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Introduction

ABSTRACT

When fitting model parameters to observed data, as in inverse calculations, it is
essential to have some estimate of the data uncertainties. If these estimates are
too small, then the fitting procedure will likely put features into the model that
are not required by the data. If the estimated data uncertainties are too large,
then the fitting will not extract all the available information from the data. In
practice, these uncertainties are often asserted a priori or estimated globally for
the entire data set. We develop several simple and robust optimization proce-
dures that estimate data uncertainty automatically from the data. The simplest
approach is to obtain a global estimate of the errors from ordinary least-squares.
We then show how binning the data can be used to compute a more detailed,
estimate of the error distribution. Finally, we propose and iterative extension of
this approach. This uncertainty information can then be incorporated into the
least squares optimization procedure by weighting the observations in each bin
with the reciprocal of their locally computed variance. This leads to a robust
least squares solution since bins with outliers in them will be down-weighted.
We apply these methods to a synthetic vertical seismic profile (VSP), and to a
real data set involving bathymetry measurements from the Sea of Galilee. These
examples illustrate the fact that better estimates of data errors lead to a better
distinction between data uncertainty and the effects of local model features.

to which models fit the data. Thus our problem can be
stated mathematically as follows.

Geophysical inversion problems are fundamentally prob-
lems of statistical inference. In this paper we study a
key component of such calculations, namely the calcu-
lation (by optimization) of finite dimensional vectors of
model parameters whose response agrees with the ob-
served data to some tolerance. To solve the complete
inverse problem we would need to address many other
issues such as the accuracy of the forward modeling, the
level of discretization (since earth models are really func-
tions) and a priori information. Here, instead, we focus
on the problem of determining the data uncertainties di-
rectly from the data, so that we can measure the extent

Let d € R™ be a vector of observations, z € R™ be a
vector of model parameters, and A € R"*™ a linear op-
erator (the forward modeling operator) mapping model
vectors into data vectors. We assume that the observed
data d are related to the true data dr (the data associ-
ated with a perfect noise-free experiment) by d = dr +e,
where € is random. Further, we assume that the compo-
nents of d are independent and can be adequately de-
scribed by a Gaussian distribution. Finding models that
fit the data can then be cast as a weighted least squares
problem. For the classical problem of estimating m pa-
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rameters from n observations we use the standard x>
measure:

n m 2
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with o; being the standard deviation of the i-th datum.

The difficulty in practice is that we do not know o;. Var-
ious strategies for assigning or computing the data un-
certainties have been proposed. The simplest of course is
to fix all the o; to some o a priori, based on the assumed
precision of the experiment. For example, Oldenburg et
al. (1997) invert a variety of exploration geophysical data
sets, but all are assumed to have a constant error of 5%.
Another strategy is to try to estimate a global o from
the residuals of a “good” model (e.g., Rogers & Wahr
(1993)). Strictly speaking this is not possible since the
data errors must be independent of the model, but it is a
reasonable strategy in practice, and we will show below
how to extend this idea to estimate a spatially varying
data variance. In Bayesian inversion it is necessary to
estimate the joint distribution function of the data un-
certainties. For example, Gouveia & Scales (1998) use
subsets of the data, which are assumed to contain only
ambient noise, to estimate the mean and covariance of
an N-dimensional normal error distribution. But this is
a complicated procedure which may introduce sampling
artifacts unless some model of the covariance structure
is assumed.

In this paper we will describe three simple methods for
estimating the data uncertainty automatically from the
data. There are certainly more sophisticated approaches
available, but our goal is to develop algorithms that are
robust and easy to use.

Let us first state the basic linear estimation problem for
known ii.d. (independent, identically distributed) data
uncertainties:

x? estimation Let x be the m-dimensional model vector,
and d the vector with n observations. Let the vector o
contain an estimate of the data standard deviation.

m 2
. N E-= Agjej—d;
(i) Let x? = %Zz:o ( = 7 )

(ii) Solve # = min, |x* — 1|

By minimizing x? — 1, algorithms will stop when the
model predicts the observations on average within one
standard deviation. We can replace 1 by some other num-
ber, but whatever we choose we must acknowledge the

fact that the least squares model (obtained by replacing
the 1 with a 0) will usually over-fit the data. We could
also use x> = 1 as a constraint in a more general op-
timization problem; the point is simply that we fit the
data up to some tolerance. In practice we achieve this
by adding features to the model until we just manage to
fit the data. This sort of algorithm can be implemented
with any least squares code; we refer to the appendix
for the weighted conjugate gradient algorithm used in
this paper. In any case, x> estimation assumes that one
knows the data errors o;.

Global estimate of data uncertainty from OLS

We will first show that one can obtain an average of the
data uncertainty directly from the data. Recall that we
have

Az =d=dr +e.

A is the forward operator with n rows and m columns, d
is the n dimensional observed data, and z is the vector
of model parameters of dimension m. The noise vector
€ also has dimension n. To get a global estimate of data
uncertainty each component of ¢ is assumed to be ran-
dom with zero mean and variance o2.

The ordinary least squares (OLS) estimate of z is
i=Ald (2)

where A' is the pseudo inverse of the A. When A” A4 is
nonsingular, the OLS estimate is unique:

i=(ATA) AT

In practice, ATA is usually not invertible. In our nu-
merical calculations we use the conjugate gradient least
squares algorithm (Scales, 1987), which converges to the
pseudo inverse solution.

The normal equations are a set of m linear equations
in m unknowns. The residual vector d — A% is the pro-
jection of the error vector € into the n — p dimensional
space orthogonal to the column space of A, where p is
the rank of A. We assume that p < n. For this reason,
the squared length (i.e. I> norm) of the residual vector
has the expected value (n — p)/n times the expected
squared length of the error vector . Since the expected
squared length of ¢ is no?, the expected squared length
of the residual vector is (n — p)o? (Stuart & Ord, 1987).
Therefore, the estimate of the global variance o is
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We call the resulting algorithm Global x” estimation:

Algorithm 1. Global x? estimation Let A" be the
pseudo inverse of A, let p be the rank of A and let n be
the number of data, d.

(i) Compute the OLS estimate & = A'd.

s fne th ; 52 _ |ld—A3|°
(ii) Define the average data variance 6° = 1===21-,

n—p
(iii) Perform x? estimation with o7 = &2.

Assuming locally constant data uncertainty

The Global x? approach leads to a global value for the
data uncertainty. This is simple but has the disadvantage
that we weight all data equally, regardless of quality. We
will now introduce a method to recover an estimate of
the data uncertainty that is only locally constant. This
will allow us to differentiate between areas of good and
bad data quality.

‘We will assign sub-regions (or bins) where we assume the
data uncertainty is constant. For example, bins may rep-
resent regions in space or time. Within each bin we com-
pute the variance. The resulting regional data variances
are then used as the weights in the basic x? estimation
procedure. We call this algorithm Local x? estimation.

Algorithm 2. Local x? estimation

(i) Group n observations in b bins.
(
(iii) Perform x? estimation with o7 = U}‘f, where j; is

ii) Compute the data variance in each bin i: {o}*}5_;.

the bin containing the observation d;.

Local x? estimation down-weights regions of the data
which exhibit large local fluctuations. This leads to a
more robust procedure, since the influence of large out-
bursts of noise (“spikes”) is reduced. On the other hand,
bins in which large local fluctuations are systematic will
be down-weighted as well. The models generated by this
procedure will tend to smooth out local features in the
data.

In applying this method, we must make decisions re-
garding the number and size of the bins. Our goal here
is to discuss the effects of binning the data rather than
to recommend optimal methods. For some discussion on
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bin selection methods, see (Freedman & Diaconis, 1981a)
and (Freedman & Diaconis, 1981b).

Extension to an iterative scheme

In our third algorithm we will iteratively up-date the
weights o; to achieve higher resolution in the model. The
initial weights are determined by computing the variance
of the binned residuals resulting from Local x? estima-
tion (algorithm 2). With these weights we perform x?
estimation. The resulting model gives rise to a new set
of residuals from which updated variances are computed.
The process repeats until the weights converge. The ad-
vantage of this method is that the component of the data
uncertainty as computed in algorithm 2 that was due to
structure in the model has been reduced. We refer to this
algorithm as Tterative Local x? estimation:

Algorithm 3. Tterative Local x? estimation Let the
model £ be the result of optimization with b bins each
with constant data variance (algorithm 2).

(i) Group the n residuals AZ —d in b bins.

(ii) Let 0;2 be the variance of the residuals in the j-th
bin.

(iii) Perform x? estimation with o7 = O’;-iz, where j; is
the bin containing the observation d;.

The data variances can be iteratively updated by using
the resulting model x in item 1.

Summarizing, we have an optimization procedure (x>
estimation) that requires an estimate of the data uncer-
tainty. We have proposed three methods to obtain such
an estimate. The first method involves a global data vari-
ance estimate, while the other two involve local estimates
based on binning the observations. In the next sections
we will apply each method to a synthetic example.

A synthetic VSP example with Gaussian
noise

This synthetic VSP experiment contains of one nearly
zero-offset shot recorded at 78 geophones in a bore-hole
(figure 1). The velocity model of the subsurface is repre-
sented by 41 constant velocity layers. Using a ray tracing
forward operator, we have computed a synthetic data set
from a model with increasing velocity with depth, except
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Figure 1. Configuration of shot and receivers in VSP.
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Figure 2. Model to be recovered from VSP travel times.
The velocity is increasing with depth except for a low-velocity
layer.

that layers 14 through 20 are low velocity layers (LVL)
as shown in figure 2.

We added uncorrelated Gaussian noise with zero mean
and a variance of 1 millisecond to the noise free data. All
results in this section are the average of 100 synthetic
experiments with different realizations of this noise. For
simplicity, the rays are treated as straight lines. Also, the
first two layers contain no receivers. These conditions
make it impossible to resolve the slowness of the first
two layers, individually. Further, note that a rapid in-
crease in velocity with depth in the shallow layers makes
it possible for the arrival time at the second receiver to
be shorter than at the first.

Our first experiment on the synthetic data set is an at-

100

. 2
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Figure 3. Global estimate of the variance as a function of the
number of iterations using a conjugate gradient algorithm to
perform x? estimation. The estimate converges to 1.01 ms.

tempt to retrieve the (correct) 1 ms value of the data
uncertainty with Global x? estimation. From equation 3
we know that if we have the ordinary least squares esti-
mate of x, we can calculate an estimate of the variance.
Using an undamped conjugate gradient algorithm (de-
scribed in the appendix), the estimate for the variance
converges within 40 iterations to 1.01 ms, as shown in fig-
ure 3. Figure 4 shows the results of x? estimation with
this global data variance estimate. Because the slowness
of the first two layers cannot be resolved, the estimate is
poor near the surface.

Next, we applied Local x? estimation (algorithm 2). We
grouped the data in bins of six receivers (13 bins). In each
bin the data variance is computed. The variances act as
weights in the x? estimation scheme, the results of which
are shown in figure 5. Although the computed model still
seems to represent the features of the true model, we
see a slight loss of resolution in the flanks of the LVL.
Finally, we performed five iterations of Iterative Local 2
estimation (algorithm 3). These results are shown in 6.
We see very similar results to those obtained with Local
x? estimation, except for an improvement in the flanks
of the LVL.

Inversion with a global estimate of the data uncertainty
performed best since the observations do in fact have
constant data variance. The Local x> estimation leads to
the over-estimate of the data variance (see figure 7) caus-
ing loss of resolution in the LVL. The Iterative Local x*
estimation manages to diminish the over-estimate. Table
1 shows the true and computed slownesses in depths sur-
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Figure 4. Predicted model (left) and data (right) from Global x? estimation with an estimated data uncertainty of 1.01 ms.
The solid lines represent the the top and bottom 5 percentile estimate of slowness (left) and travel time for 100 experiments,
each with a different realization of uncorrelated noise with zero mean and a standard deviation of 1 ms.
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Figure 5. Same as in figure 3, but for Local x> estimation.

rounding the LVL. It is clear that iterating the variance

estimates improves the resolution.

The VSP example with Gaussian noise and
outliers

In geophysical data, noise spikes are relatively common.
In this example we will use the same VSP data as in the
last section, but in addition to the Gaussian noise two
noise spikes of 10 ms amplitude have been added. These
spikes are located at depths of 5 m and 19 m. Rather
than apply a rejection criterion we will show how locally

updating the data variances down-weights these large
deviations automatically.

First, we computed the the global estimate of the data
variance (equation 3). The value was 3.73 ms, which,
due to the noise spikes, is significantly more than the 1
ms Gaussian noise added. (Without the Gaussian noise,
the two spikes lead to a global data variance of 2.7 ms.)
Using a global estimate of the data variance of 3.73 ms
we have computed the Global x> estimate (figure 8).
With the global estimate of the data uncertainty, every
data point is of equal weight. Therefore, this algorithm
resulted in a model that predicts not only the LVL, but
also part of the outliers.
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Figure 6. Same as figure 3, but for Iterative Local x> estimation.

14 15 19 20 21

2.0 2.0 2.0 2.0 0.45

parameter 13
true model 0.71
Local x?2 1.32

1.55 1.68 1.72 148 1.16

Tterative Local x?  1.22

1.66 190 1.84 148 1.01

Table 1. Table shows the true and computed slownesses for the VSP problem with Gaussian noise. The low velocity layer (LVL)
starts in the true model at model parameter 14 and ends at parameter 20. The results are the average over 1000 experiments.

3 - Iterative Local X’ estimation
—-—-- Global X’ estimation
Local x2 estimation
N’;) 2 -
E
)
(8]
c
.8
g1
O L L L |
1 6 11 16 21

depth (m)

Figure 7. The variance distribution from the three differ-
ent different algorithms assuming 1 ms uncorrelated Gauss-
ian noise.

Second, we applied Local x? estimation (algorithm 2) to
the data with outliers. We grouped the receivers in 13
bins again. With the variance per bin as an estimate of
the data uncertainty, the resulting model does not follow

the spikes (figure 9). The relatively high variance in the
bins with outliers (see figure 10) causes down-weighting
of these observations.

After grouping the data in 13 bins, algorithm 2 produced
the initial model to apply the iterative method of algo-
rithm 3. After 5 iterations, the results also show robust
behavior in the presence of outliers (figure 11). Again,
we see an improvement in resolution in the flanks of the
LVL with respect to Local x? estimation, because of a
locally more accurate estimate of the data uncertainty
(see figure 10).

Estimating the data variances locally provided robust-
ness in the optimization, while the physical features as
the low velocity zone were still well resolved. Although
the bins were large due to the limited number of data,
inversion with the data variance estimate from binning
the data still showed encouraging results. With a more
dense data set we could choose a smaller bin size. This
could improve resolution. The next section provides an
example with a more dense distribution of observations.
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Figure 8. Predicted model (left) and data (right) using Global x? estimation in the presence of outliers. Solid lines represent
the the top and bottom 5 percentile estimate of slowness and travel time for 100 experiments, each with o different realization
of uncorrelated noise with zero mean and a standard deviation of 1 ms.
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Figure 9. Same as in figure 8, but for Local x> estimation.

Example: Sea of Galilee bathymetry

Ben-Avrahim et al.(1990) have published depth mea-
surements of the Sea of Galilee. The system they used
combined estimates of the boat’s position with echo-
sounding data. Tidal and other corrections were applied
in real-time. The echo-soundings themselves were cali-
brated every few hours using a bar that was lowered to
the bottom. The depth values were transformed to values
below mean sea level using measured values of the water
level on the surface. The errors associated with each of
these steps combine. A lower bound on the errors in the
depth values is .01%, which is the quoted accuracy of the
echo-sounder.

The soundings were made on an irregular grid. If we
define linear interpolation as extracting values between
the known values on a regular grid, then inferring the
depths on a regular grid from the irregularly spaced data
can be considered a linear inverse problem (Claerbout,
1997). We will now solve this problem by the x? estima-
tion procedure using estimates of the data uncertainties
obtained from our three algorithms. We use a four point
linear interpolator as the forward operator. To speed up
the calculations, we worked on a subset of the data, high-
lighted in figure 12. To view the data, we have plotted
the mean depth in square bins of 50 meter sides (figure
13).

Computing the least squares estimate of the depths on a
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Figure 11. Same as in figure 8, but for Iterative Local x? estimation.
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Figure 10. The variance distribution from the different data
variance estimating methods assuming 1 ms uncorrelated

Gaussian noise and two 10 ms noise spikes.

regular grid of 125 by 125 meters, resulted in a estimate
of the data variance of 0.41 m? (figure 14). This means
the standard deviation is 0.64 m or 0.3 percent of the
average depth. Inversion with the global estimate of a
data variance of 0.41 m? resulted in a overall smooth
model with some local structures at (205 km, 243 km)
and (207 km, 241 km) (figure 15).

Next we performed the Local x? estimation procedure
assuming the data variance to be constant over square
areas of 125 by 125 meter. We defined our interpolation
grid to match the bin distribution, i.e., the grid points
are 125 meters apart. With this estimate of the data vari-
ance, we have obtained a model of the subsurface (shown

254

244

240

234

198 204 208 210

Figure 12. Location of the sub-set in the Sea of Galilee.
Dimensions in km.

figure 16), that achieves a normalized x? of slightly less
than 1. As can be seen in this figure, typical variances
are on the order of .075 m?, with isolated bins of higher
variance. (A variance of .075 m? corresponds to depth
errors on the order of .1%.) This means that in most of
the model we will be able to extract more information
from the data (put more features into the model) than
we could with the relatively large global variance esti-



244

243

242

north-south (km)

241

240
204 205 206 207 208

east-west (km)

-250 -244 -238 -232

bathymetry (m)

Figure 13. Contour plot of the mean of the depth measure-
ments in bins of 50 by 50 m.
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Figure 14. Global data variance estimate as a function of
the number of iterations. The estimate converges to 0.41 m?.

mate of .41 m?2. But those features associated with large
residuals in the data will be down-weighted.

Figure 17 is the result of Iterative Local x? estimation
from the initial Local x> estimate (algorithm 2). The
weights were up-dated five times. The character of the
model has not changed much with respect to the result
from 2 (figure 16). This implies the seafloor is generally
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Figure 15. Contour plot of the sea floor after x2 estimation
with a global data variance estimate of 0.41 m2. The opti-
mization is stopped when x2 = 1. The grey levels refer to
variance of the bins(in this case a constant), while the con-
tours are labeled according to depths. Notice that with such a
large global data variance the model is quite smooth, but with
a few isolated topographic features.

quite smooth, so that the weights do not change much
when updated.

Conclusion

The character of least squares estimated models depend
on the data variance estimate. If these estimates are too
small, then the fitting procedure will likely put features
into the model that are not required by the data. If the
estimated data uncertainties are too large, then the fit-
ting will not extract all the available information from
the data. We have shown three simple, efficient algo-
rithms for automatically estimating the data uncertainty
for least squares optimization. One of the algorithms es-
timates a global value for the data uncertainty (Global
x> estimation). The other two algorithms allow region-
ally varying estimates of the data uncertainty. Local x*
estimation computes the variance of the observations in
bins. In case of model structure on a scale smaller than
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Figure 16. Contoured image of the sea floor after local
x2estimation. The shades of grey reflect the data variance in
each bin. The prevailing variances are of the order of 0.075
m?2. White bins have a data variance larger than 1 m2. Thus
most of the data is considerably lower variance than we es-
timated with Global x2, but there a number of bins of higher
variance. These get down-weighted by the local algorithms.

the bin size, such a procedure would lead to an over-
estimate of the data variance. An iterative up-dating
of the weights (Iterative Local x? estimation) can im-
prove the accuracy of the data variance estimate. We
have shown that in cases where the data uncertainty
varies regionally, these local estimates of the data uncer-
tainty introduce robustness into the optimization scheme
by down-weighting regions of large variance. In regions
of small data variance we can extract more information
about the model parameters. We have illustrated the ap-
plication of these algorithms on both synthetic examples
as well as a bathymetry study of the Sea of Galilee.
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APPENDIX A: Conjugate Gradient
Method for Weighted Least-Squares

Conjugate gradient can be extended to the least squares
solution of arbitrary linear systems. When you weight
the data the normal equations are:

ATRAx = A"Rh (A1)

Now, the algorithm for weighted least squares will be
based on the Conjugate Gradient Least Squares algo-
rithm (CGLS) of Hestenes & Stiefel (1952). Note that
R is a diagonal matrix, with non-negative values. There-
fore, R = R?R'/? and R" = R. Now we decompose
R:

ATR1/2R1/2AX — ATR1/2R1/2h =
(R1/2A)TR1/2AX — (R1/2A)TR1/2h o
BTBx =BTy

where B = R'?A, and y = R'/?h.

The algorithm for weighted least squares will be: Choose
X0. Put

e so=y— Bxg= R1/2(h—Ax0)
e ro = po = B”sg = ATR"’sg
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Then for 1 =10,1,2,...

1/2

q; = Bp; = R'/*Ap;

_ (riyr;)
Qi+l = {q5,a:)
Xi+1 = X;+ Qi+1P;
Si4+1 = 8; — Qi+19;

T T p1/2

rit1 = BTsiy1 = ATRY?s;
Biy1 = (rig1,rig1)

(riry)

Pi+1 =rit1 + Bivipi

By moving the calculation of ¢; to the top of the loop, it
is not necessary to define a starting value for g.
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