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Introduction

ABSTRACT

Recent results on symmetry-plane P-wave reflection coefficients in azimuthally
anisotropic media are extended to observations at arbitrary azimuth, large in-
cidence angles and to lower symmetry systems. The approach presented here
is based on analysis of linearized reflection and transmission coefficients in azi-
muthally anisotropic media. The approximate P-wave reflection coefficient in
transversely isotropic media with a horizontal axis of symmetry (HTI) (typ-
ical for a system of parallel vertical cracks embedded in an isotropic matrix)
shows that the AVO gradient varies as a function of the squared cosine of the
azimuthal angle. This change can be inverted for the symmetry-plane directions
and a combination of the shear-wave splitting parameter v and the anisotropy
coefficient 6(Y). The parameters v and (V) cause the same functional form of
azimuthal change of the AVO gradient and cannot be extracted individually.

Azimuthal variations in the reflection coefficient at large angles of incidence
(greater than 20°) can serve as an indication of azimuthal anisotropy even if
no azimuthal AVO-gradient change can be observed. In this case, the azimuthal
variation of the reflection coefficient at large incidence angles is primarily de-
pendent on the anisotropy coefficient (V) (closely related to Thomsen’s para-
meter €) and provides enough information to detect the two symmetry-plane
directions.

The reflection coefficient study is also extended to media of orthorhombic sym-
metry which are believed to be more realistic models for fractured reservoirs.
The study shows that the orthorhombic and HTT reflection coefficients are very
similar and that the azimuthal variation in the orthorhombic P-wave reflection
response is a function of the shear-wave splitting parameter v and two aniso-
tropy parameters describing P-wave anisotropy for near-vertical propagation in
the symmetry planes.
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tured hydrocarbon reservoirs show azimuthal anisotropy
of various types and strength (Crampin, 1985). The most

Fracturing and directional horizontal stress fields can
cause azimuthal anisotropy in the subsurface. Knowledge
of the direction of open fractures, the degree of fracturing
and compartmentalization is critical in understanding the
flow of fluids or gas through the reservoir and in making
decisions on drilling locations and optimization of reser-
voir productivity.

Most upper-crustal media and many naturally frac-

simple, “first-order” model to describe azimuthal aniso-
tropy is transverse isotropy with a horizontal axis of
symmetry (HTI). The most common physical reason
for a medium of HTI symmetry is a system of paral-
lel penny-shaped vertical cracks embedded in an iso-
tropic matrix (Thomsen, 1995). Any deviation from this
model lowers the symmetry of the system. Media of
orthorhombic symmetry that are believed to represent
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more realistic, azimuthally anisotropic models can, for
example, be caused by a combination of horizontal lay-
ering and vertically aligned cracks. Likewise, a system of
two orthogonal but not necessary identical crack systems
or two identical crack systems at oblique angle lead to
orthorhombic symmetry (Winterstein, 1990). More gen-
eral combinations of fracture systems yield monoclinic or
triclinic symmetries.

While seismic signatures of compressional waves in
transversely isotropic media with a vertical axis of sym-
metry (VTI) have been an active study area in the last
decade, research on HTI media has been predominantly
focused on the propagation of shear waves. Shear waves
are very sensitive to the direction and amount of the frac-
turing and several algorithms [mainly through analysis of
shear-wave birefringence (Alford, 1986; Thomsen, 1988)]
are nowadays used to extract this information from mul-
ticomponent data (Martin & Davis, 1987; Lynn, 1995;
Michelena, 1995). While much attention has been devoted
to the study of shear-wave splitting in HTI models, the
dependence of compressional wave data on the azimuthal
anisotropy is much less understood and P-wave* data are
rarely used to directly detect and characterize fractured
zones or “weak spots”. Certainly, a method for the dir-
ect identification of fracturing using P-wave data would
be highly beneficial. The exploration community has be-
come very sophisticated in the processing and acquisition
of P-wave data; additionally, compressional data gener-
ally have better quality and are cheaper as compared to
shear-wave data.

Just recently, it became better known that P-wave
AVO signatures are sensitive to fractures or cracks.
Mallick and Frazer (1991), for example, show on syn-
thetic data that the P-wave AVO response from a frac-
tured layer is azimuthally dependent. Similar azimuthal
variations in the P-wave reflection response have been
observed on field data by Lynn et al. (1995) and John-
son (1995).

To elucidate the relation between the P-wave
reflection coefficients and the medium parameters,
Riiger (1996b) derived approximate reflection coefficients
for the symmetry planes of HTI media. The reflection
coefficient was hereby linearized with respect to the re-
lative changes in isotropy parameters across the reflect-
ing boundary and new anisotropy parameters e(V), 1 (V),
and v, similar to Thomsen’s (1986) coefficients. Based
on his results and a new exact description of normal-
moveout velocities in HTI media (Tsvankin, 1996c),
Riiger and Tsvankin (1995) proposed a new AVO al-

* 1 am omitting the qualifiers in “quasi P ”-wave and “quasi
S ”-wave

gorithm to improve the characterization of fractured
reservoirs using P-wave data.

This paper is a continuation of the work by
Riiger (1996b). Specifically, the fracture-detection al-
gorithm based on the symmetry-plane P-wave reflec-
tion coefficients shown in Riiger (1996b) can be exten-
ded to observations at arbitrary azimuth, to variations
of reflection coefficients at large incidence angles and
to lower symmetry systems. While the symmetry-plane
coefficients describe the magnitude of azimuthal change
and show how to relate it to the medium parameters, the
newly derived expressions help to apply the fracture de-
tection algorithm for any set of azimuths, and character-
ize the functional type of the azimuthal variation caused
by the different anisotropy parameters.

A second extension investigates the reflection re-
sponse in the vertical symmetry planes of orthorhombic
media. Finally, for completeness and further reference,
the full system of symmetry-plane reflection and trans-
mission coefficients for pure modes in HTT media is given.
Although scattering coefficients for converted modes have
been derived as well, they are not shown here due to their
algebraic complexity.

Symmetry planes of HTI media: analogies
and notation

HTI media have two vertical symmetry planes. The plane
formed by the symmetry axis and the vertical is called the
“symmetry-axis” plane (Riiger, 1996b; Tsvankin, 1996¢),
while the plane perpendicular to the symmetry axis is
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denoted the “isotropy” plane. If the HTI symmetry is
caused by vertically aligned cracks, the isotropy plane
coincides with the fracture plane.

The equivalence between HTT and VTT media is the
key observation to derive the polarization vectors, the
phase velocities and the approximate and exact reflec-
tion coefficient in the symmetry-axis plane: the Christof-
fel equation that in general differs for VTT and HTI media
is identical for waves propagating in the symmetry-axis
plane of HTT media and vertical symmetry planes of VTI
models. Consequently, all equations describing kinematic
properties and polarizations are identical for transversely
isotropic media with vertical symmetry axis and the
symmetry-axis plane of HTI media (Riiger, 1996b; Ts-
vankin, 1996c¢).

The observed analogy also leads to the introduction
of a new set of dimensionless anisotropy parameters sim-
ilar to Thomsen’s (1986) coefficients. Specifically, HTI
media are conveniently described by the vertical P-wave
velocity «, the vertical velocity of the shear wave polar-
ized parallel to the isotropy plane 8 (= ), and three
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Figure 1. The incidence angle 7 denotes the angle between
the vertical and the slowness vector of the incident wave. The
azimuthal angle ¢ is defined with respect to the symmetry axis
pointing in the x-direction.

anisotropy parameters 6V, V) and 'y(V). Anisotropy
coefficients 6("), V) and (V) are Thomsen parameters
defined with respect to vertical in the same way as in VTI
media, i.e., they are different from the generic coefficients
defined with respect to the horizontal symmetry axis. The
set of new parameters naturally evolves from the analysis
of the Christoffel system. Additionally, they represent the
effective parameters describing the seismic signatures in
HTI media. For example, a is the normal-moveout ve-
locity recovered from seismic surveys aligned with the
isotropy plane; ¢ (V)| on the other hand, determines the
difference between the NMO velocity in this plane and
in the symmetry-axis plane (Tsvankin, 1996c¢).

In some contexts, it is convenient to additionally
use 3%, the slow vertical shear-wave velocity and the
symmetry-axis velocities Vpg and Vso. Table 1 summar-
izes the coefficients used in the paper and relates them
to the generic Thomsen parameters. Also included in this
table is Thomsen’s parameter -y that is directly related
to ’y(V), the «-parameter of the equivalent VTI model.
The former is chosen in the parameterization of the re-
flection coefficients below because of its importance in
the classical shear-wave splitting analysis.

Approximate scattering coefficients for HTI
media

The continuity of displacement and traction between
elastic layers in welded contact leads to a system of equa-
tions that can be inverted for the reflection and transmis-
sion coefficients. The forward problem thus consists in
solving a system of two, four or six boundary conditions,
depending on the symmetry and the number of the wave
modes above and below a reflecting interface. The inverse
problem of estimating medium parameters from the an-
gular changes of the reflection response represents a much
more difficult problem. Koefoed (1955) went through the
laborious exercise of numerically investigating reflection
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coefficients for many different sets of elastic, isotropic
parameters. Obviously, extending this approach to azi-
muthally anisotropic media is not feasible. Instead, it
is more helpful to derive approximate scattering coeffi-
cients (Bortfeld, 1961; Richards & Frasier, 1976; Aki &
Richards, 1980; Banik, 1987; Thomsen, 1993; Ursin &
Haugen, 1996) and learn about the influence of the an-
isotropy parameters on the reflection response.

The derivation of P-wave reflection coefficients in
azimuthally anisotropic media involves the study of six
wave modes generated by the incident P-wave. Probably
the first results on this topic has been performed (but not
explicitly published) by Corrigan (1990), who investig-
ated the small-angle response at isotropic/orthorhombic
boundaries. Using a Born-scattering approach, he de-
rived the dependence of the initial slope of the reflection
coefficient (also denoted as AVO gradient) B on source-
receiver azimuth of the form

B =B 4+ BM cos2¢, (1)

consistent with observations on synthetic data by
Mallick (1991; 1995).

To verify and extend Corrigan’s result to interfaces
between two HTI media and higher angular terms, I
used a perturbation technique similar to that applied by
Thomsen (1993) for (azimuthally isotropic) VTI media.
This approach considers a perturbation from an isotropic
background medium and requires analytic expressions for
P-wave polarization vectors, phase velocities and vertical
slownesses as functions of the incidence phase angle ¢ and
azimuthal phase angle ¢ (Figure 1) for weakly anisotropic
HTI media.

A derivation of the polarization vectors without in-
vestigating the eigenvector problem of the HTI Christof-
fel matrix is shown in Appendix A. It only requires to
apply the analogy of HTI and VTI media and some ba-
sic geometry to show that the P-wave polarization vector
d in HTI media can be expressed through the incidence
phase angle and azimuthal phase angle as

1(4, ¢) sini cos ¢
m(i, @) sini sing | , (2)
m(%,p) coss

d(i,¢) =

where m and | are given as

m(i,¢) = 1 — fsin’icos’¢ x
[J(V) + 2(€(V) - 5(V)) sin” i cos® ¢]
15,9) = 1+ f(1- sin? i cos> @) x

[6(V) + 2(5(V) _ 5(V)) sin? i cos? ?, 3)

with f = a?/(a® — 8%).
Phase velocities in HTI media as function of the
angle with the symmetry axis and V) and 6V are given
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Table 1. Anisotropy parameters used to study HTI media and their relation to the generic Thomsen parameters. The c;;
representation assumes that the symmetry axis is pointing in the z1-direction. Parameter f in the equation for §(V) is given by

F=1=V3/VEo-

in Tsvankin (1996¢). Expressed using incidence and azi-
muthal angle, the P-wave phase velocity for weak aniso-
tropy yields:

Veo (,90) = «a [1 +6V) sin®icos® ¢ +

(") — §V)ysin" i cos? ¢)] . (4)

Knowledge of the polarizations and phase velocit-
ies allows us to set up the perturbation equations for
the reflection and transmission coefficients of the waves
scattered at HTI/HTI interfaces with the same orienta-
tion of the symmetry axis above and below the interface.
From the derivation shown in Appendix B, it follows that
the compressional plane-wave reflection coefficient has
the following dependence on the incidence (polar) and
azimuthal phase angles:

182 1 [8a (28" 8G
2 2] a a G

2
[Aé(v) +2 ( ) Afy] cos2¢} sin®i +

% {@ + Aet™) cos? o+ A5V sin? d)cos2 qﬁ} X
a

>

Rp(i, ¢) =

Nl‘

g

sin”itan’ i (5)

where Z = p « is the vertical P-wave impedance and G =
p 3% denotes the vertical shear modulus. The changes in
the elastic parameters are expressed as relative differ-
ences. The vertical P-wave velocities in the upper and
lower layer, for example, can be written as functions of
the average velocity @ = 1/2 (a2 + 1) and the difference
Aa = —ax:

1A
o = all-370),
as = 5[(14_1%)_

2 a

Corresponding expressions are defined for the shear mod-
ulus, the density and the P-wave impedance.

The simplicity of approximation (5) is striking, es-
pecially because no angular terms have been neglected;
simple trigonometrical relations describe the anisotropic
contribution as a function of azimuth. For azimuth ¢ =
90°, equation (5) reduces to the approximate reflection
coefficient for the isotropy plane in HTI media (Riiger,
1996b):

1 AZ
RP(i,ﬂ'/2) = 574‘
N\ 2
1 | Ao 23 A . 9.
5{ a (&) el }sm 7+
lAOt . 2. 2 .
3 5 sin itan” 4. (6)

The velocities of waves propagating in the isotropy plane
are angle-independent and Rp (i, 7/2) has the same form
as the isotropic approximation implied by Wright (1986)
and first published by Thomsen (1990). As the other ap-
proximations used in this study, equation (6) is linearized
in small relative differences (a useful assumption in many
exploration contexts) and it is usually accurate enough
for incidence angles not too close to the critical angle.
Most importantly, it tells us what parameter combina-
tions can be inverted for by investigating the intercept,
gradient and higher angle terms of the reflection coef-
ficient and hence forms the basis of conventional (iso-
tropic) AVO analysis.

For the second vertical symmetry plane (the
symmetry-axis plane) at azimuth ¢ = 0, the linearized
reflection coefficient has the following form:

1
2 Z
=\ 2
1)ba  (28) (AG _ o2,
2{a (a) (G 2A7)+A6 sin” 4 +
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As mentioned above, the same result can be derived by

! (% + Ae(v)) sin” i tan® i . (7)

taking the known VTI approximate reflection coefficient
and exploiting the analogy between VTI and HTI media.
Comparing expressions (6) and (7) leads to the obser-
vation that the AVO-gradient term is varying between
the isotropy plane and the symmetry-axis plane and that
the difference in the shear-wave splitting parameter and
the coefficient 6" determine the magnitude of this vari-
ation (Riger, 1996b; Riiger & Tsvankin, 1995). Similar
observations can be made by investigating the symmetry-
plane shear-wave reflection response in azimuthally an-
isotropic media. Symmetry-plane shear-wave reflection
and transmission coefficients for HTI media have been
used to study the viability of shear-wave AVO (Yardley
& Crampin, 1991; Riiger, 1996a) and are included, for
completeness, in Appendix C.

This paper is primarily focused on the azimuthal
dependence of the reflection coefficient. Before studying
equation (5) in more detail, it is instructive to first com-
pare some numerically computed exact reflection coeffi-
cients with their linearized approximations. Hereby, it is
not of most importance to achieve a high numerical ac-
curacy (in that case, more complicated approximations
such as those shown in Ursin and Haugen (1996) should
be used), but to see if the simple analytic approxima-
tion (5) of an otherwise incomprehensibly complex reflec-
tion coefficient helps to quickly analyze the influence of
anisotropy on the reflection signature. Equation (5) is lin-
earized in nine small quantities %, %, etc. A total of 45
unknown quadratic terms are dropped in the derivation
and it is not clear how the accuracy of the approximation
depends on the medium parameters. In particular, it is
of great interest to study the accuracy of equation (5) for
different values of the anisotropy parameters eV, sV
and «. Figure 2 shows the reflection coefficients evalu-
ated at boundaries between isotropic and HTI media for
azimuths of 0°,30°,60° and 90° and incidence angles up
to 40 degrees. The parameters of the models used in this
test are listed in Table 2. To perform a representative test
of equation (5) and to study the sensitivity of the approx-
imation with respect to the individual parameters, most
examples shown use only one nonzero anisotropic para-
meter. This is done for test purposes only; in general,
the anisotropy coefficients eV, §V) and v are not in-
dependent if the anisotropy is caused by vertical cracks.

The first test shown in Figure 2a corresponds to a
reflecting HTT medium with a 10% shear-wave splitting
parameter. The exact solutions (solid lines with decreas-
ing thickness away from the symmetry-axis plane) and
the approximations (dashed) are in very good agreement

P-wave reflectivity in anisotropic media 5

Lo L2 LG 5V) (V) 4
Model a 0.1 0.1 0.2 0 0 0.1
Model b 0.1 0.1 0.2 -0.1 0 0
Model ¢ 0.1 0.1 0.2 0 -0.1 0
Modeld 0.1 0.1 0.2 -0.05 -0.05 0.15

Table 2. Models used to test the accuracy of equation (5)
and the sensitivity of the approximate reflection coefficients.
The upper medium is isotropic, the lower medium has the
following isotropic parameters: compressional vertical velocity
az = 2.5, faster shear-wave vertical velocity B2 = 1.5 and
density p2 = 2.7.

for all azimuths. The approximations practically coincide
with the exact curves for 0° and 30° azimuths with the
symmetry axis, while a small deviation is visible for azi-
muths 60° and 90° and large incidence angles. The second
model has a nonzero coefficient § in the reflecting me-
dium. Equation (5) correctly predicts the split of the re-
flection coefficient curves. The slope of the exact curves
for 0° and 30° azimuths is slightly overcorrected by the
approximation and leads to deviations for large angles of
incidence. Model ¢ has a nonzero value of parameter eV,
According to equation (5), there should be no significant
change in the AVO gradient (incidence angles < 20°)
and indeed, the exact solution does not show any split
in the reflection coefficient curves for low angles of incid-
ence. Note that inaccuracies for 0° and 30° azimuths are
smaller than for 90° azimuth. The latter approximation
coincides with the classical isotropic linearization of the
reflection coefficient that is used sucessfully in conven-
tional AVO analysis. Therefore, in this case, the accuracy
of the anisotropic approximation is higher than that for
the isotropic one. Model d has three nonzero anisotropy
parameters, including a shear-wave splitting coefficient
of 15%. The accuracy of the approximation is acceptable
for small values of incidence angles and also shows the
correct trend for higher incidence angles. Deviations for
large angles of incidence and 0° and 30° azimuths are
caused by the approximation of shear-wave velocity 8+
through 8 and 7 and hence are caused by the design of the
approximation. For a better accuracy at small azimuths,
the approximation (5) should be rewritten in terms of

pr.

Functional type of the azimuthal variation

Rather than simply studying the reflection coefficient as
a function of the incidence angle for several azimuths,
equation (5) additionally suggests to fix the incidence
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Figure 2. Reflection coefficients for an isotropic layer overlying an HTI medium. Shown are the exact solution (solid lines) and
the weak elastic, weak anisotropic approximation (dashed) [equation (5)] for 0°, 30°, 60° and 90° azimuth. Table 2 lists the
model parameters.
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Figure 3. Reflection coefficients for an isotropic layer overlying an HTI medium as a function of the azimuthal phase angle.
Shown are the exact solution (solid lines) and the weak elastic, weak anisotropic approximation (dashed) [equation (5)] for 10°,
20°, 30° and 40° incidence angle. Table 2 lists the model parameters.

angle and analyze the reflection coefficient as a func-
tion of azimuth. These curves are shown in Figure 3, for
the models given in Table 2. The exact reflection coeffi-
cients are shown as solid lines for 10°,20°,30° and 40°
incidence angles while the approximations are shown as
dashed curves. Clearly, the approximations are very ac-
curate for all azimuths and 10° and 20° incidence angles.
For higher angles, the approximations start to deviate
from the exact result, but correctly predict the functional
type of the azimuthal change. Specifically, observing the
azimuthal change of reflection coefficients for a fixed in-
cidence phase angle clearly shows that the symmetry-

plane directions at 0° and 90° azimuth coincides with
the extrema of the reflection-coefficient curves.

Study of azimuthal changes of reflection coefficients
such as shown in Figure 3 can help to find the orienta-
tion of the natural coordinate system of the subsurface
without any prior knowledge of the medium parameters.
Moreover, because the location of the extrema is the same
for all incidence angles, the analysis of stacked data for
several azimuths is enough to invert for the symmetry-
plane directions, provided that the stack is performed
with the proper (azimuthally varying) normal-moveout
velocity. Amplitude analysis on stacked data, however, is
not sufficient to decide which azimuth corresponds to the
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symmetry-axis plane and which to the isotropy plane. For
example, the maximum of the reflection curves occurs at
0° azimuth in Model a, while it is located at 90° azimuth
in Model b.

The curves generated for Model ¢ show several fea-
tures that are not observed for the other examples. First,
no azimuthal variation in the reflection coefficient is vis-
ible for 10° incidence angle and only a very slight vari-
ation at 20° incidence angle. Additionally, the functional
type of the variation is different for large angles of in-
cidence. As predicted by the cos* ¢ term in equation (5),
the anisotropic part of the reflection coefficient rapidly
decays away from the symmetry-axis plane while the
azimuthal change is much less pronounced close to the
isotropy-plane (Figure 6). As for the other examples,
while the high-incidence-angle approximations start to
deviate from the exact solution, the functional type of
the azimuthal variation is nonetheless accurately approx-
imated.

This discussion of the amplitude variations with off-
set and azimuth is still primarily qualitative. To relate the
observed changes more closely to the medium paramet-
ers, let us now consider the implications of equation (5)
to AVO-with-azimuth analysis.

Studies on AVO inversions based on the symmetry-
and (7)
vankin (1995) did not make use of the smooth azi-

plane coefficients (6) in Riiger and Ts-
muthal variation of the gradient and higher-angle
(sin? i tan?4) terms between the two vertical symmetry
planes. Moreover, while it is clear that A~y and A§(")
are responsible for the magnitude of the azimuthal vari-
ation, it has not been obvious whether both coefficients
cause a different rate of azimuthal change and hence can
be inverted separately. Finally, in situations with small
or non-existing AVO gradient variations, it is uncertain
if the higher-angle term provides usable and extractable
information about the subsurface. Below, I will use equa-
tion (5) to elucidate the character of the azimuthally
varying reflection coefficient and discuss the feasibility of
parameter estimation from variations of the AVO gradi-
ent and the higher-angle reflection amplitudes.

The AVO gradient term

Equation (5) shows that azimuthal anisotropy in HTT me-
dia causes a different azimuthal dependence for the AVO
gradient and the higher-angle term.

Small angular variations of Rp(i,¢) are described
by the AVO gradient B composed of the azimuthally in-
variant part B*° and the anisotropic contribution B 2%
multiplied with the squared cosine of the azimuthal angle
¢ with the symmetry axis. If the symmetry-axis orienta-
tion is unknown, ¢ should be formally expressed by the

difference between the azimuthal direction ¢y, of the k—th
observed azimuth and the direction of the symmetry-axis
plane ¢sym. The AVO gradient measured at azimuth ¢
thus can be written as

B(¢x) = B™ + B™ cos’(¢r — hsym). (8)

This equation is nonlinear with three unknowns (B,
B®" and ¢gym). If the direction of the symmetry axis
is known (for example from S-wave surveys), the equa-
tion becomes linear and two independent measurements
suffice to solve for B*° and B®". The special case
of inverting AVO measurements in the isotropy and
symmetry-axis planes has been discussed in Riiger and
Tsvankin (1995). In more realistic settings with noisy
data, many more azimuths should be sampled and a least-
squares approach could be used to find the optimum val-
ues of the unknowns in equation (8). Due to the non-
linearity of equation (8), the solution will not be unique
and will yield a set of two orthogonal symmetry-plane
orientations. However, a simple rough estimate of the
sign of B® or a-priori knowledge of the approximate
symmetry-axis direction is enough to identify which dir-
ection corresponds to the the isotropy and the symmetry-
axis plane.

If B (¢r) is known for several ¢p’s, a graphical ap-
proach to determine the symmetry-plane directions and
the magnitude of the variations can be used. If B is plot-
ted as a function of ¢y, the locations of the extrema cor-
respond exactly with the symmetry-plane orientations at
0° and 90° azimuth (and multiples of 90°). The values of
B at the extrema yield estimates of B'*° and (B*°+ B).

The dashed lines in Figure 4 shows the approxim-
ate AVO gradient based on equation (8). The “exact”
gradient (solid line) is computed by simply averaging the
slopes of the exact reflection coefficients for the first 20°
incidence angles. Limiting the analysis to a smaller range
of incidence angles would have produced a better match
between the two curves, but it is unlikely that enough
traces are available within this small angular range in
a field data example. The curves shown in Figure 4 are
evaluated for the models shown in Table 2. The extrema
denoting the symmetry-plane directions can be easily
picked, even though a-priory information is needed to
distinguish between the symmetry-axis and the isotropy
plane. Table 3 compares the magnitude of the observed
AVO-gradient change with the the value of

B =1/2 [Aa“’) +2 (?) A'y] , 9)

that would be obtained using equation (5).

Let us now assume that the solid curve is observed in
a field experiment and that geologic data indicates that
0° and 90° azimuth corresponds to the symmetry-axis
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Figure 4. AVO gradients for an isotropic layer overlying an HTI medium as function of azimuthal phase angle. Shown are the
AVO gradients extracted from the exact reflection coefficients (solid lines) and the weak elastic, weak anisotropic approximation
(dashed) based on equation (8). Table 2 lists the model parameters.

plane and the isotropy-plane, respectively, and that an
approximate value of (3/a) is known. In this case, it
is possible to invert for the parameter combination of
") and v in the lower medium. For example, if it is
known that <y is the only nonzero anisotropy parameter
for Model a, the interpretation of the measured value of
Bzan 4 using equation (9) yields an estimated value
of Yestimated = 0.09 as compared to the exact value of

Yexact = 0.1. Similarly, for Model b, we would obtain a
)

value of d. ;... = —0.11 as compared to the exact solu-
tion Je(fact = —0.1. The azimuthal variation of the AVO

gradient in Model c is very small; additionally, the azi-
muthal variation observed in Figure 4c correctly indicates
that this change has a cos? ¢-dependence and is caused by

a nonzero value of ¢V

if the value of () is known for Model d (for example

in the higher-angle term. Finally,

from normal-moveout analysis), v would be have an es-
timated value of 7estimateda = 0.124 as compared to the
exact value of Yexact = 0.15.

If (B*° + B®%) and B™° are of the same sign
and (B®* < B), an alternative graphical interpreta-
tion is possible and the value of B (¢x) can be assigned
to the length of a radius vector at different azimuths
¢r. The tip of this vector then delineates a curve that
closely resembles an ellipse with semi-axis aligned with
the symmetry-plane directions. The deviation AB =
(B (¢) — BeMirse (¢k)) from the ellipse can be expressed
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sheerved  Bapprox
Model a 0.131 0.144
Model b -0.057 -0.05
Model ¢ 5.4-1073 0
Model d 0.152 0.188

Table 3. Magnitude of the observed AVO-gradient variation
and the value expected using equation (5) for the models given
in Table 2.

0.075} >
o
s B
0.05} 5
o
)
0.025} — (p
S o.ost 0.1 .15|
mmetry-axis
-0.025 y y P
-0.05
- 0. 075

approx /

Figure 5. The azimuthal change in AVO gradient can often
be described by an elliptically shaped curve. The curve shown
here is delineated by a vector of length B that has been com-
puted for Model b in Table 2.

in the form:

ani \ 2
B ~ —12(57)

Sin2(¢’k - ¢Sym) cos’ (px — ¢Sym)-
Equation (10) shows that the mismatch between the el-

(10)

lipse and the approximate AVO gradient predicted in
equation (5) is a function of B®™ and B'*° and obtains
its maximum value if the angle (¢ — ¢sym) = 45°. Under
the above assumptions, fitting the azimuthally varying
AVO gradient with an ellipse is therefore an accurate al-
gorithm to determine the fracture direction and the para-
meter combinations Bi*° and B, Specifically, the semi-
axes will have the lengths (Bi*°) and (B'*° 4+ B*") and
point towards the symmetry-directions of the medium.
Figure 5 shows one example for this approach.

There are several alternative ways to represent
Rp(i,$). For example, equation (5) can be shown to be
consistent with Corrigan’s (1990) approximation [equa-

tion (1)], with

_\ 2
B© Ba (ﬁ) (% - Afy) +1/206")
«Q (0%
=\ 2
BW (ﬁ) Ay +1/2 06V (11)
(6]

In exploration situations, it may happen that 8+, the
fracture-perpendicular shear velocity is known instead of
B. To achieve a higher accuracy, the AVO gradient in
HTI media should then be rewritten through 8=:

3 Aa 28\’ AG+
B) = 12 (7 —(7> a6,
= 2
AV cos® b — 2 (%) A~ sin® ¢>> . (12)

Finally, one of the most important lessons learned
from the studies of the approximate AVO gradient is that
the difference in the shear-wave splitting parameters A~y
and A§") cannot be determined separately from AVO
gradient measurements in HTI media because both para-
meters influence the azimuthal AVO-gradient signature in
the same way. Only in situations where 67 and 7y are re-
lated (such as for tight formations) and 3/& is known can
the shear wave splitting parameter be determined directly
from the azimuthal dependence of the AVO response. In
all other cases, 8 needs to be determined by independ-
ent measurements. One possibility is to relate differences
in stacking velocities in the symmetry-axis plane or for
a known azimuth to the vertical velocities measured in
VSP experiments to (). Another approach is to extract
6 from the azimuthal difference in NMO velocities (Ts-
vankin, 1996c¢).

Azimuthal variation of the higher-angle term

For incidence angles ¢ > 20°, the AVO gradient term
and the higher-angle term will influence the reflection
coefficient. For azimuths close to the symmetry axis and
large incidence angles, the coefficient (V) will have a
significant impact on the azimuthal variations.

Here, we will discuss the interesting case of reflection
coefficients with small or even nonexistent A\/2'O gradi-
ent variations, i.e., the term [A§") + 2 (%_B) A~y] be-
ing negligible small. In this case, equation (5) still pre-
dicts an azimuthal change in the reflection coefficient at
large angles of incidence for nonzero values of Ae!Y) and
A8Y) . Note that both parameters have a different influ-
ence on the azimuthal change of the reflection coefficient.
ASY) has its major impact on the large-angle reflection
response at an azimuth of 45°. Ae(V), the parameter that
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Figure 6. The influence of the anisotropy parameters on
the reflection response depends on the azimuthal angle with
the symmetry-axis plane. The AVO gradient changes as a
function of the squared cosine of azimuth. The higher-angle
(sin? itan? 1) term contains two parameters with different azi-
muthal dependences of cos? ¢ and sin? ¢ cos? ¢.

does not have any influence on the AVO-gradient vari-
ation, is primarily responsible for the azimuthal variation
of the reflection coefficient at large angles of incidence
and azimuths close to the symmetry-axis direction.

The appearance of A§") in the sin® tan?-term is
surprising because this term does not enter the isotropy-
plane coefficient (6) or the symmetry-axis plane coeffi-
cient (7). However, A§®") has only a minor impact on
the azimuthal variation: at its azimuth of maximum influ-
ence (45° from the symmetry-axis plane), A§(") is scaled
by sin? ¢ tan® ¢ = 0.25, which coincides with the scaling
factor for Ael") (see Figure 6). Consequently, Aet") is
the parameter that mostly controls the azimuthal vari-
ation.

The azimuthal AVO gradient change and the higher
angular variations will often be of different sign. Specific-
ally, assuming an isotropic overburden (Jiv) = egv) =
v1 = 0), and a plausible inequality (y2 > —5;‘/)/2) (Ts-
vankin, 1996¢), will cause an increase of the AVO gradi-
ent for increasing azimuth. On the other hand, egv) and
éév) in realistic media are negative and the sin? tan>-term
is negative as well. Consequently, for reflections from an
isotropic/HTI interface, one should expect a higher AVO
gradient in the symmetry-axis plane as in the isotropy
plane; in the case of azimuthally invariant AVO gradients
and large incidence angles, a smaller reflection response
in the symmetry-axis plane as compared to the response
in the isotropy plane is more likely.
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Azimuthal variations of the transmission
coefficient

A complete treatment of AVO in vertically stratified me-
dia and borehole studies in azimuthally anisotropic me-
dia include the investigation of transmission phenomena.
The derivations shown in Appendix B yield the following
linearized P-wave transmission coefficient at interfaces
between two weakly anisotropic HTI media:

1 AZ

2 7
{% + A6V cos2¢} sin®i +

Tp(i,¢) =
1
2
1 Aa (V) 2
5 {F —+ AC COS ¢ +
ASY) sin? ¢ cos? ¢} sin? i tan® i +
{(Ae(v) — A8Y)) cos® d)} sin®i.  (13)

Unlike the linearized reflection coefficient, T'p (i, ¢)
shows no dependence on the shear-wave splitting para-
meter or the shear-wave vertical velocity. The difference
in 67 is the only term responsible for the azimuthal
variations in the gradient term. For higher angles of in-
cidence, two terms (sin* 5 and sin? i tan? ) with complic-
ated azimuthal dependence of the anisotropic parameters
become increasingly important.

Orthorhombic media

HTI media are useful models to study the first-order
influence of azimuthal anisotropy. More realistic mod-
els can be described by orthorhombic symmetry sys-
tems. Wave propagation in orthorhombic media is rather
complex and illustrations and analysis of wavefronts
and slowness surfaces in orthorhombic media can, for
example, be found in (Musgrave, 1970; Helbig, 1994;
Schoenberg & Helbig, 1995).

Although this investigation is valid for orthorhombic
media of any origin, it is instructive to visualize an or-
thorhombic model as a combination of a VTI model with
a system of vertical cracks such as seen in Figure 7. Also
sketched in Figure 7 are the two vertical symmetry planes
(symmetry plane [z1,23] and symmetry plane [z2,z3]).
Incident waves confined to one of these symmetry planes
generate just four out of the six wave modes that are cre-
ated by waves incident outside of the [z1, 23] and [z2, 23]
plane.

Let us now consider a P-wave incident in the [z2, 23]
plane at oblique angles with vertical. Because all four
scattered modes have polarization directions parallel to
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Figure 7. Sketch of an orthorhombic model created by com-
bining horizontal layering with systems of vertical cracks. Also
shown are the two vertical symmetry planes.

the crack planes (Figure 7), they essentially do not sense
the cracks and propagate exactly as in VTI media. Con-
sequently, reflection and transmission in the [z2, 3] sym-
metry plane of orthorhombic media is analogous to the
known VTI/VTI energy-partitioning problem.

The reflection problem looks more complex in the
second symmetry plane [z1, z3]. Incident and generated
waves are probing both the cracks and the horizontal lay-
ering and it is less straightforward to predict the struc-
ture of the scattering coefficients. However, recent studies
on the analogy of HTI and VTI symmetry planes show
that vertically fractured rocks can be described by an
equivalent VTI medium, and it may be expected that
the combination of vertical cracks and horizontal layer-
ing effectively yields a system of VTI symmetry in the
[z1,z3] plane. Based on these observations, we suggest
that VTI equations are entirely valid to describe the
reflection and transmission coefficients in both vertical
symmetry planes of orthorhombic media.

Analysis of symmetry-plane Christoffel systems

A more rigorous mathematical analysis of symmetry-
plane reflection responses is possible by studying the cor-
responding Christoffel equations for orthorhombic media
in the same way as shown in Riiger (1996b) for HTI
models. This study (that is not repeated here) proves
that the previous observations have been correct and
that symmetry-plane propagation in orthorhombic media
can be completely described by known VTI equations.
In other words, all observations based on the equival-

ence of VTI and HTI media (Riiger, 1996b; Tsvankin,
1996¢) remain valid for symmetry-plane propagation in
orthorhombic models:

e Equations describing kinematic properties and po-
larizations are identical for VTI and orthorhombic models
if stated in ¢;;-tensor notation (and appropriate substitu-
tions are made).

e Equations stated in Thomsen notation are identical,
but the generic Thomsen parameters of the equivalent
VTI model have to be replaced by parameters defined
with respect to the vertical (z3) axis.

e Boundary value problems such as continuity of stress
and strain that are expressed in Cartesian coordinates
are identical because no rotation of coordinates is neces-
sary.

Application of these rules helps to describe seismic
signatures in the [z1, 3] plane of rocks with orthorhombic
symmetry by means of already known VTI equations.
Published VTI phase-velocity equations in ¢;j-notation,
for example, exactly expresses phase velocity in or-
thorhombic media. Additionally, the exact reflection and
transmission coefficients for boundaries between VTI,
HTI, orthorhombic and any of its combination can be
computed by simply using Graebner’s (1992) algorithm
for VTI systems, provided that the natural coordinate
frame has the same orientation on both sides of the in-
terface.

Asindicated above, a new set of Thomsen’s paramet-
ers has to be introduced in the same way as previously
shown for HTI media. Anticipating that a similar pro-
cedure will be necessary for the [z2, 3] symmetry plane,
a convenient notation for the equivalent VTI coefficients
is (Tsvankin, 1996a)

5@ _ (cstess)’ —(cs3—cs5)’
2c33(c33 — c35)
2 _ €11 —¢C33
P = =
2033

Following the simple recipe of replacing § and e with & @
and €@ yields the approximate P-wave reflection coeffi-
cient in the [z1, 3] symmetry-plane:

S 1 AZ
B0 = g
S1N\ 2 n
(o () e
% (% +Ae(2)) sinzitanQi, (14)

with 31 = \/css5/p. At the expense of reducing numerical
accuracy, equation (14) can also be written as a function
of the vertical shear-wave velocity 3 = /ca4/p and the



well-known shear-wave splitting parameter y = 24=S66;

2c66
21 zal . 1 ANZ
REG) = 5
_\ 2
1 [ Aa 203 AG @\ w2
- = (2= —_— —2A A
AN (a (7 —200) + 20® Jain®i 4
% <%+Ae(2)) sinZitan?i . (15)

Basically the same observations can be made by com-
paring the [z2,z3]-plane Christoffel equations of or-
thorhombic and VTI media, except that the equivalence
is only achieved by substituting

C11 — C22, Cs5 —» C44, C13 —> C23.

Hence, the [z2,z3] plane of orthorhombic media can be
described by a second equivalent VTI medium and it is
possible to introduce the Thomsen parameters €*) and
8™ for the [22, 23] plane:

s = (cos + C44)2 — (c33 — 644)2
2¢33(c33 — ca4)
ORI Bl
2033

Finally, substitution of § M and W yields the approxim-
ate reflection coefficient for the [z2, 3] symmetry plane:

N 1 A2
Rl = 3%
.2
% (& +Ae(1)) sin” i tan” i . (16)
«

The introduction of the set of new Thomsen para-
meters (61,6® eV e?)) has advantages not only for
the study of reflection coefficient, but is generally useful
in describing seismic signatures within and outside of the
symmetry planes (Tsvankin, 1996a). To completely de-
scribe orthorhombic symmetry systems, we need a total
of seven anisotropy coefficients together with two vertical
velocities to replace the nine independent coefficients in
the orthorhombic stiffness matrix. One choice of aniso-
tropy parameters is shown in Table 4, together with their
relation to the generic Thomsen parameters and paramet-
ers 6 and €V introduced for HTI models. A more de-
tailed discussion of effective parameters in orthorhombic
media is out of the scope of this paper and is presented
in Tsvankin (1996a).

Azimuthal variation of orthorhombic reflection
coefficients

The discussion above shows that the approximate reflec-
tion coefficients in the two vertical symmetry planes of or-
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Orthorhombic VTI HTI
52 — (c13+c55)” —(ca3—css)® 5 5V)
- 2c33(c33—c55)

5 — (caz+cas)®—(caa—caq)® 5 0
2c33(c33—C44)

53 = (c12+ce6)® —(c11—cep)® 0 §(V) _ 9¢(V)
2c11(c11—ce6)

(@) ey—eus ; W)

(1) — c22—cs3 € 0

c33
y?) = cagCas ¥ -
7(1) — 063%255 ’Y 0

Table 4. Seven anisotropy parameters (plus two vertical ve-
locities) completely describe orthorhombic anisotropy. Their
relations to the generic (VTI) Thomsen coefficients and to
HTI parameters 6(V) and ¢(V) are shown in the second and
third column. The relation for 63 and v(2) are approximate,
the other relations are valid for any strength of anisotropy.

thorhombic media are identical to the HTT symmetry-axis
plane reflection coefficient. This result makes it possible
to use the difference in P-wave reflection coefficients in
the two vertical symmetry planes of orthorhombic media
in the inversion for the shear-wave splitting parameter.
To eliminate the “isotropic quantities” in equations (15)
and (16), I follow the approach suggested by Riiger and
Tsvankin (1995) of taking the difference between the two

coefficients:
~\ 2
28
— ] A
( 5 > Y2 +

% (AP — A S sin?i +

R}Lm,ws] _ R}[Jm,ws]

1
3 {Ae(2) — Ae(l)} sin®itan®i. (17)

For an isotropic overburden, equation (17) shows that the
difference in the AVO gradient depends on just three an-
isotropic parameters - the shear-wave splitting parameter
v2 and two new parameters 651) and 552) describing the
anisotropy for near-vertical P-wave propagation in the
symmetry planes. Tsvankin (1996a) shows that it is pos-
sible to obtain the 6 and §® parameters from short-
spread P-wave moveout analysis in the vertical symmetry
planes combined with an estimate of the vertical velocity;
alternatively, these parameters can be estimated by the
difference between the stacking velocities and the vertical
velocities measured in a VSP experiment.

The approximate (low angle) reflection coefficient for
an isotropic overburden and a reflecting orthorhombic
layer has been derived by Corrigan (1990). Represented
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in the new parameterization, his solution implies the fol-
lowing form of the approximate low-angle reflection coef-
ficient for arbitrary azimuth

~\ 2
) 1AZ 1) Aa 2 AG
Br@9) = 57 *3\ % —(;ﬂ> < *
28\’
[552) +2 (E) 72] cos” ¢ +
551) sin® ¢ o sin’ 7 . (18)

Discussion and conclusions

Analysis of reflection coefficients in azimuthally aniso-
tropic media shows that the magnitude and the func-
tional type of the azimuthal variation of P-wave reflectiv-
ity can be inverted for the anisotropy parameters and the
symmetry-plane directions of the subsurface.

The examples shown in this paper show that the
derived approximate reflection coefficients closely de-
scribe the exact reflection response. However, rather than
achieving a high numerical accuracy with the new ap-
proximations, it is more important in this study to estab-
lish a physical foundation for (exact) numerical inversion
algorithms and create simple dependencies that interpret-
ers can use to quickly evaluate the importance of aniso-
tropy for their project. To obtain a reasonably simple
representation of the otherwise incomprehensibly com-
plex reflection coefficients, a perturbation approach has
been used in the derivation. The main assumption in this
reflection-coefficient study - small jumps in the elastic
parameters across the reflecting interface and weak an-
isotropy - are geologically reasonable and proved useful
in many exploration contexts. Although the approxima-
tions may help to detect pronounced anomalies, they fail
in any quantitative analysis at interfaces with a large con-
trast in the elastic parameters and strong anisotropy. The
HTI approximations shown will also be inaccurate if the
natural coordinate systems of the incidence and reflected
layer differ significantly in orientation, i.e., when the axis
of symmetry changes abruptly across the boundary.

Within the limits of these assumptions, the approx-
imate P-wave reflection coefficient for HTI interfaces pre-
dicts a change of the AVO gradient as a function of the
squared cosine of azimuth. This change can be inverted
for the symmetry-plane directions and a combination of
the shear-wave splitting parameter v and the anisotropy
coefficient §(Y). Coefficients v and 6" cause the same
functional form of the azimuthal variation in the AVO
gradient and cannot be extracted individually.

The two symmetry-plane directions can even be ex-

tracted in situations where no azimuthal AVO-gradient
change can be observed. In this case, the azimuthal vari-
ation at large incidence angles is primarily dependent on
the anisotropy coefficient ¢¥) (closely related to Thom-
sen’s parameter €) and provides enough information to
detect the natural coordinate system of the subsurface.

Certainly, realistic models of fractured reservoirs
deviate from simple HTI media, and it is interesting
whether the reflection response in media of lower sym-
metry differs significantly from that in the HTT case. This
study shows that although wave propagation is signific-
antly more complex in orthorhombic media, the approx-
imate reflection coefficient basically has the same form
as in HTT models. The main observation of the study of
reflection coefficients in orthorhombic media is that the
difference between the P-wave reflection response in the
vertical symmetry-planes is a function of the shear-wave
splitting parameter v and two new parameters describ-
ing the anisotropy for near-vertical P-wave propagation
in the symmetry planes.

The practical implementation of the newly proposed
AVO inversion faces challenges similar or even greater
than for conventional AVO analysis. Prerequisite for
any useful AVO-with-azimuth investigation is a proper
processing sequence that preserves azimuthally varying
amplitude signatures. Moreover, a profound understand-
ing of lateral inhomogeneities is required. Wave propaga-
tion in an anisotropic overburden has a significant impact
on the amplitude variations with offset and azimuth (Ts-
vankin, 1995; Riiger & Tsvankin, 1995) and need to be
included in any meaningful AVO analysis. Other diffi-
culties include thin layering, curved reflectors or dipping
symmetry-axes. These issues are not within the scope of
this investigation; however, they will be addressed in a
forthcoming paper on AVO for fractured reservoirs.
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APPENDIX A: Polarization vectors in HTI
media

One of the key elements to solve reflection and transmis-
sion coefficients in anisotropic media is the derivation of
polarization vectors. Equations describing the direction
of compressional wave polarizations in VTI media have
been published by Rommel (1994) and Tsvankin (1996b).
Denoting the phase and polarization angles with the sym-
metry axis as 6 and -, respectively, one can show that

(1 —f sin26[6+2(e—5)sin29]) cos
(1+f cos29[5+2(e—5)sin29]) sin 6 (A1)

cosy =
siny =

with f = o®/(a® — °).

Polarization vectors in HTI media can be derived
using the analogy between VTI and HTI media (Riiger,
1996b). First, replace Thomsen’s (1986) parameters e
and & with ") and 8V, the parameters of the equival-
ent VTI model. This substitutions yield the polarization
vector for quasi P-waves in the vertical plane contain-
ing the symmetry axis of HTI media and, as seen below,
provides sufficient information to determine the polariza-
tion for P-waves with any incidence and azimuthal angle.

Equation A1, expressed in terms of angles 'yl and
6" with respect to the horizontal symmetry axis in HTI
models yields

I

siny = (1 — f cos® ) [6V) +
2(e") — 6M)) cos® 9 ] ) sin 6’
= m(d)sing
cos*yl = (1 + f sin’ ) [6V) +

2(eV? — §)) cos? 6 ] ) cosd
= 1(6’) cos , (A2)

where f = o?/(a® — %) as in equation (A1), but «
and 3 denote the vertical compressional and the vertical
fracture-parallel shear-wave velocity, respectively.
Physical properties in transversely isotropic media
are invariant for a fixed angle with the symmetry axis,
hence it is perfectly valid to generalize this equation and

\Q

Figure A1l. Relation between an arbitrary angle with the ho-
rizontal axis a and its associated incidence angle ¢ and azimuth

.

allow the polarization vector to rotate about the hori-
zontal axis. The next step in the derivation of the po-
larization vectors is to relate the angles ’yl and 6 with
the symmetry axis to their corresponding incidence angle
and azimuth. From simple geometry (Figure Al), we can
find a relation between the cosine of an arbitrary angle
a with the horizontal axis and its associated incidence
polar angle ¢ and azimuth ¢:

cosa =sini cos¢. (A3)

The cartesian components of the unit polarization
vector d = (d1,ds,ds)”
(n1,mn2,n3)T normal to the wavefront can be written as

and the unit wave vector i =

Siniq €os Pq sin cos ¢
d= | sinig sin¢q A= | sinising .(A4)
COS iq cos 1t

Here, angles of the polarization vector and the phase vec-
tor with the vertical axis are called iq and 4, respectively;
similar notation applies to the azimuthal angles.

Using equations (A2) and (A3), one can relate the
first components to obtain the simple expression di =
1n;. Corresponding equations for the two remaining com-
ponents can be found using geometrical observations.
First note that in transversely isotropic media, the polar-
ization vector fi lies in the plane formed by the symmetry
axis and the phase vector. The two triangles shown in

Figure A2 thus have the same angle ¢ and we find
dy=A'B" = sin'yl cos 1

. !
sin y

ny —
sin 6’
= m n2

!
sin-y siny

!
sin vy

3 7
sin 0
= mn3. (A5)

Summarizing, we see that the P-wave polarization vec-
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Figure A2. Phase vector fi and polarization vector d lie in a
common plane with the symrr}et,ry Iaxis x1. Angle v is identical
for triangles AABC and AA'B C.

tor in HTI media can be expressed as function of the
incidence and azimuthal phase angle as

1(4, ¢) sini cos ¢
m(i,P) sini sing | (A6)
m(i, ¢) cosi

~

d(i: ¢) =

where 1 and m (equation (A2)) are given as
m(i,¢) = 1 — fsin®icos’¢ x

[6©) 4+ 2(eV) — V)Y sin’ i cos® ¢ ]
1+ f(1—sin’icos’ @) x

(6 +2(e™) = 6V sin®icos® ¢ ].

1(2,¢)

Although the shear wave polarizations are not ne-
cessary for this study, they can be derived using equa-
tion (A6). Note that quasi-compressional and shear wave
polarizations are mutually orthogonal, with the S!l wave
being a truly transverse mode (d° "1 7) with the polar-
ization vector confined to the isotropy plane.

APPENDIX B: Derivation of azimuthally
varying approximate reflection coefficients in

HTI media

Here, the derivation of approximate reflection and trans-
mission coefficients for interfaces between VTI layers
(Thomsen, 1993) is extended to azimuthally anisotropic
HTI media. The approximations are derived for a bound-
ary between two weakly anisotropic media with the same
symmetry-axis direction and for small discontinuities in
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elastic properties across the boundary. Due to the consid-
erable size of the matrices and vectors considered in this
derivation, it is impossible to explicitly state all quant-
ities used in this appendix. However, I outline each step
of the derivation in detail and provide all information
necessary to reproduce the final result.

The main idea of the derivation is to replace the
exact boundary value problem

AR=b, (B1)

where A is the boundary equation matrix formed by the
scattered (reflected and transmitted) wave types, R is
the vector of reflection and transmission coefficients, and
b is composed of the contribution of the incident wave
to the boundary conditions, with a perturbation from
the corresponding expression for the interface between
two identical, isotropic and homogeneous media. Denot-
ing the unperturbed quantities with the superscript u,
Thomsen (1993) showed that

AR = (A")"' (Ab— AAR") . (B2)

Here, the operator A is defined as A = dj% with the
J
vector d; of small deviations from the two identical ho-

mogeneous, isotropic media given by

dj = (@, A_ﬁ’ @! 5§V): 65‘/)1 6§V): egV)’ 71, ’72)T . (B3)
a g p

The 6 x 6 matrix A" needs to be inverted analytic-
ally. This can be achieved by relating A" to the eigen-
vectors of the transformed wave equation (Ursin & Hau-
gen, 1996). To find the elements Ab and AA, it is ne-
cessary to use the weak anisotropy approximations to po-
larization vectors and phase velocities shown in the main
text [equations (3) and (4)], while the approximate re-
fracted angles can be derived using Snell’s law. The two
elements of AR of most interest are the P-wave reflec-
tion and transmission coefficients shown in equation (5)
and (13).

APPENDIX C: Approximate symmetry-axis
plane scattering coefficients for HTI/HTI
interfaces

The following equations are accurate for small discon-
tinuities in the elastic properties across the boundary
and weak anisotropy. The medium considered has the
same parameterization as introduced in the main text.
Rp and Tp are the P-wave reflection and transmission
coefficients. Similar notation is used for the shear-wave
scattering coefficients of S and S+, polarized parallel
and perpendicular to the isotropy plane, respectively.
To facilitate the comparison with the reflection coef-
ficient in the isotropy plane, the approximations are
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shown as functions of 3, the vertical velocity of the shear

mode polarized parallel to the isotropy plane.

For cases where the best possible linear approxima-

tion of the symmetry-axis scattering coefficient is desired,
the coefficient should be rewritten as function of the shear

velocity 8+ (=

B —7)).

A detailed discussion of the P-wave approximations

is given in the main text. The shear-wave reflection coef-

ficients are thoroughly investigated in Riiger (1996a).

Rp (7)

Tp (7)

Rt (J)

Tse (4)

Rgy (5)
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