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Introduction

ABSTRACT

Stacking charts are a convenient means for depicting shot and receiver points
of a particular acquisition scheme. On them, one also sees, for example, that
pairs of shots and receivers associated with any given common midpoint lie
along straight, diagonally running lines. However, the stacking of a common-
midpoint gather leads to reflection smear for mode-converted waves, even when
the reflector is horizontal. The smearing problem is further altered when the
medium is anisotropic and, especially, when the reflector dip is large. Instead,
stacking of a common-reflection point (CRP) gather that collects shot-receiver
pairs with rays illuminating the same reflection point on the reflector avoids
reflection smear and improves the stacked signal.

Except for the conventional case of a pure-mode wave and a horizontal reflector,
a CRP gather generally plots along a curve (henceforth, CRP curve) rather
than a straight line on a stacking chart. Here, I discuss distortion and tilt of
CRP curves for a single layer in the presence of transverse isotropy with a
vertical symmetry axis and reflector dip. Also, I extend Frasier and Winterstein’s
straight-line approximation of a CRP curve, which holds for small offset-to-depth
ratios, to transverse isotropy; however, such a straight-line approximation might
fail even for modest offset-to-depth ratios.

As a consequence, the points representing actual shot-receiver pairs do not gen-
erally lie on any CRP curve, and binning is used to group all shot-receiver pairs
with reflection points between the common-reflection points of neighboring CRP
curves. To keep reflection smear within a CRP bin, binning should account for
the actual distortion and tilt of CRP curves, especially when the offset is large.
Then stacking would still be an appropriate method even in the presence of
anisotropy. For a dipping reflector, however, only transformation to zero offset
(TZO) or prestack migration can handle the shift of the zero-offset location due
to dip. As the study demonstrates, however, those processes would also have to
account for anisotropy. Unfortunately, all methods depend on detailed knowledge
of the subsurface.
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A stacking chart (Sheriff and Geldart, 1982) is a graph-
ical representation of a 2D seismic acquisition scheme.
The horizontal axis of the stacking chart denotes re-
ceiver position, and its vertical axis the source position.
Hence, the locations of source and receiver for each seis-
mic trace, characterized by a pair of source and receiver
coordinates, are represented by a point on the stacking

and common-midpoint gathers are straight along ver-
tical, horizontal, 45° and 135° directions, respectively.
Each type of gather is defined by the locations of
sources and receivers on the surface. For a reflected, pure-
mode wave the common-midpoint gather happens to col-
lect all pairs of source and receiver locations such that the
specular rays illuminate the same reflection point on a ho-
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rizontal reflector. Since the reflection point does not move
laterally on the reflector for increasing offset-to-depth ra-
tio, it can be considered the parameter of a common-
midpoint gather. For a reflected, mode-converted wave or
in the presence of a reflector dip, however, the lateral po-
sition of the reflection point does change with increasing
offset-to-depth ratio. That change depends on the wave-
modes for the downward and upward raypaths, the elastic
properties of the medium, and the reflector dip. The rays
collected by a common-midpoint gather do not focus on
a single reflection point, thus, causing reflection-point
smear and deterioration of the stack. Consequently, a
common-reflection point (CRP) gather that explicitly ac-
counts for the variable positioning of the reflection point,
would be a better choice, although, in practice, we en-
counter problems specifying these variables especially for
mode-converted waves (Rommel, 1994, 1995).

Since CRP and midpoint gathers do coincide for
a pure-mode reflection from a horizontal reflector, the
source and receiver positions for CRP gathers plot, in
this case, along straight lines on the stacking chart. In
general, however, we cannot expect such a behavior. In
fact, the line depicting source and receiver positions for a
CRP gather shows distortion and tilt. Henceforth, there-
fore, let’s call this line a CRP line.

Despite this general behavior of any CRP curve,
a CRP curve straightens if the horizontal distances
between the shot and reflection point, on the one hand,
and between the reflection and receiver point, on the
other hand, are proportional to each other. This condi-
tion is always met by a reflected, pure-mode wave as long
as the reflector is horizontal; also, it is met by mode-
converted waves in the limit of large reflector depths
or, precisely, of small offset-to-depth ratios (Frasier and
Winterstein, 1990). In the following, assuming the same
limit, I prove that this straightening also holds for a
mode-converted wave in a transversely isotropic layer.

In reality, however, reflector depths are finite. In the
following, I discuss the properties of reflection-point pos-
itions and, successively, the properties of the CRP curves
for representative cases of transverse isotropy with a ho-
rizontal or mildly dipping reflector. As we will see, the
quality of my straight-line approximation depends not
only on the offset-to-depth ratio, but also on the elastic
properties of the layer as well as on the reflector dip.
In some cases, especially for dipping reflectors or in the
presence of anisotropy, the CRP curve exhibits sizable
curvature within typical offset-to-depth ratios.

CRP curves and CRP bins, which are strips between
neighboring CRP curves, are of most interest for stack-
ing. Stacking is a simple method to improve signal-to-
noise ratio: the amplitudes of all traces with shot-receiver

pairs having reflection points that lie inside a partic-
ular CRP bin are added. Sorting of traces into CRP
bins is commonly based on straight lines on the stack-
ing chart. However, as mentioned above, the straight-line
approximation fails in the presence of anisotropy and,
especially, of a reflector dip. Even for a horizontal re-
flector, sorting should account for the actual distortion
and tilt of the CRP curves to keep reflection-point smear
within the CRP bins. Then, if the moveout correction
of traveltime also takes anisotropy into account (Hake,
1984; Rommel, 1993a), stacking is still an appropriate
method to enhance signal-to-noise ratio, even in the pres-
ence of anisotropy. For a dipping reflector, transforma-
tion to zero-offset (TZO) (Rommel, 1996a,b,c) is more
appropriate than stacking since only TZO accounts for
the lateral shift of the reflection point (Deregowski and
Rocca, 1981). However, TZO, too, has to consider the
shift of the reflection point due to anisotropy demon-
strated in this study.

Reflection Point Position

In this paper, I consider only a single layer. A ray travels
from the source S to the reflector and back to the receiver
R; it is reflected at the reflection point D on the reflector
(see Figure A.1). The parameters that might influence
the position of the reflection point D are, in general, the
offset-to-depth ratio, the wavemodes, the elastic proper-
ties of the medium, and the reflector dip. In the follow-
ing, I first discuss some properties of the reflection-point
position with the intention of later gathering the rays il-
luminating the same reflection point on the reflector.

Consider vertical cross-sections such as in Figures 1
through 7, where the horizontal axis is the receiver offset
and the vertical axis is the reflector depth. They illus-
trate the position of the reflection points with increas-
ing reflector depth, where the wavemode and Thomsen’s
(1986) anisotropy coeflicients are parameters.

The most simple case of a reflection is that of a pure-
mode wave in an isotropic layer above a horizontal re-
flector (see Figure 1). As is well known, the reflection
point is always located below the midpoint, that is the
point midway between the source point and the receiver
point. For increasing depth, the reflection points of a par-
ticular shot-receiver pair plot along the midline, that is
the vertical line through the midpoint.

For a mode-converted wave in an isotropic medium
above a horizontal reflector (see Figure 2), the reflection
point moves laterally with increasing reflector depth. For
a vanishingly small reflector depth, in fact, the reflec-
tion point is located at the receiver point. For increasing
reflector depth and fixed offset, the reflection point ap-
proaches a vertical asymptote that crosses the surface
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Figure 1. Reflection-point trajectory for a pure-mode wave
in an isotropic layer above a horizontal reflector: Distances
are measured relative to the offset between the source and
the only receiver, but the axes are plotted at different scales.
Here, the reflection points plot along the midline, a vertical
line through the point halfway between the source point and
the receiver point.

not in the midpoint, but between the midpoint and the
receiver point (Fromm et al., 1985).

The reflection-point trajectories of mode-converted
waves in a single layer above a horizontal reflector also
depend on the anisotropy (see Figures 3 and 4). First,
consider positive anellipticity of 0.2 (in Figure 3), where
anellipticity is here characterized by the difference of two
of Thomsen’s (1986) anisotropy coefficients € — §. The
reflection point again starts out at the receiver point
and, for increasing reflector depth, moves laterally to-
wards the source point, but it moves much further to-
wards the source point than it does in an isotropic layer
(compare with Figure 2). Again, the reflection-point tra-
jectories approach vertical asymptotes. Depending on the
particular choice of anisotropy coefficients, the asymp-
totes might cross the surface between the source point
and the midpoint. Recall, that the reflection point of the
pure-mode wave is always located beneath the midpoint;
hence, in contrast to an isotropic medium, the reflection
point of the P-to-SV mode-converted wave might be on
either side of the reflection point of the pure-mode wave
(Rommel, 1995). For a SV-to-P mode-converted wave,
the trajectories have mirror symmetry about the midline
to those shown here.
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Figure 2. Reflection-point trajectory for a P-to-SV mode-
converted wave in an isotropic layer above a horizontal re-
flector: For increasing reflector depth, the reflection point
moves from the receiver point towards the source point and
approaches a vertical asymptote that crosses the surface
between the midpoint and the receiver point. Here, with a
P- to SV-velocity ratio of 2, the lateral position of the asymp-
tote is 2/3 times the offset. Compare with Figure 1 for the
change in the position of the reflection points due to mode
conversion.

In a medium having negative anellipticity, the reflec-
tion point, again, starts out at the receiver point and
moves towards the source point, but it does so much less
than in an isotropic medium (compare with Figure 2).
For strong negative anellipticity, such that a triplication
in the §V-wavefront occurs near the vertical direction,
the reflection point turns back and approaches a vertical
asymptote that crosses the surface beyond the receiver
point (see Figure 4). For less negative anellipticity, the
asymptote still crosses the surface between the asymptote
for an isotropic medium and the receiver point (Rommel,
1995).

For a dipping reflector, the dependence of the reflec-
tion point trajectories on the anisotropy is overwhelmed
by the dependence on the reflector dip itself (see Fig-
ures 5 through 7). Hence, in the following, I discuss only
the case of a vertical symmetry axis, not of a symmetry
axis perpendicular to the reflector. The reflection point
of a pure-mode wave starts out at the source point, no
longer at the midpoint, then moves towards the receiver
point, and arcs back to approach an asymptote that is
perpendicular to the reflector for an isotropic medium
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Figure 3. Reflection-point trajectories for P-to-SV mode-
converted waves in a layer having positive anellipticity above
a horizontal reflector: The medium is transversely isotropic
with a vertical symmetry axis. The vertical velocities are as
in Figure 2. Thomsen’s (1986) anisotropy coefficients are, in
case (a), d = —0.2 and € = 0.0 and, in case (b), § = 0.0 and
¢ = 0.2. The anellipticity, € — §, is positive with 0.2 in both
cases. For comparison, in case (c), the layer is isotropic as in
Figure 2. With increasing reflector depth, the reflection point
moves from the receiver point towards the source point, more
so than in the isotropic medium of case (c), and approaches an
asymptote. Here, the asymptotes are even between the source
point and the midpoint, at 0.32 and 0.43 times the offset for
the cases (a) and (b), respectively.

(see Figure 5). The reflection point of a mode-converted
wave starts out at some nonzero depth between the source
point and the receiver point and turns into an inclined
asymptote (see Figure 6). The reflection-point trajector-
ies of mode-converted waves in an anisotropic medium
differ mainly in the inclination of the asymptote; also,
for increasing anellipticity, the top point of the reflection-
point trajectories move towards the receiver point and to
slightly larger depths (see Figure 7).

In all cases discussed above, the reflection points ap-
proach asymptotes for increasing reflector depth. This
property will become the basis for an asymptotic ap-
proximation of the CRP curve that, strictly speaking,
holds only in the limit of small offset-to-depth ratios.
Thus, since the reflection points approach the asymp-
tote smoothly, the asymptotic approximation of the CRP
curve becomes progressevily more accurate with increas-
ing reflector depth.
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Figure 4. Reflection-point trajectories for P-to-SV mode-
converted waves in a layer having negative anellipticity above
a horizontal reflector: The horizontal axis is shifted by 0.5.
The medium is transversely isotropic with a vertical sym-
metry axis. The vertical velocities are as in Figure 2. Thom-
sen’s (1986) anisotropy coefficients are, in case (b), § = 0.2
and € = 0.0 and, in case (¢), § = 0.0 and ¢ = —0.2. The
anellipticity, € — 4, is thus negative with —0.2 in both cases.
For comparison, in case (a), the medium is isotropic as in
Figure 2. With increasing reflector depth, the reflection point
moves only slightly from the receiver point towards the source
point, then turns back, and approaches an asymptote. Here,
the asymptotes are even beyond the receiver point, at 1.27
and 1.43 times the offset for the cases (b) and (c), respect-
ively. Also, note, that the asymptotes are approached much
more slowly than those in Figure 3.

Graphical Representation of CRP Gathers in
Stacking Charts

As seen above, the relationship between the horizontal
distances from the shot z s to the reflection point zp, on
the one hand, and from the shot zs to the receiver point
Zr, on the other hand, can be highly non-linear. For a
small offset-to-depth ratio, however, Snell’s law and, con-
sequently, the relationship between these two distances
can be linearized; in the limit of vanishing offset-to-depth
ratio the two distances become proportional (see Appen-
dix A):

k
k—1
where zp, s, and xr are the lateral positions of the
reflection, source and receiver point, respectively, and &

(JCR —3?5), (1)

p — Ts =
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Figure 5. Reflection-point trajectory for a pure-mode wave
in an isotropic layer above a reflector with 30° dip: The hori-
zontal axis is shifted by —0.5. With increasing reflector depth,
the reflection point moves from the source point towards the
midpoint, but turns back, and approaches an inclined asymp-
tote. Compare with Figure 1 for a non-dipping reflector.
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Figure 6. Reflection-point trajectory for a P-to-SV mode-
converted wave in an isotropic layer above a reflector with
30° dip: The horizontal axis is shifted by —0.3. The vertical
velocities are as in Figure 2. The trajectory tops at a certain
depth between the source point and the receiver point. With
increasing reflector depth, the reflection point approaches an
inclined asymptote. Compare with Figure 2 for a non-dipping
reflector.

is an yet unknown constant factor that, as we will see,
depends on the elastic properties of the medium and the
reflector dip. Rearranging (1) gives the linear relationship
between source and receiver points, for fixed reflection
points, on the stacking chart

kxr+ (1 —k)zp, (2)

s =

where the constant factor k& denotes the slope of the line.

As is well known, a reflected, pure-mode wave above
an horizontal reflector gives rise to a straight line on the
stacking chart, because the raypaths are symmetric with
respect to the common-depth point. Also, these lines pass
diagonally through the stacking chart, as

Eo= -1 3)
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Figure 7. Reflection-point trajectory for P-to-SV mode-con-
verted waves in a strongly anisotropic layer above a reflector
with 30° dip: The horizontal axis is shifted by —0.3. The me-
dium is transversely isotropic with a vertical symmetry axis.
The vertical velocities are as in Figure 2. Thomsen’s (1986)
anisotropy coefficients are, in case (a), § = 0.2 and ¢ = 0.0,
and, in case (c), § = 0.0 and ¢ = 0.2, thus showing negative
and positive anellipticity, respectively, with the same absolute
value of 0.2. For comparison, in case (b), the medium is iso-
tropic. As in Figure 6, the trajectories top at certain depths
between the source point and the receiver point. For increas-
ing anellipticity, the top point shifts towards the receiver point
and a slightly larger depth. With increasing reflector depth,
for each case, the reflection point moves towards and continues
beyond the source point, approaching an inclined asymptote.
The inclination of the asymptotes depends on the elastic prop-
erties of the medium; it generally decreases with increasing
anellipticity. Compare with Figures 3 and 4 for a non-dipping
reflector.

for this case.

This symmetry is broken, however, for a reflected,
mode-converted wave; the reflection point is governed by
a complicated fourth-order polynomial in offset and re-
flector dip (Tessmer and Behle, 1988). Nevertheless, con-
dition (1) is met in the limit of a small offset-to-depth ra-
tio (Fromm et al., 1985). Consequently, the CRP curves
are still straight for small offset-to-depth ratios (Frasier
and Winterstein, 1990). The slope, in the limit, however,
depends on the elastic properties of the medium:

_ Up
E = _Ev (4)
where v, and vs are the P- and SV-phase velocities, and
I assumed throughout that the downgoing wave is the
P-wave.

Transverse isotropy does not alter the symmetry of
the reflected, pure-mode wave, provided that the sym-
metry axis is vertical (as in a so-called VTI medium).
Transverse isotropy, however, does shift the reflection
point of a reflected, mode-converted wave for given
source and receiver positions (Eaton, 1991). Neverthe-
less, in the limit of small offset-to-depth ratios, condition
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Figure 8. CRP curves for a pure-mode wave in an isotropic
medium above a horizontal reflector: Receiver and shot posi-
tions are scaled by the reflector depth. The solid lines repres-
ent the parts of a CRP curve with an absolute shot-receiver
offset between 0.0 and 1.0 times the reflector depth, the long
dashes the parts between 1.0 and 1.5 times the reflector depth,
and the short dashes the parts between 1.5 and 2.0 times the
reflector depth. The crosses mark shot and receiver locations
of a hypothetic (sparse) acquisition. Here, the medium is iso-
tropic, and the reflector is horizontal. In this case, the CRP
curves are straight and cross diagonally through the stacking
chart.

(1) is met again, and the slope becomes (see A.26)

o= U0 [1 +225] 7 (5)
V01 p 20 ()
U502

where vp0 and vso denote the P- and SV-phase velocity,
respectively, in the vertical direction, and § and e are
Thomsen’s (1986) anisotropy coefficients.

Generally, for any mode-converted wave, the slope &
of a CRP curve depends on the elastic properties of the
medium. Again, these expressions for the slope hold only
in the limit of a vanishing offset-to-depth ratio; gener-
ally, however, an exactly computed CRP curve deviates
from a straight line with the deviation depending on the
offset-to-depth ratio as well as on the elastic properties,
as discussed in the next section.
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Figure 9. CRP curves for a P-to-SV mode-converted wave in
an isotropic medium above a horizontal reflector: Due to mode
conversion, the CRP curves are no longer straight, but curved
in the form of an “S” (compare with Figure 8 for a pure-mode
wave), with varying slope that is generally larger than the slope
of a pure-mode wave. Here, and in Figures 10 through 13 and
15 through 17, the P- to SV-wave velocity ratio is 2. Note that
the straight-line approximation is reasonably accurate only in
the center, where offset-to-depth ratio is small.

Stacking Charts

Horizontal reflector
Pure-mode wave in an isotropic layer

For a pure-mode wave in an isotropic layer, the raypaths
of the downgoing and upgoing waves are symmetric with
respect to the reflector normal. If the reflector is hori-
zontal, that is parallel to the surface, shot and receiver
points are located symmetrically on either side of the
reflection point, regardless of the actual shot-receiver
distance. That is why CRP curves plot along straight
lines with a slope of 45° (Figure 8). Lines of successive
CRP curves are thus parallel to each other. Also, with
a common-reflection spacing of half the receiver spacing,
each shot-receiver pair plots as a point on one of the CRP
curves.

Also, since the reflection point is always below the
midpoint in this situation, a common-midpoint gather



coincides with a common-reflection point gather. This
coincidence no longer holds for either a mode-converted
wave or in the presence of a reflector dip.

Pure-mode wave in an anisotropic layer

Even in a transversely isotropic layer with a vertical sym-
metry axis, the raypaths of the downgoing and upgoing
waves remain symmetric with respect to the reflector
normal. Hence, the CRP curves are still straight lines.
However, a SV-wavefront can show a triplication. Then,
the same reflection point can be illuminated by different
branches of the wavefront; hence, it might be illuminated
by the rays of as many as three different shot-receiver
pairs. Although the CRP curve remains straight, it actu-
ally consists (in parts) of three different straight lines.

Mode-converted wave in an isotropic layer

Due to mode conversion, the raypaths of the downgoing
and upgoing waves are no longer symmetric with respect
to the reflector normal. In the limit of vanishing reflector
depth, in fact, the reflection point is located at the re-
ceiver (assuming that the downgoing wave is a P-wave,
and the recorded wave is an SV-wave). For increasing
depth, the reflection point approaches a vertical asymp-
tote that crosses the surface somewhere between the mid-
point and the receiver point (Fromm et al., 1985), again
assuming a P-to-SV mode-converted wave.

For very large reflector depths and, hence, small ray
angles of the downgoing and upgoing waves, their rela-
tionship as expressed by Snell’s law can be linearized.
Then, the horizontal distances between the shot and re-
flection point, on the one hand, and between the receiver
and reflection point, on the other hand, become propor-
tional. Consequently, the CRP curve can be approxim-
ated by a straight line, where the slope of the CRP
curve equals the negative P- to SV-wave velocity ratio
(Frasier and Winterstein, 1990). However, as exempli-
fied in Figure 9, the straight-line approximation fails for
large offset-to-depth ratios, where the assumption of a
linear relationship between the ray angles does not hold.
Generally, the larger the velocity ratio the smaller the
offset-to-depth ratio where the straight-line approxima-
tion holds with the same accuracy.

Even in the straight-line approximation, reflection
points of rays from all shot-receiver pairs lie on uni-
formly spaced lines only if the ratio of the P-wave to
the SV-wave velocity is an integer number (Eaton, 1991).
Hence, in general, we have to sort the shot-receiver pairs
into CRP bins rather than CRP lines when forming CRP
gathers, thus accepting some reflection smear. More pre-
cisely speaking, a CRP bin includes all shot-receiver
pairs with reflection points on the reflector within a strip
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Figure 10. CRP curves for a P-to-SV mode-converted wave
in an elliptically anisotropic medium above a horizontal re-
flector: The medium has anisotropy coefficients ¢ = 0.2 and
d = 0.2. The CRP curves show similiar distortion to that for
an isotropic medium (compare with Figure 9), but are slightly
steeper.

with fixed width, for example, of a quarter the receiver
group interval on either side of the CRP line. Moreover,
the number of shot-receiver pairs per bin varies period-
ically, here between 4 and 2 per bin (see Figure 9). This
requires amplitude balancing between bins, especially if
the fold is low (Eaton, 1991; Eaton and Lawton, 1992).
Both problems — the necessity of binning and amplitude
balancing — will be even more pronounced in the presence
of anisotropy or a reflector dip.

Here, for a ratio of the P-phase velocity and SV-
phase velocity of 2, the slope in the center of Figure 9 is
—2 (see equation 4). For large offset-to-depth ratios, the
CRP curve begins to resemble an “S”, and the straight-
line approximation fails.

Mode-converted wave in an elliptically anisotropic layer

In an elliptically anisotropic medium the form of the P-
wavefront is elliptic, but that of the SV-wavefront is still
spherical. Since I also assume a vertical symmetry axis of
the anisotropy, the raypath of a pure-mode wave is still
symmetric. Therefore a CRP curve is still a straight line,



226 B. E. Rommel
4
2_
°
<
(7]
0_
-2
-2

receiver

Figure 11. CRP curves for a P-to-SV mode-converted wave
in an anisotropic medium above a horizontal reflector: The
medium has a small positive anisotropy coefficient ¢ = 0.1,
while § = 0.0. The CRP curves are more distorted and slightly
more tilted than are those for an isotropic medium (compare
with Figure 9). Also, compare with the CRP curves for a
negative d (in Figure 12), but with the same value e — § = 0.1.

no matter how the wave velocity changes with the ray
angle (not shown here). However, mode conversion again
breaks the symmetry: since the velocity of the downgoing
P-wave changes with direction, the reflection angle of the
upgoing SV-wave also changes. Consequently, the CRP
curve does show some influence of elliptical anisotropy.

For positive values of Thomsen’s (1986) anisotropy
coefficients € = §, the CRP curves are slightly more tilted
than those in an isotropic medium (see equation 5), but
have comparable curvature (compare Figure 10 with Fig-
ure 9). Here, in Figure 10 the slope in the center is —2.8

The straight-line approximation is as accurate as for
an isotropic layer, failing as before for large offset-to-
depth ratios. Generally, the larger the ratio of the P-phase
velocity and SV-phase velocity in the vertical direction,
and the larger the ellipticity ¢ = 4, the smaller the offset-
to-depth ratio at which accuracy of the straight-line ap-
proximation is maintained.
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Figure 12. CRP curves for a P-to-SV mode-converted wave
in an anisotropic medium above a horizontal reflector: The
medium differs from that for Figure 11 in that it has a small
negative anisotropy coefficient § = —0.1, while ¢ = 0.0. The
CRP curves are similiar to those for an anisotropic medium
with a small positive value of ¢, but with the same value e—4§ =
0.1 (see Figure 11).

Mode-converted wave in layers with constant
anellipticity

Above, we saw that the distortion of the CRP curves is
nearly independent of the anisotropy for an elliptically
anisotropic medium. Here, I consider layers with con-
stant anellipticity, characterized by the difference of the
anisotropy parameters € — §, but with different combina-
tions of € and §. In a transversely isotropic medium, not
only the P-wave velocity, but also the SV-wave velocity
depends on the phase angle.

For a small positive value of €, with § = 0, the
curvature is stronger than that for an isotropic medium
(Figure 11). On the other hand, a small negative value of
6 and € = 0, such that ¢ — § is unchanged, causes nearly
the same distortion and tilt of the curves (Figure 12).
The slopes in the center are similiar with 1.1 and 0.9,
respectively (see equation 5). This indicates a primary
dependence on the anellipticity € — 4.

Generally, for the same ratio of P- and SV-phase ve-
locity in the vertical direction, the larger the anellipticity
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Figure 13. CRP curves for a P-to-SV mode-converted wave
in a strongly anisotropic medium above a horizontal reflector:
The medium has a large positive anisotropy coefficient ¢ = 0.2,
while § = 0.0. The CRP curves are generally less tilted than
those for a smaller value of ¢ and, hence, smaller anellipticity
(see Figure 11).

€ — 0, the smaller the offset-to-depth ratio at which the
straight-line approximation fails. However, the depend-
ence on the specific combination of the anisotropy para-
meters § and e is negligible.

Mode-converted wave with a triplication

For large positive values of e —§, the SV-wavefront shows
a triplication at large ray angles for large ray angles frm
the vertical direction. However, ray angles of the upgo-
ing SV-wave that are so large that a triplication in the
reflected SV-wave actually arises are hardly realized in
practice. Such a situation requires a nearly horizontal in-
cidence of the downgoing P-wave and a small ratio of the
P- and SV-phase velocity. Hence, triplication can influ-
ence the CRP curves only at very large offset-to-depth ra-
tios. Here, for example, we don’t observe the influence of
a triplication in the reflected SV-wavefront (Figure 13).
Nevertheless, the large positive anellipticity does cause a
strong distortion of the CRP curves for large offset-to-
depth ratios. The situation changes dramatically, if the
reflector dip is so large that the reflected rays do form a
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triplication in the upgoing SV-wave (see below and Fig-
ure 17).

Dipping reflector
pure-mode wave in an isotropic layer

The more a reflector dips, the more up-dip the reflection
point moves and the more dependent is that point on
source-receiver offset. The reflection points are no longer
equally spaced. For decreasing reflector depth, the re-
flection points move towards the source point for a pos-
itive reflector dip (see Figure 1), but towards the receiver
point for a negative reflector dip. Hence, the CRP curves
arc strongly and in a concave upward form (Figure 14);
for very large offset-to-depth ratios, the CRP curves be-
come nearly horizontal in the down-dip direction, but
nearly vertical in the up-dip direction (lower right and
upper left corner of Figure 8). Clearly, they are no longer
straight as for a horizontal reflector (see Figure 8). As a
consequence, the straight-line assumption is unaccept-
able for all offset-to-depth ratios.

Mode-converted wave in an isotropic layer

As for the reflected, pure-mode wave the CRP curves for
the mode-converted wave arc in a concave upwards form
(Figure 15). Interestingly, the curving is less severe for
the mode-converted wave than for the pure-mode wave
(Figure 14). This is because mode conversion causes con-
vex upward curvature, while dip introduces concave up-
ward curvature for large offsets in the down-dip direction
(here, in the lower right corner of the figures); thus, they
have opposite action.

Mode-converted wave in an elliptically anisotropic layer

As for the case with a horizontal reflector, ellipticity in-
creases the slope, but hardly alters the curvature (com-
pare Figure 16 with Figure 15). Again, the dependence
of the CRP curves on the ellipticity § = € is small; the
actions of the two anisotropy parameters § and e roughly
counteract one another.

Mode-converted wave with a triplication

As seen above, anellipticity changes the curvature of the
CRP curves. An extreme case is a triplication in the up-
going SV-wave for large ray angles from the vertical dir-
ection. For a horizontal reflector, rays belonging to such
a triplication can be observed only at extremely large
offset-to-depth ratio, if at all (see Figure 13). A dipping
reflector, however, allows the triplication to show up even
for realistic offset-to-depth ratios (Figure 17). Then, a re-
ceiver might record a wave at three different times. The
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Figure 14. CRP curves for a pure-mode wave in an isotropic
medium above a reflector with 30° dip: Due to the reflector
dip, the CRP curves are no longer straight, but show a strong
concave upward curvature (compare with Figure 8).

corresponding raypaths and, hence, the reflection points
of these events, of course, are different. Alternatively, one
can say that a receiver might record up to three waves
that are generated at different source points, but illu-
minate the same reflection point. Consequently, the CRP
curves are predominately vertical.

Conclusions

Stacking charts are a simple, commonly-used graphical
tool to illustrate coverage of common-reflection points for
particular acquisition schemes. Here, I discussed stack-
ing charts for a single layer with transverse isotropy and
above a dipping reflector.

For a single layer above a horizontal reflector, CRP
curves of a reflected, pure-mode wave plot along straight
lines, and those of a reflected, mode-converted wave still
plot along approximately straight lines on the stack-
ing chart. While anisotropy does not influence the CRP
curves of a pure-mode wave, it increases the distor-
tion and changes the tilt of the CRP curves of a mode-
converted wave. However, the anisotropy is overwhelmed
by the reflector dip. Generally, in the presence of a re-
flector dip, the CRP curves of a pure-mode wave is even
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Figure 15. CRP curves for a P-to-SV mode-converted wave
in an isotropic medium above a reflector with 30° dip: Due to
the reflector dip, the “S”-shaped curvature of the CRP curves
in Figure 9 has changed to a concave upward curvature.

more distorted that those of a mode-converted wave.
Also, due to the reflector dip, a triplication that occurs
in the wavefront of the upgoing SV-wave in a medium
with large positive anellipticity becomes observable; in
this case, the CRP curves are predominately vertical. A
straight-line approximation would fail even for modest
offset-to-depth ratios.

The straight-line assumption is, in fact, based on
a linear relationship between the distances traveled by
the downgoing and upgoing waves. Even for a mode-
converted wave in an isotropic medium, this assumption
fails for large offset-to-depth ratios, the larger the velo-
city contrast the smaller the offset-to-depth ratio where
the assumption breaks down. For an anisotropic medium
or a dipping reflector, a linear relationship still exists in
the limit of small offset-to-depth ratios, but the velocity
variation due to anisotropy or the reflection point smear
due to reflector dip causes the linear relationship to fail
even within small, commonly used offset-to-depth ratios.

This study demonstrates that anisotropy and, espe-
cially, reflector dip increase the distortion and change
the tilt of CRP curves. To keep reflection-point smear
within the CRP bins, stacking should take anisotropy
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Figure 16. CRP curves for a P-to-SV mode-converted wave
in an elliptically anisotropic medium above a reflector of 30°
dip: The anisotropy coefficients are as in Figure 10. Compared
with the CRP curves for an isotropic medium (Figure 15) the
slope of the CRP curves is somewhat larger, but the curvature
is about the same.

and reflector dip into account. In the presence of a re-
flector dip, however, transformation to zero offset (TZO)
would be a superior, though more costly alternative since
it also accounts for the shift of the reflection point due to
reflector dip. Since anisotropy further alters the distor-
tion of CRP curves already caused by the reflector dip,
TZO, too, should take anisotropy into account. Unfortu-
nately, all methods require knowledge of the anisotropy
in advance.
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APPENDIX A: Asymptote of the Reflection
Point

For a mode-converted wave the reflection point, even on
a horizontal reflector, is not located directly beneath the
midpoint, but depends on the elastic properties and the
reflector depth. For small offset-to-depth ratios, however,
the reflection point approaches an asymptote. Here, I cal-
culate this asymptote, also taking reflector dip into ac-
count.

First, I derive a relationship between the reflector
depth and the shot-receiver distance. Second, I derive a
relationship between the reflection point and the reflector
depth. Combining both I establish a relationship between
the reflection point and the shot-receiver distance. This
final relationship depends only on the reflector dip and
the ray angles. The ray angle of the upgoing wave can

be expressed in terms of the ray angle of the downgoing
wave and the reflector dip.

A.1 Geometry of the raypath

In the following, I use the notation of Figure A.1. A ray
travels down from the source point S to the reflection
point D, which will be common to all rays of a CRP
gather, and from the reflection point D up to the receiver
G. The reflector normal through the reflection point D
intersects the surface at point N. This point differs from
the intersection point O of the zero-offset ray with the
surface, since, in an anisotropic medium, the zero-offset
ray is generally not normal to the reflector. Nevertheless,
it is more convenient to define the ray angles ¢s, ¢r of
the downgoing and upgoing wave, respectively, relative to
the reflector normal, not relative to the vertical or to the
zero-offset ray. Also, I use the coordinates x5, zr for the
location of the source S and the receiver R, respectively.
The length s of the raypath from the source S to
the reflection point R in terms of the reflector depth ds,
dip ¢ and ray angle ¢s of the downgoing wave is
ds
cos ¢s

Accordingly, the length I of the raypath from the reflec-

ls

(A1)

tion point D to the receiver R is

L — [ds + (zr — xs) sin ¢]
R - 3
cos pr

where x denotes the source-receiver distance rr — Zs.

(A.2)

Define an auxiliary line running parallel to the re-
flector from the reflector normal to the source S. Its
length 1, is

lA = ls sin¢5

= dstandgs. (A.3)

The distance xs — x~ between the source S and the
surface point N can now be expressed in terms of the re-
flector depth ds, dip ¢ and ray angle ¢ of the downgoing
wave:

in—zs = 4 (A.4)
cos ¢
_ ds tan qSS (A 5)
- cosp '

Accordingly, the distance xr — £~ between the surface

point N and receiver point R is

[ds + (zr — xs)sin @] tan gr
cos '

(A.6)

rr — TN

The total shot-receiver distance is, of course, the
sum of both. Rearranging this sum, I obtain the reflector
depth ds in terms of the shot-receiver distance zr — xs:
cos ¢ — sin p tan ¢r

tan ¢s + tan ¢r

ds (zr — zs). (A7)
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Tr

R
—]
-

Figure A.1. Notation: The following points are used: source S, reflection D, zero-offset 0, and receiver R. The coordinate zg
denotes the horizontal location of the source S, xp that of the reflection point D, x4 that of the auxiliary point A, and zg
that of the receiver R. Distance dg is measured parallel to the normal to the reflector through the source point S. Distances g
and /g are measured from the source point S to the reflection point D, and from the reflection point D to the receiver point
R, respectively. The thin line from the reflection point D to the surface is the reflector normal, and the thick line represents
a potential zero-offset ray. Distance [4 is measured parallel to the reflector from the source S to the auxiliary point A on the
reflector normal. The ray angles ¢g = <(NDS) and ¢ = <(NDR) are measured with respect to the reflector normal; each ray
angle corresponds to a phase angle (not shown here). The reflector dip ¢ is measured with respect to the horizontal.

This is the first relationship, the one between the re-
flector depth and the source-receiver distance, as men-
tioned above.

Now, define the intersection point A of the auxili-
ary line and the reflector normal. The horizontal distance
24— s from the shotpoint S to the intersection point A is
la cos p. It is larger than the horizontal distance zp — s
of the reflection point D by ds sin ¢. Hence, the horizontal
distance xp —x s from the source S to the reflection point
Dis

(A.8)
(A.9)

Tp —%s = lacosyp—dssing

ds (tan ¢g cosp —sin @) .

This is the second relationship, the one between the re-
flector depth and the horizontal distance of the reflection
point, as described above.

Now, I insert the reflector depth (A.7) into the ex-
pression (A.8) for zp — zs:

cos p — sin g tan ¢¢
tan ¢s + tan ¢
(tan @G cos p —sin @) (xr — Ts) .

rp —Tgs
(A.10)

For an anisotropic medium, the dependence of the
ray angles on the elastic properties and the reflector dip

 is complicated. Therefore, I restrict the analysis to the
limit of a small offset-to-depth ratio. In this limit, the
rays approach the zero-offset ray. However, for an ani-
sotropic medium, the zero-offset ray does not generally
coincide with the reflector normal; consequently, the ray
angles that are defined relative to the reflector normal,
do not generally vanish. In the weak-anisotropy approx-
imation, the deviation between the zero-offset ray and
reflector normal is considered small. Hence, I can ap-
proximate the tangent in terms of the sine, tan ¢ = sin ¢
and sin ¢ > sin? ¢, choosing the sine to later apply Snell’s
law. With this assumption of small ray angles, the hori-
zontal reflection distance zp (A.10) becomes

sin g — sin ¢ cos ¢
sin ¢s + sin pr

rp — Ts ((L'R—xs). (All)
This, of course, includes the known case of a ho-
rizontal reflector (with ¢ = 0°) and an isotropic layer,
where phase and ray angles are equal, and Snell’s law
reads sin 8, = v, /v, sin 6. Specializing the approximate
horizontal distance zp (A.11) for a P-SV wave in an iso-
tropic medium yields
1
——— (zr —zs).
1+ 2
vp

Tp —%s = (A.12)
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which matches Tessmer and Behle’s (1988) result.

A.2 Approximate ray angles

The reflection distance zp (A.11) contains the ray angles
¢s, ¢r of the downgoing and upgoing wave. Of course,
these ray angles are not independent of each other. The
ray angles are indirectly linked together by Snell’s law;
to be precise, the ray angles are linked to their corres-
ponding phase angles, and Snell’s law works on the phase
angles. The exact relationship between the ray angles is
not an algebraic function of the sine. Hence, I approxim-
ate this relationship in terms of Thomsen’s (1986) aniso-
tropy coefficients.

For now, I define the angles with respect to the sym-
metry axis, not the reflector normal. Then, for small an-
isotropy coefficients d and e the relationship between the
ray angle ¢ and phase angle 6 of the P-wave is approx-
imately (Rommel, 1993b)

bp & Op+26sinb, + 2 (e — &) sin® . (A.13)

The corresponding relationship for the SV-wave is

2
bs =~ 9s+2z”°2 (e — §)sinf, +
s0

1)02 3
2= (e — §) sin” b,
Vso

8

(A.14)

where v,o and vgo denote the phase velocities of the P-
wave and SV-wave, respectively, in the vertical direction.
However, I need the sine of the ray angle ¢, [see equation
(A11)],

2
sings ~ 1+2Up02 (e — &) cosBs+
Vso
V. 02 2
4vp 5 (e — 0) cos fs sin” 6 | -
s0
sin 6. (A.15)

To express the SV-ray angle ¢, in terms of the P-
ray angle ¢s, I apply Snell’s law. This replaces sin §;
by [vs(0s)/vp](0p)sinB,. However, the phase velocities
themselves also depend on the phase angles. Thomsen’s
(1986) approximation of the SV-phase velocity reads

Vs (68) X VUso

V. 02
1+2v:()2 (e — ) sin® §,—
V. o2
2= (e — &) sin® 6, . (A.16)
Vs0

On the right side, sinfs is replaced repeatedly by
[vs(0s) /vp](6p) sin Bp. The iteration, however, stops if we
consider only a finite order of anisotropy coefficients. Ap-
proximating the right side to the first order of the aniso-
tropy coefficients gives

v5(0s) = s

142 (e —68)sin® 6, —

2
Uso
Upo 2

2 (e —8)sin* 6, . (A.17)
Now, let us express the SV-phase velocity in terms of the
P-phase angle. Recall that Thomsen’s (1986) approxim-

ation of the P-phase velocity reads

vp(fp) = vpo-

[1+20sin”6, +2(c —d)sin" 6,] . (A.18)

Using these phase velocities (A.17 and A.18), Snell’s law
for a weakly anisotropic medium becomes

Yso

Vpo

sinfs =
{1 + 2 (e — 28)sin” 6, —

2 <”S°z - 1> (e — §)sin? e,,}. (A.19)

Vpo

Now, use Snell’s law to replace SV-phase angle 6;
in the expression of the SV-ray angle (A.15). Unfortu-
nately, this expression also contains the cosine of the SV-
phase angle; hence, the resulting equation is not algeb-
raic. Therefore, let us consider the simplest case only,
that of a dipping reflector with a symmetry axis per-
pendicular to the reflector. In this case, the ray angles ¢,
and ¢s become small because, in the limit, the zero-offset
ray approaches the symmetry axis. With this assumption,
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2
Vpo

5 (e— 6)] sin 6.

Vso

sing, = (A.20)

Upo Vs0

[1+2

In the same approximation for weak anisotropy and small
angles, the P-ray angle becomes

[1 + 20]sin 6,. (A.21)

sing, =

A.3 Reflection distance for a converted wave
A.8.1 Dipping reflector

Assume that the symmetry axis is perpendicular to the
reflector. Therefore, the ray angles vanish in the limit of
a small offset-to-depth ratio (see Figure A.1), regardless
of the actual reflector dip.

Here, let us consider a P-to-SV mode-converted
wave, that is a P-wave on the source side and a SV-wave
on the receiver side. Above, we obtained the relationship
between the P- (A.21) and the SV-ray angles (A.20) in
terms of the P-phase angle. Inserting these wave-specific
properties are inserted into the reflection distance (A.11)
gives

rp — Ts
sin ¢, — sin ¢ cos ¢

. Vso Up02 .
sin 6, 1—|—26+U 1+2U 5 (e —19)
'p0 s0

(A.22)

~
~

(zr —xs) .

Replacing the P-phase angle 6, by the observable
P-ray angle, sin ¢, =sinf, [1 + 2] (A.21), gives

rp —ITs
1— sin ¢ cos ¢
sin
~ v‘z’; (@n—2s). (A.23)
[1—}—2 = (6—5)]

Vs0

1 + Vs0 s
Vpo [1 + 25]

In the limit of infinite reflector depth the ray angle
¢p vanishes and, thus,

rp — Ts
N . Sln(pcosf 37:;11—4).%5 ] (A24)
[1+2“1"—°2 (6—5)] ?
1+ Yso Ys0
Upo [1 +26]

is the dominating term. As the ray angle ¢, approaches
0, the right side goes to negative infinity. In fact, sin ¢, =
la/ls = 14/ds (A.3) becomes proportional to the inverse
of the reflector depth. Since all other factors are constant,
the reflection distance zp — s decreases linearly with
depth. The asymptote is no longer vertical, but inclined.
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A.3.2 Horizontal reflector

Only for a horizontal reflector, where ¢ = 0°, is the re-
flection distance £p —zs (A.24) not defined. For this case,
I specialize the general expression of reflection distance
zp — xs (A.10), yielding

rp — ITs
tanqSR
tan ¢s + tan ¢r

Again, consider a P-to-SV mode-converted wave. In

(zr —zs). (A.25)

an analogous manner (as in A.2), we can expand the
tangent in terms of the sine and insert the expressions
of the ray angles ¢, (A.21), ¢s (A.20). Now, the leading
term is constant (Rommel, 1995a):

rp — s
N L (on —ws). (A.26)
[1 +22 (e — 6)]
1+ Vs0 Vso
VUpo [1 + 2(5]
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