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Introduction

Horizontal transverse isotropy (Figure 1) is a common
model in shear-wave studies of fractured reservoirs that
describes a system of parallel vertical penny-shaped

ABSTRACT

The transversely isotropic model with a horizontal symmetry axis (HTT media)
has been extensively used in seismological studies of fractured reservoirs. Here,
we apply to horizontal transverse isotropy a parameter estimation technique
developed by Grechka and Tsvankin for the more general orthorhombic media.
Our methodology is based on the inversion of azimuthally-dependent P-wave
normal-moveout (NMO) velocities from horizontal and dipping reflectors.

NMO velocity for a given reflection event represents an ellipse determined by
three combinations of the medium parameters. The NMO ellipses from horizontal
reflectors can be inverted for the azimuth 3 of the horizontal symmetry axis, the
vertical velocity Vpo, and the Thomsen-type anisotropic parameter 6(V). We
describe a method for obtaining the remaining (for P-waves) anisotropic para-
meter n(v) (or e(V)) from the NMO ellipse corresponding to a dipping reflector
of arbitrary azimuth. Then these anisotropic coefficients can be combined to
evaluate the crack density and predict whether the cracks are fluid-filled or dry.
Although estimation of (") can be carried out using the general algorithm de-
veloped for orthorhombic media, we show that higher stability may be achieved
by assuming the HTT model from the outset of the inversion procedure.

To recover the interval parameters of vertically inhomogeneous HTI media,
we apply the generalized Dix equation that operates with the 2x2 symmet-
ric matrices representing NMO ellipses. Our algorithm is designed to find the
interval values of 3, Vg, €V), and 6(V) using moveout from horizontal and dip-
ping reflectors measured at different vertical times. We apply our method to
a multi-azimuth P-wave data set generated by ray tracing for a layered HTI
medium with depth-varying orientation of the symmetry axis and confirm the
high stability of the inversion procedure.

A unique feature of the HTT model that distinguishes it from both vertical trans-
verse isotropy and orthorhombic media is that moveout inversion provides not
just zero-dip NMO velocities and anisotropic coefficients, but also the true ver-
tical velocity. As a result, reflection P-wave data acquired over HTT formations
contain enough information for anisotropic depth processing.

Key words: HTI media, NMO ellipse, generalized Dix equation

cracks embedded in an isotropic host rock (e.g., Thom-
sen, 1988). The fractional difference between the velo-
cities of split S-waves at vertical incidence gives a good
estimate of the crack density and, therefore, provides an
important insight into the physical properties of the frac-
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Figure 1. HTT model is used to describe a system of parallel
vertical cracks in an isotropic background medium. The sym-
metry axis is orthogonal to the cracks; the plane parallel to
the cracks is called the “isotropy plane.”

tured reservoir. An alternative approach to parameter es-
timation in HTT media, discussed by Tsvankin (1997), is
based on the inversion of azimuthally dependent reflec-
tion traveltimes. Tsvankin (1997) gave an exact equation
for normal-moveout (NMO) velocity of pure modes in a
horizontal HTI layer and showed that it represents an
ellipse with the axes parallel to the vertical symmetry
planes of the medium. For P-waves, the NMO ellipse de-
pends on the azimuth of the symmetry axis f, the vertical
velocity Vpo, and the anisotropic coefficient V) defined
by analogy with Thomsen’s (1986) parameter § for TI
models with a vertical symmetry axis (VTI media). P-
wave kinematic signatures in HTI media are controlled by
Vpo, 62 and another anisotropic coefficient, eV, that is
close to the fractional difference between the symmetry-
direction velocity and Vpg. Tsvankin (1997) suggested
to obtain €V either by combining NMO velocities of the
P-wave and slow S-wave or by inverting dip-dependent
P-wave moveout in the vertical plane that contains the
symmetry axis (the “symmetry-axis plane”). Note that
the inversion of dip moveout proposed by Tsvankin is
based on his 2-D NMO equation (Tsvankin, 1995) and,
therefore, can be applied only if the dip plane of the re-
flector contains the symmetry axis. The parameter (V)
can also be recovered from nonhyperbolic (long-spread)
moveout described by Al-Dajani and Tsvankin (1996).
The set of the three P-wave moveout coefficients (Vpo,
1 (V), e(V)) can be used to reconstruct P-wave phase ve-
locity, as well as estimate the crack density and investig-
ate the contents of the fracture network (Tsvankin, 1997;
Riiger, 1996).

Here, we generalize the previous parameter-
estimation results by presenting an algorithm that op-
erates with azimuthally-dependent NMO velocity from a
dipping reflector with arbitrary orientation. As shown by

Grechka and Tsvankin (1996), the azimuthal variation of
pure-mode NMO velocity typically represents an ellipse
for any inhomogeneous arbitrary anisotropic medium.
Since the ellipse is fully described by three quantities
(e.g., by its orientation and the lengths of the semi-axes),
only three combinations of medium parameters can be
found from multi-azimuth NMO velocity measurements
of a certain mode at a given spatial location. Clearly,
these parameter combinations depend on the type of ani-
sotropic model for which the inversion is carried out. For
example, Grechka and Tsvankin (1996) proved that the
P-wave NMO ellipse in VTI media, expressed through
the horizontal slowness components of the zero-offset ray,
is a function of two Alkhalifah-Tsvankin (1995) para-
meters: the “zero-dip” NMO velocity from a horizontal
reflector Vamo(0) and the “anellipticity” coeflicient 7.
For the more complicated azimuthally-anisotropic model
with orthorhombic symmetry, NMO velocity of P-waves
depends on six quantities: the azimuth of one of the ver-
tical symmetry planes, the zero-dip NMO velocities in
the symmetry-plane directions Vik? and three coeffi-
cients 7™2%) defined similarly to the parameter 5 for
VTI media. Grechka and Tsvankin(1997), who obtained
this result, also developed a parameter-estimation pro-
cedure designed to find the symmetry-plane orientation
and the five moveout parameters from the NMO ellipses
of a horizontal and a dipping event.

The method of Grechka and Tsvankin (1997) can
be directly applied to the inversion of the azimuthally
dependent NMO velocity in HTI media because hori-
zontal transverse isotropy can be considered as a spe-
cial case of the general orthorhombic model. The trans-
ition from orthorhombic to HTI media becomes particu-
larly simple within the framework of Tsvankin’s (1996)
notation for orthorhombic anisotropy. For instance, the
P-wave NMO ellipse from a horizontal reflector in HTT
media (Tsvankin, 1997) can be obtained from the corres-
ponding NMO ellipse in orthorhombic media (Grechka
and Tsvankin, 1996) just by setting the appropriate §
coefficient to zero. Likewise, the P-wave NMO velocity
of dipping events in HTT media depends on only one 7
coefficient (n()) directly related to the parameter V).
Since the NMO ellipse from a dipping reflector generally
provides us with three independent equations, we have
useful redundancy in estimating 7). Hence, the inver-
sion for V) in HTI media is expected to be more stable
than that for the three coefficients 5*>%) in orthorhombic
media.

To extend the moveout-inversion algorithm to
vertically-inhomogeneous HTI media with arbitrary azi-
muth of the symmetry axis in each layer, we use the
generalized Dix equation of Grechka et al. (1997). This



Figure 2. Orthorhombic media have three mutually ortho-
gonal planes of mirror symmetry. One of the reasons for or-
thorhombic anisotropy is a combination of parallel vertical
cracks and vertical transverse isotropy in the background me-
dium.

equation expresses the exact NMO velocity for a stack
of layers above a dipping reflector as an average of the
matrices responsible for the interval NMO ellipses. Dix-
type differentiation allows us to find the interval values
of B, Vo, 6V, and ¢V, which are sufficient to perform
depth processing in HTT media. We also compare the per-
formance of the moveout inversion technique for HTT and
orthorhombic media and present a numerical test of our
parameter-estimation methodology for a stratified HTI
model.

Notation for HTI and Orthorhombic Media

Since our approach is based on adapting the method-
ology of Grechka and Tsvankin (1997) developed for
orthorhombic media, we need to review the relation
between the parameters of orthorhombic and HTI mod-
els. Orthorhombic (or orthotropic) symmetry system may
be caused, for instance, by a set of parallel vertical cracks
embedded in a background VTI medium (Figure 2) or by
two orthogonal vertical crack systems in a purely iso-
tropic or VTI matrix (e.g., Wild and Crampin, 1991;
Schoenberg and Helbig, 1997). Regardless of the reasons
for orthorhombic anisotropy, it is characterized by three
mutually orthogonal planes of mirror symmetry, which
are conventionally chosen as the coordinate planes. Ts-
vankin (1996) used the fact that the Christoffel equa-
tion has an identical form within the symmetry planes
of orthorhombic and VTI media to parameterize or-
thorhombic models by two vertical velocities (the “iso-
tropic” quantitites) and seven dimensionless anisotropic
coefficients. This notation, based on the same principle
as Thomsen parameters for VTI media, is particularly
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convenient for traveltime inversion (Grechka and Ts-
vankin, 1997). The expressions for Tsvankin’s paramet-
ers in terms of the stiffness coefficients ¢;; and density p
are given below.

e Vpo — P-wave vertical velocity:
€33
Vpo = —. (1)
p

e V5o — the vertical velocity of the S-wave polarized
in the x;-direction:

V5051/7. (2)

o ¢ —the VTI parameter € in the [z1, 23] symmetry
plane normal to z2-axis (this explains the superscript
“2”):

(2) _ C11 —C33
e = = 3
2 C33 ( )

e 5 _ the VTI parameter § in the [z1, 23] plane:

5@ = (c13 + c55)% — (caz — ¢55)> @
n 2 c33 (cs3 — c55) ’

e v _ the VTI parameter + in the [z1, 3] plane :

(2) — €66 — Ca4
vUE (5)

o M) — the VTI parameter € in the [z3, 23] symmetry
plane:

(1) _ C22 —Cs3 6
€=, (6)

e 6 — the VTI parameter 4 in the [x2, 23] plane:

s = (c23 + caa)® — (c33 — caa)? )
B 2 ¢33 (33 — Caa)
o v(1) — the VTI parameter +y in the [z2, 3] plane:
Ce6 — C
4 = Co8 —C55 ®

2 Cs5

e §® — the VTI parameter § in the [z1,s] plane (z:
plays the role of the symmetry axis):

5@ = (c12 + 066)2 — (e11 — C66)2 9)
- 2 c11 (€11 — ce6) '

An important parameter combination that we will use
below is the shear-wave splitting coefficient at vertical
incidence:

_ 1 _ 7(2)
2¢s5 1+ 2’)’ (2)

S) _ C44 — C55
’Y()= _7

(10)

Only a subset of these parameters (Vpo, e,
and §2%) control P-wave kinematic signatures for
orthorhombic media (Tsvankin, 1996). Furthermore,
Grechka and Tsvankin (1997) showed that P-wave
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normal-moveout velocity, expressed through the hori-
zontal slowness components of the zero-offset ray, de-
pends on just five parameters — the symmetry-plane
NMO velocities from a horizontal reflector

Vo = Veo /14250, (i=1,2) (11)

and three anisotropic coefficients 7> defined by ana-
logy with the parameter n (Alkhalifah and Tsvankin,
1995) in VTI media:

° 77(2) — the VTI parameter 7 in the vertical symmetry
plane [z, z3]:

O = €? _ 5@ 12
14262 °

e 7Y — the VTI parameter 7 in the vertical symmetry
plane [z, z3]:

W €D 5

= T¥200 (13)

n

o 77® — the VTI parameter 7 in the horizontal sym-
metry plane [z1,z2] (1 plays the role of the symmetry
axis):

o _ eV —e® —3P(1 4 2c?)
(14 2e@)(1+263)
For the HTT model that may be considered as a spe-

cial case of orthorhombic media, the number of independ-
ent parameters reduces from nine to five. If we align the

n (14)

symmetry axis with the z1-direction (Figure 1), the velo-
cities of all three modes in the [z2, z3]-plane (the isotropy
plane) become constant, and the anisotropic coefficients
in this plane [equations (6) — (8)] go to zero (Tsvankin,
1996):

oM =0, (15)
e 5 =0, (16)
ey =0. (17)

Since the symmetry-axis plane [z1,z3] of HTI me-
dia is equivalent to the orthorhombic [z1, 23] symmetry
plane, the definitions of the anisotropic coefficients ¢,
d®, and 4? [equations (3) — (5)] remain valid for ho-
rizontal transverse isotropy. Tsvankin (1997) and Riiger
(1996), who introduced Thomsen-style parameterization
for HTT media, called these parameters ¢V, V), and
e(v), respectively:

o V) =) (18)
o V) =4§® (19)
. 'y(v) = 7(2). (20)

The coefficient §® [equation (9)] for HTI media becomes
a function of €V, §') and the ratio of the vertical velo-
cities (Tsvankin, 1997):

@ 0V -2V 1 +M/p) 01
= AT 2e/H) 12y (21)

where
f=1-Vio/Vio. (22)

Thus, properties of an HTT medium are determined
by a total of five independent parameters — Vpo, Vso, M,
™) and 4V, As demonstrated by Tsvankin (1997), kin-
ematic signatures of P-waves can be described with suffi-
cient accuracy by the vertical velocity Vpo, e, and 6.

Hence, these three parameters are supposed to control P-
wave NMO velocity as well. Indeed, the NMO velocities
from a horizontal reflector in the symmetry planes [equa-
tion (11)] become

Vi = Veo, (23)

V2 = Vpo /1 +26MV). (24)

The number of independent 7 coefficients for HTI media
reduces from three to one; in accordance with the defin-
itions of n(1:2% [equations (12)—(14)],

o 7V =0, (25)
V) _ 5
€
° 77(2) = ﬂ(v) =195 125V (26)
o 03 — eV — V) ~ (V) (27)
T T I e ) T

Although the shear-wave vertical velocity does enter
equation (27) through the quantity f, its influence can be
ignored. Note that if the symmetry axis points in the z»-
direction, then the parameter 77(2) = 0, while 7](1) and 77(3)
become identical and equal to n(v). Therefore, instead of
five moveout parameters in orthorhombic media, we have
only three (Vpo, V) or V), and §¥)) in the HTT model.

NMO Ellipses in a Homogeneous HTI Layer

Grechka and Tsvankin (1996) obtained a general equa-
tion for azimuthally-varying NMO velocity of any pure
mode in the form

Vi (@) = Wi1 cos” a+2 Wiz sin a cos a4Was sin” ar, (28)

where « is the azimuth of the common-midpoint (CMP)
line with respect to the zi-axis and the symmetric matrix
W is given by
Opi
Wij =10 7—
i 0 ij 3

Here, 79 is the one-way zero-offset traveltime and p; and

(iaj = 1a2)' (29)

p2 are the horizontal components of the slowness vector
for rays emanating from the zero-offset reflection point;
the spatial derivatives of p; are evaluated at the CMP



location. Equation (28) is valid for any inhomogeneous
anisotropic medium in which reflection traveltime can be
expanded in a Taylor series near the common midpoint.
Grechka and Tsvankin (1996) showed that matrix W
is usually positive definite, and the azimuthally depend-
ent NMO velocity (28) represents an ellipse in the ho-
rizontal plane. A more detailed description of the NMO
ellipse can be found in Grechka and Tsvankin (1996) and
Grechka et al. (1997); the latter paper also contains an
explicit NMO expression for a homogeneous layer based
on equation (28). Below, we use these results to discuss
P-wave NMO velocity from horizontal and dipping re-
flectors in HTI media.

Horizontal reflector

Suppose the symmetry axis of a horizontal HTI layer
makes the angle 8 with the coordinate axis x;. Adapt-
ing the exact expression for normal-moveout presented
by Tsvankin (1997), we can represent the P-wave NMO
ellipse as

1 _ cos’(a—f) n sin’(a — 3) (30)
Vano (a) Vlg,nmo VP?O ’

where Vpnmo = Vn(?n)o = Vpov1 + 26(V) is the NMO ve-
locity in the symmetry-axis plane given by equation (24).
Equation (30) can also be obtained from the more gen-
eral NMO equation in an orthorhombic layer (Grechka
and Tsvankin, 1996) by setting the & coefficient in the
isotropy plane to zero.

Clearly, the semi-axes of the ellipse (30) are aligned
with the vertical symmetry planes of the HTI layer, and
the NMO velocity is determined by three quantities: the
azimuth B of the symmetry axis, the vertical velocity
Vpo, and the anisotropic coefficient 6V A minimum
of three well-separated azimuthal moveout measurements
are needed to reconstruct the NMO ellipse and find 3,
Vpo, and V). Then we can use the vertical velocity to
obtain the layer thickness

z = VpoTo, (31)

where 79 is the one-way vertical traveltime.

The accuracy and stability of this inversion proced-
ure, as well as the optimal number and spread of CMP
lines is discussed in detail by Al-Dajani and Alkhalifah
(1997). Note that unambiguous recovery of Vo and §)
is impossible without identification of the symmetry-axis
and isotropy planes, which cannot be done using move-
out data alone. However, the parameter §¢V) is usually
negative for fractured formations (Tsvankin, 1997) and,
therefore, the smaller semi-axis of the NMO ellipse should
correspond to the direction of the symmetry axis.
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Figure 3. The P-wave NMO ellipse in an HTI layer above a
dipping reflector. The reflector dip is equal to 30°, the azimuth
of the dip plane is 45°. The medium parameters correspond
to a system of fluid-filled cracks embedded in an isotropic
matrix (Riger, 1996): Vpo = 4.498 km/s, Vso = 2.53 km/s,
eV) = —0.003, 8(Y) = —0.088. The azimuth of the symmetry
axis 8 = 0°.

Dipping reflector

Tsvankin (1997) discussed one special case of dip-
moveout inversion in HTT media. If the dip plane of the
reflector coincides with the symmetry-axis plane, the mo-
veout problem on the dip line becomes two-dimensional
because reflected rays do not deviate from the incid-
ence plane. Due to the kinematic equivalence between
the symmetry-axis plane of HTI media and any vertical
plane in VTI media, the dip-dependence of the P-wave
NMO velocity in the symmetry-axis plane is controlled
by the parameter n(v) exactly in the same way as n de-
termines dip moveout in VTI media. This means that
the dip-moveout inversion method of Alkhalifah and Ts-
vankin (1995) is fully applicable to the estimation of 5V
in the symmetry-axis plane.

Here, we extend this result to a dipping reflector with
arbitrary orientation by using the general NMO equation
in homogeneous layer given by Grechka et al. (1997) and
adapting the inversion methodology of Grechka and Ts-
vankin (1997) originally developed for orthorhombic me-
dia. If the reflector strike is not aligned with either of
the symmetry-plane azimuths, the NMO ellipse cannot
be represented in the simple form (30) since its semi-
axes deviate from the symmetry planes. For instance, for
a reflector with the dip plane making an angle of 45° with
the symmetry axis (Figure 3), the azimuth of the largest
semi-axis of the NMO ellipse is equal to 55.6°.

The NMO ellipse in Figure 3 was calculated using
an exact equation of Grechka et al. (1997) who expressed
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the components of the matrix W [equation (29)] for a ho-
mogeneous layer through the slowness vector of the zero
offset ray. This equation, valid for any pure mode and
arbitrary orientation of the CMP line, has the following
form:

P1q,1 +p29,2 —q
@11 Gr22 —Qy3,

. 2
—2¢q,128in@cos @ + ¢,11 sin a],

Vi (@, D1, p2) = [q,zz cos® a (32)

where ¢ = q(p1,p2) = ps is the vertical component of
the slowness vector; ¢,; and g5, (4, j=1,2) denote the
partial derivatives ¢,;= 9q/dp; and q,;; = 0°q/Op:Op;
that should be evaluated for the zero-offset ray. The ho-
rizontal slownesses (p1,p2) for the zero-offset ray can be
found from the reflection slopes on zero-offset sections
recorded in two different azimuthal directions.

Equation (32) can be used to obtain the parameter
7™ from the azimuthally dependent NMO velocity of an
arbitrary dipping event. To gain analytic insight into this
inversion procedure, we use the weak anisotropy approx-
imation (linearization in the anisotropic coefficients) for
the P-wave NMO ellipse in orthorhombic media derived
by Grechka and Tsvankin (1997). After substituting the
HTI relationships (23)—(27) into their equations (A-1) —
(A-10), we find

Vn_mZO(a,plap2) =

1
= cos’a { v~ pl— prn(v) dl}

P,nmo
— 2sinacosapip2 {1 — SU(V)p%VJgo d2}
. 1
+ sin’a { — —p5+ 2V piVi ds} ) (33)
Veo

where
di = 6 — 9piVio +4p1 Vo,
dx =1 —IﬁV}go - 2P§V120 )
ds=1-— 417%‘/1%0;

a is the angle with the symmetry axis.

Suppose that the azimuth of the dip plane of the
reflector coincides with the symmetry-axis plane of an
HTI layer. Then the zero-offset ray is confined to the
[z1,z3] plane (p2 = 0), and approximation (33) yields

K;I;Zo(aaplap2) =

1
= cos’a — —p - 2p§n(v) di
VP,nmo
PO

. 1
+ sin’a { TR + 20V p1vEe d3} . (34)

The dip-line NMO velocity (o = 0) in this case is
identical to the corresponding VTI approximation given

in Alkhalifah and Tsvankin (1995) and discussed for HTI
media by Tsvankin (1997). Provided the zero-dip NMO
velocity in the symmetry-axis plane has been obtained
from horizontal events, Vamo(a = 0,p1) for a dipping
event (a single p1 # 0) is sufficient to obtain (V. Equa-
tion (34) also shows that the strike-line NMO velocity
(a = 90°) provides a useful redundancy in estimating
n(V)

If the dip plane of the reflector represents the iso-
tropy plane (p1 = 0),

2
Vn_m20(a1pl7p2) = CC;S—a + Sill2 a { Lz _pé} - (35)
VP,nmo VPO

Clearly, V) has no influence on both semi-axes of the
ellipse (35) and, therefore, cannot be found from moveout
data. Therefore, we expect the inversion of n(v) to be
unstable if the reflector azimuth is close to the isotropy
plane of the HTT model.

Another situation when 7V

is not well constrained
by dip moveout is when the reflector is close to horizontal
and both slowness components p; and p» in equation (33)
are small. Relevant quantitative estimates can be found
in Alkhalifah and Tsvankin (1995) for VTI media and
in Grechka and Tsvankin (1997) for orthorhombic aniso-
tropy.

Parameter Estimation in an HTT Layer

P-wave normal-moveout velocity in HTI media, ex-
pressed by equation (32), depends on the symmetry-axis
orientation [, the vertical velocity Vpo, and the anisotro-
pic coefficients €V) (or 7)) and §V). Since one NMO
ellipse generally depends on three parameter combina-
tions, we need at least two NMO ellipses from reflectors
of different dips and azimuths to carry out the inversion
procedure. NMO ellipses of two reflection events provide
six equations for four unknowns, which ensures a useful
redundancy and helps to stabilize the parameter estima-
tion. Note that in orthorhombic media we have two more
unknowns (Grechka and Tsvankin, 1997) for the same
number of equations, so the inversion procedure in HTI
media is expected to be more stable compared to that for
orthorhombic models.

In subsequent analysis, we assume that one of the
reflectors is horizontal. Then the axis orientation 3, Vpo,
and ) can be found from the horizontal event, which
leaves (V) or €V) as the only unknown to be obtained
from the NMO ellipse of a dippping event. As mentioned
above, the negative value of §') allows us to distinguish
between the azimuths of the symmetry-axis and isotropy
planes: the smallest semi-axis of the NMO ellipse from a
horizontal reflector defines the direction of the symmetry
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Figure 4. The influence of the shear-wave vertical velocity
Vso on the inversion for "(V)_ The azimuth of the dip plane
of the reflector with respect to the symmetry axis is 45°, the
dips are 35° (solid line) and 70° (dashed line). The medium
parameters are Vpo = 4.0 km/s, eV = 0, V) = —0.143,
,,’(V) = 0.2. The actual Vgo/Vpo ratio is shown on the plot;
the inversion was always performed with Vso/Vpo = 0.5.

axis (normal to the fractures). It may happen that §¢*) =
0, and the NMO ellipse of horizontal events degenerates
into a circle. In this case, the azimuth g of the symmetry
axis has to be retrieved, along with n(v), from the NMO
velocity of a dipping event (then we have three equations
for two unknowns).

Our inversion algorithm is based on the exact equa-
tion for the NMO ellipse (32) and uses the three com-
ponents of the corresponding matrix W as input data.
Assuming that 3, Vpg, and § ™) have already been found,

V)

we search for the value of n*"’ that minimizes the norm

of the difference
F™) = || Wmeasur — Wineor|| = min (36)

between the measured and theoretical (computed)
matrices W that define the NMO ellipse (32). More de-
tails about this procedure are given in Grechka and Ts-
vankin (1997).

Before discussing the inversion results, we verify
whether the shear-wave vertical velocity Vso can be ig-
nored in the parameter-estimation procedure. In agree-
ment with Tsvankin (1997), although Vsg [or the quantity
f from equation (22)] does enter the exact phase-velocity
equations for the P-wave, its influence on normal move-
out is negligibly small (Figure 4). Therefore, in the ex-
amples below we use a “reasonable” value of the Vso/Vpo
ratio that does not necessarily correspond to the true
shear-wave vertical velocity in the model.

If the inversion is performed on error-free data (as
in Figure 4 for Vso/Vpo = 0.5), the value of 5V is found
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with excellent accuracy. To evaluate the stability of the
parameter-estimation procedure, we introduced errors in
the symmetry-plane NMO velocities from a horizontal
reflector (Figure 5). For each reflection event, we present
two sets of the inversion results, one of which is computed
for the HTT model, while the other is obtained under the
assumption that the model is orthorhombic.

Assuming the medium to be HTI from the outset of
the inversion procedure, we recover V) (thin solid line)
in a stable fashion for the reflectors with azimuths of 20°
and 45° (Figure 5a—d; by the azimuth we mean the angle
between the dip plane of the reflector and the symmetry
axis). In accordance with the weak-anisotropy approxim-
ation discussed above, the inversion for (V) becomes less
stable as the reflector azimuth approaches the isotropy
plane (Figure 5e, f). The value of 7" in this case is es-
pecially sensitive to errors in the zero-dip NMO velocity
in the symmetry-axis plane (Figure 5f). (A small devi-
ation of n(V) from the actual value even in the absence
of errors is caused by the wrong value of the shear-wave
vertical velocity intentionally used in the inversion.)

Since in field experiments we may not know the me-
dium symmetry in advance, it is interesting to carry out
the inversion of the NMO ellipse (computed for the ac-
tual HTI model) using the algorithm of Grechka and
Tsvankin (1997) for the more general orthorhombic me-
dium. In this case, we have to invert three components
of the matrix W for three unknown parameters — 7](1),
7](2), and 7](3). An accurate inversion procedure should
yield the expressions for 7"'%® valid in HTT media:
n® = 9™ and ™ = 0. Also, for the model from
Figure 5 ¢V) = 0 and, as follows from equation (27),
n® = n™) (in general, the last relationship is approx-
imate). If the zero-dip NMO velocities are not distorted,
we indeed obtain the values that almost satisfy these HTI
constraints. The errors in input data, however, get “dis-
tributed” among the three n parameters, and it might
be difficult to recognize the HTI model by examining the
inversion results. For instance, if the reflector azimuth
is equal to 20° (Figure 5a, b), the value of n‘® stays
close to ¥, but n* and n® show substantial vari-
ations under the influence of errors in Vpg. This result
is in agreement with the conclusion of Grechka and Ts-
vankin (1997) that if the dip plane of the reflector is near
the [z1, x3] symmetry plane, NMO velocity constrains the
difference between ‘") and 1®, but not the individual
values of the coefficients. The HTI signature is most ap-
parent in the inverted values for the reflector azimuth of
45° (Figure 5¢, d), where n™ =~ 0 and ® does not de-
viate much from 7® for the whole range of errors in the
zero-dip NMO velocities.
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Figure 5. Inversion of the NMO ellipse for a dipping event in the presence of errors in the symmetry-plane NMO velocities
from a horizontal reflector (in %). The reflector dip is 50°; the azimuth of the dip plane is different for each row: 20° (a,b), 45°
(c,d), and 70° (e,f). The layer parameters are Vpg = 4.0 km/s, ¢(V) = 0, §(V) = —0.143, (V) = 0.2. The thin solid line denotes
'r;(V) obtained by assuming the HTI model in the inversion procedure. Under the assumption that the model is orthorhombic, we

computed 1) (dashed), n(?) (dotted), and 1¢® (dash-dotted).

Moveout Inversion in Vertically
Inhomogeneous HTI Media

The inversion approach described above can be exten-
ded to horizontally layered HTI media above a dipping
reflector using the generalized Dix equation derived by
Grechka et al. (1997). This equation expresses the exact
effective NMO velocity in a stratified medium through
the average of the matrices W responsible for the inter-
val NMO ellipses [equations (28) and (29)]:

WL = % S nw, (37)
£=1

where W(L) and W, define the effective and interval
NMO ellipses, respectively, 7, are the interval zero-offset

traveltimes, and 7(L) = Zle 7¢. Equation (37) is valid
for reflections from a dipping interface beneath an ar-
bitrary anisotropic vertically inhomogeneous overburden.
Rewriting equation (37) in the differentiation form yields

o T(OWTIH) —T(t-1)WT (- 1)
We' = O —r-1) - B9

It should be emphasized that the interval matrices W,
are evaluated for the horizontal slownesses p; and ps of
the zero-offset ray and, therefore, generally do not cor-
respond to physically existing reflectors in each layer.
Therefore, equation (38) should be applied through a
layer-stripping procedure that involves computation of
the interval matrices W, and the interval zero-offset



Figure 6. Azimuthally-dependent NMO velocities in an HTI
model consisting of two horizontal layers. Solid line —the NMO
ellipse from the bottom of the first layer; dotted — the interval
ellipse for the second layer; dashed — the effective ellipse from
the bottom of the second layer. The relevant parameters of the
first layer are Vpg1 = 2.5 km/s, ng) =—04,61=0°2 =
1.0 km; for the second layer, Vpo o = 2.9 km/s, Jév) = —0.3,
B2 = 60°, zo = 1.0 km.

traveltimes for the slowness components of the zero-offset
ray.

Figure 6 illustrates the difference between the (ex-
act) averaging of NMO ellipses and conventionally used
(approximate) rms averaging of NMO velocities. The in-
terval NMO ellipse for the second layer (dotted) was cor-
rectly restored by applying equation (38) to the effect-
ive NMO ellipses for the reflections from the top (solid)
and bottom (dashed) of the layer. Note that at azimuth
69°, where two effective ellipses intersect and the effective
NMO velocities are equal to each other, the interval NMO
velocity in the second layer is smaller than both effective
ones. This interval velocity would be overestimated by
the conventional Dix differentiation of the NMO velocit-
ies at this azimuth. Likewise, the interval NMO ellipses
intersect at an azimuth of 61°, where the effective NMO
ellipse computed from equation (37) yields a greater ef-
fective NMO velocity than both interval values. In such
a case, as discussed by Grechka and Tsvankin (1997),
conventional Dix averaging underestimates the effective
NMO velocity. A more detailed comparison of the ex-
act NMO equation (37) and the rms averaging of NMO
velocities is given in Grechka et al. (1997).

Here, we use a simple modification of the layer-
stripping algorithm developed by Grechka and Tsvankin
(1997) for orthorhombic media.
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Synthetic Example

To demonstrate the performance of our parameter-
estimation methodology, we apply it to the inversion of
ray-traced traveltimes in a stratified HTI model with a
dipping reflector cutting through all layers. We computed
the exact P-wave reflection traveltimes from horizontal
and dipping reflectors along 6 azimuths with an incre-
ment of 30°. Large offsets were muted out to maintain the
spreadlength-to-depth ratio of 1 for all reflections. Using
the conventional hyperbolic approximation for reflection
moveout, we calculated the best-fit moveout velocities at
each azimuth and reconcructed the corresponding NMO
ellipses. After carrying out the moveout inversion in the
first layer, we used the generalized Dix equation (38) to
recover the interval NMO ellipses for the horizontal and
dipping events in the second layer and obtain the layer
parameters. Then we repeated this operation for the last
(third) layer; the inversion results along with the model
parameters are given in Table 1. The maximum error in
the interval vertical velocity Vpo and the layer thicknesses
z is just 0.6%, while the errors in the interval anisotropic
coefficients ¢V) and ") are limited by 0.03. The ori-
entation of the symmetry axis, which varied with depth,
was accurately restored as well. The inversion errors are
entirely due to the influence of nonhyperbolic moveout
on the NMO velocities, which served as input data for
parameter estimation. However, our results indicate that
P-wave reflection moveout on conventional offsets close
to the reflector depth does not deviate much from a hy-
perbola. The same conclusion was drawn by Grechka and
Tsvankin (1997) in their study of reflection moveout in
orthorhombic media.

Physical properties of cracks from moveout
inversion

The azimuthal variation of NMO velocity helps to de-
termine the direction of the symmetry axis and, there-
fore, identify the fracture orientation. Also, the results
of moveout inversion for HTI media can be directly re-
lated to the physical properties of crack systems import-
ant in characterization of fractured reservoirs. One of
these properties is the crack density (the product of the
number of cracks per unit volume and their mean cubed
diameter), which is close to the shear-wave splitting para-
meter v at vertical incidence (Thomsen, 1995). While
P-wave moveout inversion cannot yield the shear-wave
splitting parameter directly, 7S [equation (10)] can be
calculated from €V) and §V) using the constraint on the
stiffness coefficients for the HTI model due to thin par-
allel cracks (Tsvankin, 1997):
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Correct values

Inverted values

Layer z Vpo eV) 5V I} z Vpo V) §V) 8
(km) (km/s) (degrees)  (km) (km/s) (degrees)
1 1.000 2.500 -0.100 -0.200 0.00 0.994 2.485 -0.130 -0.178 0.07
2 0.700 2.900 -0.050 -0.100 20.00 0.701 2.902 -0.040 -0.090 19.23
3 0.300 3.200 -0.200 —-0.300 40.00 0.301 3.206 -0.181 —0.289 40.05

Table 1. Comparison of the actual and inverted parameters for a three-layer HTT model with a throughgoing dipping reflector.
The reflector dip is 40°, the azimuth of the dip plane is 60°. The spreadlength-to-depth ratio is equal to unity for all events.

NON Vi «M2-1/f]-8%
2VEy 142V /f +/1+26M/Ff

Although equation (39) involves the shear-wave vertical

(39)

velocity that cannot be obtained from P-wave moveout
data, a rough estimate of Vso/Vpo is sufficient for apply-
ing this expression for ) in detecting “sweet spots” of
high crack density.

Once the set of all three anisotropic coefficients (¢,
e(v), and (V)) has been recovered, it can be used to de-
duce more information about the properties of the crack
system. For instance, for thin fluid-filled cracks in the
absence of equant porosity, ™) = 0, while 'y(s) ~ -6V
(Tsvankin, 1997). In contrast, for dry cracks typically
eV = 6V < 0, and V)] is much larger than
(Riiger, 1996).

Discussion and Conclusions

Normal-moveout velocity of P waves for horizontal trans-
verse isotropy is controlled by the azimuth of the sym-
metry axis 8 (normal to the fractures), the vertical velo-
city Vpo, and the anisotropic coefficients eV and §V.
™) is convenient to
™) respons-

For purposes of moveout inversion, €
replace with the “anellipticity” coefficient 5
ible for dip moveout. Here, we show that all four paramet-
ers can be recovered in a stable fashion using azimuthally
dependent NMO velocities from a horizontal and a dip-
ping reflector. The NMO ellipse for a horizontal event can
be inverted for the symmetry-axis orientation, Vpo, and
6V) (Tsvankin, 1997), while the remaining coefficient,
7™V, can be obtained from the moveout for a dipping
reflector. In the case when ) = 0, the NMO velocity
from a horizontal reflector is independent of azimuth, and
the angle 3 should be recovered (along with (")) from
the NMO ellipse of a dipping event.

Our inversion algorithm is based on the exact NMO
equation for a homogeneous layer of arbitrary symmetry
given by Grechka et al. (1997) and follows the methodo-
logy developed by Grechka and Tsvankin (1997) for the
more general orthorhombic model. In principle, it is pos-

sible to carry out the inversion assuming that the model
is orthorhombic and identify the HTI symmetry by the
specific relationships between the obtained 7 coefficients.
Although this approach works well on error-free data, it
can break down in field applications because the errors
in input information tend to be distributed among the
three orthorhombic 7 parameters in a complicated fash-
ion. Therefore, to increase the stability of the inversion
procedure, it is preferable to assume the HTI symmetry
rather than deduce it from the inversion results.

The parameter V) can be recovered with good ac-
curacy for a wide range of reflector dips and azimuths,
and is especially well-determined if the dip plane of the
reflector is close to the direction of the symmetry axis.
The only range of reflector azimuths unfavorable for ")
inversion corresponds to a vicinity of the isotropy plane.

We also extended our inversion technique to vertic-
ally inhomogeneous HTI media above an arbitrary ori-
ented dipping reflector. This algorithm is based on the
generalized Dix formula of Grechka et al. (1997) that
operates with 2x2 matrices responsible for the interval
NMO ellipses evaluated at the horizontal slowness com-
ponents of the zero-offset ray. As a result of this Dix-type
differentiation procedure, we obtain the interval values
of 8, Vpo, V) (e(V)), 0™, and the interval thickness
z. Application of the Dix differentiation imposes obvious
restrictions on the thickness of the interval, which are
well known for isotropic media and remain valid in the
presence of anisotropy.

The inversion algorithm was tested on ray-traced
traveltime data generated for a stratified HTT model with
depth-varying orientation of the symmetry axis. All inter-
val values were restored with excellent accuracy, which
indicates that nonhyperbolic moveout does not seriously
distort moveout velocity on conventional spreads close to
the reflector depth.

An attractive feature of parameter estimation in HTT
media is the possibility to find the true vertical velocity
and reflector depth from P-wave moveout data. In con-
trast, surface data acquired over VTI and orthorhombic
media do not provide enough information for the trans-



ition from moveout to vertical velocities. Therefore, P-
wave moveout inversion for horizontal transverse iso-
tropy allows one to build a velocity model for depth pro-
cessing, as opposed to time processing in VTI and or-
thorhombic media.

Another advantage of the HTI model is a relatively
simple relationship between the moveout parameters and
the physical properties of crack systems. The direction
of the symmetry axis yields the crack orientation, while
the parameters ¢V) and V7 can be combined to estim-
ate the shear-wave splitting coefficient 4®) and the crack
density (Tsvankin, 1997). Furthermore, the relationship
between e(v), é (V), and the crack density depends on the
contents of the cracks, which makes it possible to distin-
guish between fluid-filled and dry cracks using P-wave
moveout data.

Although P-wave moveout in HTT media can provide
us with a wealth of information, it is still beneficial to
combine it with amplitude-variation-with-offset (AVO)
signature or results of shear-wave splitting analysis. For
instance, P-wave AVO gradient depends on a combina-
tion of §V) and ~S) (Riiger, 1996) and, therefore, can
be used to evaluate the shear-wave splitting parameter.
The coefficient ’y(s) can also be found directly by study-
ing time delays between two split shear waves at vertical
incidence. In addition, both the AVO response and shear-
wave polarizations yield an independent estimate of the
azimuth of the symmetry axis.
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