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ABSTRACT

Much research has focused on ray-based migration methods, such as Kirch-
hoff and Gaussian beam, with special ray-tracing effort to overcome the multi-
pathing problems that arise in complicated media. Despite advances that en-
hance the ray-based methods, most problems related to complex structures
have not been fully solved as yet. Though relatively expensive compared with
the ray-based methods, migration methods based on wavefield extrapolation ex-
hibit advantages in handling complex structures. Although ray-based methods
are still the dominant imaging tool for 3-D prestack depth migration, with the
rapid advancement of computer hardware technology, we can expect migration
algorithms based on wavefield extrapolation to play a more important role in
the near future.

This paper describes implementation of four such related one-way algorithms for
depth migration of prestack and poststack data: phase-shift-plus-interpolation,
split-step Fourier, implicit w — z finite-difference, and Fourier finite-difference.
All the algorithms work in the frequency domain, resulting in natural and similar
parallelization of the codes. These straightforward implementations of one-way
methods yield accurate imaging in complicated geological structures such as
the Marmousi model, where ray-based methods require complicated ray-tracing
efforts to image the target zone.
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Introduction

Many migration methods have been developed and put
into practice over the years. We usually put them into ei-
ther of two categories — ray-based methods and methods
based on wavefield extrapolation, although all of them
are derived from the basic acoustic or elastic wave equa-
tion and depend more or less on a high-frequency ap-
proximation.

Ray-based migration methods are popular currently,
mainly because of their target-oriented feature, flexibil-
ity in handling irregularly sampled 3-D data, generally
good imaging results and relative computational effi-
ciency. Considering the high computation cost in pro-
cessing 3-D data sets, Kirchhoff and Gaussian beam
methods are presently the only viable ways to do 3-
D prestack depth migration. The defining characteristic
of ray-based methods is their dependence on ray trac-
ing to get the traveltime needed for the migration map-

ping. In complicated geological structures, however, mul-
tiple arrivals are a complication that often causes ray
tracing to fail to obtain proper traveltimes, hence lead-
ing to poor subsurface imaging. Recently, several meth-
ods have been developed to help overcome such prob-
lems. Examples include semi-recursive Kirchhoff migra-
tion (Bevc, 1997) and maximum-energy traveltime meth-
ods (Nichols, 1996), but they only partially solve the
multi-pathing problem.

In contrast, methods based on wavefield extrapo-
lation can naturally handle the multi-pathing problem,
leading to more accurate subsurface imaging. So, though
relatively expensive compared with ray-based methods,
wavefield-extrapolation migration methods have often
been preferred for 2-D and 3-D poststack migrations
where cost is a less serious issue.

Among these wavefield-extrapolation migration
methods, some, such as the reverse-time migration, are
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derived from the two-way wave equation, while others
depend on approximate solutions to the one-way acous-
tic wave equation. Two-way solutions are most accurate
but also most expensive, so in practice most migration
algorithms are based on the less costly one-way solution.
With certain optimization efforts, the one-way solution
can reach an accuracy approaching that of the two-way
solution (Jenner et al., 1997).

Here, I compared four one-way depth-migration
methods: phase-shift-plus-interpolation (PSPI), im-
plicit w-z finite-difference (FD), Fourier finite-difference
(FFD), and split-step Fourier (SSF). I selected these four
algorithms among other one-way algorithms because of
their close relationship to one another (Rihl & Ristow,
1995). It is of interest to review their inter-relationship
as well as their migration performance.

One further motivation for this work is that we need
accurate migration and inverse-migration tools to con-
tinue the work of Tjan (1995) on static correction using
prestack depth migration.

I have implemented each of the four methods in 2-D
poststack migration and 2-D prestack common-shot mi-
gration and applied them to zero-offset synthetic data as
well as the multi-offset Marmousi data, comparing their
imaging accuracy and computation efficiency. Following
a review of the four different migration algorithms and
their inter-relationship, I show migration results on the
synthetic data sets.

A common basis

Let us start with the 2-D acoustic wave equation. Given
a homogeneous velocity structure, in the frequency-
wavenumber domain we have
’P W
2 —
where P is the pressure wavefield, z is the depth, w is
frequency and v is velocity. Also k; is the wavenumber in
the lateral (i.e., z-) direction. Taking the spatial Fourier
transform in the z-direction, gives the dispersion rela-

tionship
2
w
Bak= 2)
v
or

2
kz:ﬂ:\/%—k%, (3)

and its corresponding one-way wave equation,

o°P .
5, = Fik:P. (4)

Here the + signs are for the downward and upward
wavefields, respectively. Analytic solutions of this one-
way wave equation are

P(z + dz, ky,w) = P(2, ky,w) expt*=4% (5)

Thus, wavefield extrapolation involves just a sim-
ple phase shift in the frequency-wavenumber domain. To
obtain the final image, we evaluate the wavefield when
t=0. This is just a summation of all the frequency com-
ponents for position (k;,z). Then the image is inverse
Fourier transformed from the wavenumber domain to the
space domain.

Image(z,z) = (FFT)_I[Z Pz, ke, wi)]- (6)
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This formula is the essence of the phase-shift migra-
tion method often called Gazdag migration (1978). The
phase-shift migration method, however, requires later-
ally homogeneous [i.e., v(z)] media, making it essentially
a time-migration method. Advantages of this method are
that it is stable with no special requirement for the grid
spacing, and it is accurate, capable of migrating reflec-
tors with dip up to and beyond 90°. Given these ad-
vantages, people have attempted to extend it to depth
migration, that is, to deal with lateral velocity variation
in a v(z, z) medium.

Phase-shift-plus-interpolation migration (PSPI)

When the velocity field has lateral variation, the pure
phase-shift migration method fails because it requires
computation in the spatial wavenumber domain. Gazdag
and Sguazzero (1984) offered a method to treat lateral
variation in velocity that uses the central features of the
phase-shift method. Instead of only one velocity at each
depth step, he introduced several reference velocities to
account for the lateral velocity variation. At each depth
step, the wavefield is propagated in the (w,k;) domain
with each of these reference velocities, yielding multiple
reference wavefields. Then an inverse Fourier transform
brings these reference wavefields back to the (w,z) do-
main. The true wavefield is obtained by linearly interpo-
lating the reference wavefields based on the relationship
of the local velocity to the reference velocities.

To maintain high accuracy for small dip, Gazdag
(1984) introduced a time-shift in the (w,z) domain as a
preprocessor for the input data. Specifically, he defined
a modified field

w

P*(z) = P(2) exp [ii@dz], (7
and
P(z +dz) = P*(2) exp [+i(k. T :—T)dz] (8)
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Figure 1. The number of reference velocities used in mi-
grating the Marmousi data with the PSPI algorithm. These
numbers are determined by the statistical method of Bagaini
et al.(1995).

Here v, is the reference velocity, and the P* is the
Fourier transform of P* from (w,r) to (w,ks). Such a
time-shift term is important in the PSPI method. Later,
when we look at the split-step Fourier method (SSF), we
will recognize that SSF has the same term and is only a
special case of PSPI, wherein we use only one reference
velocity in PSPI.

As to the linear interpolation, since it works on the
complex wavefield, we have two choices for ways to do
it. One is to interpolate the amplitude and phase in-
dividually, and the other is to interpolate the real and
imaginary parts individually. In my implementation, I
choose the latter because it introduces less noise in the
interpolation and thus gives a more clean image.

The accuracy of PSPI is directly related to the num-
ber of reference velocities used at each depth step in
PSPI, that number depending on the amount of lateral
velocity variation at that depth. Bagaini (1995) proposed
an adaptive choice for the reference velocities determined
by the statistical distribution of the velocity over the
depth step. With his method, we obtain the most impor-
tant reference velocities whose statistical distribution is
comparable to that of the original velocity field; conse-
quently, the total computation cost in PSPI is controlled.
Figure 1 shows, the number of reference velocities used
for migrating the Marmousi data as a function of depth.
Interested readers may refer to Bagani et al. (1995) for
a full description of the procedure for the velocity selec-
tion.

Another issue for the PSPI method is the wrap-
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around introduced by the spatial Fourier transformation
from the (w,z) domain to the (w,k;) domain. The wrap-
around is not serious if the number of reference veloc-
ities is not large. In the first poststack migration ex-
ample, when the number of reference velocities is less
than five, the wrap-around is negligible, but as a re-
sult, the steep reflectors are totally attenuated. When
we introduce more reference velocities, however, image
quality is degraded by bringing noise to the deeper part
of the section. To attack this problem, following Cerjan
(1985), I implemented a damping region on each side
of the depth section. For example, on the left side for
1 < iy < 20 (ir is the output grid-point index in z-
direction), I multiply the wavefield by a Gaussian-shaped
spatial function g = exp —[a(20 — i)?], with a set to 0.015
and the damping region empirically set to 20 traces. The
damping region also acts to reduce unwanted reflections
from the side-boundary. Since split-step Fourier (SSF)
and Fourier finite-difference (FFD) methods also work in
the dual-domain, (w,z) and (w,k;), I apply this damping
technique to them as well. Also, this technique could
be used as a damped boundary region for the finite-
difference(FD) method.

Split-step Fourier migration (SSF)

The split-step Fourier method, used since the 1970s,
has been applied to fields such as underwater acous-
tics and light propagation in optical fibers (Lee et al.,
1991). Stoffa (1990) reintroduced this method into seis-
mic imaging. In more recent years, this method has been
implemented in both 2-D prestack migration (Roberts
et al., 1997) and 3-D poststack migration (Tanis &
Stoffa, 1997).

Like PSPI, SSF also involves a wavefield extrapola-
tion in the frequency-wavenumber domain and a phase
shift in the frequency-space domain, but its sequence of
operations is just opposite to that of PSPI. For PSPI, a
phase shift is done first, prior to the wavefield extrapola-
tion. Instead of using multi-reference velocities to propa-
gate the wavefield, SSF uses only one reference velocity,
which can be either an average velocity, the minimum ve-
locity, the root-mean-square velocity or an inverse of the
average slowness at each depth step . The choice of the
reference velocity among these alternatives is not critical
for the migration results.

SSF is based on perturbation theory, according to
which we can split the laterally varying velocity field
into a constant term and a small perturbation term,

1)(.’1:, Z) = vg(z) + 6”('7": z)’ (9)

First we use vo(z) to propagate wavefields in the
(w,kz) domain,



4 B. Han

P* = P(z ks, w) exp i, /(vi(z))2 — k2dz]. (10)

Then P* is transformed back to the (w,z) domain, and a
phase correction is applied to it to account for the lateral
velocity variation,
- w w

P(z +dz,z,w) = P* exp [+i(—— — —2 )dz]. (11

(s 4z, 0) = P exp (s = 25)dz). (1)

Lee et al. (1991) further showed that the accuracy

of SSF can be improved by making the propagator sym-
metric, that is, by splitting the phase-shift term into two
identical parts and applying them before and after the
wave propagation in the (w,k;) domain,

w w . 1 w w
——)dz = :i:1(2*§)(v ———)dz(12)

il(v(x, z)  wvo(z) (z,2) wo(2)

For strong lateral variation of the velocity field, how-
ever, the perturbation theory fails, and more than one
reference velocity has to be used for SSF. Logic for use
of multi-reference velocities (MRVL) was introduced into
SSF by Kessinger (1992), necessitating an interpolation
for the overlapping region between two reference veloc-
ities (Wu & Jin, 1997). With multi-reference velocities,
however, the cost of SSF increases to that of PSPI. In
my implementation, I chose not to use MRVL in SSF
because there is no need to repeat the job of PSPI. Also
in a later example of prestack migration, we shall see
that the strong lateral velocity variation is not a serious
problem for SSF because we can choose a difference sin-
gle reference velocity for each shot gather at no greater
computational effort than that for a single velocity across
the entire line.

Implicit (w-z) finite-difference migration (FD)

Since Clearbout (1985) developed the FD method in the
early 1970s, it has been extensively used in seismic imag-
ing. Unlike the phase-shift migration method, the FD
method works in the frequency-space domain, thus mak-
ing it suitable to handle the lateral velocity variation.
In deriving the FD method, one starts again from the
one-way acoustic wave equation [equation (3)] in the
frequency-wavenumber domain, then substitutes —idx
for k., and approximates the square-root appearing in
k. with continued fractions. The resulting second-order
approximation of the one-way wave equation is solved
by a method of finite differences. Here I use an implicit
(as opposed to the less costly explicit) finite-difference
scheme because of its unconditional stability.

The original FD method is accurate up to only about
45° dip. By cascading the diffraction terms, the accuracy
of FD can be extended up to 90°. The accuracy can also
be improved by optimizing the coefficients a and b in the
diffraction term of the FD algorithm (Lee & Suh, 1985).

Fourier finite-difference migration (FFD)

Ristow (1994) introduced the Fourier finite-difference
method as an extension of the split-step Fourier method.
In addition to the SSF operator, an adaptive FD opera-
tor is introduced into the wave-propagator. Below, with-
out derivation, is the expression for wave propagator in
FFD.

w? 09?
—— 4+ =—=1+11+111 13
v(z, z)? + Ox? HAH L (13)
w02
I=4/“% +
v? + Ox?’

w w

I = _v
v(z,z) v’

w Ur Sg

Hr= v(z, 2) (1 B v(m,z)) a+bSE

Here, as before, S2 = v(z,2)?/w? - 8%/0x?%, and v,
is a reference velocity. For stability, v, should be chosen
to be the minimum velocity along the layer (z,z + dz).
Following Ristow and Rihl, @ and b are adjustable coeffi-
cients, with a set to 2 and b = 1[(v,/v)>+ v, /v+1]. The
combination I + IT is just the SSF operator discussed
above. The extrapolation of the wavefield can be de-
termined analytically in the frequency-wavenumber and
frequency-space domains. The IIT term is a FD opera-
tor, the main difference between this operator and the
traditional one being the b coefficient, which is adapted
to the velocity variation.

For a v(z) medium, FFD is the same as a pure phase-
shift method. When the lateral variation in velocity is
strong, FFD has action somewhere between that of SSF
and FD. In fact, if we choose v, < v(z, z), FFD reverts
back to a pure FD method. In general, FFD is a hybrid
of SSF and FD, combining features of each.

Relationship among the various methods

When Stoffa (1990) reintroduced the SSF method, he
separated the velocity field into a constant background
term and a small perturbation term. Using the pertur-
bation term as a secondary source to the wave equation,
he derived the SSF method from the phase-shift method.
Riihl and Ristow (1995) further showed that SSF
and FFD form a link between the phase-shift method and
the finite-difference method. Similar to Stoffa’s deriva-
tion, they also use the perturbation term as a secondary
source in the wave equation. They then derived the FD
method from the phase-shift method in the presence
of strong lateral velocity variation. The SSF and FFD
methods are just intermediate steps of that derivation.



Performance comparison in 2-D poststack
migration

Example 1

In the first comparison, I apply the four algorithms to
zero-offset synthetic data (Figure 3) generated by the
Kirchhoff modeling code “susynlv” in SU(Seismic Unix).
The model (Figure 2) for this data set includes reflectors
with dips ranging from 0° to 63°. The velocity model is
extreme in that it has a large lateral change in veloc-
ity, varying linearly along the horizontal direction from
a minimum velocity 2000 m/s on the left to a maximum
velocity 5150 m/s on the right. This model has no ver-
tical velocity gradient since we are concerned about the
ability of these algorithms to handle the lateral velocity
variation. The grid spacings for migration are dx = 25
m and dz = 10 m, and the total size of the 2-D depth
section is 420 by 600 samples.

The comparison of computation time shown in Fig-
ure 4 pertains to the migrated depth sections shown in
Figures 5 through 8. I used the 65° FD method to mi-
grate these synthetic data because the maximum dip is
63°. We see that PSPI, FD and FFD all produce correct
images of this model; all the dipping reflectors are posi-
tioned at the correct locations. The FD and FFD results,
however, suffer numerical dispersion, which, at increased
cost, can be eliminated by reducing the horizontal grid
size. Note that the FFD result has less numerical disper-
sion than does that of the 65° FD.

All the dipping reflectors above 30° have been mis-
positioned by the SSF method. It cannot handle such an
extreme model with only one reference velocity (the ve-
locity error between the reference velocity and the local
velocity is more than 50%). With this huge error, the
small-perturbation assumption no longer holds. As de-
scribed above, the accuracy of SSF can be improved by
introducing multi-reference velocities with computation
cost that may become as large as that of PSPI. Though
SSF is less accurate than other methods for this extreme
model, it would be the most efficient one for less demand-
ing models, for which, as we will see, SSF can have good
performance.

PSPI with ten reference velocities for this model
gave the best image among the various algorithms. Ac-
tually even as few as seven velocities gave a comparable
result (at 30% reduction in computation time). When I
used only two velocities in PSPI, the process could image
dips up to only 40°, with larger dips attenuated.

Considering both accuracy and cost, none of the
above algorithms is satisfactory for this extreme model.
The PSPI is the most accurate, but too expensive to be
affordable. SSF is the fastest, but it gives a poor sub-
surface image. FD and FFD are between them, with the
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correctly positioned images degraded by numerical prob-
lems. Given a choice in the tradeoff between accuracy
and cost, I would select FFD and FD, which give an
acceptable image at affordable computation cost.

Example 2

Figure 9 is a 2-D slice of the SEG/EAEG 3-D salt model
provided by Huang (1997), and Figure 10 shows the zero-
offset data generated by a finite-difference scheme based
on the exploding-reflector model. These data have 1024
traces with 1024 samples at a sampling interval of 4 ms.
For the migration, 12.2-m spacing interval is used both
vertically and horizontally, and the velocity profile con-
tains 320 by 1024 points with vmin = 1524 m/s and vmae
= 4480 m/s.

The comparison computing times shown in Figure 4
still hold, with the exception of the PSPI algorithm. Its
computing cost is reduced to slightly more than three
times of that of SSF because an average of 3.7 velocities
for each depth step is used to migrate this less-extreme
data set.

The results obtained with the different algorithms
are shown in Figures 11 through 14. All four algorithms
give good results in the shallow region where the veloc-
ity structure is simple. Differences lie along the bound-
ary of the high-velocity salt body. The SSF algorithm
fails to image the triangle reflector (x=7.9 km, 2=1.8
km) sinking into the salt body. The other three meth-
ods give an improved imaging of that region, but the
image of PSPI is somewhat broadened compared to that
of FD and FFD. FD shows the most narrow shape for
that triangle region, which is close to that in the true
depth model. FFD is between PSPI and FD. As to the
area below the salt body, all four algorithms obtain sim-
ilar images. Some of the steep faults shown in the ve-
locity model are missing in the migrated sections. The
reflections from these missing faults likely have not been
recorded in the zero-offset data.

Huang (1997) showed migration results on the
same data set using other algorithms, such as extended
pseudo-screen, Kirchhoff, and FX-migration. The results
obtained by PSPI, FD and FFD here are comparable
to that of Huang’s extended pseudo-screen algorithm,
considerably better than that of the Kirchhoff algo-
rithm, and exhibit less numerical noise than that of FX-
migration.

Performance comparison in 2-D prestack
migration

I also tested the four algorithms on the Marmousi syn-
thetic data (Versteeg & Grau, 1990). The velocity model
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Figure 2. Model with reflectors having dip ranging from 0° to 63°. It has only lateral velocity variation, with vy, = 2000
m/s and Vmaz = 5150 m/s.
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Figure 3. Zero-offset synthetic data for the model generated by a Kirchhoff modeling code.
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Figure 4. Comparison of computing time for different algorithms used for poststack migration.
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Figure 5. PSPI migration with 10 reference velocities.

of the Marmousi data contains 369 by 750 grid points interval. Each trace has 726 samples, and both the shot
with lateral spacing intervals of 25 m and vertical step spacing and group interval are 25 m. A main difficulty
size of 4 m. The synthetic data contain 240 shot gath- in imaging the Marmousi data (Figure 15) is the target
ers, each of which includes 96 traces sampled at 4-ms
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Figure 8. Second-order FFD migration.
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Figure 9. 2-D slice of the SEG/EAEG 3-D salt model. The
minimum velocity is 1524 m/s and the maximum velocity is
4480 m/s, with darker shades denoting higher velocity.

zone, a low-velocity wedge located at (£=6.5 km, 2=2.5
km).

To reduce the computation time, I re-sampled the
original Marmousi velocity model vertically, changing
the number of depth samples from 750 to 350, and
used a frequency range from 15 to 35 Hz. Also, for
the cross-correlation imaging condition, I used a 25-Hz
Ricker wavelet as the source function. The computations
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Figure 1 . The exploding reflector data for the model in
Figure 9.

were done with parallel versions of the prestack migra-
tion codes implemented in the PVM environment (Han,
1998). Using 19 Pentium PCs, the total processing time
for the Marmousi data was about 25 minutes for SSF
(the fastest of the methods).

As seen in the migrated depth sections shown in
Figure 16 through 20, all four algorithms provided good
imaging of the Marmousi model. Specifically, all of them
did well in imaging the anticline in the deeper section.
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Figure 13. Second-order 65° FD migration.
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Mid-point (km)
2 3 4 5 6 7 8
0 1 1 1 1 1 1
e
<
=
=)
[
0 24

Figure 15. The velocity model for the Marmousi data. The
minimum velocity is 1500 m/s and the maximum velocity is
5500 m/s, with darker shades denoting higher velocity.

Some of them have problems in the shallow part. The
problem related to SSF is the ambiguity in imaging the
shallow region of the rightmost steep fault (z=6.5 km,
2z=0.8 km) and the small triangular area (z=5.8 km,
2=1.7 km). For the FD method, the 65° algorithm gives
an acceptable image, but has some low-frequency noise in
the shallow section (z around 4-5.5 km, z about 0.7 km);
the 80° algorithm shows a significant improvement in the
imaging quality. The amplitude of the shallow section for
PSPI is slightly weaker than that of other algorithms,
perhaps due to the interpolation, which attenuates some
energy. The result of FFD is close to that of the 80° FD
method.

Comparative computation times for the various al-
gorithms are shown in Figure 21. Because an average of
4.3 reference velocities was used for the PSPI migration,
the PSPI method is about four times more costly than
SSF. The cost for FFD is slight less than twice that of
the SSF, and the cost of FD65 is between that of SSF
and FFD. As to FD80, its cost is 20% higher than that
of FFD.
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Figure 16. PSPI prestack depth migration of the Marmousi
data. An average of 4.3 reference velocities was used in the
migration.
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Figure 17. SSF migration.

onc usions

Of the four one-way depth-migration methods tested
on the Marmousi data here, SSF was the fastest. Al-
though in the first example of the poststack migration
on a model with more extreme lateral variation, the SSF
method was distinctly less accurate than other methods,
its performance on the Marmousi data is comparable to
that of other three methods. This good performance for
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Figure 18. Second-order 65° FD migration.

Figure 19. Second-order 80° FD migration.
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Figure 2 . FFD migration.

prestack migration is understandable, because in shot-
gather migration, different reference velocities can be
chosen for each gather at no additional cost since each
shot gather has limited illumination area; thus prestack
SSF has less velocity error than it would for poststack
SSF.

The other three methods gave similar results for the
migration of the Marmousi data. The PSPI method is
the most expensive of the methods, but it is also ac-
curate and has less numerical noise. The FD and FFD
methods also achieve satisfactory performance. Between

Q
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Computing Time (min)

@
?

PSPI SSF FDG65 FD80 FFD

Figure 21. Comparison of computing time for different algo-
rithms used in prestack migrations.
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these two, the FFD is superior to the conventional 45°
and 65° FD, and nearly equivalent to the 80° FD. Of
course, detailed differences in speed and accuracy depend
also on specific choices for parameters in the various al-
gorithms.

Except for FD, all approaches are dual-domain algo-
rithms that shuttle between the frequency-wavenumber
and frequency-space domain. One advantage of this shut-
tling between domains is that it is convenient to design
filters in the wavenumber domain to attenuate post-
critical inhomogeneous waves. As pointed out by Li
(1991) and Graves & Clayton (1989), these dual-domain
methods consequently have more flexibility in eliminat-
ing numerical noise compared with the conventional FD
algorithm, thus yielding clearer images.

Generally, we can expect the relative accuracy seen
here to hold for 3-D data. The extension from 2-D to
3-D is straightforward for PSPI and SSF, involving only
an additional Fourier transform in the -direction. It is
more difficult to take FD and FFD to the 3-D domain
because of the numerical anisotropy caused by splitting
the FD operator in the inline and crossline directions.
To compensate for such numerical noise, multi-direction
splitting (Ristow & Riihl, 1995) may be required, but at
increased computation cost for FD and FFD. It seems,
therefore, that 3-D imaging will put more preference on
the PSPI and SSF methods.

An outcome of this study is that we now have a
number of depth-migration codes and their parallel ver-
sions. In the future I will extend them to the 2-D prestack
common-offset domain and to the 3-D domain.
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