � ú ���� S¡ ­ Ï9æ� §
with ÏÒæ� � ­ � � ú �¼�� S¡ ­ O Æ � � ú �¼�� S¡ (133)

representingthe‘Maslov dip’. Considerinǵ Ï � and ´ ¤ ­ � � ú ���� S¡ ­ Ï æ� as(intermediate)wave
vectors,wecarryout theintegrationover ´ ¤ and Ï � . Weobtain� â Ä � ä � Æ�¡ § �'� § �ÈÊ � ö È

ß Ê Ð Ë�Ì Í�ápâ³Î ´ ù Ø ´É×Ê]Ú ê ËJÎ ¥Ö ¤Æ ËEÎ ¢Ö ¤Æ Ë�ÜmÝ/ÞYÜmß È­ � � � ú ���� S¡ § � ¥Ö ¤Æ �³±¦�ª�Á� ¢Ö ¤Æ �î° §p­ Ð
�
� ���� S¡ �'�Á� Ï æ�®§ � O Æ ï2ð �¼�� S¡ � ¥Ö ¤Æ �ªè Ð³é ê � © � ¢Ö ¤Æ �îí Ð³é ê §Ñò �ó ���� S¡ � ¥Ö ¤Æ �ª±P� © � ¢Ö ¤Æ �î° § ¥å �¼ S¡æ ��ç Æ � ¥Ö ¤Æ �ªè Ð³é ê § �ªè Ð³é ê § ä �ÇÆ�¡æîë �'±P�î°��¬´ § ¢å ����¡ë �5ì Æ � ¢Ö ¤Æ �îí Ð³é ê § �"í Ð³é ê §öm÷kø ï ¹ ù ´ôú ���� S¡ � ¥Ö ¤Æ �³± �³�Á� ¢Ö ¤Æ �"° §�ò Î ± Î ° Ã

(134)

This formularepresentstheMaslov-GRT inversionandis perhapsthemoststableprocedure
for linearizedinversescatteringin thevicinity of caustics.

6.3. Stationaryphaseanalysis:GRTrepresentation

A stationaryphaseanalysisof Eq.(134)over theslownessvectors,anda transformationfrom
source/receiver coordinatesto phasedirections,asin equation(124)finally yields the GRT-
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styleinversion� â Ä �åä � Æ�¡ § �'� § �ÈÊ � ö Ë�Ì ÍNá�âªÎ ´ È
ß Ê Ð Ë ÉÝ�Ë"ÞçÌÝ|ËÃèçé�êªë à ²e hÞì ����� ¢£ � � ¥£ � § ��Ó¹Ô ��±¦� ¥£ � �³�Á� ¢£ � �î° §
�
� �¼�� S¡ ���Á� Ï � § � O Æ ­ � ���� S¡� � ¢£ � � ¥£ � §p­ ê¼ �¼�� S¡ �'± ����� ¥£ � § �ª�ô�î°»�'�Á� ¢£ � §¬§ ó ���� S¡ ���Á�w¢£ � � ¥£ � §¥å �¼ S¡æ �'±������ ¥£ � §³§ ä � Æ�¡æîë �'±��'�ô� ¥£ � § �î° ���Á� ¢£ � § �½´ § ¢å ����¡ë ��° �'�ô� ¢£ � §³§öî÷kø ï ¹ ù ´ã² �¼�� S¡ ��± � ¥£ � �ª�ô� ¢£ � �"° §Ñò Î ¢£ � Î ¥£ � �

(135)

where,throughthecharacteristicfunction è , we smoothlytaperaway causticsat thesource
or thereceiver. Observethatthiswouldhappenabruptlyin view of theamplitudefactorin the
third line of equation(135).

Theactionof �
� �¼�� S¡ �'��� Ï � § � O Æ combinedwith thepremultiplicationbyó ���� S¡ �'�Á�w¢£ � �¦¥£ � § for fixed dip Ï � generateswhat is known as A(mplitude) V(ersus

scattering)A(ngles)inversionat theimagepoint � .
The time-domaindiffraction stack is found upon carrying out the one-sidedinverse

Fouriertransform,ÈÊ Ë Ì ÍNá�â Î ´ öm÷kø ï ¹ ù ´ãû ò ä �ÇÆ�¡æîë �'±����Á� ¥£ � § �î°»�'�Á� ¢£ � § �¬´ §
� ä �ÇÆ�¡æmë �'±������ ¥£ � § �î°w�'�ô� ¢£ � § �³û § ? ù�í ä � Æ�¡æîë �'± ����� ¥£ � § �î°»�'�Á� ¢£ � § �³û § (136)

at ûÙ� ² ���� S¡ . Here,
í

denotestheHilbert transform.Theright-handsideof equation(136)
representsthe‘analytic trace’associatedwith thescatteredfield. Thestackis over thephase
directions ¢£ � ¥£ attachedto theimagepoint � .

7. Reduction to directGRT inversion

In equation(135), observe that the factor ­ � ���� S¡� ­ ê inducesa natural taper attenuating
contributions over increasinglylarge scatteringangles. This taperingis counteractedby
the factor

��Ó¹Ô
given by equation(125). To restorethe natural taperingaction, in the

stationaryphaseapproximation,we replace
��Ó¹Ô

by
È
. We then recover the original GRT
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formulation[10, 11] with� �¼�� S¡î Írï �'��� Ï � § � ÆÐ Ë Û Ü+Þ Û Ý ó ���� S¡ ����� ¢£ � � ¥£ � § � ó ���� S¡ �'�Á� ¢£ � � ¥£ � §³§�õ
b � ¢£ � � ¥£ � §b � Ï � � Ð � � Õ � § Î Ð � Î Õ � ?#�ðqrqrq § �'�Á��¹ Ï � §]¨ (137)

thentheGRT inverseis givenby� â Ä �åä � Æ�¡ § î Í¹ï ��� § �ÈÊ � ö Ë�Ì ÍNá�âªÎ ´ È
ß Ê Ð Ë ÉÝ�Ë"ÞçÌÝ|ËÃè é�ê ë à ²e hÞì �����»¢£ � �P¥£ � §
�
� �¼�� S¡î Írï ���Á� Ï � § � O Æ ­ � ���� S¡� � ¢£ � � ¥£ � §p­ ê¼ �¼�� S¡ �'± ����� ¥£ � § �ª�ô�î°»�'�Á� ¢£ � §¬§ ó ���� S¡ ���Á� ¢£ � � ¥£ � §¥å �¼ S¡æ �'±������¦¥£ � §³§ ä � Æ�¡æîë �'±��'�ô� ¥£ � § �î° ���Á�w¢£ � § �½´ § ¢å ����¡ë ��° �'�ô�»¢£ � §³§öî÷kø ï ¹ ù ´ã² �¼�� S¡ ��± � ¥£ � �ª�ô� ¢£ � �"° §Ñò Î ¢£ � Î ¥£ � Ã

(138)

This formula in itself is a generalizationof the formulationof Schleicheret al. [52], who
developeda first steptowardsallowing for caustics,via theinclusionof theKMAH index, in
thediffractionstackfor thecaseof isotropicacoustics.

8. Discussion

We have developeda Maslov asymptoticextensionof the GeneralizedRadonTransform
(GRT) inversionfor elasticparametersin anisotropicmedia.Theextensionnaturallyallows
for the occurrenceof caustics,either ‘macroscopic’ ones in either polarization due to
heterogeneityor ‘instantaneous’onesin theshearpolarizationsdueto anisotropy.

Startingwith theMaslov representationfor elasticone-way propagationbetweenimage
point and sourceor receiver, we have derived a Maslov extensionof the GRT describing
elastic two-way scattering,or modeling, in the distortedBorn approximation. From this
two-way scatteringrepresentationwe have derivedtheMaslov extensionof theadjointGRT
for imaging. (The Gaussianbeamcounterpartof the imagingoperatorfor scalar, isotropic
acousticswasdevelopedby Hill [53].) Composingtheimagingwith themodelingoperators
we found the normal operator, which pairs two two-way scatteringprocesses.Imposing
a transversal intersectioncondition associatedwith the bicharacteristicgeometryin the
backgroundmedium,for anisotropicelasticity, we selectedthe most singularcontribution
to the normaloperatorand, with the aid of a stationaryphaseapproximation,constructed
its parametrix– asin the analysisof GRTs. Inversionis accomplisheduponcomposingthe
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parametrixwith the imaging operator. A key ingredientin the analysisis the conceptof
microlocalization, i.e., localizationin the cotangentbundlesassociatedwith the isochrones
andthediffractionsurfaces.

To preventthat informationin thescatteredfield – measuredwith finite resolution– gets
lost in thevicinity of caustics,weproposedto evaluatetheinversionoperatorwith theMaslov
representationin the imagingcomponent.Whenapplyinga stationaryphaseanalysisto this
inversionoperator, we recoveredtheGRT inversionformula.

For theinversionprocedureto bewell defined,it is key to useall thedata,i.e.,opensets
of sourceandreceiver locations.Aspectsof an inversionprocedureusingall thedata,in the
caseof isotropicacousticsin theabsenceof caustics,wereaddressedby Oristaglio[54]. The
complicationsarisingfrom partial acquisitiongeometries,in thecaseof isotropicacoustics,
wereanalyzedby NolanandSymes[55].

For the numericalimplementationof the Maslov amplitudes,we suggestthe useof the
work of Červeńy [56]. For thediscretizationof theimagingandinversionoperators,werefer
to DeHoopandSpencer[57].

In the framework of the local optimizationapproachto inversescattering,our adjoint
operatorprovidesthe‘gradient’while theparametrixcanbeemployedasa ‘preconditioner’,
seeSevink andHerman[58].
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Appendix A. Local stereotomographic duality

A mappingbetweenmanifoldsis calledan immersionif its derivative(Jacobian)is one-to-
oneateverypointof its domain.It tellsusaboutthe local behavior of themapping,anddoes
not imply thatthemappingitself is one-to-one(GuillemanandPollack[45]).

‘one-way’immersion

Here,wewill show thatthe‘one-way’ mappingâì Ð� J ¢£ � º �5° � © � ¢£ � § � ¢µã¶ � © � ¢£ � §³§ (A1)

(seetext below equation(18)) is animmersion.With theeikonalequation(11), thismapping
canbeextendedto theequivalentmappingâì Ð� J ¢£ � º �5° � © �w¢£ � § �6¢H ¶ � © �w¢£ � §³§]Ã (A2)
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It follows immediatelyfrom thefact thatbicharacteristics,solvingtheHamiltonsystem(14)
with initial conditions,cannotintersecton theLagrangianmanifold,that

� w�y��
TUU
V
� ß­ ® °
� ß­�® ¢H ¶

Y ZZ
\ � É � (A3)

whencethemapping(A1) is animmersion.
(Themapping ãì Ð� J�¥£ � º �'± � © �¦¥£ � § �k¥µ ¸ � © �¦¥£ � §¬§ is animmersionaswell.)

‘two-way’ immersion

With theresultof thefirst subsection(equation(A1) is animmersion),it followsimmediately
thatthe‘two-way’ mapping

* � âì Ð � ãì Ð ��� � (75)º ì � (92)º � � (A4)

is animmersionalso.

stereotomographicduality

Let usconsidermapping(112)

* � âì Ð � ãì Ð ��� � (75)º ì � (92)º � � (93)º � � (A5)

anddenoteit by ñ � , andlet usintroduceits Jacobian� R ñ � § 8 :

� R ñ � § 8 �

TUUUUUUUUUUUUUUUUUUUUUUU
V

� � ° � ß­ ® ° X X
� � ± X � á­ ® ± X

� � ² ���� S¡ � ß­ ® ² �¼�� S¡ � á­�® ² �¼�� S¡ X
� � ¢µ ¶ � ß­�® ¢µ ¶ X X
� � ¥µ ¸ X � á­�® ¥µ ¸ X
   ¹ È

Y ZZZZZZZZZZZZZZZZZZZZZZZ
\

�

whichcorrespondswith theleft submatrixin equation(113).To evaluatethenull spaceof this
Jacobian,let ò � ï ò � � ò ß­�® � ò á­ ® � ò ó ò õ
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representthecomponentsof a vectorin �98 ��* � âì Ð � ãì Ð ��� � § . Then, � R ñ � § 8 ò �ã implies
thaton thebicharacteristics,ò � Æ � � ° ? ò ß­ ® Æ � ß­ ® ° � X � (i)ò � Æ � � ± ? ò á­ ® Æ � á­ ® ± � X � (ii)ò � Æ � � ² ���� S¡ ? ò ß­ ® Æ � ß­ ® ² �¼��¡ ? ò á­�® Æ � á­�® ² �� S¡ �  /� (iii)ò � Æ � � ¢µ ¶ ? ò ß­ ® Æ � ß­ ® ¢µ ¶ � X � (iv)ò � Æ � � ¥µ�¸ ? ò á­�® Æ � á­�® ¥µ ¸ � X � (v)¹ ò

ó �  Ã (vi)

Wecontract(i) with b�ô�õ ¢ú ����¡ , andobtainò � Æ � � � í�ö § b�ô�õ ¢ú �¼��¡ ? ò ß­�® Æ � � ß­�® í�ö § b�ô�õ ¢ú �¼��¡ �� Ã (A6)

In view of equation(26),with ° 
 b ì wehave² ����¡ �5° ¨"© � ¢£ � § � ¢ú �¼��¡ �¬� ¢Ö ¶ � © � ¢£ � §¬§ Æ �"° � © � ¢£ � §î¨"©ã§]Ã (A7)

Differentiatingthisequalitywith respectto © , since b ß÷ à ú �¼��¡ �< , leadsto� � ²w����¡ � � � ¢úP����¡ª?8� � � í�ö § b�ô�õ ¢ú¦�¼��¡·� (A8)

wheretheleft-handsidederivativeis a totalderivative ø , whereas� ß­ ® ² ����¡ � � � ß­ ® í�ö § b�ôiõ ¢ú ����¡ � (A9)

wheretheleft-handsidederivativeis a totalderivativeagain.Equation(A8) canbewritten in
theform � � � í�ö § b�ô�õ ¢ú �¼��¡ � � � ² ����¡ ¹ � � ¢ú ����¡ Ã (A10)

Substitutingequations(A10), (A9) into equation(A6) yieldsò � Æ � � � ² �¼��¡ ¹ � � ¢ú ����¡ § ? ò ß­ ® Æ � ß­ ® ² ����¡ �� Ã (A11)

Similarly, contracting(ii) with b ù�õ ¥ú �� S¡ , weobtainò � Æ � � � ² �¼ S¡ ¹ � � ¥ú �¼ S¡ § ? ò á­�® Æ � á­�® ² �� S¡ �� Ã (A12)

Addingequations(A11) and(A12) together, yieldsò � Æ � � � ² �¼�� S¡ ¹ � � ú ���� S¡ § ? ò ß­ ® Æ � ß­ ® ² ����¡ ? ò á­�® Æ � á­�® ² �¼ S¡ �! Ã (A13)ú
In thepresentanalysis,themappingsfor û and ü mustbesubstitutedin thetwo-way travel time ý þ�ÿ�� � .
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Substractingequation(A13) from (iii) thenresultsinò � Æ � � ú �¼�� S¡ �� ¿�
whichon thestationarypoint setreducesto (cf. equation(78))ò � Æ � ���� S¡� �� ¿� (A14)

whichstatesthat

ò � mustbeperpendicularto themigrationdip (notethat � �¼�� S¡� 1� X
, having

excludedscatteringover
Ê

in themaintext).
Theleft-handsideof (i) generatestheperturbationof initial conditions,°»� © ?�� ò � � ¢£ � ?�� ò ß­�® § � ° � © � ¢£ � § ?�� j ò � Æ � � °S? ò ß­�® Æ � ß­�® °xnC? ÃÇÃ (A15)

If � ò � � ò ß­�® § is asolutionof (i), equation(A15) impliesthat°»� © ?�� ò � � ¢£ � ?�� ò ß­ ® § � ° � © � ¢£ � §�Ã (A16)

With (iv), applyingasimilaranalysisto ¢µ ¶ � © ?�� ò � � ¢£ � ?�� ò ß­ ® § , wefind that¢µ ¶ � © ?�� ò � �»¢£ � ?�� ò ß­ ® § � ¢µ ¶ � © �w¢£ � §]Ã (A17)

With the aid of the eikonalequation(11), we find thatequation(A17) musthold for all the
componentsof theslownessvector ¢H ¶ , andhence(i) and(iv) imply that�5° � © ?�� ò � �w¢£ � ?�� ò ß­ ® § �6¢H ¶ � © ?�� ò � �»¢£ � ?�� ò ß­ ® §¬§ � �5°w� © �w¢£ � § �k¢H ¶ � © �»¢£ � §¬§]Ã (A18)

Fromthefactthatbicharacteristics,solvingtheHamiltonsystem(14) with initial conditions,
cannot intersect on the Lagrangianmanifold, we conclude that © ?��

ò � lies on the
characteristicwith initial values� © �»¢£ � § . Hence,ò ��� Õ �¼��¡ � © � ¢£ � § � (A19)

cf. equation(16). Startingfrom (ii) and(v), wealsofind thatò ��� Õ �¼ S¡ � © �P¥£ � §�Ã (A20)

If both 	 and 
 aretheqPconstituent,equations(A14), (A19) and(A20) combined,imply
that ¥£ � � ¹ ¢£ � , whichcasewehaveexcludedalready. For theothercombinationsof 	 and

 , wewill now alsoexcluderaysfor which

Õ ����¡ � © � ¢£ � § � Õ �� S¡ � © � ¥£ � §�� � ���� S¡� Ã
Thentheonly solutionto equations(A14), (A19) and(A20) is

ò � � X
. Substitutingthis into

(i) and(iv) yieldsò ß­ ® Æ � ß­ ® ° � X �ò ß­ ® Æ � ß­ ® ¢µ ¶ � X Ã (A21)
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Since, as we showed in the first subsectionof this Appendix, the ‘one-way’ mapping¢£ � º �5°w� © � ¢£ � § � ¢µ ¶ � © � ¢£ � §¬§ is animmersion,we find that

ò ß­�® � X
. Thenalso

ò á­�® � X
.

Finally, (vi) implies that

ò
ó �  , andwe concludethat with the appropriateexclusionof

particularrays,themappingñ � is animmersion.
Returningto equation(A5), from the fact that ñ � is an immersionandthe fact that the

‘two-way’ mapping* � âì Ð � ãì Ð ��� � (75)º ì � (92)º � �
is an immersion as well (secondsubsectionof this Appendix), it follows that

Ê 0 in
equation(93),theright-mostleg of thesequencein equation(A5), is animmersion.Thelatter
immersionestablishesthemicrolocaldualitybetweentheisochroneanddiffractioncotangent
bundles.In theabsenceof caustics,this duality is globaland,in thecaseof scalaracoustics,
hasbeenanalyzedby Tygeletal. [59].
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[26] KlimešL., 1998,Phaseshift of theGreenfunctiondueto causticsin anisotropicmedia,67thAnn.Int. Mtg.

Soc.Explor. Geophys., ExpandedAbstracts,pp.1834-1837.

[27] Smirnov V.I., 1964,A coursein highermathematics, Vol. 4 (translationby Brown D.E. andSneddonI.N.,
Oxford: PergamonPress)

[28] RoydenH.L., 1988,Realanalysis, third edition(EnglewoordCliffs: Prentice-Hall)
[29] Burridge R., 1967, The singularity on the planelids of the wave surfaceof elasticmediawith cubic

symmetry, Quart.Journ.Mech. andAppliedMath.XX, 41-56.

[30] Smit D.-J. anddeHoop M.V., 1995,Thegeometryof thehyperbolicsystemfor ananisotropicperfectly
elasticmedium,Commun.Math.Phys.167, 255-300.

[31] EwaldP.P., 1916,Zur BegründungderKristalloptik, AnnalenderPhysikIV 49, 1-38.
[32] Riabinkin L.A., 1957, Fundamentalsof resolvingpower of controlleddirectional reception(CDR) of

seismicwaves,in: Slantstack processing, pp.36-60,eds.GardnerG.H.F. andLu L., 1991,Soc.Explor.
Geophys.,GeophysicsReprintSeries14.
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[35] Rakesh,1988,A linearisedinverseproblemfor thewaveequation,Comm.in Part. Diff. Eqs.13, 573-601.
[36] De HoopM.V. andDe HoopA.T., 1997,Wavefieldreciprocityandlocal optimizationin remotesensing,

Centerfor WavePhenomena242P.
[37] FomelS.,1996,Stackingoperators:adjointversusasymptoticinverse,Stanford ExplorationProjectreport

92, 267-293.
[38] HagedoornJ.G.,1954,A processof seismicreflectioninterpretation,GeophysicalProspecting2, 85-127.
[39] AkbarF.E.,SenM.K. andStoffaP.L., 1996,Pre-stackplane-waveKirchhoff migrationin laterallyvarying

media,Geophysics61, 1068-1079.

[40] Akbar F.E., Stoffa P.L. andSenM.K., 1998,Three-dimensionalplane-wave Kirchhoff depthmigration,



55

68thAnn.Int. Mtg. Soc.Explor. Geophys., ExpandedAbstracts,pp.1708-1711.
[41] SchusterG.T., 1997,Green’s functionfor migration,67thAnn.Int. Mtg. Soc.Explor. Geophys., Expanded

Abstracts,pp.1754-1757.
[42] DuquetB., Marfurt K.J.andDellingerJ.,1998,Efficientestimatesof subsurfaceilluminationfor Kirchhoff

prestackdepthmigration,68thAnn.Int. Mtg. Soc.Explor. Geophys., ExpandedAbstracts,pp.1116-1119.
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