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Abstract

The Bremmercouplingseriessolutionof thewave equationjn generallyinhomogeneous
media,requiresthe introductionof pseudo-dierentialoperatorsin this papeyin two di-
mensionsuniform asymptoticexpansionf the Schwartz kernelsof theseoperatorsare
derived. Also, we derive a uniform asymptoticexpansionof the one-way propagatolap-
pearingin theseries Wefocusondesigningclosed-fornrepresentationsalid in thehigh-
frequeng limit, takinginto accountritical scattering-anglphenomenaOur expansions
notlimited by propagatiorangle.In principle,the uniformasymptoticexpansionof a ker
nel follows by matchingits asymptotichehaiors away andnearits diagonal. The Brem-
mer seriessolver consistf threesteps:directionaldecompositiorinto up- anddowngo-
ing waves,one-way propagationandinteractionof the counterpropagatingconstituents.
Eachof thesestepsis hererepresentedby a kernelfor which a uniform asymptoticex-
pansionis found. The associate@lgorithm providesa fundamentalmprovementof the
parabolic-equatioandphase-shift/phase+aen stylemethodsappliedin ocearacoustics,
integratedopticsandexplorationseismology
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1 Intr oduction

Directionalwave field decompositionis a tool for analyzingand computingwave propaga-
tion in configurationswith a specialdirectionality suchasthe waveguiding structure. Such
methodconsistsof threemain steps: (i) decomposindhe field into two constituentspropa-
gatingupward or downward alonga preferreddirection, (i) computingthe interactionof the
counterpropagatingonstituentsand(iii) recomposinghe constituentsnto obsenablesat the
positionsof interest.The Bremmerserieq1] thensynthesizethe constituentsnto a full wave
solution. Theseriegepresentatiois illustratedin Figurel.1l. Eachtermin theseriegepresents
awave constituenthathastraveledup anddown a numberof timesequalto its order

Applicationsof the generalizedBremmerseriessolutionto the wave equationinclude (i)
the identificationof multiple scatteredvave constituentsand (ii) the formulationof various
imagingandinversescatteringproceduresn remotesensingln generaltheinversescattering
problemcanbe decomposedhto a coupledinverse(contrast)source— inverseconstituenyg
problem.With theaid of time-reversednmirrors,successie termsin the Bremmerseriescanbe
exploitedto constructhe (contrast)source(De Hoop[2]). Ontheotherhand,thegeneralized
Bremmerseriescanbe viewed as a full-wave extensionof the (high-frequeng) geometrical
ray seriesrepresentationf the wave field. As such,the Bremmerseriescanbe exploitedto
formulatethe full-wave analogueof the high-frequeng GeneralizedRadonTransforminver-
sion proceduredecribedby De Hoop andBleistein[3]. In thelatter frameavork, the attraction
of the generalizedBremmerseriesbasednversionprocedurds the naturalinclusionof caus-
tics. Extensvelists of references$o applicationf theBremmerseriesn explorationseismics,
oceanacousticandintegratedopticscanbe foundin De Hoop[1], VanStralen,De Hoopand
Blok [4] andFishman GautesemndSun|[5].

DeHoop[1] originally formulatedthegeneralizedremmerseriesmodelingmethodn the
time-<Laplacedomain. Owing to the factthatthe mediumcanvary in the directiontrarverse
to the preferreddirection, pseudodiferential calculusbecamea neccesaryool to introduce
the up- and downgoing Greens functions: pseudodiferential operatorsappearn the direc-
tional (de)compositionin the downward andupward propagatioror continuationandin the
interaction(reflectionand transmissionpetweenthe counterpropagatingonstituentsiue to
variationsin mediumpropertiesn the preferreddirection.

Variousapproachesave beendevelopedover the yearsto approximatehe operatorsap-
pearingin the Bremmerseriesto make numericalcomputationgeasible.An overview of the
approachebasednrational(paraxial)expansion®f theoperatosymbolscanbefoundin Van
StralenDeHoopandBlok [4]. An overview of approachebasednphase-screen-ldapprox-
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imationsof the operatorsymbolscanbe foundin De Hoop, Wu andLe Rousseay6]. With
thesenumericalapproachedjowever, critical scattering-anglphenomenaannotbe modeled.

In this papey our goal is to gain analytic insight into the propagationand scatteringof
waves asdescribedoy the generalizedBremmerseries— and at the sametime developinga
time+ourier analysisof the constituentoperators.Thus, insteadof using pseudodiferential
operatorsn thetime-Laplacedomain,we will emplgy spectrakheoryin thetime-Fourierdo-
main. The adwantageis that we canthenderive uniform asymptoticexpansionsof both the
scatteringand propagatioroperatorkernels. A key referencan this respects the paperby
Fishman,Gauteserand Sun[5]. The authorsof this paperconstructeduniform asymptotic
approximation®f operatorsymbols’, whereaderewe considemuniform asymptoticapprox-
imationsof operatorkernels. Our approachandthe approacthof Fishman,Gauteserand Sun
are complementaryalso in as much asthey proposethe Dirichlet-to-Neumanmmap as the
tool to modelsolutionswhereasve proposea seriessolutionallowing greaterinsightinto the
multiple-scatteringprocess.

Theuniform asymptotieexpansionsalsoprovide the basisfor a numericalscheme Sucha
schemawould involve the computation®f (i) a spatiallyvaryingeffective index of refraction
and (ii) a spatiallyvarying effective ‘distance’in the trans\ersedirection,and (iii) applying
thekernel. Theaccurag of sucha numericalschemealoessurpasshe onefollowing from the
rational-expansionor screen-approximatioapproachesyot only becauseritical scattering-
anglephenomenareincludedin our uniform asymptoticexpansions.

Our currenttheoryis basedon one-dimensionalWKB solutionsand as suchappliesto
two-dimensionatonfigurations We consideracousticwvavesin fluids. A paperon the three-
dimensionatasebasedn two-dimensionaliniform asymptoticexpansionss in preparation.

The outline of this paperis asfollows. In the next sectiona summaryof the methodof
directionaldecompositionleadingto a coupledsystemof one-way wave equationss given.
In Section3, the mediumis decomposedhto thin slabs. In eachthin slabwe introducea
‘characteristic’Greens function. In Sections4 and5 we discusscharacteristicGGreens func-
tion (integral) representationor the operatorsarisingin the directionaldecomposition.In
Section6 the uniform asymptoticexpansions introduced andappliedto the (de)composition
andinteractionoperatorsandthe one-way propagatoin Sections/, 8 and9, respectiely. In
Section10, finally, the Bremmerseriessolutionproceduras summarized.The proof of the
uniform asymptoticexpansiondiscussedn Section6 is givenin the Appendix.

2 Directionalwave field decomposition

For the detailson the derivation of the Bremmercouplingseriessolutionof the acoustiovave
equationwe referthereaderto De Hoop[1]. Here,we restrictoursehesto a summaryof this
wavefield decompositioimethod.



M.V. deHoop,A.K. Gautesen/ UniformasymptotidBremmerseries 4

Notation, transformations

We consideracousticwavesin a two-dimensionakonfiguration. In this configuration let p
denotethe pressureand(vy, v3) the particlevelocity. We introducethe Fouriertransformation
with respecto timet as

(21) (.7:{]), Ul,?)g})(xl,l':;,w) = /tEIR {p’ U1’U3}(x1’x3ﬂt) eXp(iwt) dt

for Im{w} > 0. Underthis transformationassumingzeroinitial conditions,we have 0, —
—lw.

In eachsubdomainof the configurationwherethe acousticpropertiesvary continuously
with position,theacoustiovavefield {p, v, v3 } satisfieghesystenof partialdifferentialequa-
tions

(2.2) Okp —lwpvp = fi,
(2.3) —lwKkp+01v1 +03v3 = q.

Here,p denoteghevolumedensityof massx thecompressibilityg thevolumesourcedensity
of injectionrate,and f; thevolumesourcedensityof force.

Thespatialvariationof thewave field alonga directionof preferenceannow beexpressed
in termsof the variationof the wave field in the directionperpendiculato it. The direction
of preferencas taken alongthe z3-axis (or ‘vertical’ axis) andthe remaining(‘transwerse’or
‘horizontal’) coordinatds denotedy z;.

The reducedsystemof equations

Directionaldecompositiomequiresa separatédandlingof the horizontalor trans\ersecompo-
nentof the particlevelocity. FromEgs.(2.2)and(2.3) we obtain

(2.4) vy =—iplwH(Op - f1),
leaving, uponsubstitutionthe matrix differentialequation

. [
(2.5) (0361 —iwAr)) Fy =Ny, Ay = A (x1,D1;23), Dy = —581 ,

in which the elementf theacoustidield matrix' aregivenby

(2.6) Fr=p, F=uv;,

I Presenbcean-bottonseismicacquisitiontechnologyallows bothp andw; to bemeasured.
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the elementof the acousticsystems matrix operatory

(2-7) A=A =0 )
(28) A12 =pP,
(29) A21 = —Dl(pilDl) + K ;

andthe elementf thenotionalsourcematrix by
(2.10) Ni=fs, No=Di(p'f1)+gq.

It is obseredthattheright-handsideof Eq.(2.4)and A;; containthe spatialderivative D; with
respecto the horizontalcoordinateonly. In the sequelof the paperit will becomeclearthat
D hastheinterpretatiorof horizontalslownes®perator Furtherit is notedthat A5 is simply
amultiplicative operator

The coupledsystemof one-waywave equations

To distinguishup- anddowngoingconstituentsn the wave field, we shall constructanappro-
priatelinearoperatorL;; with

(2.11) Fr =L Wy,

that, with theaid of the commutatiorrelation(|., .] denoteghe commutator)
(2.12) (0sLrs) = [0, L14]
transform<Eq.(2.5)into

(2.13) L1y (0305m — iwA )Wy = —(0sL1s) Wy + Nyp

asto make A ;,,, satisfying

(2.14) ArsLyym = LijAju

a diagonalmatrix of operators.We denotelL;; asthe compositionoperatorand W,, asthe
wave matrix. The expressionn parenthesesn the left-handside of Eq.(2.13)representshe
two so-calledone-waywave operators. The first term on the right-handside of Eq.(2.13)
is representate for the scatteringdueto variationsof the mediumpropertiesn the vertical
direction. Thediffractiondueto variationsof themediumpropertiesn thehorizontaldirections
Is containedn A, and,implicitly, in L;;. This diffraction compriseshe multi-pathingof
characteristicthatcommonlyoccursin geophysicatonfigurations.
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To investigatevhethersolutionsof Eq.(2.14)exist, we introducethe columnmatrix opera-
tors L{*) accordingo

(2.15) =1, I =Lp,.
Uponwriting thediagonalelementof A ;,, as

(2.16) Ay =T | Agy =T
Eq.(2.14)decomposemto thetwo systemsf equations
(2.17) AL = L)

By analogywith the casewherethe mediumis translationallyinvariantin the horizontaldi-
rections,we shall denotel'™®) asthe vertical slownessperators. Notice that the operators
Lgi) composehe acousticpressureandthatthe operatorngi) composehe vertical particle
velocity. Throughmutualelimination, the equationsor L and L{*) canbe decoupledas
follows:

(2.18) AppAg L) = [H & 1@ |

(2.19) Ao A LS = L TE 1)

The partial differential operatorson the left-handsidesdiffer from one anotherin the case
wherethevolumedensityof massdoesvaryin the horizontaldirections.

To ensureghatnon-trivial solutionsof Eqgs.(2.18)-(2.19xist, oneequatiormustimply the
other To constructa formal solution,an Ansatzis introducedin the form of a commutation
relationfor oneof the componentst,i) that restrictsthe freedomin the choicefor the other

componentin theacoustic-pessue normalizatioranalogoneassumethatLgi) canbechosen
suchthat

(2.20) [A12Lgi), AjpAy] =0.
In view of Eq.(2.19)theI"™®) mustthensatisfy
(221) A12A21 - F(i) F(i) - 0 .

The commutatiorrelationfor Lgi) follows as [Lgi), A12A5] = 0 anda possiblesolution of
Eq.(2.17)is

(2.22) LY = A7r®  L® =T,

SinceLgi) asgivenby Eq.(2.22)satisfiesEq.(2.20),the Ansatzis justified. The solutionsof
Eq.(2.21)arewrittenas

(2.23) I = 1) =T = AY2 with A = A, A, .
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Thus,the compositioroperatotbecomes

I I
(2.24) L= ( AT AT > .

Notethatwe have decomposethe pressurdield accordingo
F=F" +F9 with FP =w,, FO =w, .

In termsof the inversevertical slovnessoperatoy'~! = A~!/2, the decompositioroperator
thenfollowsas

I T7'A
-1 _1 12
229 ey (D ).

UsingthedecompositioroperatorEq.(2.13)transformsanto

(226) (835]]\/[ — i(UA[M) WM = —(L_l)IM(agLMJ)WJ + (L_I)IMNM y

which canbe interpretedasa coupledsystemof one-way wave equations.The propagation
is capturedoy theleft-handside. The couplingbetweernthe counterpropagatingcomponents,

W1 andW,, is apparenin thefirst source-lile termontheright-handside,seeFigurel.1. The
wavesareexcited by thesecondermontheright-handside.We have

(2.27) ~L(ByL) = ( o ) ,

in which T" and R representhe transmissiorandreflectionoperatorsyespectiely: let Y =
A5 T denotetheadmittanceoperatoythen

(2.28) R=-T=1ivy"(8Y).

The two-way Helmholtz equation

Supposehatthemediumdoesnotvarywith x3. Eliminating F; or vz from Egs.(2.5Xhenleads
to thesecond-ordeequatiorfor the pressure,

(229) [83? —+ (UQA(.’L'l, Dl)] Fl = lw pN2 + 83N1 s

thetwo-wayHelmholtzequationwhereA is givenby Eq.(2.23).
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3 Decompositionof the configuration into thin slabs

In preparatiorof the developmentof the Bremmerseriesrepresentationye will now decom-
posethe mediuminto (thin) slabs.Eachslabin our 2-dimensionatonfigurations assumedo
beinvariantin thedirectionof preferencess: thecompressibilityx, mayvaryin thetrans\erse
direction,whereaghe densityis assumedo be constantll togetheyseeFigure3.1. However,
the mediummay vary from slabto slab,andhencethe vertical coordinater; becomes pa-
rameterthatidentifiesthe slabin our furtheranalysis.

The Bremmerseriesevaluationconsistof threemainsteps(i) decomposinghefield into
two constituentsandpropagatingheseconstituentsipward or dovnward alongthe preferred
direction, (ii) letting the counterpropagatingonstituentdanteract,and (iii) recomposinghe
constituentsnto obsenablesat the positionsof interest. Step(i) will be carriedout in each
slab separatelyand we will thenaccumulatethe contributions from the slabscomposinga
stack;step(ii) will be evaluatedat ary boundaryseparatingieighboringslabs;step(iii) again
will becarriedoutin eachslabindividually.

The characteristic operator

As mentionedin our thin-slabanalysiswe will considetthefollowing mediumprofile,
(3.1) p = const.,
(3.2) k(z1) = Kon?(z1)
thus,settingk, = p~'cy 2, thewave speedollows from

cHm) = g0 (1)
wheren denotesheindex of refraction.Theoperatorin Eq.(2.23)is thengivenby
(3.3) A(zy, D) = —D? + 052n2(x1) )
We will denoteA asthetrans\erseHelmholtzor characteristicoperator
Factorization, Green’s functions
Introducethe well-known Helmholtz-equatioisreens functionas(cf. Eq.(2.29))
(3.4) [02 + W?A(x1, D) G(x1, 33 — 243 2)) = —0(21 — )0 (w3 — 25) .
Theverticalslownessoperatord () factorizethe Helmholtzoperator(cf. Eq.(2.23))

(35) 8§ + (A)QA(.Tl, Dl) = [63 —lw F(+)(.’I)1, D]_)] [63 —lw F(_)(.’I]l, Dl)] .
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Theone-way Greens functionsG®) associateavith thetwo factorssatisfy

(3.6)  [05 —iwl ™ (zy, Dy)] GH) (w1, w5 — w2} = 6(m1 — )0 (w5 — 75) -

To arrive at a uniform asymptoticdescriptionof the generalizedBremmerserieswe have to
find uniform asymptotiaepresentationfor L~ (i.e.I'"'1), &, R and[L (i.e. I"). Thisis the
subjectof theremainingsectionsAlso, I' determineshethin-slabDiric hlet-to-Neumanmap
definedby theadmittanceoperatory” [5].

4 The vertical slownessor square-root operator

Theverticalslownessor square-roobperatod” (Eq.(2.23))actsonthewave field as

(4.1) (W, Wol) () = [, Clar,al) (Wi, Wal(eh) dar

Ty
whereC denotesa Schwartz kernel. From this operatorrepresentationywe extract the left
verticalslovnesssymbolthroughthe Fouriertransformation

(4.2) Y(@1,p1) = / C(z1, ) exp[—iw(z1 — 2})p:] dz .
zieR
Theleft symbolof the horizontalslownessoperatorD; appeardo be simply p;. Therelation
betweerthe left vertical slovnesssymbolandthe horizontalslovnesssymbolconstituteghe
generalizedlownesssurface.
In the remainderof this sectionwe will focuson finding integral representationfor the
Schwartzkernel.

Greensfunction representation

To begin with, the Schwartzkernelcanbe expressedn termsof theone-way Greensfunction,

i

@3 o, aliah) = - Tim -G (21,25 — ahiad)
3Ty W
[

(4.4) CO(xy, als2h) = — lim — 335G ) (w1, 23 — ah; 2t .
z3tzy W

Using the image principle, we can expressthe one-way Greens functionsin termsof the
Greensfunctionof thesecond-ordeHelmholtzequation,

(4.5) GV (w1, w5 — ab; 2)) + G (w1, 33 — aly; @) = 205G (w1, 73 — 2l 7)) -
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Hence for z3 > =7,
(4.6) G (21, x5 — ah; o) = —205G (1, 23 — Th; 1))
sothatwith Eq.(4.3)

2
(4.7) C(xy, o) 05) = — lim = 02G (w1, 3 — 2% 2) .
z3lzl lw

NotethatC is dependenbn z} throughtheindex of refraction. We will suppresshis depen-
dencein our notation.

In fact, G = G is the kernel of the (upward) one-way wave propagatar In view of
Eq.(4.6)this kernelsatisfieghe property

(48) 8§Jg = [_WZA(~T17 Dl)]Jg ) ] = ]-7 27 T

for zg > x%.

Fourier-integral representationof the vertical slovnesskernel

We will castEq.(4.7)into a spatialFourier representationTo this end,notethatthe Fourier
representationf thecausalGreens functionG yields

(49) Gla,zs —iiat) = 5o [ Glan,2:) explilew/eo) las — 25/¢] dC
Since

(4.10) w’A(z1, Dy) = 6} + (w/co)* n(z1)

G satisfieqEq.(3.4))

(4.11) [0F + (w/co)? (n(21) = ¢*)] G(x1, 215 ¢) = =021 — a1)

or, moreformally,

(4.12) ~w?[A(1, D1) = ¢ ¢*] G (21,213 ¢) = b(21 — 27) -

Obsene the symmetryG(zy, z'; —¢) = G(x1,2; ¢). Also notethat Eq.(4.11)is anordinary
differentialequationj.e., a differentialequationin a spaceof dimensiononelessthanthe one
of theoriginal configuration.The contourZ follows therealaxisin thecomplec {-planeviz.,

Z={C+i0|¢ € R,}U{0}U{C—i0]¢ € Rso},

seeFigure4.1. Thesolutionto Eq.(4.11)canin generalityberepresentetly

(4.13) G(xlaiU'l;C) = Uy (215;C) Uz(2145C)
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wherez;. = min(zy,z}), ;> = max(z, z}), andU; andU, arehomogeneousolutionsof
Eq.(4.11).

Ouraimwill beto replaceheexactsolutionsl/; andU, by uniformasymptotia@approxima-
tionsfor ¢ € Z. In thisrespechotethe occurrencef turningpointsat{ = +n(x;), £n(z}).
Fishman GauteserandSun[5] have shavn thatin the secondandthe fourth quadrantof the
complex ¢-planeG(zy, 2 ; ) is analyticandapproacheseroas|(| — oo. Thereforethe con-
tourin Eq.(4.9)canbedeformedo the contourZ’ onwhich the distancerom a turning point
is alwaysgreatetthansomefinite numberasshovnin Figure4.1. ThenEq.(4.9)becomes

! ! k H ! ~ !
(4.14) Gz, 23 — 13, 77) = expliko |13 — x3]C] G(z1, 21; () d¢

21 Jeez
wherethe backgroundvave numberis
(415) kO = u)/co .
Substitutingeq.(4.14)into Eq.(4.7)yields

i 1 . H A !
(@416)  Cloral) =~ lm 3} [ explikyzs(] Glan,ai: () dC
In thisintegral, in distributionalsensewe canuse
(4.17) 1113(1) 02 expliko 13¢] = —k3(?
T3
sothat
k2 ~
(4.18) Clzr,27) = = G, 27;¢) dC
mlcy J¢ez!

Fourier-integral representationof the one-waypropagator

Substitutingeq.(4.14)into Eq.(4.6)leadsto a Fourierintegral representationf the one-way
propagatar

(4.19)

k ~ .
9(331,153 - 5133,33'1) = —H(I3 - iﬂé)a?s [—0 / G(l“l,x'l; C) eXP[”fo ‘153 - xé‘f] d¢| ,
T Jeez

whereH denotesheHeavisidefunction. In thisexpressionjn distributionalsensewe canuse
(4.20) 05 expliko |23 — x5|¢] = iko C expliko |23 — 735|(] for T3 > Xy .

To arrive at our uniform asymptotiaepresentatioof G, we will have to make theassumption
thatthe propagatiordistancesatisfies

(4.21) ko |v3 — 23] = O(1)
to guarante¢hatthe stationarypoint of theintegral representatioremainsat { = 0, andthat
(4.22) | expliko |23 — z5|C]| = O(1) for cez.
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5 Generalfractional powersof A

Equation(4.16)is a specialform of the Dunfordintegral representatiofor powersof A. To
arrive atthis generarepresentatioriet R, denotetheresolvenof A, i.e.,

(A= AD)Ry=1.
ThentheresohentkernelR, mustsatisfythe partialdifferentialequation
(5.1) [A(z1, D1) = AT Ra(71, 27) = 0(21 — )

Upon comparingthis equationwith Eq.(4.12),in an xz-invariantprofile, it follows that the
resohentkernelR, is proportionalto the Greens functionandin factequals—w?G: map

A cg?¢t: —L o 2.

Insteadof rewriting Eq.(4.18),we will considelintegral representationfor geneal fractional
powersof A.

Negative fractional powers

Let the power \* of acomplex variable\ with z € IR bedefinedas
(5.2) A = |\|Pexplizarg())],

with arg(\) € (—m, ). With this definition, the branchcut of \* is alongthe negative real
axis. L is acontourof integrationin the A-planearoundthespectrunof A, clockwiseoriented,
stayingaway a smallbut finite distancdrom thebranchpoint. Then,for z € IR, theDunford
integral

1

5.3 A, = —
(5.3) 27l Jaec

AN RydA

cornvergeson a Sobole spaceThekernelof A, is givenby
1

A, (z1,2)) = o )\EL/\zRA(xl,a:'l)d)\

(5.4 = B[ G0 dc,
cez’

i c3?

which expressionis consistenivith the Greens functionrepresentatiomq.(4.18). The Dun-
ford integral representatiosatisfieghe compositiorequation

(55) Az Aw = Az-l—w

for z, w € R .



M.V. deHoop,A.K. Gautesen/ UniformasymptotidBremmerseries 13

Non-negatve fractional powers
With theaid of Eq.(5.3)anon-ngativefractionalpowerof A canbereadilyintroducedhrough
(5.6) A*=AA, ,,

wherej is anintegersuchthat;j > z. A similar representatiofior the associatedernelsis
found (notethatthe superscript®f .4 do notcorrespondo simplepowers):

(5.7) A (z1, 7)) = A (21, Dy) A,_j(21,2) .
Theresultingoperatordehae, again like ordinarypowers,i.e.,

(5.8) A AW = ATt

(notethat A andits resolhentcommute).In particular

(5.9) I=AY2=AA .

Notethatthe operatorA takesovertherole of 92 in comparisorwith Egs.(4.16)and(4.18):
(510) Az, Di)(=w’G(21,37;Q)) = —ky*C*G (21, 71; Q) + 8(21 = 27)

cf. Eq.(4.12).Theregularizationof the Schwartz kernelsfollows the canonicalregularization
of distributions.

For ary mediumprofile for which the Greens functionG(z1, z3 — x%; ') is known in closed
form, closed-formexpressiongor all the kernelsrelevantto the Bremmerseriescanbefound.

6 Uniform asymptotic expansionof the ‘characteristic’ Green'sfunction

Here, we will develop a uniform asymptoticexpansionof the Greens function G(z1, z3 —

x%; ) in geneal mediumprofiles— in the high-frequeng approximationj.e., k, large— that
will leadusto uniform asymptoticexpansiondor the Bremmerserieskernels. For a general
backgroundvereferthereadetito BleisteinandHandelsmaifi7] andHandelsmamndBleistein

[8].

Scales

We assumethat our wave field is a transientphenomenorwith dominantwave numberk;.

Our mediumis supposedo vary on a characteristidengthZ — of O(1) in ky — which canbe
associateavith areciprocalwave numberdominantin the spectrunof theindex of refraction.
Note thatéé/2 ~ (71, cf. Eq.(A.6). In the uniform asymptoticanalysis,we will distinguish
threeregionsexhibiting aninterplaybetweerthetwo scalesk, and/ 1.
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Finite vertical offset

SubstitutingheleadingorderWKB approximatiorto the causalGreens functionof Eq.(4.12)
atfinite verticaloffsetinto Eq.(4.14)yields

expliko [ (n*(6) = )2 dgi|
SE 174 expliko |23 — $'3|C] d¢,

|
G(z1,23 — 2h; @ N—/
(o0 =) ~ o [

2 |(n2(@1) = ()(m?(ah) - ¢?)
(6.1)

whereasbeforex;. = min(z;, z}) andz;> = max(z,z}). To developthe uniform asymp-
totic approximatiorto GG, we will introducethreeregions. The outerregion is definedby the
condition/=!|z; — z/| = O(1); thenthe phasewill vary rapidly. Thusaninnerregionis de-
fined by theconditionk,|z; — | = O(1). Theasymptoticexpansion®nthe outerandinner
regionswill appeato bevalid for ko|z1 — 2} | > 1 andkel 2|z, — 2} |> < 1, respectiely. The
overlappingregion is definedby the condition (k¢—')'/?|z; — 2| = O(1), wherethe outer
andinnerexpansiornshouldmatchto theorderin &, considered.

Casel: ¢tz — 2| = O(1) (awayfromthe diagonal) Thentheprincipalcontritutionto the
Greens function comesfrom the stationarypointat ( = 0 (accordingto Eq.(4.21)we have
\z3 — a4 = O(ky ') andhencetheterm|zs — 5|¢ doesnot play arole in the phase).Denote
thephasen theintegral representatiof6.1) by @,

(6.2) S ai) = [ (n&) — )V de
§1=T1<

Then

T1> ¢
6.3 0, ®(x1,7,: () = — de, |
63 enatsO =~ |7 ey e
and

o 2
6.4 R0z, 2 ) =— [ (SO N
( ) ¢ (-T1 o C) /€1=$1< (nz(gl) _C2)3/2 61
Indeed,(0,®)(z4, z};0) = 0. For the stationaryphaseanalysiswe introducethe notation
(6.5) Io(z1,77) = (21, 71;0) Lz, 24) = =(07®) (21,275 0)
orin general,

Z1> .
(6.6) L at)= [ ()] de
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Carryingoutthestationaryphaseanalysighenyields,

i 1/2€Xp[ik0 10(151,3311)]

7 — @ 31) ~ '
(6.7) Gloves — o)~ (o T a)] 2@

Case2: ko|z1 — | = O(1) (nearthediagonal) Let&; = (zy + @) + 3(z1 — 2}) 1. Then
thephasgEq.(6.2))of Eq.(6.1)canbeapproximatedy

1
an,ah)=slm —mil [ P Glon + ) + 5@ - ai) o) = ¢ doy
o1=——

(6.8) = |1 — 21 {[n*(5 (21 + 21)) = 12 + O((a1 — 27)*)}
while thedenominatoof theintegrandin Eq.(6.1)canbeapproximatedy
(6.9)
[(n(21) = ¢)(n? () = CNY* = [0 (3 (@1 + 7)) = V{1 + O((1 — 21)*)} -

UsingEQgs.(6.8)and(6.9)in Eq.(6.1),we find that

d¢

G ooy expliko ([n* (3 (w1 + 1)) — CY?|m1 — 27| + Clzs — a3])]
(‘/E17$3_‘,'C3"/E1) ~ /CEZ’

In 72 (L(ar + 20) — P
610) =1 HY (Kon(bar + ) [l — ) + (a5 — )]

(seeMorseandFeshbaci9], p.823).

Case3: (ko )'/?|z, — 2| = O(1). On this overlappingregion the asymptoticexpansions
(6.7)and(6.10)mustmatch.Ontheonehand,in Eq.(6.7)notethaton this region

(6.11)1(x1,21) = [n(3(z1 + 21)] 7 o1 — 23 [ {1+ O((21 = 21)*)},  7=0,1.
Also,

(6.12) [n(@)n(@)]'"? = n(3 (21 + 2)) {1+ O((21 — 21)")} ,

cf. Eq.(6.9).Ontheotherhand,in Eq.(6.10)we have

2)1/2 (_i)1/2eXp(ik0 ) 1+ 00} .

HDY (ke®) ~ (; o Gy
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In the Appendixwe shav how this leadsto the uniform asymptoticexpansion

i vt
1 [n(a)n(@)]72

(6.13)  G(z1,75 — 7 7)) ~ HP (kov (21, 2) r (21, 21))

where, for notationalconvenience we have introducedthe effectiveindex of refractionand
effectivehorizontaldistanceas

To(zy, ) 11/?
6.14 vizy, o)) = [7] ,
( ) (1 1) Il(xlamﬁ)
(6.15) xi(z,ah) = (Dol )Nz, 2h)]7?

with limiting behaiors

(6.16) v(z1,21) = n(z1),
!
(6.17) lim M 1
1T} ‘.’L‘l — 371|
andthe effectivedistance
(6.18) r(z1, 7)) = [(x1(z1,21))* + (23 — 25)?]?

with limiting behaiors
1\2

(@ —ah)” oy gy _ g
2(X1($1,m’1))2+0((X1( 1,27)) )},(ko/é) |z — )| > 1,

r(z1, 7)) ~ (21— 25)° + (@3 — 25)°]2 {1+ O((21 — 21)*)}, (ko/0)'?|a1 — 2| < 1.

r(z1, ) ~ x1(z1, ) {1 +

Indeed with theseexpansionsfrom Eq.(6.13)bothlimiting equationg6.7) and(6.10)canbe
recovered. Note that the distancefunction » (andthe functionr, in the Appendix) not only
dependson z;, 2 but alsoon z3 — z}. To elucidatethe ‘matrix’ structureof our kernels,
however, we suppresshedependencen theverticalcoordinaten our notation.

In AppendixA, thenext ordertermof theuniformasymptotiexpansiorof thecharacteristic-
equationGreens functionhasbeenderivedaswell. To provide insightin theresults,we intro-
ducefunctionalsb; of index of refractionas

(6.19)

bj—1(z1,27) = (25 — 1) [Bu(z1, 21) + (27 — 3) Ba(m1, 27) + (27 — 5)(25 — 3) Bs (21, 27)]
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where
620 frlonat) = —g[1- 5]
N\ 2 I\ 2
(6.21)  Bo(z,2)) = —EKVZC(;SD) +<%> —2]+12ﬂ3(9517$'1)7
622) fi(e}) = — ;’,,((x;l’”f;,l))+4ﬂ2<x1,xa)—24ﬁ3(x1,x3),
with

2

623) [W(ena)]” = T e ag,

Xl(xla 37/1) &1=z1<

(6.24) [V'(z1,2)]7t = xa (21, 2h) /wb [n(&)]™t [2% _3 (81n(§1))2] dé, .

n(&) n(§1)

§1=T1<

Thelimiting behaiors 3? of the 3;,

(6.25) P() = lim ELT)

< o0, 1=1,2,3,
z1 ) [Xl(xl,l"l)]Q

arefoundto be

om e -5 ()
o e = N () |
e = 5 [ ()|

ThenEq.(6.13)extendsto

i v,
i e

G(x1, 13 — xh;2) ~

T3 — Th

X1 (xl, xll)

[1 + (603(1, 1) — Bo(1,21)) ( )2] By (kov (21, 1) r(z1,27)) +

kov (w1, 7) (w3 — ng)?] B_ (ko (w1, 2) r (1, 21))
r(a1, 74) (kov (1, 1) x1 (w1, 1) )2

[bl(xl,x'l) + Bs(x1, ) (

(6.29)

17
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where
_ -1 H ) . (=3
(Notethat(—3)!! = —1 while H) () = (~1)7H" (3).)

Zero vertical offset

To find a uniform asymptoticexpansionof the Greens function at zerovertical offset,we can
simply take thelimit

x3 — 15 — 0
in the resultsobtainedin the previous subsectionln particular the distancer reducego y;.
FromEq.(6.29)we obtain
[ v(zy, ) {

(6.31)G(a1,0521) ~ 4 [n(z))n(=})]2

B_{(k ! !
Bolkov(a1,24) xa(ar,24)) + bos(os, o) o bortzn sl alon ad)) )

(kov (w1, 27) x1 (21, 2))?

7 Uniform asymptoticexpansionof the (de)compositionoperator kernels

Uniform asymptotic expansionof A_, ,

On the basisof Eq.(5.4)we find that the Schwartz kernel of the inversevertical slowness
operatodirectly follows from Eq.(6.31):

v(@,21) {

(7.1) A-rpp(zr,21) = =2iwG(21,0527) ~w 5 [n(z1)n(zy)]'/?

B_1(kov (21, 21) x1 (21, 71))

By(k ' )+ b ! i ’ }
0( oV($1,$1)X1($1,£U1)) N 1(561,361) (koV(Qfl,xﬁ)Xl(ml,iUﬁ))Q +

Uniform asymptotic expansionof A~1/2, j € Z

Accordingto Eq.(5.7)we have

(7.2) A2 = ATA ).

For theSchwartzkernelsassociatedvith theoddpowersof theverticalslownessoperatorwith
Eq.(7.1),we thusfind thefollowing rule

l/(xlv xll)

(1.3) Ao 25) g S e P
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Bj_1(kov(z1,2Y) x1(21, 27)) +}

B;(kov(z1, 2 z1,2))) +bi_i(z1,
i (kov (w1, 21) xa (21, 27)) + bjm1 (21, 77) (ko (21, ) x1 (21, 7))

Again, all thesekernelsareimplicitly dependentn z3 throughtheindex of refraction.

8 Uniform asymptotic expansionof the one-waypropagatorkernel
Substitutingeq.(6.29)into Eq.(4.6),we obtain

| kgv® (o1, 77) (23 — 333){
2 [n(z1)n(a))]'

[ () (25 1)~ o, ) + 2o, ) (2 ))]

g(xla X3 — xé) xll)

X1($1,$1 T($1a371)

XBl(kOV(xla xll) T(xla 3:’1)) +

' ' 2
o e (e = ey (D B |
8.1) « Bo(kov (w1, 2 r(wr, 7)) + - } .
Notethat A'/2(zy, 7)) = —iw™'05G(x1,0;2)) in agreemenwith Eq.(7.3). We alsoobsere
that
(8.2) g};ﬁsg(:vl,x:a z3;21) = 0(z1 — 1Y) |

while we canshaw that

1
w(s — 25)) 7 AT (20, 2)

—)i=
8.3)  G(z1,x23 —ah;2)) ~ IZ ]—1

which expansionis in agreemenith the productintegral representationf De Hoop[1].

9 Uniform asymptotic expansionof the reflection/transmissionoperator
kernel

To incorporatethe up/dowvn interaction,we allow the transerseHelmholtz or characteristic
operatorto vary from onethin slabto another Thoughstrictly speakingwe could now take
the finite differenceof two neighboringoperatoronly, we will in factreplacethis difference
by aderwvative.
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Uniform asymptotic expansionof 9;.4'/2

For the interactionoperatorwe needthe vertical derivative of the vertical slovnessoperator
assuminghatthe index of refractionis now x3 dependentBy differentiation the asymptotic
expansionof its Schwartzkernelfollows from Eq.(7.1)as

ko Io(x1, 7) ' {
20 0T g
200 11(331,1‘/1) (331,371)

(03A'?) (21, 27) ~

3310(331;351)

(91) BO(kQI()(J?l, 331)) + b0,3($1, .Tll) Bl(kOIO(xl, ajll)) + .- } ,
Iy(z1, 77)
where
Iy(z1,x)) 1/2
9.2 d(z,2)) = A
(9-2) (21,7}) n(zq)n(zh) I (zq, )
and

1
(93) bo’g(il,l',l) = —5 X

Osn(xz1)  Osn(zh)
n(@) | nlah)

Uniform asymptotic expansionof R

83]0(331,331) 38311(:5‘17'%&)

+ (1 + 2bo(x1,

( o(e1,21)) Iy(z1,77) I (21, 77)
Sincewe assumedhedensityto be constantye canrewrite Eq.(2.28)as

(9.4) R=1T"(aT).

To arrive atthekernelfor this reflection(andtransmissionpperatorwe thushave to compose
the SchvartzkernelsA—'/? andd;.A'/2 numerically Thatis

R(.’Ifl, iL'Il) = % eR A_l/Q(l‘l, .’L'Ill) (83A1/2)($1, 1) d.Illl
Zy

kg " "ol IO(xllla'xll)
) /w'l'EIR dler, ay)d(er, ) I (2, z1)
[8310(33’1’,95’1)
10(551, 1)
bo,3(2Y, 21) Bo(kolo(21, 2Y)) B (koIo(x7, x7)) +

33[0(96'1',96'1)
IO( la 1)

Bo(kof()(xl, .Tlll))BO(kOIO(mIl’: xll)) +

(95) b,1($1,$lll) Bl(kofo(l'l,l'lll))Bo(k()Io(ﬂflll,.’L'll)) —+ .- da:'l' .
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Since

(9.6) 37 (kyn(x))? Jim by(rs, ) By(hoo(mr,a4)) = —1 | 201) (31”(‘”1))2] ,

@l —a n(z) n(zy)

(9.7) 37 (kon(z1))? lim

, , . 0?
o bo,g(.Tl,$1)B1(k0[0($1,l'1)) = —I 83 < 171(1‘1)) ,

n(z1)

theonly singularitiesof thekernelin Eq.(9.5)arethe onescontainedn thefactors
By (koly(z1, 2})), whicharelogarithmicatz, = z}.

Constrainingour analysisto the behaiors of the kernelsof our operatorsnear their di-
agonals we malke the following obsenation. Up to leading-ordeasymptoticsjgnoring the
commutator®f any coupleof operatorsin Eq.(9.4)we cansubstitute

(9.8) (05T) - ~ 2T 71 ((D5¢7?) *)
whichresultsin theapproximation

(9.9) R-~31A7((05¢77)).

Then,for thekernelof thereflectionoperatoynearits diagonal we find
(9.10) R(w1,2}) ~ A1 (21, 2)) (85¢77) () -

Notethat A_;(zy,z}) = —w?G(z1, z,; 0), hencewith Eq.(A.1),upto leadingordernearthe

diagonalwe have

—iko exp[iko I()(fEl,.Tll)]
4 2[n(z1)n(zy)]'7?

A morerefinedanalysisof Eq.(9.5),valid away from the diagonal,leadsto the following
finite integral approximatiorof thereflectionoperatokernel,

(9.11) R(xy,x)) ~ (05n?) (z)) .

expliko Io(z1,2})] 21> Ro(wy, x7; o)
Am [n(x1)n(2h)])V? Jayp=aic [I (21, o) 1 (2h, 2)]H/2

(9.12) R(zy,z7) ~ dzf
in which

Ro(zy, 255 2)) =

_ |k0 83[0(1',1,.’13/1,) b,1($1,$,11) 83[()(37,1,33/1,) b0,3(.’11'1,37’1)
n @) L@, o) @) To(as, el) Iy @haf) | n(e) L, )
)

I()(.Il, .’13,1 Il (.Tl, IL',1/) 83]0(.7)/1, ﬂ?’ll)
AL (21, 1) To (21, 7)o (24, 27)

(1, a) - 1, a))

(1, 27)  To(zh,af)  n(z)) Lz, ) Oso(xh, ot

o1 () _ntd L)y,
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10 The generalizedBremmer coupling series

In this section finally, we will provide therecipeto generate full-wave solutionwith the aid
of thekernelsdervedsofar. To this end,we will summarizehe generalizedremmerseries
solutionprocedurdl1] andthendecomposé¢his exactproceduranto thin-slabcontrikutions.

The coupledsystemof integral equations

Applying operatorswith kernelsG™®) (cf. Eq.(3.6))to Eq.(2.26)we obtaina coupledsystenof
integral equationsln operatorform, they aregivenby

(10.1) (0rs — Kpy)W; = WI(O) ;

in which W(© denoteghe incidentfield. In our configurationthe domainof heterogeneity
will be restrictedto the slab (0, z§t] with 2§t > 0, andthe excitation of the waveswill be
specifiedthroughan initial conditionat thelevel z3 = 0, following from sourcedistribution
component L"), Ny (cf. Eq.(2.26)with supportz; < 0,

(10.2) Wl(o)(xl,xg) = / g(+)(m1,x3;x'1,0) Wi (2}, 0)dz! ,

zj€R
(10.3) Wi (@1, 23) = 0,

in therangeof interest,z; € [0, 2§*]; the seconcequatiorreflectsthe assumptiorthatthereis
no excitationabove the heterogeneousabh Theintegral operatorsn Eq.(10.1)aregivenby

(10.4)  (KyWi)(zy, a3) = /CZO /wlemg(ﬂ(xl,acg;xi,{)(TWl)(m’l,C)da:’ldC,

(105)  (KWo)(eras) = [ [ 69wl O (RWG)(af, Odafdc

exit

(10.6)  (KoiWh)(z1,23) = /C: /x’ - G (w1, w3; 24, Q) (RW) (2, ¢)dzld(

exit

(107)  (KeWo)on,as) = [ [ GO @, s, Q(TW)(af, Q)daaC
They describdaheinteractionbetweerthe counterpropagatingonstituentvaves.

The Bremmer series

If w=1is(andp; = ia; € iR, cf. EqQ.(4.2))the uniform asymptoticexpansiongemainvalid.
For s real and sufficiently large — which is all we needfor causalwavefield representations
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— the Neumannseriesexpansioncanbe employedto invert (6;;, — K;,) in Eg.(10.1),seeDe
Hoop[1]. Suchaprocedurdeadsto the Bremmercouplingseries,
(108) WI == Z(K])IJW§O) = WI(O) + KIJW§O) + (KQ)I_]W}O) +--- .

Jj=0

To emphasizéhe physicalnatureof the expansionwe write

(10.9) Wy =Y wd,
j=0
in which
(10.10) Wl(j) = KIJW,§j_1) for j > 1,

canbeinterpretedasthe j-timesreflectedor scatteredvave.

Composition of thin-slab propagators

In generalwe canrepresenthe actionof the one-sidedsreens kernelsby a productintegral,
viz.,

(10.11) WO, x5) = { f[ expliwl (., g’)dg’]} Wi (.,0) .
¢'=0

Let ussplittheinterval [0, z5¥*] into M thin slabswith thicknessAz;. Thepropagatarpropa-
gatingwavesthroughthe kth thin slab,canthenbewritten as

(10.12) P(.,k) :{ kﬁs eXp[in(+)(_,<‘/)dCI]} ’

¢'=(k—1)Azs

whichimpliesthatEq.(10.11)canbewrittenin theform
(10.13) W9, z3) = P(,k)P(,k—1)---P(.,1) Wy(.,0) .

In thecontext of ourthin-slabdecompositionin accordanceith Eq.(3.6) wesetG(™) (z1, Azs; ) =
GH) (21, kAxs; !, (k — 1)Azs) andwe get

(10.14) P(., k) Wi(.,, (k—1)Ax3) = / G (xy, Axs; ) Wiz, (k — 1)Azs)da] .

i €R
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Contrib utions from the thin slabs

To arrive at aniterative schemefor the solutionof Eq.(10.1),considerthe j-timesreflected
constituentvave. Set

(10.15) Wi kAxs) = TP (k) + I (L k)
j=1,2,---andk =0,1,---, M, where(cf. Eq.(10.10))
(10.16) I (., k) = KW (., kAzs), I9D(, k) = (KpWd (., kAzs) .

Uponcomparisorwith Eq.(10.4)we find that

. kAzs [ kAzs '
a017) K= [ {Hexp[iwr<+>(.,<')d<']}Xﬁ)(.,Odc,
- o=
with
(10.18) XD, =a@wl)(,¢).
Similarly,
kAzx3 kAzs
(10.19)  IP(. /C ) {H expliwl (., C)dC]} 2(.,0dc¢,
wexlt kAzxs3 ]
(10.20)  I(. /< kmg{/ﬂexp[nwr (., ')dc']}Xé?(-,Odc,
exit kAz3
(10.21) /Ckms{nexp[lwf (¢ )dg]} D(.,0)d¢
with
(10.22) XPD(,0) = BWS )0,
(10.23) X2(,¢) = (RWI(,0),
(10.24) XP(,0) = @Wd )(,Q) .

In view of Eq.(2.28)we have

X5 = -x17 and X3 = —x33 .



M.V. deHoop,A.K. Gautesen/ UniformasymptotidBremmerseries 25

To constructthe iteration schemewe carry out the following steps. Using the semi-group
propertyof propagatorsye obtain

If{')(.,k):{ ff’ expliwl' V(¢ )dC]}
o

=(k—1)Az3

k—1)Azs (k—1)Az3
/4( ) { I expliwl®(. <>d<]} D(,¢)d¢

=0

¢'=¢
(10.25) + / Fae {kﬁgeXp[iwrm(.,g')dg']}Xﬁ( O)d¢,
(=(k=DAzs | 72,
which canbewritten as
(10.26) 1P k) =PRI E=1)+ QP (k)

where

] kAzs kAzxs
(10.27) Q&?(.,k):/{_ {H exp[iwI' (., C)dC]}Xﬁ( Q)d¢ .

=(k—1)Az3 (=¢

Recursiorrelationssimilarto theonein Eq.(10.26)canbefoundfor theotherelementsf 1),
viz.,

1D k) = PLEIDGE=1D)+QY (k) for k=1,2,---,M ,

) _ ) () oy o
IDE) = PLE+D)IDGE+1)+QY) (k) for k=M—1,M—2,---,0
(10.28)

Here

. kAz3 kAz3 .
(10.29) QY)(., k) :/C { II exp[in“)(-,C’)dC’]}Xfﬂ)(-,é)dé,

=(k-DAzs | 7=,

10.30 Q(j) k) = F |C| iwD ¢d ¢)d
. . ex | .
( ) 57 (- k) /4:(k+1)Am3 b p[— ( ) C] ( ¢)d¢
Theinitial valuesfor therecursve schemg10.28)aregivenby

(10.31) I9(z1,0) = 0,

(10.32) I (z1, M) = 0,
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againforj =1,2,---.

In summarythe generalizedBremmerseriesis generatedhroughrecursion(10.28),with
supportingequationg10.14)for the one-way propagatiorand(10.29)-(10.30¥or theinterac-
tion (reflectionandtransmissiomepresentetly Eqs.(10.18)(10.22)-(10.24))All the product
integralshave beensubjectedo substitutionof thetype (10.14).

11 Discussion

TheBremmerseriesxpansiorof thesolutionto themulti-dimensionalave equatiorprovides
insightin and control over multiple scattering. As suchthe expansionis a useful tool for
analyzingand interpreting(migrating) wave fields in multi-dimensionalconfigurations. In
this paperwe have established@losed-formuniform asymptoticexpansionf the kernelsthat
generatehegeneralizedremmerseries.

While developingthe uniform asymptoticexpansion,we have addressedhe outstanding
problemassociateavith thecontinuatiorof theresultsof De Hoop[1] basednthecalculusof
(elliptic) pseudodiferentialoperatorsn thetime-Laplacedomainto thetime-Fourierdomain.
This continuatiories outsidethe scopeof the standaratalculusof pseudodiferentialoperators
andmayleadto furtherdevelopments Also, mostnumericalschemegeneratingsometerms
of) the generalizedremmerseriessolutionhave beendevelopedin the time-Fourierdomain
thoughthetheoreticabasisfor this wasmissing.

Ontheonehand,ouranalysigyave uscontroloverthemulti-dimensionascatteringprocess;
ontheotherhand,we have developeda novel schemdor wave propagatiorandscatteringhat
is accuratein the presenceof trarversemediumvariationsand containsboth pre- and post-
critical scattering-anglphenomenaOurtheoryis valid for high-frequenciesandconceptually
is anintermediatedbetweenasymptotic-rayandfull-wave theories. It allows the formationof
caustics.

In the uniform asymptoticapproximationthe propagatoiis expandedin a basisderved
from Hanlel functions, which differs from the Fourier basesoften encounteredn approxi-
matepropagatiorproceduresuchasthe phase-shift-plus-interpolatiqa 0] (andthe McClel-
lan transformapproachin threedimensiong11]), the split-stepFourier [12] andthe phase
screen13] methods.Hiddenin the uniform asymptoticexpansionare certainaspectof ho-
mogenization:we have introducedan effective index of refractionand an effective metric,
which follow from theactualmediumvariations.

Our uniform asymptotidBremmerseriessolutionprocedurecanbe appliedto thefields of
integratedoptics,oceanacousticandexplorationseismicsin particularin seismicdmaging—
in the searchfor andanalysisof hydro-carborreserwirs belov complex geologicalstructures
—wherecausticoccurandpost-criticalanglephenomenglay arole, our uniform asymptotic
approaclprovidesa usefulbasisfor theunderlyingmigrationprocedure.
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—  » X

1l

Figurel.l: lllustrationof theBremmercouplingseries All thesolid
‘rays’ correspondvith the lowest-ordeterm;the dashedrays’ cor
respondwith thenext-orderterm. R is theresohentassociatewith
the operatorK (Egs.(10.4)-(10.7)andgenerateshe up/dovn scat-
tering;R&A) istheresolentassociatedvith theoperatorA (Eq.(3.3))
andcontaingheright-left scattering.
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Figure3.1: Variationof mediumproperties.

Figure4.1: Contoursof integrationin the comple (-planefor the
Helmholtz-equatioireens functionrepresentation.
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Appendix A. Derivation of the uniform asymptotic expansionof the
characteristic-equationGreen's function

We employ the WKB methodto obtainthe high-frequeng asymptoticsolutionto Eq.(4.11):

- ;o1 expliko ®(x1, 215 ()]
G(z1,27;¢) = ko 2 [7(z1; O)i(ah; O)]1/2 {

1> . 1 (F(zq;Q)
T AR AGHSLe 162 (

) § B2 0) + 057}
(A1)
where® is givenby Eq.(6.2),
(A-2) n(&;¢) = (0*(&) = ¢,
and

F(&5¢) = [(&1;¢)] ° {2[A(&; Q)1 (n(&1) 9n(&) + [01n(&)]") — 5 [n(&1) dun(&1)]} -
(A.3)

The term E(z4,2!; () hasthe propertythat F(z,z1;() = E(z1,2};0) = 0. Thusanin-
tegrationby partsin Eq.(4.14)revealsthat this term doesnot contrikute to the orderin k;*
considered.

In thefollowing asymptoticanalysisnve will introducethe averagehorizontalcoordinate,

(A.4) Ty = 3(z1 + 77)
thebackgroundadialdistance,
(A.5) ro(z1, @) = [(21 — 21)% + (w5 — 23)*]"2

thederiative functionsof theindex of refraction,

(A.6) 8y(z1) = (a;?g)l )> :
(A.7) 01 (z1) = % + da(z1)

andthestretcheddimensionlessyerticalwavenumber

(A.8) (p = —

n(@:)
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Further we set

(A.9) fig(Gn) = (L= G2 with (1) (Ga) = A(E1;C) -
In theasymptoticanalysiswe will repeatedlyconsiderthe behaiors of thephased(z,, z}; (),
of thedenominatof# (z+; ¢)7(x!; ¢)]'/2, of thefunction F(&;; ¢), andof theintegral of F.

Casel: (!|z; — z!| = O(1) (awayfromthediagonal) We expandaboutthe stationarypoint
at( =0,

(Alo) (I)(xlamllaC) ~ IO(xl,xll) - %Czjl(xlaxll) - %C412(£U1,$11) e,
wherethe I, aregivenby Eq.(6.6)while

(A.11) [7(z1; )]~ ~ [n(m1)]—1/2{1 + (2n(cx1)>2 4. }
and
(A.12) F(&5¢) ~ [n(&)]7H(261(&1) — 502(61)) + - -

Substitutingheseexpansionsn theexpressior(A.1) for G, expandingheexponentiapartially
in a Taylor seriesyields

~ . i expliko (Io(z1,2)) — %4211(951795'1))]
G(x1,21;C) ~ T 2 [n(ay)n (@ )| 72 {

1 T1> 1
(A13) g L @) (20(6) — 56a(6) dé +

+§QMQP+W;W)J@&bmJD+a%%}

Substitutingheresultinto Eq.(4.14)andapplyinga stationaryphaseanalysisghenleadsto

[ ]1/2exp[ik0 Io(xl,m’l)]{
2mko I1(x1, }) 2 [n(z1)n(z})]1/2

G(x1, 73 — w35 7)) ~ [

1 o 1 (ko (x5 — 2f)PIo(a, Iﬁ)] D) }
A.14 1+ ——— [b_ — —
( ) + |I€0 I()(.Tl,ﬂfll) [b 1($1’$1) + 8 2[1(.T1, .I'Il) * O(k() ) ’

whereb_, is givenby Eq.(6.19).

Case2: ky|z, — 2| = O(1) (nearthediagonal) We now expandin |z; — '],

O(z1,27;¢) ~ n(Ty) |r1 — 27| {ﬁo(Cn) + % (51(3—;1) _ [gj((?:))]z) + - } ’

(A.15)
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while
(A.16) [7i(w1; O)f(al; O ~ (1) 70 (Ga)] " X
i g2 01@)  20(z1) N

(=t = (G~ i) * )

and
F5Q) - -z 201(21) _ 505(71)

AL7) reo ~ e (T~ o)
sothat

(A.18) /;;K F(€;0) déy ~ [n(z)] oy — 2| (éil(g;]):a - [72?(((3])5) )

In anticipationof the asymptoticexpansionof the characteristicreens functionrepresented
by Eq.(4.14)in thelimiting caseunderconsiderationywe introduceintegralsQ]<< over( as,
(A19) QF(z1, 73— 4;7)) =
[
4
Notethat

[
(A20) QF (a1, 25 — aiai) = L HY (Ko@) (21 — 24)* + (23 — 25)*]?)
while the Q5 satisfytherecursiorrelation

JQ5 e — ikon(Z1) |21 — 24|Q55, = (7 — 1)QF — [(z1 — 27)01 + |23 — 23]05]Q5° -

(A.21)
Equation(4.14)now leadsto theexpansion

G(x1, x5 — b5 x)) ~ QF —

/CEZ, [720(Cn)] ™7 explikor(1) (|21 — 24 170(Ga) + |23 — 23[Ca)] Ao -

5 T .
(.22 ~3likon(z:) |l = 41 QF + ikon(z,) o — 41 Q5 } -
5 o .
% {15 QS — 15ikon(z1) |1 — 21| Qs

+6likon(z1) 21 — a4 [ QF — [ikon(a1) o1 - 4P QF | +

O(k;®) .
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Substitutingtherecursion(A.20)-(A.21)into this equation simplifiesthe expansiono

i
G(z1, 23 — 135 27) ~ 1 {

[1 + _51@1)1; el (7“0(961,3?'1))2] By(kon(Z1) ro(1, 7)) +

[4(51(51) — 205(1)) + (—01(Z1) (w1 — 1) + 62(31) (ro (a1, xﬁ))Q)(kon(fm))Z] X

B_l(k()n(i‘l) 7'0(331; xll)) 4. }

(A.23) 24 (kon(z1))?

wherethe B; aregivenby Eq.(6.30).

Case3: (kot=1)'/?|z, — | = O(1). We expand,again,in |z; — 2| (cf. Eq.(A.9))

1>

®(x1, 215 C) = To(w1, 1) Tio(Cn) +/€ (&5 ¢) A& — Io(x, 24) [n(Z1)] ' 7(Z15€)

1=21<

~ To(z1,27) 70 (Gn) + 350(1) |21 — 21 P2 ([2+ 31 61(21) — 4[1 + (2] 62(Z1)) + - - -

(A.24)
while

[Fi1; Of(al; O ~ ()i (Ga)] " X
(A.25) {1= o = )2 (U + o) - 201 + 262 @) + -+

and

/$1> F(&;¢) d& ~ F(21;0) |21 — 23| ~ [n(20)] ' 21 — 21| (261(21) — 562(71)) -

§1=T1<

(A.26)
Also, notethat

Clzs = @3] = Guv(ar, @) o — 23| + Gun(@1)[1 — 07 (@) v (@, )] |23 — 4]

(A27)  ~ Gu(z1,2y) [25 — 23] — 53Gun(T1) (21 — 21)(61(Z1) — 20(T1)) |23 — 5] -

I
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In anticipationof theasymptotiexpansiorof thecharacteristi&Greens functionin thelimiting
caseunderconsiderationywe introduceintegrals@; over ¢ as,

! ! I j— : ! 1\~ !
Qj(orm —aial) = = [ G explikor(@r,ah) (i@, 21)io(G) + oo = 25/Ga)] 4G
41 Jeez

(A.28)
As beforeEq.(4.14)thenleadsto the expansion
G(z1,x3 — w55 1)) ~

i|zy — |

Skon(T1) (20 (21) — 552(3,-1))} Qr -

{1 — a1 — 2)2(61(31) — 202(31)) —
(A.29) piikon(z1) (1 — 24)? |23 — 25| (61(21) — 202(21)) Q5 +
o (21— })? {ikon($1) |21 — @i (31(21) — 202(21)) — 301(21) + 1252(:51)} @y +

wikon(Z1) |z — 24P (6:1(Z1) — 462(21)) Q5 +
O(ky?) -

The Q7 in this expansionareknown in closedform. However, to the orderof approximation
consideredhere,we canreplacetheseintegralsby thefollowing expressions,
[

QY (w1, w5 — s ay) = — HSY (ko (1, 24) (w1, 7))

4
Q5 (wr,my — afpat) = | =0 {140 )} @ (w1, — afia)

—i 1

+ -
Moy — x| 2[kon(T1)zy — 24 []7

Q3 (z1, 3 — xh; 1) = {kon(ﬂ_h

N\ 2
T3 — T - 1ot
+(3 ﬁ + O™} QF (01,20 = whial)

Ty — X7

~ ' ! -3 - ~ i !
@ 0= i) = e O™ @i o 3o =5

wherer hasbeenreplacedy

(A.30) r(z, 7)) = |21 — 2| {1 + O(ko—l)} ,
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everywhereexceptin theargumentsf the Hankel functions,and

(A.31) HO(y) = —i B (9) {1 + 2'—y + O(y‘Z)} .
With theseapproximationgq.(A.29)reducego
! ! ! _ _ 2|
G(xlax3 — T3; Il) ~ {1 - %(J"l - $1)2(51($1) - 252(331)) (1 + k()n(ﬂ_fl)‘l'l _ -Tll|>} X
i
(A.32) ZBO(kOV(xlaxll)r(xlaxll)) :

Uniform expansion Theuniform expansions thengivenby Eq.(6.29).To verify theinnerand
outerexpansion®f this expressionwe needto considerthefollowing approximations.
Outer expansionithenwe have

, , g>1/2 _126xplko Lo(1, 77)] {
(A.33) By(kov(z1, 21) (1, 71)) <7r (=1) (ko Io(x1, z})]/?
1+|k0($3—$g)2_ [ }’
21 (z1,2})  8kolo(z1, 7))
(A.34) B_y(kov (21, 21) (21, 27)) ~

(%) 1/2(—i)3/2[]€0 Io(zy, 71)]"? explko Io(z1, 21)]

with |z3 — 25| = O(ky '), andEq.(6.29)reducego Eq.(A.14).
Inner expansionithenwe have

(A.35) By(kov(zy,2))r(x1, 7)) ~ Bolkon(Ty) ro(x1,2))) —

02(71) (w1 — 21)?
(ro(z1,71))?

(A.36) B_i(kov(z1,21) 7(z1,21)) ~ B_i(kon(Z1) ro(z1,21)) ,

(z1 — 2

24 ) (51(.T1) —_ 252(3_31) +

) B_1(kon(Z1) ro(x1, 7))

while

(A.37) T (:1(;2(;1))]1 - 1= (6, (1) — 262(21)) (21 — 2)?
ﬂ]' (1'1, xll) _

(A.38) ol (1)

(A.39) b1 (21, 21) (61(Z1) — 205(71))

W(wn, ) xi (@, 24))? ~ 6n2(7)
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Wheretheﬂ? aregivenby Eqs.(6.26)-(6.28)Now Eq.(6.29)reducego Eq.(A.23).
Overlapping region: useEqgs.(A.37)-(A.39)ogethemwith Egs.(A.30)-(A.31)o reduce
Eq.(6.29)to Eq.(A.32).

Theerrorin our expansioris O (kg ?) uniformly in z; andz. More preciselytheerroris
O(ky *'*) on the outerregion, O(k, ) ontheinner region, andO(k, *’*) on the overlapping
region.
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