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Abstract

TheBremmercouplingseriessolutionof thewave equation,in generallyinhomogeneous
media,requirestheintroductionof pseudo-differentialoperators.In this paper, in two di-
mensions,uniform asymptoticexpansionsof theSchwartzkernelsof theseoperatorsare
derived. Also, we derive a uniform asymptoticexpansionof theone-way propagatorap-
pearingin theseries.Wefocusondesigningclosed-formrepresentations,valid in thehigh-
frequency limit, takinginto accountcritical scattering-anglephenomena.Ourexpansionis
not limited by propagationangle.In principle,theuniformasymptoticexpansionof aker-
nel follows by matchingits asymptoticbehaviors away andnearits diagonal.TheBrem-
merseriessolver consistsof threesteps:directionaldecompositioninto up- anddowngo-
ing waves,one-way propagation,andinteractionof thecounter-propagatingconstituents.
Eachof thesestepsis hererepresentedby a kernel for which a uniform asymptoticex-
pansionis found. The associatedalgorithmprovidesa fundamentalimprovementof the
parabolic-equationandphase-shift/phase-screen stylemethodsappliedin oceanacoustics,
integratedopticsandexplorationseismology.�
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1 Intr oduction

Directionalwave field decompositionis a tool for analyzingandcomputingwave propaga-
tion in configurationswith a specialdirectionality, suchasthe waveguiding structure. Such
methodconsistsof threemain steps:(i) decomposingthe field into two constituents,propa-
gatingupwardor downwardalonga preferreddirection,(ii) computingthe interactionof the
counterpropagatingconstituentsand(iii) recomposingtheconstituentsinto observablesat the
positionsof interest.TheBremmerseries[1] thensynthesizestheconstituentsinto a full wave
solution.Theseriesrepresentationis illustratedin Figure1.1.Eachtermin theseriesrepresents
a waveconstituentthathastraveledupanddown anumberof timesequalto its order.

Applicationsof thegeneralizedBremmerseriessolutionto the wave equationinclude(i)
the identificationof multiple scatteredwave constituents,and(ii) the formulationof various
imagingandinversescatteringproceduresin remotesensing.In general,theinversescattering
problemcanbe decomposedinto a coupledinverse(contrast)source– inverseconstituency
problem.With theaidof time-reversedmirrors,successivetermsin theBremmerseriescanbe
exploitedto constructthe(contrast)source(De Hoop[2]). On theotherhand,thegeneralized
Bremmerseriescanbe viewed asa full-wave extensionof the (high-frequency) geometrical
ray seriesrepresentationof the wave field. As such,the Bremmerseriescanbe exploited to
formulatethe full-wave analogueof thehigh-frequency GeneralizedRadonTransforminver-
sionproceduredecribedby De HoopandBleistein[3]. In thelatter framework, theattraction
of thegeneralizedBremmerseriesbasedinversionprocedureis thenaturalinclusionof caus-
tics. Extensivelistsof referencesto applicationsof theBremmerseriesin explorationseismics,
oceanacousticsandintegratedopticscanbefoundin De Hoop[1], VanStralen,De Hoopand
Blok [4] andFishman,GautesenandSun[5].

DeHoop[1] originally formulatedthegeneralizedBremmerseriesmodelingmethodin the
time-Laplacedomain. Owing to the fact that the mediumcanvary in the directiontranverse
to the preferreddirection,pseudodifferentialcalculusbecamea neccesarytool to introduce
the up- anddowngoingGreen’s functions: pseudodifferentialoperatorsappearin the direc-
tional (de)composition,in thedownwardandupwardpropagationor continuation,andin the
interaction(reflectionandtransmission)betweenthe counterpropagatingconstituentsdueto
variationsin mediumpropertiesin thepreferreddirection.

Variousapproacheshave beendevelopedover the yearsto approximatethe operatorsap-
pearingin theBremmerseriesto make numericalcomputationsfeasible.An overview of the
approachesbasedonrational(paraxial)expansionsof theoperatorsymbolscanbefoundin Van
Stralen,DeHoopandBlok [4]. An overview of approachesbasedonphase-screen-likeapprox-
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imationsof the operatorsymbolscanbe found in De Hoop,Wu andLe Rousseau[6]. With
thesenumericalapproaches,however, critical scattering-anglephenomenacannotbemodeled.

In this paper, our goal is to gain analytic insight into the propagationand scatteringof
wavesasdescribedby the generalizedBremmerseries– andat the sametime developinga
time-Fourier analysisof the constituentoperators.Thus,insteadof usingpseudodifferential
operatorsin thetime-Laplacedomain,we will employ spectraltheoryin thetime-Fourierdo-
main. The advantageis that we canthenderive uniform asymptoticexpansionsof both the
scatteringandpropagationoperatorkernels. A key referencein this respectis the paperby
Fishman,GautesenandSun[5]. The authorsof this paperconstructeduniform asymptotic
approximationsof operator‘symbols’,whereasherewe consideruniform asymptoticapprox-
imationsof operatorkernels.Our approachandtheapproachof Fishman,GautesenandSun
are complementaryalso in as much as they proposethe Dirichlet-to-Neumannmap as the
tool to modelsolutionswhereaswe proposea seriessolutionallowing greaterinsight into the
multiple-scatteringprocess.

Theuniformasymptoticexpansionsalsoprovide thebasisfor a numericalscheme.Sucha
schemewould involve thecomputationsof (i) a spatiallyvaryingeffective index of refraction
and(ii) a spatiallyvarying effective ‘distance’ in the transversedirection,and(iii) applying
thekernel.Theaccuracy of sucha numericalschemedoessurpasstheonefollowing from the
rational-expansionor screen-approximationapproaches,not only becausecritical scattering-
anglephenomenaareincludedin ouruniformasymptoticexpansions.

Our currenttheory is basedon one-dimensionalWKB solutionsand as suchappliesto
two-dimensionalconfigurations.We consideracousticwavesin fluids. A paperon the three-
dimensionalcasebasedon two-dimensionaluniformasymptoticexpansionsis in preparation.

The outline of this paperis asfollows. In the next sectiona summaryof the methodof
directionaldecomposition,leadingto a coupledsystemof one-way wave equationsis given.
In Section3, the mediumis decomposedinto thin slabs. In eachthin slabwe introducea
‘characteristic’Green’s function. In Sections4 and5 we discusscharacteristicGreen’s func-
tion (integral) representationsfor the operatorsarising in the directionaldecomposition.In
Section6 theuniformasymptoticexpansionis introduced,andappliedto the(de)composition
andinteractionoperatorsandtheone-way propagatorin Sections7, 8 and9, respectively. In
Section10, finally, the Bremmerseriessolutionprocedureis summarized.The proof of the
uniformasymptoticexpansiondiscussedin Section6 is givenin theAppendix.

2 Dir ectionalwavefield decomposition

For thedetailson thederivationof theBremmercouplingseriessolutionof theacousticwave
equation,we referthereaderto De Hoop[1]. Here,we restrictourselvesto a summaryof this
wavefielddecompositionmethod.
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Notation, transformations

We consideracousticwaves in a two-dimensionalconfiguration. In this configuration,let �
denotethepressureand ���
	��
����� theparticlevelocity. We introducetheFouriertransformation
with respectto time � as���������
�
	��
������������	�� �!�"�$#%�'&)(�*,+�- .0/"12�����
�
	��
�����3����	�� �!��� �$�54�6378� i #9�$�;:;�(2.1)

for <>=?��#@�BADC . Underthis transformation,assumingzeroinitial conditions,we have E *GFH i # .
In eachsubdomainof the configurationwherethe acousticpropertiesvary continuously

with position,theacousticwavefield �����
�
	��
����� satisfiesthesystemof partialdifferentialequa-
tions E
IJ� H i #LKM��I & NOIP�(2.2) H i #%Q9�SRTE;	J�U	�RVE
�����W& XZY(2.3)

Here,K denotesthevolumedensityof mass,Q thecompressibility, X thevolumesourcedensity
of injectionrate,and N�I thevolumesourcedensityof force.

Thespatialvariationof thewavefield alongadirectionof preferencecannow beexpressed
in termsof the variationof the wave field in the directionperpendicularto it. The direction
of preferenceis takenalongthe �!� -axis (or ‘vertical’ axis)andtheremaining(‘transverse’or
‘horizontal’) coordinateis denotedby ��	 .
The reducedsystemof equations

Directionaldecompositionrequiresaseparatehandlingof thehorizontalor transversecompo-
nentof theparticlevelocity. FromEqs.(2.2)and(2.3)weobtain�
	L& H i K;[ 	 #\[ 	 �]E;	�� H N
	 �%�(2.4)

leaving, uponsubstitution,thematrixdifferentialequation��EU��^�_$` H i #LaG_$`��cbd`e&gfS_h�iah_ `j&kah_$`c����	���lm	�n$�!���o�plm	Lq H i# E;	\�(2.5)

in which theelementsof theacousticfield matrix	 aregivenbyb9	9&r�s�pb8t\&k���u�(2.6)v
Presentocean-bottomseismicacquisitiontechnologyallowsboth w and x�y to bemeasured.
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theelementsof theacousticsystem’smatrixoperatorbyaj	>	z&{aGt>t%&gC|�(2.7) aj	�t%&{Km�(2.8) aGt 	z& H l}	���K;[ 	 lm	c��R~Qs�(2.9)

andtheelementsof thenotionalsourcematrixbyf�	z&gNO�"�pfSto&{lm	2��K;[ 	 N
	 ��RTX5Y(2.10)

It is observedthattheright-handsideof Eq.(2.4)and aG_$` containthespatialderivative lm	 with
respectto thehorizontalcoordinateonly. In thesequelof thepaperit will becomeclearthatlm	 hastheinterpretationof horizontalslownessoperator. Further, it is notedthat aj	�t is simply
a multiplicativeoperator.

The coupledsystemof one-waywaveequations

To distinguishup- anddowngoingconstituentsin thewave field, we shallconstructanappro-
priatelinearoperator�z_ ` with b�_\&k�z_ `���`|�(2.11)

that,with theaidof thecommutationrelation( ��Y���Y�� denotesthecommutator)��E
���9_$`��z&���E
�"���z_$`��(2.12)

transformsEq.(2.5)into�z_$`u��E
��^�`�� H i #L�o`��Z�$����& H �]E
���z_$`�����`@RTfS_G�(2.13)

asto make �\`�� , satisfying ah_ `��M`���&{�z_$`��o`��D�(2.14)

a diagonalmatrix of operators.We denote�z_ ` asthe compositionoperatorand ��� asthe
wave matrix. Theexpressionin parentheseson the left-handsideof Eq.(2.13)representsthe
two so-calledone-waywave operators. The first term on the right-handside of Eq.(2.13)
is representative for the scatteringdueto variationsof the mediumpropertiesin the vertical
direction.Thediffractionduetovariationsof themediumpropertiesin thehorizontaldirections
is containedin �\`�� and,implicitly, in �z_$` . This diffraction comprisesthe multi-pathingof
characteristicsthatcommonlyoccursin geophysicalconfigurations.
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To investigatewhethersolutionsof Eq.(2.14)exist, we introducethecolumnmatrixopera-
tors �%�����_ accordingto �%�����_ &{�z_
	\�p�%� [ �_ &g�z_�thY(2.15)

Uponwriting thediagonalelementsof �\`�� as�@	>	L&k� ����� �i�Mt>to&{� � [ � �(2.16)

Eq.(2.14)decomposesinto thetwo systemsof equationsah_$`�� �����` &k� �����_ � ����� Y(2.17)

By analogywith the casewherethe mediumis translationallyinvariantin the horizontaldi-
rections,we shall denote� ����� as the vertical slownessoperators.Notice that the operators�%�����	 composetheacousticpressureandthat the operators�%�����t composetheverticalparticle
velocity. Throughmutualelimination,the equationsfor �%�����	 and �%�����t canbe decoupledas
follows: aj	�t�aht 	$�o�����	 &g�%�����	 � ����� � ����� �(2.18) aGt 	Jae	�t��o�����t &g�%�����t � ����� � ����� Y(2.19)

The partial differentialoperatorson the left-handsidesdiffer from one anotherin the case
wherethevolumedensityof massdoesvary in thehorizontaldirections.

To ensurethatnon-trivial solutionsof Eqs.(2.18)-(2.19)exist, oneequationmustimply the
other. To constructa formal solution,anAnsatzis introducedin the form of a commutation
relationfor oneof the components�%�����` that restrictsthe freedomin the choicefor the other
component.In theacoustic-pressurenormalizationanalogoneassumesthat � �����t canbechosen
suchthat ��aj	�t��%�����t �
ae	�t�aGt 	���&kC�Y(2.20)

In view of Eq.(2.19)the � ����� mustthensatisfyae	�t�aGt 	 H � ����� � ����� &{C�Y(2.21)

The commutationrelationfor �%�����	 follows as ���%�����	 �
aj	�t aGt 	��u&�C anda possiblesolutionof
Eq.(2.17)is �%�����t &ka [ 		�t � ����� �z�%�����	 &k�}Y(2.22)

Since �o�����t asgivenby Eq.(2.22)satisfiesEq.(2.20),theAnsatzis justified. Thesolutionsof
Eq.(2.21)arewrittenas� ����� & H � � [ � &g��&{  	]¡¢t

with  {&kaj	�t�aht 	\Y(2.23)
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Thus,thecompositionoperatorbecomes

�£&¥¤ � �a [ 		�t � H a [ 		�t �§¦ Y(2.24)

Notethatwehavedecomposedthepressurefield accordingtobz	9&{b|�����	 RVbZ� [ �	 with bZ�����	 &g�¨	%�©bZ� [ �	 &{�BthY
In termsof the inverseverticalslownessoperator, � [ 	 &i  [ 	]¡¢t , thedecompositionoperator
thenfollowsas �%[ 	 & 	t ¤ � � [ 	 ae	�t� H � [ 	 ae	�t ¦ Y(2.25)

Usingthedecompositionoperator, Eq.(2.13)transformsinto�]E
��^2_J� H i #L�M_$�S���B��& H ���o[ 	 ��_J�?�]E
���9�e`�� ��`@Rg���o[ 	 ��_J�Zf5�ª�(2.26)

which canbe interpretedasa coupledsystemof one-way wave equations.The propagation
is capturedby theleft-handside.Thecouplingbetweenthecounter-propagatingcomponents,�«	 and �©t , is apparentin thefirst source-like termon theright-handside,seeFigure1.1. The
wavesareexcitedby thesecondtermon theright-handside.WehaveH �%[ 	 �]E
���L�9& ¤�¬ ­­ ¬ ¦ �(2.27)

in which ¬ and ­ representthe transmissionandreflectionoperators,respectively: let ®¯&aj[ 		�t � denotetheadmittanceoperator, then

­ & H ¬ & 	t ® [ 	 ��E
��®|�%Y(2.28)

The two-wayHelmholtz equation

Supposethatthemediumdoesnotvarywith �!� . Eliminating b8t or ��� from Eqs.(2.5)thenleads
to thesecond-orderequationfor thepressure,��E t� R£# t  Z����	���lm	$�>�Ob9	z& i #mKUfjtdRTE
��f�	o�(2.29)

thetwo-wayHelmholtzequation,where  is givenby Eq.(2.23).
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3 Decompositionof the configuration into thin slabs

In preparationof thedevelopmentof theBremmerseriesrepresentation,we will now decom-
posethemediuminto (thin) slabs.Eachslabin our 2-dimensionalconfigurationis assumedto
beinvariant in thedirectionof preference,�!� : thecompressibility, Q , mayvaryin thetransverse
direction,whereasthedensityis assumedto beconstantall together, seeFigure3.1. However,
the mediummay vary from slabto slab,andhencethe verticalcoordinate�!� becomesa pa-
rameterthatidentifiestheslabin our furtheranalysis.

TheBremmerseriesevaluationconsistsof threemainsteps(i) decomposingthefield into
two constituentsandpropagatingtheseconstituentsupwardor downwardalongthepreferred
direction, (ii) letting the counterpropagatingconstituentsinteract,and (iii) recomposingthe
constituentsinto observablesat the positionsof interest. Step(i) will be carriedout in each
slab separately, and we will thenaccumulatethe contributions from the slabscomposinga
stack;step(ii) will beevaluatedat any boundaryseparatingneighboringslabs;step(iii) again
will becarriedout in eachslabindividually.

The characteristic operator

As mentioned,in our thin-slabanalysis,wewill considerthefollowing mediumprofile,K & const. �(3.1) Q°����	 �¯& Qc±!² t ����	 �(3.2)

thus,setting Q�±%&{K [ 	J³ [ t± , thewavespeedfollowsfrom³ [ t ����	 �z& ³ [ t± ² t ����	 �%�
where² denotestheindex of refraction.Theoperatorin Eq.(2.23)is thengivenby Z����	���lm	$�z& H l t	 R ³ [ t± ² t ����	$�oY(3.3)

We will denote  asthetransverseHelmholtzor characteristicoperator.

Factorization, Green’s functions

Introducethewell-known Helmholtz-equationGreen’s functionas(cf. Eq.(2.29))��E t� R£# t  Z����	���lm	 �>�O´m����	�� �!� H ��µ� n ��µ 	 �z& H ^3����	 H ��µ 	 �$^3���!� H ��µ� �oY(3.4)

Theverticalslownessoperators� ����� factorizetheHelmholtzoperator(cf. Eq.(2.23))E t� R£# t  |����	��
l}	J�L&���E
� H i #m� ����� ����	���lm	$���¶��E
� H i #·� � [ � ����	���lm	$�>�°Y(3.5)
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Theone-wayGreen’s functionş ����� associatedwith thetwo factorssatisfy��E
� H i #m� ����� ����	��
l}	 �>�O¸ ����� ����	�� �!� H � µ � n � µ 	 �9&{^3����	 H � µ 	 �$^3���!� H � µ � �%Y(3.6)

To arrive at a uniform asymptoticdescriptionof the generalizedBremmerseries,we have to
find uniform asymptoticrepresentationsfor � [ 	 (i.e. � [ 	 ), ¸ ����� , ­ and � (i.e. � ). This is the
subjectof theremainingsections.Also, � determinesthethin-slabDirichlet-to-Neumannmap,
definedby theadmittanceoperator® [5].

4 The vertical slownessor square-root operator

Theverticalslownessor square-rootoperator� (Eq.(2.23))actson thewavefield as�]�d���¨	����Bt����2����	$�9&{(�¹�º »>+2- .@¼L����	�� � µ 	 �����¨	����Bt2�3��� µ 	 �;:;� µ 	 �(4.1)

where ¼ denotesa Schwartz kernel. From this operatorrepresentation,we extract the left
verticalslownesssymbolthroughtheFouriertransformation½ ����	��]�¾	$�z&)( ¹�º » +2- . ¼9����	�� � µ 	 �;4�6378� H i #G����	 H � µ 	 ���¾	>��:;� µ 	 Y(4.2)

Theleft symbolof thehorizontalslownessoperatorlm	 appearsto besimply �¾	 . Therelation
betweenthe left verticalslownesssymbolandthehorizontalslownesssymbolconstitutesthe
generalizedslownesssurface.

In the remainderof this sectionwe will focuson finding integral representationsfor the
Schwartzkernel.

Green’s function representation

To begin with, theSchwartzkernelcanbeexpressedin termsof theone-wayGreen’s function,¼ ����� ����	�� ��µ 	 n ��µ� �¯& HÀ¿ÂÁ =¹�Ã�Ä�¹ ºÃ i# E
��¸ ����� ����	�� �!� H ��µ� n ��µ 	 �%�(4.3)

¼ � [ � ����	�� ��µ 	 n ��µ� �¯& HÀ¿ÂÁ =¹�Ã�Å�¹�ºÃ i# E
��¸ � [ � ����	�� �!� H ��µ� n ��µ 	 �%Y(4.4)

Using the imageprinciple, we can expressthe one-way Green’s functionsin termsof the
Green’s functionof thesecond-orderHelmholtzequation,¸ ����� ����	�� �!� H ��µ� n ��µ 	 ��RT¸ � [ � ����	�� �!� H ��µ� n ��µ 	 �z& HÇÆ E
��´·����	�� �!� H ��µ� n ��µ 	 �oY(4.5)
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Hence,for �!�hAV� µ� ,¸ ����� ����	�� �!� H � µ � n � µ 	 �z& HGÆ E
��´·����	��$�!� H � µ � n � µ 	 �\�(4.6)

sothatwith Eq.(4.3)¼L����	��$� µ 	 n � µ � �9& HÀ¿ÂÁ =¹�Ã�Ä�¹ ºÃ Æ
i # E t� ´m����	�� �!� H � µ � n � µ 	 �oY(4.7)

Note that ¼ is dependenton � µ � throughthe index of refraction.We will suppressthis depen-
dencein ournotation.

In fact, ¸Èq ¸ ����� is the kernel of the (upward) one-way wave propagator. In view of
Eq.(4.6)thiskernelsatisfiesthepropertyE t�É� ¸¨&Ê� H # t  |����	��
l}	J��� É ¸T� Ë|&�Ì�� Æ ��Í"Í"Ío�(4.8)

for �!�hA~� µ� .
Fourier-integral representationof the vertical slownesskernel

We will castEq.(4.7)into a spatialFourier representation.To this end,notethat the Fourier
representationof thecausalGreen’s function ´ yields´·����	�� �!� H � µ � n � µ 	 �z& #ÆOÎ ³ ± (�Ï +�Ð)Ñ´m����	�� � µ 	 n�Ò¶�%4�6;78� i �,#%� ³ ±���Ó �!� H � µ � Ó Ò
��:�Ò|Y(4.9)

Since # t  |����	��
l}	J�z&gE t	 R{��#%� ³ ±�� t ² t ����	 �o�(4.10)Ñ´ satisfies(Eq.(3.4))��E t	 R{��#%� ³ ±�� t ��² t ����	 � H Ò t ��� Ñ´·����	��$��µ 	 n�Ò¶�z& H ^;����	 H ��µ 	 �o�(4.11)

or, moreformally, H # t �� |����	��
l}	J� H ³ [ t± Ò t � Ñ´m����	�� � µ 	 n�Ò¶�z&k^;����	 H � µ 	 �%Y(4.12)

Observe thesymmetry Ñ´·����	��$� µ 	 n H Ò¶�h& Ñ´·����	��$� µ 	 n�Ò¶� . Also notethatEq.(4.11)is anordinary
differentialequation,i.e.,a differentialequationin a spaceof dimensiononelessthantheone
of theoriginalconfiguration.ThecontourÔ followstherealaxisin thecomplex Ò -plane,viz.,ÔÊ&���ÒhR i C·Ó�Ò�ÕÖ< ×eØ¶±��oÙ���C3�%Ù���Ò H i C·Ó�Ò�ÕÖ< ×PÚ¶±��Z�
seeFigure4.1.Thesolutionto Eq.(4.11)canin generalityberepresentedbyÑ´m����	�� ��µ 	 n�Ò¶�z&)ÛL	�����	>Ú8n�Ò¶�0Û�t"����	>Ø�n�Ò¶�%�(4.13)
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where ��	>Ø«&�= ÁÝÜ ����	�� � µ 	 � , ��	>Ú«&�=·Þ�6�����	�� � µ 	 � , and Û9	 and Û't arehomogeneoussolutionsof
Eq.(4.11).

Ouraimwill beto replacetheexactsolutionsÛ9	 and Û't by uniformasymptoticapproxima-
tionsfor Ò·ÕBÔ . In this respectnotetheoccurrenceof turningpointsat ÒZ&)ße²d����	 �¾�0ßP²z��� µ 	 � .
Fishman,GautesenandSun[5] have shown thatin thesecondandthefourth quadrantsof the
complex Ò -plane Ñ´·����	��$� µ 	 n�Ò¶� is analyticandapproacheszeroas Ó Ò�Ó F à

. Thereforethecon-
tour in Eq.(4.9)canbedeformedto thecontourÔ µ on which thedistancefrom a turningpoint
is alwaysgreaterthansomefinite number, asshown in Figure4.1. ThenEq.(4.9)becomes´m����	�� �!� H � µ � n � µ 	 �9&âá ±ÆOÎ (�Ï +�Ð º 4�6378� i á ±9Ó �!� H � µ � Ó�Ò�� Ñ´�����	��$� µ 	 n�Ò¶�;:�Ò(4.14)

wherethebackgroundwavenumberis á ±oqk#%� ³ ±@Y(4.15)

SubstitutingEq.(4.14)into Eq.(4.7)yields¼9����	�� ��µ 	 �9& H ÌÎ i ³ ± ¿ÂÁ =¹�ÃãÄ ± E t� ("Ï +�Ð º 4�6378� i á ±��!��Ò
�@Ñ´·����	�� ��µ 	 n�Ò¶�;:�Ò|Y(4.16)

In this integral, in distributionalsense,wecanuse¿ÝÁ =¹�Ã�Ä ± E t� 4�6378� i á ±!�!��Ò��0& H á t± Ò t(4.17)

sothat ¼L����	2� � µ 	 �L& á t±Î i ³ ± ( Ï +�Ð º Ò t Ñ´·����	�� � µ 	 n�Ò¶�;:�Ò|Y(4.18)

Fourier-integral representationof the one-waypropagator

SubstitutingEq.(4.14)into Eq.(4.6)leadsto a Fourier-integral representationof the one-way
propagator,

(4.19) ¸@����	�� �!� H � µ � n � µ 	 �9& Hhä ���!� H � µ � �$E
��å á ±Î (�Ï +�Ð º Ñ´·����	��$� µ 	 n�Ò¶�%4�6378� i á ±dÓ �!� H � µ � Ó�Ò��":�Ò�æe�
whereä denotestheHeavisidefunction.In thisexpression,in distributionalsense,wecanuseE
�04�6378� i á ±zÓ �!� H � µ � Ó Ò��!& i á ±!Ò94�6378� i á ±zÓ �!� H � µ � Ó�Ò�� for �!�uA~� µ� Y(4.20)

To arriveatouruniformasymptoticrepresentationof ´ , wewill have to make theassumption
thatthepropagationdistancesatisfiesá ±dÓ �!� H � µ � Ó�&)çè��ÌO�(4.21)

to guaranteethatthestationarypointof theintegral representationremainsat ÒZ&gC , andthatÓ�4�6378� i á ±dÓ �!� H ��µ� Ó�Ò��$ÓO&éç?�JÌO� for Ò·Õ©Ô5µ0Y(4.22)
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5 General fractional powersof ê
Equation(4.16) is a specialform of theDunford integral representationfor powersof   . To
arriveat thisgeneralrepresentation,let ­Gë denotetheresolventof   , i.e.,��  HTì <J� ­Gë &{<MY
Thentheresolventkernel í ë mustsatisfythepartialdifferentialequation�� |����	���lm	$� HTì <¢��í ë ����	�� ��µ 	 �9&g^3����	 H ��µ 	 �oY(5.1)

Upon comparingthis equationwith Eq.(4.12),in an �!� -invariantprofile, it follows that the
resolventkernel í ë is proportionalto theGreen’s functionandin factequalsH # t Ñ´ : mapì}î ³ [ t± Ò trï Hhð~î Ô µ Y
Insteadof rewriting Eq.(4.18),we will considerintegral representationsfor general fractional
powersof   .

Negative fractional powers

Let thepower ì!ñ of acomplex variableì with ò�ÕÖ< × bedefinedasì ñ &ªÓ ì Ó ñ 4�6378� i ò9Þ�ó$ô0� ì �����(5.2)

with Þ�ó$ô0� ì �mÕõ� H@Î � Î � . With this definition, the branchcut of ì�ñ is alongthe negative real
axis. ð is acontourof integrationin the ì -planearoundthespectrumof   , clockwiseoriented,
stayingawayasmallbut finite distancefrom thebranchpoint. Then,for ò�Õ�< ×eØ¶± , theDunford
integral   ñ & ÌÆ�Î i

( ë +�ö ì ñ ­Gë : ì(5.3)

convergesona Sobolev space.Thekernelof   ñ is givenby÷ ñ ����	�� � µ 	 �¯& ÌÆ�Î i
( ë +�ö ì ñ í ë ����	��$� µ 	 �;: ì

& á t±Î i ³ t ñ± ( Ï +�Ð º Ò t ñ � 	 Ñ´m����	�� ��µ 	 n�Ò¶�;:�Ò��(5.4)

which expressionis consistentwith the Green’s functionrepresentationEq.(4.18).TheDun-
ford integral representationsatisfiesthecompositionequation  ñ  hø�&{  ñ � ø(5.5)

for ò;�
ùéÕÖ< ×eØ¶± .
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Non-negative fractional powers

With theaidof Eq.(5.3)anon-negativefractionalpowerof   canbereadilyintroducedthrough  ñ &{  É   ñ [ ÉG�(5.6)

where Ë is an integer suchthat ËTADò . A similar representationfor the associatedkernelsis
found(notethatthesuperscriptsof

÷
donotcorrespondto simplepowers):÷ ñ ����	�� � µ 	 �L&§  É ����	���lm	$� ÷ ñ [ ÉO����	�� � µ 	 �%Y(5.7)

Theresultingoperatorsbehave,again,likeordinarypowers,i.e.,  ñ   ø &{  ñ � ø(5.8)

(notethat   andits resolventcommute).In particular,�Ö&k  	]¡¢t &k ©  [ 	]¡¢t Y(5.9)

Notethattheoperator  takesover theroleof E t� in comparisonwith Eqs.(4.16)and(4.18): Z����	���lm	$�2� H # t Ñ´m����	�� � µ 	 n�Ò¶� �'& H á [ t± Ò t Ñ´m����	�� � µ 	 n�Ò¶��RT^;����	 H � µ 	 �(5.10)

cf. Eq.(4.12).Theregularizationof theSchwartzkernelsfollows thecanonicalregularization
of distributions.

For any mediumprofile for which theGreen’s function ´m����	�� �!� H � µ � n � µ 	 � is known in closed
form, closed-formexpressionsfor all thekernelsrelevantto theBremmerseriescanbefound.

6 Uniform asymptoticexpansionof the ‘characteristic’ Green’s function

Here,we will develop a uniform asymptoticexpansionof the Green’s function ´·����	�� �!� H� µ � n � µ 	 � in general mediumprofiles– in thehigh-frequency approximation,i.e., á ± large– that
will leadus to uniform asymptoticexpansionsfor theBremmerserieskernels.For a general
backgroundwereferthereaderto BleisteinandHandelsman[7] andHandelsmanandBleistein
[8].

Scales

We assumethat our wave field is a transientphenomenonwith dominantwave number á ± .Our mediumis supposedto vary on a characteristiclength ú – of çè��ÌO� in á ± – which canbe
associatedwith a reciprocalwavenumberdominantin thespectrumof theindex of refraction.
Note that ^ 	]¡¢tt û ú [ 	 , cf. Eq.(A.6). In the uniform asymptoticanalysis,we will distinguish
threeregionsexhibiting aninterplaybetweenthetwo scales,á ± and ú [ 	 .
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Finite vertical offset

SubstitutingtheleadingorderWKB approximationto thecausalGreen’s functionof Eq.(4.12)
at finite verticaloffsetinto Eq.(4.14)yields

´·����	�� �!� H � µ � n � µ 	 � û iÆOÎ (�Ï +�Ð º 4�637Gå i á ±�( ¹ »�üý »�þ ¹ »�ÿ ��² t ����	$� H Ò t � 	]¡¢t :���	¢æÆ å���² t ����	 � H Ò t ����² t ��� µ 	 � H Ò t �>æ 	]¡�� 4�6;78� i á ±zÓ �!� H � µ � Ó Ò��":�Ò��
(6.1)

whereasbefore ��	>Ø�&�= ÁÝÜ ����	�� � µ 	 � and ��	>Ú�&Ê=·Þ�6¾����	��$� µ 	 � . To developtheuniform asymp-
totic approximationto ´ , we will introducethreeregions. Theouterregion is definedby the
condition ú [ 	 Ó ��	 H � µ 	 Ó�&Àç?�JÌO� ; thenthephasewill vary rapidly. Thusan innerregion is de-
finedby thecondition á ±�Ó ��	 H � µ 	 Ó
&�ç?�JÌO� . Theasymptoticexpansionson theouterandinner
regionswill appearto bevalid for á ±�Ó ��	 H � µ 	 Ó�� Ì and á ±$ú [ t Ó ��	 H � µ 	 Ó ��� Ì , respectively. The
overlappingregion is definedby the condition � á ±$ú [ 	 � 	]¡¢t Ó ��	 H � µ 	 Ó°& çè��ÌO� , wherethe outer
andinnerexpansionshouldmatchto theorderin á ± considered.

Case1: ú [ 	 Ó ��	 H � µ 	 Ó�&éçè��ÌO� (awayfromthediagonal). Thentheprincipalcontributionto the
Green’s function comesfrom the stationarypoint at Ò¨& C (accordingto Eq.(4.21)we haveÓ �!� H � µ � Ó¶&Êç?� á [ 	± � andhencetheterm Ó �!� H � µ � Ó�Ò doesnot play a role in thephase).Denote
thephasein theintegral representation(6.1)by 	 ,	P����	�� � µ 	 n
Ò3�'& ( ¹ »�üý »]þ ¹ »�ÿ ��² t ����	$� H Ò t � 	]¡¢t :
��	MY(6.2)

Then E Ï 	P����	�� � µ 	 n�Ò¶�z& H ( ¹ »�üý »�þ ¹ »�ÿ Ò��² t ����	$� H Ò t � 	]¡¢t :���	%�(6.3)

and E tÏ 	P����	�� � µ 	 n
Ò3�'& H ( ¹ »�üý » þ ¹ »�ÿ ² t ����	$���² t ����	$� H Ò t � ��¡¢t :���	oY(6.4)

Indeed,�]E Ï 	\������	2� � µ 	 n�C
�z&{C . For thestationaryphaseanalysiswe introducethenotation��±�����	�� � µ 	 �9&�	P����	�� � µ 	 n�C
�%� �O	2����	�� � µ 	 �z& H ��E tÏ 	\�2����	�� � µ 	 n�C��%�(6.5)

or in general, �
É�����	��$� µ 	 �z&)( ¹ »�üý »]þ ¹ »�ÿ ��²z����	$�>� 	 [ t�É :
��	%Y(6.6)
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Carryingout thestationaryphaseanalysisthenyields,´m����	�� �!� H � µ � n � µ 	 � û å iÆ�Î á ±d�O	2����	��$� µ 	 � æ 	]¡¢t 4�637'� i á ±!�2±�����	�� � µ 	 �>�Æ ��²z����	 ��²z��� µ 	 ��� 	]¡¢t Y(6.7)

Case2: á ±�Ó ��	 H � µ 	 Ó�&éçè��ÌO� (nearthediagonal). Let ��	9& 	t ����	8Rr� µ 	 ��R 	t ����	 H � µ 	 ��
¾	 . Then
thephase(Eq.(6.2))of Eq.(6.1)canbeapproximatedby	P����	�� � µ 	 n�Ò¶�d& 	t Ó ��	 H � µ 	 Ó�( 	� »]þ [ 	 ��² t � 	t ����	�Rr� µ 	 ��R 	t ����	 H � µ 	 ��
¾	 � H Ò t � 	]¡¢t :�
¾	&DÓ ��	 H � µ 	 Ó��3��² t � 	t ����	°R£� µ 	 � � H Ò t � 	]¡¢t R çè�$����	 H � µ 	 � t ���5�(6.8)

while thedenominatorof theintegrandin Eq.(6.1)canbeapproximatedby

(6.9) �Ý��² t ����	 � H Ò t ����² t ��� µ 	 � H Ò t ��� 	]¡�� &Ê��² t � 	t ����	�Rr� µ 	 �$� H Ò t � 	]¡¢t �UÌLR çè�$����	 H � µ 	 � t ���ZY
UsingEqs.(6.8)and(6.9) in Eq.(6.1),wefind that´·����	�� �!� H � µ � n � µ 	 � û i� Î ( Ï +�Ð º 4�6378� i á ±��$��² t � 	t ����	°R£� µ 	 � � H Ò t � 	]¡¢t Ó ��	 H � µ 	 Ó2RVÒ�Ó �!� H � µ � Ó������² t � 	t ����	�Rr� µ 	 � � H Ò t � 	]¡¢t :�Ò

& i� ä � 	 �± � á ±�²z� 	t ����	°R£� µ 	 � ��������	 H � µ 	 � t R{���!� H � µ � � t � 	]¡¢t��(6.10)

(seeMorseandFeshbach[9], p.823).

Case3: � á ± ú [ 	 � 	]¡¢t Ó ��	 H � µ 	 Ó�& ç?�JÌ"� . On this overlappingregion the asymptoticexpansions
(6.7)and(6.10)mustmatch.Ontheonehand,in Eq.(6.7)notethaton this region�
É�����	�� ��µ 	 �z&Ê��²z� 	t ����	°R£��µ 	 � �>� [ É Ó ��	 H ��µ 	 Ó��UÌMR ç?� ����	 H ��µ 	 � t ���S� ËZ&gC;��ÌjY(6.11)

Also, ��²z����	 �J²z��� µ 	 ��� 	]¡¢t &{²d� 	t ����	°R£� µ 	 � ���UÌLR çè�$����	 H � µ 	 � t ���Z�(6.12)

cf. Eq.(6.9).On theotherhand,in Eq.(6.10)wehaveä � 	 �± � á ±�	\� û�� ÆÎ�� 	]¡¢t � H i � 	]¡¢t 4�6378� i á ±�	\�� á ±�	\� 	]¡¢t �UÌMR ç?� á [ 	± ���5Y
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In theAppendixweshow how this leadsto theuniformasymptoticexpansion´·����	�� �!� H � µ � n � µ 	 � û i� � ����	�� � µ 	 ���²z����	 �J²d��� µ 	 ��� 	]¡¢t ä � 	 �± � á ± � ����	��$� µ 	 ���c����	�� � µ 	 �$�\�(6.13)

where,for notationalconvenience,we have introducedthe effective index of refractionand
effectivehorizontaldistanceas

� ����	�� � µ 	 �¯q å ��±"����	�� � µ 	 ���	�����	�� � µ 	 � æ 	]¡¢t �(6.14) � 	�����	�� � µ 	 �¯q ���2±O����	��$� µ 	 �J��	�����	�� � µ 	 �>� 	]¡¢t �(6.15)

with limiting behaviors � ����	2� ��	$�¯& ²d����	 �o�(6.16) ¿ÝÁ =¹ »�� ¹�º »
� 	�����	�� � µ 	 �Ó ��	 H � µ 	 Ó & Ì(6.17)

andtheeffectivedistance�c����	�� � µ 	 �z&Ê��� � 	2����	�� � µ 	 � � t Rg���!� H � µ � � t � 	]¡¢t(6.18)

with limiting behaviors�c����	�� � µ 	 � û � 	�����	�� � µ 	 � �8ÌMR ���!� H � µ � � tÆ � � 	2����	�� � µ 	 � � t R ç?� � � 	2����	�� � µ 	 � �
[ � �"!5�O� á ±��"ú"� 	]¡¢t Ó ��	 H � µ 	 Ó#� Ì���c����	�� � µ 	 � û ������	 H � µ 	 � t R)���!� H � µ � � t � 	]¡¢t �UÌMR ç?� ����	 H � µ 	 � t ���U� � á ±��Oú�� 	]¡¢t Ó ��	 H � µ 	 Ó � Ì�Y
Indeed,with theseexpansions,from Eq.(6.13)bothlimiting equations(6.7)and(6.10)canbe
recovered. Note that the distancefunction � (andthe function ��± in the Appendix)not only
dependson ��	�� � µ 	 but also on �!� H � µ � . To elucidatethe ‘matrix’ structureof our kernels,
however, wesuppressthedependenceon theverticalcoordinatein ournotation.

In AppendixA, thenext ordertermof theuniformasymptoticexpansionof thecharacteristic-
equationGreen’s functionhasbeenderivedaswell. To provide insightin theresults,we intro-
ducefunctionals$�É of index of refractionas

(6.19)$JÉ [ 	2����	��$��µ 	 �9&�� Æ Ë H ÌO���&%¾	2����	�� ��µ 	 ��Rg� Æ Ë H(' ��%�tO����	�� ��µ 	 ��R{� Æ Ë H*) �2� Æ Ë H(' ��%��O����	�� ��µ 	 �����
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where %��O����	��$� µ 	 �â& H Ì+ å Ì H � ����	��$� µ 	 �� µ ����	�� � µ 	 � æ �(6.20)

%�tO����	��$��µ 	 �â& H Ì� å ¤ � ����	�� � µ 	 �²z����	 � ¦ t R ¤ � ����	�� � µ 	 �²z��� µ 	 � ¦ t HrÆ æ R§Ì Æ %��O����	�� ��µ 	 �%�(6.21)

%¾	2����	��$� µ 	 �â& H Ì+ � ����	�� � µ 	 �� µ µ ����	�� � µ 	 � R � %�t"����	�� � µ 	 � HrÆ � %�������	��$� µ 	 �%�(6.22)

with � � µ ����	�� � µ 	 �>� [ 	 & � � ����	�� � µ 	 ��� t� 	�����	�� � µ 	 � ( ¹ »�üý »]þ ¹ »�ÿ ��²z����	$��� [ � :���	%�(6.23)

� � µ µ ����	�� � µ 	 ����[ 	 & � 	�����	�� � µ 	 � ( ¹ »�üý »�þ ¹ »�ÿ ��²z����	$����[ 	 å Æ E t	 ²z����	 �²d����	$� H(' ¤ Ec	J²d����	$�²z����	 � ¦ t æ�:���	oY(6.24)

Thelimiting behaviors % ±, of the % , ,% ±, ����µ 	 �9& ¿ÂÁ =¹ »�� ¹ º » % , ����	�� � µ 	 �� � 	2����	�� � µ 	 �>� t.- à � /�&�Ì�� Æ � ' �(6.25)

arefoundto be % ±� ��� µ 	 �¯& ÌÆ ��¤ E;	�²d��� µ 	 �²d��� µ 	 � ¦ t �(6.26)

% ±t ����µ 	 �¯& ÌÌ Æ å E t	 ²z��� µ 	 �²z��� µ 	 � R Æ ¤ Ec	J²d��� µ 	 �²d��� µ 	 � ¦ t æ �(6.27)

% ±	 ��� µ 	 �¯& ÌÆ � å Æ E t	 ²z��� µ 	 �²z��� µ 	 � R ¤ E;	�²z��� µ 	 �²z��� µ 	 � ¦ t æSY(6.28)

ThenEq.(6.13)extendsto´·����	�� �!� H � µ � n � µ 	 � û i� � ����	2� � µ 	 ���²z����	 �J²d��� µ 	 ��� 	]¡¢t10å�ÌMRg��2�%��O����	�� � µ 	 � H %�t�����	��$� µ 	 � � ¤ �!� H � µ �� 	�����	��$� µ 	 � ¦ t æ43G±O� á ± � ����	�� � µ 	 ���c����	�� � µ 	 � ��R
å $ [ 	�����	��$� µ 	 ��R5%�������	�� � µ 	 �\¤ á ± � ����	��$� µ 	 �����!� H � µ � � t�c����	�� � µ 	 � ¦ t æ 3 [ 	�� á ± � ����	�� � µ 	 ���c����	�� � µ 	 �$�� á ± � ����	�� � µ 	 � � 	2����	��$� µ 	 � � t RkÍ"Í"Í�6��

(6.29)
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where 3oÉ���7;�zq � Æ Ë H ÌO��898 ä � 	 �É ��7c�7 É � � Æ Ë H ÌO�:8;8¶& ��Ë H 	t �:8 Æ É< Î Y(6.30)

(Notethat � H=' �:8;8¶& H Ì while ä � 	 �[ É ��7c�z&Ê� H Ì"� É ä � 	 �É ��7c� .)
Zero vertical offset

To find a uniformasymptoticexpansionof theGreen’s functionat zeroverticaloffset,we can
simply take thelimit �!� H � µ � F C
in the resultsobtainedin the previoussubsection.In particular, thedistance� reducesto

� 	 .
FromEq.(6.29),weobtain´·����	���C;n$� µ 	 � û i� � ����	�� � µ 	 ���²d����	 ��²z��� µ 	 �>� 	]¡¢t 0(6.31)

3G±O� á ± � ����	2� ��µ 	 �
� 	2����	�� ��µ 	 � ��R5$ [ 	�����	�� ��µ 	 � 3 [ 	�� á ± � ����	�� � µ 	 �

� 	2����	�� � µ 	 � �� á ± � ����	��$� µ 	 � � 	�����	�� � µ 	 �$� t RkÍ"Í"Í 6 Y
7 Uniform asymptoticexpansionof the (de)compositionoperator kernels

Uniform asymptoticexpansionof
÷ [ 	]¡¢t

On the basisof Eq.(5.4)we find that the Schwartz kernel of the inversevertical slowness
operatordirectly followsfrom Eq.(6.31):÷ [ 	]¡¢t ����	��$��µ 	 �9& HGÆ i #m´·����	���C;n$��µ 	 � û # � ����	�� � µ 	 �Æ ��²d����	 �J²d��� µ 	 �>� 	]¡¢t 0(7.1)

3G±O� á ± � ����	2� ��µ 	 �
� 	2����	�� ��µ 	 � ��R5$ [ 	�����	�� ��µ 	 � 3 [ 	�� á ± � ����	�� � µ 	 �

� 	2����	�� � µ 	 � �� á ± � ����	��$� µ 	 � � 	�����	�� � µ 	 �$� t RkÍ"Í"Í 6 Y
Uniform asymptoticexpansionof

÷ É [ 	]¡¢t , Ë�Õ?>&>
Accordingto Eq.(5.7)wehave ÷ É [ 	]¡¢t &k  É ÷ [ 	]¡¢thY(7.2)

For theSchwartzkernelsassociatedwith theoddpowersof theverticalslownessoperator, with
Eq.(7.1),we thusfind thefollowing rule÷ É [ 	]¡¢t ����	�� ��µ 	 � û # � ����	�� � µ 	 �Æ ��²z����	$�J²d��� µ 	 ��� 	]¡¢t � ³ [ 	± � ����	2� ��µ 	 �>� t�É 0(7.3)
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3oÉ�� á ± � ����	2� � µ 	 �
� 	2����	��$� µ 	 � ��R@$�É [ 	2����	�� � µ 	 � 3oÉ [ 	2� á ± � ����	��$� µ 	 �

� 	�����	�� � µ 	 �$�� á ± � ����	��$� µ 	 �
� 	�����	�� � µ 	 �$� t RkÍ"Í"ÍA6�Y

Again,all thesekernelsareimplicitly dependenton �!� throughtheindex of refraction.

8 Uniform asymptoticexpansionof the one-waypropagatorkernel

SubstitutingEq.(6.29)into Eq.(4.6),we obtain¸@����	�� �!� H � µ � n � µ 	 � û iÆ á t± � � ����	�� � µ 	 �����!� H � µ � ���²z����	 �J²d��� µ 	 ��� 	]¡¢t 0
å�ÌMR ¤ �!� H � µ �� 	�����	��$� µ 	 � ¦ tCBD Æ %�������	�� � µ 	 � H %�t"����	�� � µ 	 ��R Æ %��O����	��$� µ 	 � ¤ �!� H � µ ��c����	�� � µ 	 � ¦ tFEG æH 3j	�� á ± � ����	2� ��µ 	 ���;����	�� ��µ 	 �$��RÌ� á ± � ����	�� � µ 	 � � 	�����	�� � µ 	 �$� t å;$�±�����	��$� µ 	 � H %��O����	�� � µ 	 � ¤ á ± � ����	�� � µ 	 �����!� H � µ � � t�;����	�� � µ 	 � ¦ t æH 3G±�� á ± � ����	2� ��µ 	 ���;����	�� ��µ 	 �$��RkÍ"Í"Í 6 Y(8.1)

Note that
÷ 	]¡¢t ����	�� � µ 	 �S& H i # [ 	 E
��¸@����	���C;n � µ 	 � in agreementwith Eq.(7.3). We alsoobserve

that ¿ÂÁ =¹�Ã]Ä�¹�ºÃ ¸@����	�� �!� H � µ � n � µ 	 �9&g^3����	 H � µ 	 �o�(8.2)

while wecanshow that¸@����	�� �!� H � µ � n � µ 	 � û i IJÉ þ 	 � H � É [ 	� Æ Ë H Ì"�:8 ��#G���!� H � µ � �$� t�É [ 	 ÷ É [ 	]¡¢t ����	�� � µ 	 �o�(8.3)

whichexpansionis in agreementwith theproductintegral representationof DeHoop[1].

9 Uniform asymptotic expansionof the reflection/transmissionoperator
kernel

To incorporatethe up/down interaction,we allow the transverseHelmholtzor characteristic
operatorto vary from onethin slabto another. Thoughstrictly speaking,we couldnow take
thefinite differenceof two neighboringoperatorsonly, we will in fact replacethis difference
by aderivative.
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Uniform asymptoticexpansionof EU� ÷ 	]¡¢t
For the interactionoperatorwe needthe verticalderivative of the vertical slownessoperator,
assumingthat the index of refractionis now �!� dependent.By differentiation,theasymptotic
expansionof its Schwartzkernelfollows from Eq.(7.1)as��EU� ÷ 	]¡¢t ������	��$� µ 	 � û á ±Æ ³ ± ��±�����	�� � µ 	 ���	�����	�� � µ 	 �=K ����	�� � µ 	 � 0E
���2±O����	�� � µ 	 ��2±�����	�� � µ 	 � 3G±�� á ±
�2±O����	�� ��µ 	 �$��R@$�±ML �O����	�� ��µ 	 ��3j	2� á ± ��±�����	�� ��µ 	 � ��R§Í"Í"Í 6 �(9.1)

where K ����	��$� µ 	 �L&¥å ��±�����	�� � µ 	 �²z����	 �J²d��� µ 	 �;��	�����	�� � µ 	 � æ 	]¡¢t(9.2)

and $�±ML ������	�� � µ 	 �z& H ÌÆ H(9.3)

å E
�
²z����	 �²z����	 � R E
��²z��� µ 	 �²z��� µ 	 � R)�JÌLR Æ $�±�����	�� ��µ 	 � � E
����±O����	�� � µ 	 ���±�����	�� � µ 	 � R ' E
���O	2����	�� � µ 	 ��O	�����	�� � µ 	 � æ Y
Uniform asymptoticexpansionof í
Sinceweassumedthedensityto beconstant,wecanrewrite Eq.(2.28)as­ & 	t �'[ 	 �]E
���8�oY(9.4)

To arriveat thekernelfor this reflection(andtransmission)operator, we thushave to compose
theSchwartzkernels

÷ [ 	]¡¢t and E
� ÷ 	]¡¢t numerically. Thatisí�����	�� � µ 	 �z& 	t ( ¹ º º»�+�- . ÷ [ 	]¡¢tO����	��$� µ µ	 ����EU� ÷ 	]¡¢t ����� µ µ	 � � µ 	 �;:;� µ µ	
û á t±+ ( ¹ º º» +�- . K ����	�� � µ µ	 � K ��� µ µ	 �$� µ 	 � ��±���� µ µ	 � � µ 	 ���	���� µ µ	 � � µ 	 �H å E
����±���� µ µ	 � � µ 	 ���±O��� µ µ	 � � µ 	 � 3h±O� á ±
�2±�����	�� � µ µ	 � �N3G±O� á ±��2±O��� µ µ	 � � µ 	 � ��R$�±ML ����� µ µ	 � � µ 	 ��3h±O� á ±���±"����	�� � µ µ	 � �N3j	�� á ±
�2±O��� µ µ	 � � µ 	 � ��R$ [ 	�����	�� ��µ µ	 � E
���2±���� µ µ	 �$� µ 	 ��2±O��� µ µ	 � � µ 	 � 3j	2� á ± ��±�����	��$��µ µ	 �$�O3G±�� á ± ��±O����µ µ	 � ��µ 	 �$��R{Í"Í"Í æ :;��µ µ	 Y(9.5)



M.V. deHoop,A.K.Gautesen� UniformasymptoticBremmerseries 21

Since '�Î � á ±
²d����	 �$� t ¿ÂÁ =¹ º » � ¹ » $ [ 	�����	�� ��µ 	 �N3j	2� á ±
�2±�����	��$��µ 	 � �9& H i å E t	 ²z����	 �²d����	 � H ¤ Ec	J²d����	 �²d����	 � ¦ t æ �(9.6)

'�Î � á ±
²d����	 �$� t ¿ÂÁ =¹ º » � ¹ » $�±ML ������	�� � µ 	 �N3j	2� á ±
�2±�����	��$� µ 	 � �9& H i E
� ¤ E t	 ²d����	 �²z����	 � ¦ �(9.7)

theonly singularitiesof thekernelin Eq.(9.5)aretheonescontainedin thefactors3G±�� á ± ��±�����	�� � µ 	 � � , whicharelogarithmicat ��	L&§� µ 	 .
Constrainingour analysisto the behaviors of the kernelsof our operatorsnear their di-

agonals, we make the following observation. Up to leading-orderasymptotics,ignoring the
commutatorsof any coupleof operators,in Eq.(9.4)we cansubstitute��E
�����¾Í û 	t �'[ 	 �$�]E
� ³ [ t �¾Í��(9.8)

which resultsin theapproximation­ Í û 	� a [ 	 � ��EU� ³ [ t �¾Í��%Y(9.9)

Then,for thekernelof thereflectionoperator, nearits diagonal,wefindíB����	�� � µ 	 � û 	� ÷ [ 	2����	�� � µ 	 �%��E
� ³ [ t �2��� µ 	 �oY(9.10)

Notethat
÷ [ 	2����	�� � µ 	 �@& H # t Ñ´m����	�� � µ 	 n�C�� , hence,with Eq.(A.1),up to leadingordernearthe

diagonalwe have í�����	��$��µ 	 � û H i á ±� 4�6;78� i á ±!��±�����	�� � µ 	 �>�Æ ��²d����	 ��²z��� µ 	 �>� 	]¡¢t ��EU��² t ������µ 	 �oY(9.11)

A morerefinedanalysisof Eq.(9.5),valid away from thediagonal,leadsto the following
finite integralapproximationof thereflectionoperatorkernel,í�����	��$� µ 	 � û 4�6378� i á ±!��±O����	�� � µ 	 ���� Î ��²d����	 ��²z��� µ 	 �>� 	]¡¢t ( ¹ »�ü¹ º º» þ ¹ »�ÿ ­ ±"����	�� � µ 	 n � µ µ	 �����	�����	�� � µ µ	 ����	2��� µ 	 � � µ µ	 �>� 	]¡¢t :3� µ µ	 �(9.12)

in which

­ ±�����	�� ��µ 	 n ��µ µ	 �9& H i á ±0E
����±"��� µ 	 � � µ µ	 �²z��� µ µ	 �;��	2��� µ 	 � � µ µ	 � R $ [ 	�����	��$� µ µ	 �cE
����±O��� µ 	 � � µ µ	 �²z��� µ µ	 �;��±"����	�� � µ µ	 �J�O	���� µ 	 � � µ µ	 � R $�±ML ������	�� � µ 	 �²d��� µ µ	 �;�O	2��� µ 	 �$� µ µ	 �R � �O	�����	�� � µ µ	 � H ��	2��� µ 	 � � µ µ	 � � �2±O����	��$� µ 	 �J�O	�����	�� � µ µ	 �cE
����±O��� µ 	 � � µ µ	 �� ����	�����	�� � µ 	 �>� t �2±O����	��$� µ µ	 ����±���� µ 	 �$� µ µ	 �H � ²d��� µ µ	 ��2±O����	��$� µ µ	 � H ²z��� µ µ	 ��2±���� µ 	 � � µ µ	 � H Ì²z��� µ µ	 �;��	�����	�� � µ µ	 � R E
�
²z��� µ µ	 �E
����±���� µ 	 � � µ µ	 � � Y(9.13)
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10 The generalizedBremmercoupling series

In this section,finally, we will provide therecipeto generatea full-wave solutionwith theaid
of thekernelsderivedsofar. To this end,we will summarizethegeneralizedBremmerseries
solutionprocedure[1] andthendecomposethisexactprocedureinto thin-slabcontributions.

The coupledsystemof integral equations

Applying operatorswith kernelş ����� (cf. Eq.(3.6))to Eq.(2.26)weobtainacoupledsystemof
integralequations.In operatorform, they aregivenby�]^�_ ` H(P _$`��$��`j&g� � ± �_ �(10.1)

in which � � ± � denotesthe incidentfield. In our configurationthe domainof heterogeneity
will be restrictedto the slab �]C;� �RQ�SOT U� � with �RQ�SMT U� AõC , andthe excitationof the waveswill be
specifiedthroughan initial conditionat the level �!�|&�C , following from sourcedistribution
component��� [ 	 ��	]�ZfS� (cf. Eq.(2.26))with support�!�WV§C ,��� ± �	 ����	�� �!���9& ( ¹�º »¢+2- .G¸ ����� ����	��$�!�"n ��µ 	 ��C
���«	2����µ 	 ��C
�J:3��µ 	 �(10.2)

� � ± �t ����	�� �!���9&gC|�(10.3)

in therangeof interest,�!�hÕr��C3� �RQ�SMT U� � ; thesecondequationreflectstheassumptionthatthereis
noexcitationabove theheterogeneousslab. Theintegraloperatorsin Eq.(10.1)aregivenby� P 	>	 �¨	$�2����	�� �!���z& ( ¹�ÃÏ þ ± ( ¹�º » +2- . ¸ ����� ����	�� �!��n$� µ 	 ��Ò¶��� ¬ �«	J�2��� µ 	 ��Ò¶�J:3� µ 	 :�Ò·�(10.4)

� P 	�t��Bt��2����	�� �!���z&g( ¹�ÃÏ þ ± (�¹�º »>+2- .Ç¸ ����� ����	�� �!��n$� µ 	 ��Ò¶��� ­ �©t��2��� µ 	 ��Ò¶��:;� µ 	 :�Ò��(10.5)

� P t 	 �¨	$�2����	�� �!���z&g( ¹�XZY�[ \ÃÏ þ ¹�Ã ( ¹�º » +�- . ¸ � [ � ����	�� �!��n � µ 	 �
Ò3�2� ­ �«	J�2��� µ 	 ��Ò¶�J:3� µ 	 :�Ò·�(10.6)

� P t>t��Bt��2����	�� �!���z&g( ¹ XZY�[ \ÃÏ þ ¹�Ã ( ¹�º » +�- . ¸ � [ � ����	�� �!��n � µ 	 �
Ò3�2� ¬ �©t������ µ 	 ��Ò¶�J:;� µ 	 :�Ò·Y(10.7)

They describetheinteractionbetweenthecounter-propagatingconstituentwaves.

The Bremmerseries

If # & i ] (and ��	u& i ^z	ÇÕ i < × , cf. Eq.(4.2))theuniform asymptoticexpansionsremainvalid.
For ] real andsufficiently large – which is all we needfor causalwavefield representations
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– theNeumannseriesexpansioncanbeemployedto invert �]^�_$` H_P _$`�� in Eq.(10.1),seeDe
Hoop[1]. Suchaprocedureleadsto theBremmercouplingseries,�©_\& IJÉ þ ± � P É �J_$`���� ± �` &g��� ± �_ R P _$`���� ± �` R{� P t ��_ `���� ± �` R§Í"Í"Í\Y(10.8)

To emphasizethephysicalnatureof theexpansion,wewrite�©_\& IJÉ þ ± ��� É �_ �(10.9)

in which ��� É �_ & P _$`���� É [ 	 �` for Ëa`éÌe�(10.10)

canbeinterpretedasthe Ë -timesreflectedor scatteredwave.

Compositionof thin-slab propagators

In general,we canrepresenttheactionof theone-sidedGreen’s kernelsby a productintegral,
viz.,

��� ± �	 �JY�� �!���9& bc d ¹�ÃeÏ º þ ± 4�6378� i #M� ����� �JY���Ò µ ��:�Ò µ �Of gh �¨	���YÝ�
C
�%Y(10.11)

Let ussplit theinterval ��C;�$� Q�SOT U� � into i thin slabswith thicknessjZ�!� . Thepropagator, propa-
gatingwavesthroughthe á th thin slab,canthenbewrittenask ��YÝ� á �z& bc d IMl ¹�ÃeÏ º þ � I [ 	 � l ¹�Ã 4�6378� i #M� ����� ��YÝ�
Ò µ �J:cÒ µ � f gh �(10.12)

which impliesthatEq.(10.11)canbewritten in theform� � ± �	 �JY�� �!���9& k ��YÝ� á � k �JY�� á H ÌO�¾Í"Í"Í k ��YÝ��Ì"�8�«	��JY���C
�%Y(10.13)

In thecontext of ourthin-slabdecomposition,in accordancewith Eq.(3.6),weseţ ����� ����	���jZ�!�"n � µ 	 �z&¸ ����� ����	�� á jZ�!�"n � µ 	 �O� á H ÌO�OjZ�!��� andwegetk �JY�� á �8�«	��JY��O� á H ÌO�NjZ�!���L& ( ¹ º »>+�- .Ç¸ ����� ����	���jZ�!�"n � µ 	 ���«	2��� µ 	 �O� á H ÌO�OjZ�!����:;� µ 	 Y(10.14)
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Contributions fr om the thin slabs

To arrive at an iterative schemefor the solutionof Eq.(10.1),considerthe Ë -timesreflected
constituentwave. Set ��� É �_ �JY�� á jZ�!���9&{�c� É �_
	 �JY�� á ��RT�c� É �_�t �JY�� á �%�(10.15)Ë|&�Ì�� Æ ��Í"Í"Í and á &gC3��Ì���Í"Í"Í���i , where(cf. Eq.(10.10))�c� É �_�	 �JY�� á �9&�� P _�	J��� É [ 	 �	 �2�JY�� á jZ�!���o� �c� É �_Jt �JY�� á �9&�� P _Jt���� É [ 	 �t �2�JY�� á jZ�!���oY(10.16)

Uponcomparisonwith Eq.(10.4)wefind that

�c� É �	>	 �JY�� á �z&)( IFl ¹�ÃÏ þ ± bc d IMl ¹�ÃeÏ º þ Ï 4�6378� i #M� ����� ��YÝ��Ò µ �J:�Ò µ �Mf ghnm � É �	>	 �JY���Ò¶�J:cÒ��(10.17)

with m � É �	>	 �JY���Ò¶�d&Ê� ¬ ��� É [ 	 �	 ����YÝ�
Ò3�LY(10.18)

Similarly,

�c� É �	�t �JY�� á �z& ( IFl ¹�ÃÏ þ ± bc d IFl ¹�ÃeÏ º þ Ï 4�6378� i #M� ����� ��YÝ�
Ò µ �J:�Ò µ �Mf gh m � É �	�t ��YÝ��Ò¶��:�Ò��(10.19)

� � É �t 	 �JY�� á �z& H ( ¹ X;Yo[ \ÃÏ þ IFl ¹�Ãpbc d IFl ¹ ÃeÏ º þ Ï 4�6;78� i #M� � [ � �JY���Ò�µ���:�Ò�µ �Of ghnm � É �t 	 ��YÝ�
Ò3��:�Ò|�(10.20)

�c� É �t>t �JY�� á �z& H ( ¹�X;Yo[ \ÃÏ þ IFl ¹�Ã bc d IFl ¹�ÃeÏ º þ Ï 4�6;78� i #M� � [ � �JY���Ò�µ���:�Ò�µ � f gh m � É �t>t ��YÝ�
Ò3��:�Ò|�(10.21)

with m � É �	�t ��YÝ�
Ò3�'&Ê� ­ ��� É [ 	 �t ����YÝ��Ò¶�M�(10.22) m � É �t 	 ��YÝ�
Ò3�'&Ê� ­ ��� É [ 	 �	 ����YÝ��Ò¶�M�(10.23) m � É �t>t ��YÝ�
Ò3�'&Ê� ¬ ��� É [ 	 �t ���JY���Ò¶�MY(10.24)

In view of Eq.(2.28)wehavem � É �t 	 & H m � É �	>	 and m � É �	�t & H m � É �t>t Y
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To constructthe iterationscheme,we carry out the following steps. Using the semi-group
propertyof propagators,weobtain��� É �	>	 �JY�� á �z& bc d IFl ¹�ÃeÏ º þ � I [ 	 � l ¹�Ã 4�6378� i #M� ����� �JY���Ò�µ��J:�Ò�µ�� f gh

( � I [ 	 � l ¹ ÃÏ þ ± bc d � I [ 	 � l ¹�ÃeÏ º þ Ï 4�6378� i #M� ����� ��YÝ�
Ò µ �J:cÒ µ � f gh m � É �	>	 ��YÝ�
Ò3��:�Ò
R«( IFl ¹�ÃÏ þ � I [ 	 � l ¹�Ã bc d IFl ¹�ÃeÏ º þ Ï 4�6378� i #M� ����� �JY���Ò µ ��:�Ò µ �Of gh m � É �	>	 �JY���Ò¶�J:�Ò��(10.25)

whichcanbewrittenas�c� É �	>	 �JY�� á �z& k �JY�� á �;�c� É �	>	 �JY�� á H ÌO��R5q|� É �	>	 �JY�� á �%�(10.26)

where q|� É �	>	 �JY�� á �z&)( IFl ¹�ÃÏ þ � I [ 	 � l ¹ Ã bc d IFl ¹�ÃeÏ º þ Ï 4�6;78� i #M� ����� �JY���Ò µ ��:�Ò µ � f gh m � É �	>	 �JY���Ò¶�J:�Ò�Y(10.27)

Recursionrelationssimilar to theonein Eq.(10.26)canbefoundfor theotherelementsof � � É � ,
viz.,�c� É �	ã` �JY�� á �¯& k ��YÝ� á �;��� É �	ã` ��YÝ� á H Ì"��R@qZ� É �	ã` ��YÝ� á � for á & Ì�� Æ ��Í"Í"Í2��i ��c� É �tJ` �JY�� á �¯& k �JY�� á RkÌO�;�c� É �tJ` �JY�� á RkÌ"��R@qZ� É �tJ` ��YÝ� á � for á &ri H Ì���i HTÆ ��Í"Í"Í���C Y
(10.28)

Here q � É �	ã` ��YÝ� á �z& ( IMl ¹ ÃÏ þ � I [ 	 � l ¹�Ã bc d IMl ¹�ÃeÏ º þ Ï 4�6378� i #M� ����� ��YÝ��Ò�µ��J:�Ò�µ �Mf ghnm � É �	ã` ��YÝ��Ò¶��:�Ò��(10.29)

qZ� É �tJ` ��YÝ� á �z&)( IMl ¹�ÃÏ þ � I � 	 � l ¹�Ã bc d ÏeÏ º þ IFl ¹�Ã 4�6;78� H i #M� � [ � ��YÝ��Ò µ �J:�Ò µ �Mf ghnm � É �tJ` �JY���Ò¶�J:cÒ�Y(10.30)

Theinitial valuesfor therecursivescheme(10.28)aregivenby� � É �	ã` ����	���C
� & C��(10.31) � � É �tJ` ����	���ig�â& C��(10.32)
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again,for ËZ&�Ì�� Æ ��Í"Í"Í .
In summary, thegeneralizedBremmerseriesis generatedthroughrecursion(10.28),with

supportingequations(10.14)for theone-way propagationand(10.29)-(10.30)for theinterac-
tion (reflectionandtransmissionrepresentedby Eqs.(10.18),(10.22)-(10.24)).All theproduct
integralshavebeensubjectedto substitutionsof thetype(10.14).

11 Discussion

TheBremmerseriesexpansionof thesolutionto themulti-dimensionalwaveequationprovides
insight in and control over multiple scattering. As suchthe expansionis a useful tool for
analyzingand interpreting(migrating) wave fields in multi-dimensionalconfigurations. In
thispaper, wehaveestablishedclosed-formuniformasymptoticexpansionsof thekernelsthat
generatethegeneralizedBremmerseries.

While developingthe uniform asymptoticexpansion,we have addressedthe outstanding
problemassociatedwith thecontinuationof theresultsof DeHoop[1] basedonthecalculusof
(elliptic) pseudodifferentialoperatorsin thetime-Laplacedomainto thetime-Fourierdomain.
Thiscontinuationliesoutsidethescopeof thestandardcalculusof pseudodifferentialoperators
andmayleadto furtherdevelopments.Also, mostnumericalschemesgenerating(someterms
of) thegeneralizedBremmerseriessolutionhave beendevelopedin the time-Fourierdomain
thoughthetheoreticalbasisfor thiswasmissing.

Ontheonehand,ouranalysisgaveuscontroloverthemulti-dimensionalscatteringprocess;
on theotherhand,wehavedevelopedanovel schemefor wavepropagationandscatteringthat
is accuratein the presenceof tranversemediumvariationsandcontainsboth pre- andpost-
critical scattering-anglephenomena.Ourtheoryis valid for high-frequencies,andconceptually
is an intermediatebetweenasymptotic-rayandfull-wave theories.It allows the formationof
caustics.

In the uniform asymptoticapproximation,the propagatoris expandedin a basisderived
from Hankel functions,which differs from the Fourier basesoften encounteredin approxi-
matepropagationproceduressuchasthephase-shift-plus-interpolation[10] (andtheMcClel-
lan transformapproachin threedimensions[11]), the split-stepFourier [12] and the phase
screen[13] methods.Hiddenin theuniform asymptoticexpansionarecertainaspectsof ho-
mogenization:we have introducedan effective index of refractionand an effective metric,
which follow from theactualmediumvariations.

Our uniform asymptoticBremmerseriessolutionprocedurecanbeappliedto thefieldsof
integratedoptics,oceanacousticsandexplorationseismics.In particular, in seismicimaging–
in thesearchfor andanalysisof hydro-carbonreservoirs below complex geologicalstructures
– wherecausticsoccurandpost-criticalanglephenomenaplay a role,our uniformasymptotic
approachprovidesausefulbasisfor theunderlyingmigrationprocedure.
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Figure1.1: Illustrationof theBremmercouplingseries.All thesolid
‘rays’ correspondwith thelowest-orderterm;thedashed‘rays’ cor-
respondwith thenext-orderterm. z­1{ is theresolventassociatedwith
the operatorP (Eqs.(10.4)-(10.7))andgeneratesthe up/down scat-
tering; z­ �}|c�ë is theresolventassociatedwith theoperator  (Eq.(3.3))
andcontainstheright-left scattering.
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Helmholtz-equationGreen’s functionrepresentation.
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Appendix A. Derivation of the uniform asymptoticexpansionof the
characteristic-equationGreen’s function

We employ theWKB methodto obtainthehigh-frequency asymptoticsolutionto Eq.(4.11):Ñ´·����	��$� µ 	 n�Ò¶�z& iá ± 4�6378� i á ±~	P����	�� � µ 	 n�Ò¶���Æ � Ñ²d����	�n�Ò¶� Ñ²'��� µ 	 n�Ò¶��� 	]¡¢tp0ÌMR Ì+
i á ± ( ¹ »�üý »�þ ¹ »�ÿ bm����	�n
Ò3�;:
��	¾R ÌÌ�2 á t± � bm����	�n�Ò¶�Ñ²z����	�n�Ò¶� R b·��� µ 	 n�Ò¶�Ñ²z��� µ 	 n
Ò3� R@�m����	�� ��µ 	 n�Ò¶� � R çè� á [ �± � 6 �

(A.1)

where 	 is givenby Eq.(6.2), Ñ²z����	�n�Ò¶�zqª��² t ����	$� H Ò t � 	]¡¢t �(A.2)

andb·����	�n�Ò¶�d&Ê� Ñ²z����	�n�Ò¶����[��M� Æ � Ñ²d����	�n�Ò¶��� t ��²z����	$�cE t	 ²d����	J�8R{��E;	J²d����	J��� t � H5) ��²d����	J�cEc	>²z����	$��� t �SY
(A.3)

The term �}����	��$� µ 	 n�Ò¶� hasthe propertythat �m����	�� ��	�n�Ò¶�è&��}����	�� � µ 	 n�C
��&WC . Thusan in-
tegrationby partsin Eq.(4.14)revealsthat this term doesnot contribute to the order in á [ 	±
considered.

In thefollowing asymptoticanalysiswewill introducetheaveragehorizontalcoordinate,���	L& 	t ����	°R£� µ 	 �%�(A.4)

thebackgroundradialdistance,��±"����	�� ��µ 	 �z&Ê������	 H ��µ 	 � t R{���!� H ��µ� � t � 	]¡¢t �(A.5)

thederivativefunctionsof theindex of refraction,^�t�����	 �z& ¤ E;	J²z����	 �²z����	 � ¦ t �(A.6)

^"	�����	 �z& E t	 ²z����	 �²z����	 � RV^�t�����	 �%�(A.7)

andthestretched,dimensionless,verticalwavenumberÒ��Sq Ò²z� ���	 � Y(A.8)
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Further, wesetÑ²¾±��]Ò����L&��JÌ H Ò t� � 	]¡¢t with ²z� ���	 � Ñ²¾±���Ò:���9& Ñ²z� ���	�n�Ò¶�%Y(A.9)

In theasymptoticanalysiswewill repeatedlyconsiderthebehaviorsof thephase	P����	�� � µ 	 n�Ò¶� ,
of thedenominator� Ñ²9����	�n�Ò¶� Ñ²'��� µ 	 n�Ò¶�>� 	]¡¢t , of thefunction b·����	
n�Ò¶� , andof theintegralof b .

Case1: ú [ 	 Ó ��	 H � µ 	 Ó�&éçè��ÌO� (awayfromthediagonal). Weexpandaboutthestationarypoint
at ÒZ&gC , 	P����	�� � µ 	 n
Ò3� û �2±O����	��$� µ 	 � H 	t Ò t ��	2����	�� � µ 	 � H 	� Ò � �2t�����	�� � µ 	 ��R§Í"Í"Í@�(A.10)

wherethe �
É aregivenby Eq.(6.6),while� Ñ²z����	�n�Ò¶����[ 	]¡¢t û ��²d����	 �>��[ 	]¡¢t 0 ÌMR � ÒÆ ²z����	 � � t RkÍ"Í"Í 6(A.11)

and bm����	�n�Ò¶� û ��²z����	$�>��[ 	 � Æ ^O	�����	$� H() ^2t�����	$�$��RkÍ"Í"Í\Y(A.12)

Substitutingtheseexpansionsin theexpression(A.1) for Ñ´ , expandingtheexponentialpartially
in aTaylorseries,yieldsÑ´·����	��$� µ 	 n�Ò¶� û iá ± 4�6378� i á ±'����±O����	�� � µ 	 � H 	t Ò t �O	�����	�� � µ 	 �$���Æ ��²d����	 ��²z��� µ 	 �>� 	]¡¢t 0

ÌMR Ì+
i á ± ( ¹ »�üý »�þ ¹ »�ÿ ��²d����	J��� [ 	 � Æ ^"	�����	$� H*) ^�t�����	J� �;:���	�R(A.13)

R Ò t� � Ì��²z����	 ��� t R Ì��²d��� µ 	 �>� t � H i á ±0Ò �+ ��tO����	�� ��µ 	 �°R ç?� á [ t± ��6�Y
Substitutingtheresultinto Eq.(4.14)andapplyinga stationaryphaseanalysisthenleadsto´m����	�� �!� H ��µ� n ��µ 	 � û å iÆ�Î á ±d�O	�����	��$� µ 	 � æ 	]¡¢t 4�6;78� i á ±!�2±�����	�� � µ 	 �>�Æ ��²d����	$��²z��� µ 	 ��� 	]¡¢t 0ÌMR Ì

i á ±0�2±O����	��$� µ 	 � å;$ [ 	�����	�� � µ 	 ��R Ì+ H � á ±8���!� H � µ � �>� t �2±�����	�� � µ 	 �Æ �O	2����	�� � µ 	 � æoR ç?� á [ t± � 6 �(A.14)

where $ [ 	 is givenby Eq.(6.19).

Case2: á ±�Ó ��	 H � µ 	 Ó�&éçè��ÌO� (nearthediagonal). Wenow expandin Ó ��	 H � µ 	 Ó ,	P����	�� � µ 	 n�Ò¶� û ²z� ���	 ��Ó ��	 H � µ 	 Ó 0 Ñ²�±��]Ò��
��R ����	 H � µ 	 � tÆ � Ñ²�±O�]Ò���� � ^O	�� ���	 � H ^�t�� ���	$�� Ñ²�±��]Ò��
�>� t � RkÍ"Í"Í 6 �
(A.15)
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while � Ñ²z����	�n�Ò¶� Ñ²'��� µ 	 n�Ò¶�>��[ 	]¡¢t û ��²z� ���	 � Ñ²¾±���Ò:������[ 	 H(A.16) 0 Ì H 	� ����	 H � µ 	 � t � ^O	�� ���	$�� Ñ²¾±���Ò:����� t H Æ ^�tO� ���	 �� Ñ²¾±"�]Ò:����� � � R§Í"Í"Í 6
and bm����	�n�Ò¶�Ñ²z����	�n�Ò¶� û ��²z� ���	 ����[ t � Æ ^"	2� ���	 �� Ñ²�±��]Ò:���>� � H ) ^2tO� ���	 �� Ñ²¾±��]Ò������9� � �(A.17)

sothat ( ¹ »�üý »]þ ¹ »�ÿ b·����	
n�Ò¶�;:���	 û ��²z� ���	 ����[ 	 Ó ��	 H � µ 	 Ó � Æ ^O	�� ���	$�� Ñ²¾±���Ò:����� � H ) ^�tO� ���	 �� Ñ²�±��]Ò:����� � � Y(A.18)

In anticipationof theasymptoticexpansionof thecharacteristicGreen’s functionrepresented
by Eq.(4.14)in thelimiting caseunderconsideration,we introduceintegrals qC�É over Ò as,q �É ����	�� �!� H � µ � n � µ 	 �9&(A.19)

i� Î ( Ï +�Ð º � Ñ²¾±��]Ò������ [ É 4�6378� i á ±
²d� ���	 ����Ó ��	 H ��µ 	 Ó Ñ²¾±"�]Ò:����R Ó �!� H ��µ� Ó�Ò:���>�":�Ò:�ZY
Notethatq � 	 ����	�� �!� H � µ � n � µ 	 �z& i� ä � 	 �± � á ±
²z� ���	 ���Ý����	 H � µ 	 � t R{���!� H � µ � � t � 	]¡¢t�� �(A.20)

while the qC�É satisfytherecursionrelationË�q �É � t H i á ±
²d� ���	 ��Ó ��	 H � µ 	 Ó q �É � 	 &��ÝË H ÌO�Oq �É H ������	 H � µ 	 �JEc	�R Ó �!� H � µ � Ó E
� �Aq �É Y
(A.21)

Equation(4.14)now leadsto theexpansion´·����	�� �!� H � µ � n � µ 	 � û q � 	 H^O	2� ���	 �Æ � � á ±$²z� ���	 ��� ta0 H 2�q �� R@2 i á ±�²z� ���	 ��Ó ��	 H � µ 	 ÓNq ��H=' � i á ±�²z� ���	 ��Ó ��	 H � µ 	 Ó � t q �� Rg� i á ±
²d� ���	 ��Ó ��	 H � µ 	 Ó � � q �t 6 H(A.22) ^2tO� ���	 �Æ � � á ±$²z� ���	 ��� t 0 Ì ) q �� H Ì ) i á ± ²z� ���	 ��Ó ��	 H � µ 	 ÓNq ��R12�� i á ±
²d� ���	 ��Ó ��	 H � µ 	 Ó � t q �� H � i á ±
²d� ���	 ��Ó ��	 H � µ 	 Ó � � q �� 6 Rç?� á [ �± �oY
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Substitutingtherecursion(A.20)-(A.21)into thisequation,simplifiestheexpansionto´m����	�� �!� H ��µ� n ��µ 	 � û i� 0
å ÌMR H ^O	�� ���	 ��R Æ ^�tO� ���	 �Ì Æ ����±�����	��$��µ 	 � � t æ 3G±O� á ±�²d� ���	 ����±O����	�� ��µ 	 �$��R
å � ��^O	2� ���	 � HTÆ ^2tO� ���	 � ��R{� H ^O	�� ���	 �2����	 H � µ 	 � t RV^�tO� ���	 �2����±"����	�� � µ 	 �$� t �2� á ±
²z� ���	 � � t æ H3 [ 	�� á ± ²z� ���	 ����±O����	�� � µ 	 � �Æ � � á ± ²z� ���	 � � t RkÍ"Í"Í 6 �(A.23)

wherethe 3oÉ aregivenby Eq.(6.30).

Case3: � á ± ú [ 	 � 	]¡¢t Ó ��	 H � µ 	 Ó�& ç?�JÌ"� . We expand,again,in Ó ��	 H � µ 	 Ó (cf. Eq.(A.9))	P����	�� ��µ 	 n�Ò¶�z&k��±�����	�� ��µ 	 � Ñ²�±O�]Ò��
��R ( ¹ »�üý »]þ ¹ »�ÿ Ñ²z����	�n�Ò¶�;:���	 H ��±�����	�� ��µ 	 ����²z� ���	 �>� [ 	 Ñ²z� ���	�n
Ò3�û �2±O����	�� � µ 	 � Ñ²�±O�]Ò�����R 	� � ²z� ���	 ��Ó ��	 H � µ 	 Ó � Ò t� �$� Æ RVÒ t� �"^O	2� ���	 � H � ��Ì%RTÒ t� �O^2t"� ���	 � ��R§Í"Í"Í\�
(A.24)

while � Ñ²z����	�n�Ò¶� Ñ²'����µ 	 n�Ò¶�>� [ 	]¡¢t û ��²z� ���	
� Ñ²¾±O��Ò:����� [ 	 H0 Ì H 	� ����	 H � µ 	 � t � ��ÌMRVÒ t� �"^O	�� ���	 � H£Æ � ÌMR Æ Ò t� �O^�t�� ���	 � ��R§Í"Í"Í 6(A.25)

and ( ¹ »�üý »�þ ¹ »�ÿ b·����	�n�Ò¶�;:���	 û b·� ���	�n�C���Ó ��	 H ��µ 	 Ó û ��²d� ���	 �>� [ 	 Ó ��	 H ��µ 	 Ó2� Æ ^"	2� ���	 � H*) ^2t�� ���	 �$�%Y
(A.26)

Also, notethatÒPÓ �!� H � µ � Ó�&gÒ�� � ����	2� � µ 	 ��Ó �!� H � µ � Ó2RTÒ:��²z� ���	 ����Ì H ²8[ 	 � ���	 � � ����	��$� µ 	 ���cÓ �!� H � µ � Óû Ò�� � ����	�� � µ 	 ��Ó �!� H � µ � Ó H 	t�� Ò:��²z� ���	 �2����	 H � µ 	 � t ��^O	2� ���	 � HTÆ ^2t"� ���	 � ��Ó �!� H � µ � ÓUY(A.27)
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In anticipationof theasymptoticexpansionof thecharacteristicGreen’sfunctionin thelimiting
caseunderconsideration,we introduceintegrals qC�É over Ò as,q �É ����	�� �!� H � µ � n � µ 	 �z& i� Î ( Ï +�Ð º Ò É [ 	� 4�6378� i á ± � ����	�� � µ 	 ��� � 	2����	�� � µ 	 � Ñ²�±��]Ò�����RéÓ �!� H � µ � Ó�Ò����>�":�Ò��|Y
(A.28)

As beforeEq.(4.14)thenleadsto theexpansion´·����	��$�!� H � µ � n$� µ 	 � û0 Ì H 	� ����	 H � µ 	 � t ��^O	�� ���	 � HrÆ ^2t�� ���	 � � H i Ó ��	 H � µ 	 Ó+ á ±
²d� ���	 � � Æ ^O	�� ���	 � H5) ^�tO� ���	 �$� 6 q � 	 H	t�� i á ±
²z� ���	 ������	 H � µ 	 � t Ó �!� H � µ � Ó
��^O	�� ���	 � HTÆ ^2tO� ���	 � ��q �t R(A.29)	t�� ����	 H ��µ 	 � t 0 i á ±�²z� ���	 ��Ó ��	 H ��µ 	 ÓU��^O	�� ���	J� HTÆ ^2tO� ���	 � � H*' ^"	2� ���	 ��R§Ì Æ ^�tO� ���	 � 6 q �� R	� � i á ±
²d� ���	 ��Ó ��	 H ��µ 	 Ó � �]^"	2� ���	 � H � ^�tO� ���	 �$��q �� Rç?� á [ t± �oY
The qC�É in this expansionareknown in closedform. However, to theorderof approximation
consideredhere,wecanreplacetheseintegralsby thefollowing expressions,q � 	 ����	��$�!� H � µ � n � µ 	 �L& i� ä � 	 �± � á ± � ����	�� � µ 	 ���;����	�� � µ 	 �$�è�
q �t ����	��$�!� H ��µ� n ��µ 	 �L&������ �!� H � µ ���	 H � µ 	 ����� 0 Ì%R çè� á [ 	]¡¢t± � 6 q � 	 ����	�� �!� H ��µ� n ��µ 	 �o�
q �� ����	��$�!� H � µ � n � µ 	 �L& 0 H iá ±�²d� ���	 �OÓ ��	 H � µ 	 Ó R ÌÆ � á ±$²z� ���	 �"Ó ��	 H � µ 	 Ó � tR ¤ �!� H � µ ���	 H � µ 	 ¦ t R çè� á [ ��¡¢t± � 6 q � 	 ����	�� �!� H � µ � n � µ 	 �o�
q �� ����	��$�!� H � µ � n � µ 	 �L& H='� á ±
²d� ���	
�OÓ ��	 H � µ 	 Ó � t~0 ÌMR çè� á [ 	]¡¢t± � 6 q � 	 ����	�� �!� H � µ � n � µ 	 �%�

where� hasbeenreplacedby�;����	�� � µ 	 �z&õÓ ��	 H � µ 	 Ó 0 ÌMR çè� á [ 	± � 6 �(A.30)
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everywhereexceptin theargumentsof theHankel functions,andä � 	 �	 ��7;�d& H i ä � 	 �± ��7;� 0 Ì%R iÆ 7 R çè��7 [ t � 6 Y(A.31)

With theseapproximationsEq.(A.29)reducesto´m����	�� �!� H � µ � n � µ 	 � û 0 Ì H 		�t ����	 H � µ 	 � t �]^O	�� ���	 � HTÆ ^�tO� ���	 �$� � ÌMR Æ iá ±
²z� ���	 �OÓ ��	 H � µ 	 Ó � 6 H
i��3G±O� á ± � ����	�� ��µ 	 �N�;����	�� ��µ 	 �$�oY(A.32)

Uniformexpansion. Theuniformexpansionis thengivenby Eq.(6.29).To verify theinnerand
outerexpansionsof thisexpression,weneedto considerthefollowing approximations.

Outer expansion:thenwehave3h±O� á ± � ����	2� � µ 	 ���;����	�� � µ 	 �$� û � ÆÎ � 	]¡¢t � H i � 	]¡¢t 4�6;78� á ±!��±O����	�� � µ 	 ���� á ±!��±O����	�� � µ 	 ��� 	]¡¢t�0(A.33)

ÌMR i á ±8���!� H � µ � � tÆ ��	2����	�� � µ 	 � H i+ á ±0�2±O����	��$� µ 	 � 6 �3 [ 	2� á ± � ����	2� � µ 	 ���;����	�� � µ 	 �$� û(A.34) � ÆÎ�� 	]¡¢t � H i � ��¡¢t � á ±!��±�����	�� � µ 	 ��� 	]¡¢t 4�6378� á ±!��±"����	�� � µ 	 �>�°�
with Ó �!� H � µ � Ó�& çè� á [ 	± � , andEq.(6.29)reducesto Eq.(A.14).

Inner expansion:thenwehave3G±�� á ± � ����	��$� µ 	 ���c����	�� � µ 	 �$� û 3G±"� á ±
²z� ���	 ����±O����	�� � µ 	 � � H(A.35) ����	 H � µ 	 � tÆ � � ^O	�� ���	 � H£Æ ^2t�� ���	 ��R ^2t"� ���	 ������	 H ��	J� t����±"����	�� � µ 	 �$� t � 3 [ 	2� á ±
²d� ���	 ����±O����	�� � µ 	 �$�\�3 [ 	�� á ± � ����	��$� µ 	 ���c����	�� � µ 	 �$� û 3 [ 	�� á ±
²z� ���	 ����±O����	�� � µ 	 � �o�(A.36)

while � ����	2� � µ 	 ���²z����	 �J²d��� µ 	 ��� 	]¡¢t û Ì H 		�t �]^"	2� ���	 � HTÆ ^2tO� ���	 � ������	 H ��µ 	 � t �(A.37) %UÉ�����	�� � µ 	 �� � 	�����	�� � µ 	 � � t û % ±É � ���	 �%�(A.38) $ [ 	�����	�� � µ 	 �� � ����	�� � µ 	 � � 	�����	�� � µ 	 � � t û Ì2z² t � ���	 � ��^O	�� ���	J� H£Æ ^2t�� ���	$� �o�(A.39)
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wherethe % ±É aregivenby Eqs.(6.26)-(6.28).Now Eq.(6.29)reducesto Eq.(A.23).
Overlapping region: useEqs.(A.37)-(A.39)togetherwith Eqs.(A.30)-(A.31)to reduce

Eq.(6.29)to Eq.(A.32).

Theerrorin ourexpansionis ç?� á [ t± � uniformly in ��	 and � µ 	 . Moreprecisely, theerrorisç?� á [�� ¡¢t± � on the outerregion, ç?� á [ �± � on the inner region, and ç?� á [�� ¡��± � on the overlapping
region.
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