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Abstract

The resolution analysis of generalised Radon transform (GRT) inversions of seismic data
is carried out in general anisotropic media. The GRT inversion formulais derived from
the ray-Born approximation of the wave field for volume scatterers. However, by consid-
ering in the resolution analysis scattering surfaces instead, the inversion provides reflec-
tion/transmission coefficients as functions of scattering angles and azimuths. Those coeffi-
cients can be subjected to any type of A(mplitude) V (ersus scattering) A(ngles) analysis, in
anon-linear sense to obtain information about the medium discontinuities across the scat-
tering surface.

Keywords: migration/inversion, Kirchhoff approximation, generalised Radon transform.
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1 Introduction

In the process of enhancing resolution, both spatially as well as in elastic parameters, current
acquisition techniques take reflection-seismic measurements at increasingly larger scattering
angles. To achieve abetter resolution, however, one must account for the interplay between het-
erogeneity and anisotropy, at different length scales. Also, to accommodate inversion of wide
angle data, one has to consider a non-linear approach, at least near the relevant reflectors in
the configuration. We use the generalised Radon transformor GRT formulation to achievethis
goal.

First, the ray-Born approximation of the direct scattering problemis cast into an integral of
surface integral representations. Then the inversion of the linearized scattering problem is car-
ried out. The resolution analysis of the linearized GRT inversion serves as the basis to arrive
at amicro-local non-linear formulation: its range of validity is extended by applying a station-
ary phase analysis with respect to migration dip, defined as the normalized gradient of total
travel time along the scattering characteristic. In this process, carrying out the GRT inversion
on Kirchhoff-type data, an explicit adjustment of the inversion formulais found.

By ordering the data, for each image point, into common scattering-angle/azimuth gath-
ers, the GRT inversion formula can be modified to obtain reflection/transmission coefficients
at specular ray geometries. Any amplitude versus scattering angles, AVA, analysis can then
be applied to those coefficients to derive information about the medium perturbation. Several
parametrizationsof this perturbation have been devel oped to reveal to which quantitiesthe coef-
ficients are sengitive.

Theidea of estimating angle-dependent reflectivity has been developed by various authors,
see for example Geoltrain and Chovet [1] and Lumley [2]. A more rigorous discussion of such
an approach can be found in the book of Bleistein et al. [3]. In our paper, we derive a GRT-
based inversion procedure that accomplishes the goal of constructing full reflection, and pos-
sibly transmission, coefficients as functions of scattering angle and azimuth, in closed form.

GRT-type inversion formulas for the linearized inverse problem have been developed by
Norton and Linzer [4], by Beylkin [5, 6, 7, 8], by Miller et al. [9, 10], by Beylkin et al. [11],
and by Rakesh [12] for the acoustic case. The extension to the elastic case was discussed by
Beylkin and Burridge [13], and anisotropy was considered by De Hoop et al. [14] and Spencer
and De Hoop [15]. Inversion formulas aiming to estimate reflectivity rather than the medium
perturbation were developed by Cohen and Bleistein [16], by Bleistein and Cohen [17], and
by Bleistein [18]. This paper brings the two approaches together. How to implement the GRT
inversion procedures numerically can be found in De Hoop and Spencer [19].
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2 Thebasic equations

Notation

First, we introduce some basic notation. Choose coordinates in the configuration according to

x = (x1,29,73) = Cartesian position vector,
s = (s1,89,83) = sourcepoint,
r = (ry,re,r3) = recever point,

t = time

The medium is described by

p(x) = densty,
cijre(x) = elastic stiffness tensor,
while the wave field is described by
u(z,t) = (ui(z, t), us(x, t), us(x, t)) = displacement vector,
and generated by a source distribution given by
f(x,t) = (fi(z,t), fo(x, 1), f3(x,t)) = body-force source density.
In the remainder of the paper, we will employ the summation convention.
The displacement in a heterogeneous ani sotropic medium satisfies the elastodynamic wave

equation

pO;u; — 0;(cijredpur) = fi (2.1)
with summation over repeated lower case indices, here and below. Let

Gz, z',t) = (Gip(z, 2', 1)) (2.2)
be the causal Green's tensor, which satisfies (cf. Eq.(2.1))

paszp — 8]- (Cijkeagka) = 5zp5(w — :c')é(t) , Gip =0 fort<O. (23)
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Asymptotic ray theory

Here, we summarize the formulation of anisotropic ray theory for the evaluation of the Green’s
tensor. Let

Gl 2/, 1) ZA ') €M (@)™ (@) (t — 7V (@, 2'))
(2.9)
+ termssmootherint .
In this equation, the arrival time 7(*) and the associated polarization vector £%¥) satisfy
(p 5ik — Cijkg(agT(N))(ajT(N))) f,(cN) = 0 (at a“ m) s (25)
which implies the eikonal equation
det(p 6ik — Cijkg(aﬂ') (8JT)) =0 (at al 113) . (26)

The polarization vectors are assumed to be normalized so that §§N )fi(N ) = 1. Definethe slow-
ness vector vV by

Y M(z) = Ver®™ (z, z') . (2.7)
Then, Eq.(2.6) constrains ~ to lie on the sextic surface A(x) given by
det(p i, — cijreyey;) = 0. (2.8)

A(zx) consistsof three sheets AM) (), N = 1,2, 3, each of whichisaclosed surface surround-
ing the origin. An individual sheet is described by (cf. Eq.(2.8))

2H = p—&icijrerevi&e =0 . (2.9)
The scalar amplitudes A must satisfy the transport equation
8; (cijretMEN (A2 9,rN)) = 0 (2.10)

where N, again, indicates the mode of propagation, that is, the sheet of the slowness surface on
which the corresponding slowness vector lies.
The characteristic or group velocities v™) are normal to A™)(x) at vV) and satisfy

oM A Z 1 ) = VA (2.11)
Y- VaHlus,
The normal or phase speeds are given by
p = 1 (2.12)

|y
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The unit phase direction follows as
a®™) = ) (V)
From Eq.(2.11) it follows that
V™ = o™ cos y , (2.13)

where y is the angle between v(™) and 4.
The amplitudes can be expressed in terms of certain Jacobians,

or Oz
1 lv(z')|V(x) e A £
A= ith = e 2.14
@@ M P el
aQ1 aQZ wl

in which A and M carry the superscript (N). Here, (¢1, ¢2) parameterize the rays originating
from the source. One can verify that the dimension of A is [time]* x [mass|™', which upon
multiplication by force, with dimensions [mass] x [length] x [time]~2, gives the dimension of
displacement, i.e., [length].

Source and receiver Green’sfunctions

In the integral representation for the scattered field, we need the Green’s functions originating
both at the source and the receiver points. Further, the gradient of total travel times from the
source to ascattering point to the receiver are required in preparation of the GRT inversion. We
introduce these functions here.

Set

G(z,t) = G(z,s,t), G(x,t)=G(r,z,t). (2.15)
Employing asymptotic ray theory in both Green’s functions, we introduce the notation
AM(g) = AM(z,s), AM(z) = AM(p ) (2.16)

in the case of scattering from incident mode NV to outgoing mode M.
According to Eq.(2.7), the Slowness vectors at « are given by

¥V (@) = Ver™ (e, 5), 4" (@) = Var™(r,2); (217)

the associated phase directions are given by

IR 4
aM =T __  aun_T7 (2.18)
¥ 2
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Figure 2.1: Source-receiver ray geometry.

and the phase speeds (cf. EQ.(2.12)) are given by

L pan _

p = L .
' 5] A

(2.19)

We also define the two-way travel time TV ™) and its gradient,

T(NM)(r,y, s) = ) (y,s) + 7D (r,y), F(NM)(T, T,8) = V:BT(NM)(Ta z,s) . (2.20)
From Eq.(2.17) we see that
(Vi1 (r,x,s) = () (z) + ,3,(1\71)(33) _ (2.21)
The direction of T(¥ /D),
INGL
Ty

will be the migration dip, which we referred to in the introduction. The different quantities are
illustrated in Figure 2.1.
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3 Medium description: micro-local perturbation
To analyze atypical geological setting, we consider the following, micro-local, representation,
cV(z) = cV(z, ¢()) , (3.1)

of the medium’s perturbation. Here, ¢ is a smooth function of «, some (curved) level surfaces
of which describe a family of interfaces. The gradient of the perturbation is assumed to vary
rapidly normal to the level surfaces of ¢ and smoothly along them, implying that

Ve = (cW) (Vg¢) + smoother termsinz , (cV)' = 9, . (32

This representation extends to a small ball around any point, in particular the image point vy,
say, under investigation. The derivative (c(")’ is understood in the distributional sense. Typ-
icaly, it will have a Dirac-distribution type behavior across any geological interface. Loosely,
the derivative can be interpreted as the difference in medium properties across a level surface.

Wewill omit thefirst argument of ¢! in the remainder of this paper, and take only the most
rapidly varying term of the perturbation’s derivatives into account. Imaging reflectors or inter-
faces amounts to mapping this leading-order behavior, (c(™)’. We will confirm below that our
inversion procedure does this, and also provides estimates of angularly dependent reflection
coefficients.

4 Thesingle scattering equation

In this section, we introduce the Born approximation representing the singly scattered wave-
field. We then show how to recast this volume integral representation into a surface integral
for the response to the most singular element of the scattering process, namely, reflecting the
discontinuities of the medium parameters.

We begin the analysis with the volume-scattering representation of the ray-Born approx-
imation for the scattered displacement field. Let (r,s) € OR x 0S; idealy, the boundaries
OR,0S ~ S? are closed surfaces surrounding the heterogeneous domain D in which the me-
dium isunknown. Then (De Hoop et al. [14])

1) (r,s,t) /f g(N (NM)(m) X
(W ()T ¢ (x) §"(t — T (r, 2, 5)) de, (4.0)
WhereN,M € {17273}’

A () = p(z) AN (2) A () | 4.2)
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contains the amplitudes,

w0 = M0 3 al e + (]}
~(M M) (M (M ~(N V) F(N) ~ (N FZ(N)~ (N
1 = QY EDA 4 ET5) ) = v @O0+ 05

describes the contrast-source radiation patterns, and

(1)
) — &, S O
1% pV;(M)Vo(N)

represents the relative medium perturbation. Here, V) denotes the (local) normal speed of
mode L in the background medium for « averaged over all phase directions. The notation ,, is
meant to emphasize that the quantity is angleindependent, which isimportant for retaining the
actual medium perturbation from ¢() and the GRT inversion to be applicable.

In the micro-local setting, substituting Eq.(3.1) into Eq.(4.1), we have

1)rst /{:(M A(NM()X

(W (@, &a™(@), &™) (@) W (g(x)) 8" (t - T(x)) de,  (4.3)
where, for convenience, we employ the shorthand notation
T(x) =T (r z,s), T(x)=(VaTV)(r a,s), (4.4)

see Eq.(2.20). To make use of the properties of the gradient of the medium’s perturbation
(cf. Eq.(3.2)), we will partialy integrate expression (4.3). Since

(VaT) () 0" (t = T(x)) = —Vad'(t - T(x)) (4.5)

we have,

1

(= T@) =~y ¥ Vel = T(@) (4.6)

for arbitrary € S? aslongasv - VT # 0. Hence,
D (r, 5, 1) / £ $) AN (z) (4.7)

(W(NM)(.,E a(N)(w),&(M)(m)))T (c(l))'(qg(w)) % 8t —T(x)) dz .

r
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Here, the approximation arises from neglecting lower order terms as in EQ.(3.2). These will
produce asymptotically lower order contributionsto the wavefield.

It isassumed that = ©(x) is lowly varying in space, and may be chosen equal to the
local geological dip,

Vo
Vzo|

On the other hand, we can choose 7 = v, which we always know. In the inverse scattering
problem, the geological dip is unknown and has to be determined. Below, we show that at sta-
tionarity the geological and migration dips must be parallel.

(4.8)

Surface integral representation

Now, we show how to recast the volume integral representation (4.7) into an integral over sur-
face integrals over the level surfaces of ¢. To this end, we choose curvi-linear coordinates
o =o(x), o0 = (0,,03), p = 1,2, such that the o, are coordinates in the level surfaces of
¢ and o3 isthelocal coordinatein the v 4-direction. If o3 representsthe actual value of thelevel
of ¢, weset o3 = L. Thevolumeformisgiven by

de = dL d¥(z), dX(x) = |0y, A Op,z| doidoy ;
|Va:¢\

the transformation from Cartesian to curvi-linear coordinates yields the Jacobian

ox) _ _ |Os e A O, x|

o) - |0ps @ - (O, A Opp )| = ~ Vadl (4.9
Now write

(Y (8(2) = [ (V)(L)d(8(e) - L) dL. (4.20)

Substituting Eq.(4.10) into Eq.(4.7), interchanging the order of integration, and using the prop-
erty (cf. EQ.(4.9))

/D...(s(qs(a;)—L)d:cz/(p_L--'ﬁdE(w);

we obtain

(1) (r s,t)

= — [ AL| [E0r)E () A @) (w0, 65 (), & (@) () (L) %
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(0-Vgo)
(v-T)

5(é(x) — L) 8'(t — T()) dw]

r

=[] g e

w2 6 (2) 6 (2T (DY (U -Vgo)
( (z, (z), (z)))" (c*)' (L) &-1T) Ve

5t —T()) dZ(w)]

— [ R @A)

(w0 o, 6 @), @) () ) (- T as)].
(4.12)
As a consequence of Eq,(4.11), we also have
duf)r st = [ aL|[ &P(rEV (A (@) x #12)

(w2, 6V (), &™) (z))) (MY (L) (V,'.""b) §"(t = T()) dX(z)| .

Thesingular support of themedium perturbation, ¢(x) = L, and theisochronesurfaces, T'(x) =
t, areillustrated in Figure 4.1.

5 Reflection and transmission coefficients

Toidentify reflection and transmission coefficientsin Eq.(4.12), wefirst extract phase velocities
at the scattering point from the amplitudes,

Ay () = A () [T () (700 ))?] 7* (5.1)
then, Eq.(4.12) can be written in the form
ouf)rst)= [ | [ &0@E @A) > 52)
RV (@, 69(2), 60 (@) (7 - vg) (B - T) |y 8"(t — T(x) B |

Vgl
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geological dip

neighborhood _-77" " "=~

s
a
/
/v

{T&® = TO)}

{o® =1L}

migration dip
specular direction

Figure 4.1: Micro-local medium perturbation.

in which,

R(LNM)(" d(ﬁ)(.)’ &(M)(.)) = — (~W(iVA;{))T (1C/(21))'|Vm¢| ’ (5.3)
[V W an)s) 0P (o - v)2

represents the scattering coefficient for the N, M conversion at « with ¢(x) = L, i.e, R(LN )
really dependson o, (x), = 1, 2. Observe that the scattering coefficient contains a function
that may be singular on the level surfaces of ¢. In fact, the integration over L picks up the

singular support of (c(M)".

Specular reflection and transmission

Now, let c!!) containastepfunctionin L (acrossacurvedinterfaceat L = Lo). Then (c(V)'(L) =
(AcM) §(L — Ly). At thespecular point for given v, thepair @™ (.), &™) (.) satisfies Snell’s
law,

(V) 5 (%)

(87 (81
(In an isotropic medium with A/ = N the solution is simply given by
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representing ordinary reflection). At the specular point, the migration dip coincides with the
geological dip, v = v.

Substituting the solution, dgM ), into the scattering matrix Eq.(5.3), yields the linearized
reflection/transmission coefficients RVA) |

RO (&™) () 8(L — L) = R (., &™), al™()) . (5.5)

Infact, with v = v, Eq.(5.2) is equivalent to the Kirchhoff-Born approximation, which satis-
fies the principle of reciprocity. For notational convenience, we will absorb the Dirac distribu-
tionin R(LNM).

The Kirchhoff approximation

Here, we show how to go from the linearized Born representation Eq.(4.12) to the non-linear
Kirchhoff approximation. For general reference, we introduce the relevant scattering and spec-
ular angles: in addition to v, we set

cosf = a™ . &M 4 = third Euler angle . (5.6)
Then, at any point in D, we have a mapping
(@™(), &™) = (v.,0,%) . (57)

If v = vy, theray geometry is specular; |et the associated specular scattering angles be defined
as

coséz&m)-u¢, cosézdgm-v¢, O, =60—10. (5.8)
In the non-reciprocal, ‘ non-linear’ Kirchhoff approximation, the scattering matrix issimply re-
placed by the full reflection/transmission coefficients at specular, cf. Eq.(5.2) with v = v,

Opuly) (r, s, 1) = — /IR /¢ _Lé;m(r)ggm(s)Au(m) x (5.9)

dX(x)
V|

Thisrepresentation is more adequate than Eq.(5.2) for wide-angle scattering. The time derivat-
iveistaken to pavethe way for the Radon transform inversion. (In three dimensions, one needs
the second derivative of the Dirac distribution.) In our further analysis, we actually employ the
reciprocal representation Eq.(5.2) inwhich R(LN M) isreplaced by thefull reflection/transmission
coefficient at specular. Note that due to the singular function contained in R\*™, cf. Eq..(5.5),

the integration over L in Eq.(5.9) reduces to a sum over scattering surfaces or interfaces.

dL .

RV (2, &™) (@) (vy - T) | 8"(t — T())
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6 Stationary phase analysisof the direct scattering problem

By applying stationary phase arguments, the integral in Eq.(5.2) can be evaluated. Theanalysis
confirms the consistency with asymptotic ray theory in configurations with afamily of surface
scatterers.

We choose rotated Cartesian coordinates (z,, z), 1 = 1, 2 in the neighborhood of ayet to
be determined specular point y(L) € {¢ = L}, such that

z | ve, {zu} Ly (6.1)
and
v=uy;

see Figure4.1. Thefunction T'(y(L)) has aderivative given by

AT |VgT|

- ) 62
dL |Vadlly(r) (6.2

while, by the implicit function theorem, the function Ly () satisfying

T (y(Ly(t) =t

exists.
Taylor expansions of the level and isochrone surfaces including the curvature termsyield

82
0=06(@) = 64) = [Vad)l =+ brud(v)a bl = 5
J A ()
T(@) = T(y)+[VeTW)lz+ 2. Tw@r  Twly) = 5—7—|
JI‘,, Ty y

(Summationsare carried out over p, v.) Thefirst equality in (6.3) amountsto the representation
of thelevel surface {¢ = L},

5= _$u¢uuxv
2|Vgs|’
which upon substitution in the second equality yields
T(x)=T(y) + %|V€ET(y)| 2, Y (Y) Ty (6.4)
with
T T,w/ ¢;w

W VT [Vl
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and z, y inthe samelevel surface. Notethat the matrix Y may vary with thelevel L, and can be
negativeor positivedefinite, or indefinite. The caseof vanishing T, leadingto acausticanalysis,
will be postponed to afuture paper. Otherwise, for ¢ near T'(y), we have the intermediate result

o2 /¢ _H(t-T(2))d=(x)
= 8?/]1{2H (t —T(y) — %|VmT(y)| a:uTW(y)x,,) dz; dzs

27r5*(t—T( ))

y)|y/| det(Y(y))

{ 0 if Y positive
)

(6.5
where

HS if Y indefinite (6.6)
—0 If T negative.

In the above H denotes the Hilbert transform; the notation * indicates an action on the time
dependence.
Wewill use Eq.(6.5) to evaluatetheintegral in Eq.(4.11) eventually. First, notethat EQ.(6.5)

implies
[ [af /¢ _(y() ((’; '.’;j’)) )

:/IRdL (C(l))/(L 27 (D'V¢>)

) IT|y/| det(Y)| (Z-T)

H(t — T(z)) dE(m)]

0" [t = T(y(L))]

(V V¢) <dT>_1 (1)/*
|r|\/ det(T)] (- T) ly(Ly (1)) \4F Ly (1)
where, for any f,
dr\™ .
(d—L> _/ )6*[t — T(y(L))] dL .
Substituting Eq.(6.2) into Eq.(6.7), and using the result in EQ.(4.11) implies
U0, 5, 1) = 2”'“’”” £ (r)E (5) AN () 69

\/ | det(Y)| T3

(w0 (&™), 6™ ()|

*

(WY

b

y(Ly(?)) Ly(t)
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since at the specular point wehaver = vy andv, - T' = |T'|. Thisformulais an extension of
the convolutional model approximation in one-dimensional space to three dimensions.
In terms of the linearized reflection/transmission coefficients, we have

) (7)€ (5) A, () REVHD) .(6.9)

2T AT
————M(r)E () RE
V| det(T)[ [T y=1y(L), L= Ly(t)

Note that the * relates to the KMAH index.

ugm(r, s, t) = —

7 Inversion based on the GRT

In preparation of the inverse transformation, we introduce the scalar quantity

M (r) dufy) (r, 8, TN (1, y, 5)) €M) (s)

atu(NM) (’I", S, y) = A (y)

(7.0
Then, using Eq.(5.2), we get

00 (r 5,y) = - [ | R (@6 V(), 6 (@) (7 wy) (7 T) |5 X

N () Y
3T (y) = Tl@)) 15 o7 | 4L (7.2)

we expand
T(y)-T(x)=T(y) - (y—z)+...2[T(y)|(y —=)-v, (7.3)

which describes the isochrone tangent plane at y. We have
3"(IT(y)|(y—=z) - v) =Ty d"(y—=z)-v).

Linearized inversion

The basisof the GRT inversionis Gel’ fand’'s plane wave expansion, which wewritein theform

9"y — , L)' (y—z)-v) de dv
s2Je=L |Vm¢| s

= —81%3(¢p(y) — L) . (7.4)

We will use this expansion to invert Eq.(4.12). The inversion is accomplished by setting up a
system of 22 equations, using the simplification according to Eq.(7.1), and integrating the result
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both over & and ¢, i.e.,
T
(v-vy)

w") (y, &M (y), &™) (y)) M (r, s, y)

Yy
= [ L4z | [ v .6 (). 6 ) w 0 (@, 6 (@), & (@) () (1) X
(v-1)

(V : V¢) Y
Define the matrix

Ty’ o(é& &)
z IT(@) ov,0,v)

(V- vy)
(v-T)

‘ 5((y — ) - v) dZ(m)] dvdddy . (7.5)
y

Aw) = [ WD), 6 O)w (&M (), &) %‘ d0dy (7.6)
at any image point y. Then, employing Eq.(7.4) in Eq.(7.5) and setting v = v (recal that ©
has been arbitrary until now), yields

Y (6(y) [Vasly = [ (V)V(L)d(6(y) - L) [VaslydL = (77)
L 1 () (0 &) () 6D (F1r) r* | & &)
87r2/as><6RA’yW (y, & (y), & (y)) O™ (r, 5, y) -vs)ly (s,7) ydsdr

Note that in this inversion formula the actual shape of the level surfaces of ¢ is not used; just
the local normal at the image point plays arole. However, in Section 9 it will be argued that
the inner product, (v - v4), can be removed from the formula without changing the resolution
analysisin the high-frequency approximation. Theinverseof A isunderstoodinthegeneralised
sense.

Through Eq.(7.5), we havethefreedomto carry out theinversion Eq.(7.7) intwo steps. For a
givenimagepoint y, wecan sort thedata((s, ) pairs) intocommon (6, 1) gathers. Thevariable
in such gathersisthe migration dip v; formally, we denote the gathersby (0S5 x 0R)'(y; 6, ).
The integration over dip is then carried out prior to the integration over scattering angle and
azimuth.

To control the illumination of the image point at a given dip, we introduce the partition of

unity, {xs}, and

1)\/ ~ 1)\ _ L
()6 [Vadly = () 6w) [Vasly) =3 g5 [ (78)
Ay w06 ), 6 ) 00 9) | s GEo dsdr.
Yy ’ Yy

Each term in the summation represents a partial reconstruction.
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Resolution analysis

Backsubstituting the Kirchhoff-Born scattering formula Eq.(4.12) with & = v, into the inver-
sion formula Eq.(7.8) and substituting the one-sided Fourier representation of the Dirac distri-
bution, yields the resolution operator,

1)/ _ 1)y dX(x)
(Y (6w) Vasly) = [ [ Rw,2) () (6(@) Vadle G- dL. (79

with matrix kernel R,

R(y,z) =Re)_ #/ expli®(y, x,0)] a(y, z,0) x;(0)dO . (7.10)

<

Here, © = (w, s, ) and

/ .de = / / PED (p oy 8)Pw? dw ds dr . (7.10)
1R+><05><8R dSxdR JIRT

The resolution operator expresses how well the reconstruction can be accomplished within the
framework of the linear theory.
The phase function ® of the Fourier integral operator with kernel Eq.(7.10) issimply given

by
o(y,x,0) =w (T (r,y,s) - TN (r, z,5)) (7.12)

while the amplitude function arises as the matrix

Au(T) 2 - L N
a(y,,0) = A—g; EOD) (1, ) E0D) (1, ) €0V (5, y)EV) (5, )

A Wy, ) W (g, &P (y), 6 (y))

(w50 (2, 6V (), &) ()7 x

2
TV (r, y, 5)

7O () (V0D ()3 ] )| (v
T NM)(’I" xz,s)| WV ( ) d(s,7) ly

V0 (&) (V00 ()2

In anticipation of introducing the scattering coefficients (cf. Eq.(5.3)), we introduce the one-
dimensional array of functions a g, satisfying

an(y,z,0) R (@, 6™ (2), & (2)) = a(y, ,0) (¢V) (4(2)) |Vadle . (7.14)
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We will interpret © in the spatial Fourier domain. To this end, we carry out two coordinate
transformations. First, we employ the ray induced mapping

s=s(N,M,v,0,¢), r=r(N,M,v,0,) forfixedy, (7.15)
with 06, &) 86, &)
a, o,
’ dsdr = e 2 1 dudld
/35><(9R 8(3,7‘) Y sar /S2><S2 8(V,0,¢)‘y v v
Thus, a y, © ismapped on (w, v, 6, 1), and we set
o(a, &) o(a, &) ‘
aly, z,w,v,0, =a(y,z,w,s,r
. Y () by =¥ 30,00y

We identify

TN (r 2, 8) with TV (z,v,0,4)

which function determines also the dual generalised Radon transform.
Second, the frequency w is transformed to the wavenumber & according to

ke = w [P (r,y, )] ; (7.16)
then
/ T () Pu? dw = / k2 dky (7.17)
Rt Rt
We now identify the wave vector
O =kw € R® with dO©' = k2dk.dv (7.18)

and we will consider (0,1)) as parameters, i.e., © — (w,v,0,9) — (©',60,1). The Jacobian
of the latter transformation is written as (cf. Eq.(7.17))

6(61) _ 2 _ (M) 3.
a(w’u)y_h(yay)w ’ h(y,l/)—“.-‘ (T,y,8)| 3
formally,

The inverse transformation to frequency, the so-called Stolt mapping, is given by

@ -TOM (g y )
T (p g, 5)|?

w(©') , (7.20)
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since .
0 =wIWM(p 4 s).

We identify
O(y,z,0) with d(y,z,0',6,v).

In the phase space with coordinates (z, ©'), Eq.(7.10) gives rise to the resolution equation

(O 60) Vaoly) = Re 3 [ oo [ f

. expliv(y,z,0',0,4)] aly, z,0',0,1) xs(6', 6,1) dO' X
RTxS?

dX ()

Ved|x
In this expression, for  near y, the dependencies of ¢ on 6, v disappear to leading order:
® =0 - (y—x) +---. Theintegration over ©' represents the spatial resolution, whereas
the integration over 4, ¢ represents the parameter resolution per migration dip. Below, we will
constrain x; to be afunction of k. = |©'[, 6,1 aone.

(M) (¢(x)) [Vzdlz dL dody . (7.21)

Stationary phase analysis of the resolution operator

Inside the integral over w in Egs.(7.10)-(7.11), we consider w to be large. Then, we apply a
four-dimensional stationary phase analysis with respect to the integrations over (o, 09,v) €
S(L) x S?, cf. Eq.(7.21).

We choose polar coordinates on the v-sphere,

v = (sin#” cosyp”, sin 6” sin 90", cos ") .
We extract L = o3 and k- = |©’| from the set of phase space coordinates,
(z,0") = (01,09, L, ki, 0", ¢") , n=(01,0,0",9"),
, and set
O(y,x,0,0,¢) =wd(y,L,n, kr,0,7) .
Writing the coordinates explicitly, the resolution equation (7.21) takes the form

(DY (¢(y) IVadly) = Re ; /52 %/m/ﬁﬁ /S(L)xs2

expliw ®'(y, L, n, ke, 0,9)] a(y, L,n, kr, 0,%) x1(kr, 0, ) h(y,v) x (7.22)
dn
Vadly(q)

resubstitute kr = w|T'(y)

(MY (p(x(e))) Vadly(o) w?dwdL dody ,
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where
dn = d¥(x) sin §”dg”dy"” . (7.23)

For given (6, v), the phase @' is stationary with respect to the variables of integration n if

3,,® =0 and g y® =0; (7.24)

here,
05,8 = -T-0,,x, (7.25)

while
002 = (10 (y) 4 @) - opr + ¥V () -4V (@) Ops.  (726)
002 = (A" (y) =4V (@)] - dpr + FV (W) ~ 4V (@)] s . (727)

The stationary points are denoted as o, = o}, (y) and induce the mapping (o}, L) for any L.
The solution of thefirst equationin (7. 24) Wlth (7.25) impliesthat the statlonary migrati ondip,
%, must be parallel to the geological dip, vy, i.e.,

vV =1v,; (7.28)
one solution, a , of the second equation is easy to identify:
x(op, L) =y;

at this value one expects the peak contribution. At (o9, L), given v°, (6, ) will determine

the stationary values of (s, r). We denote the stationary points by 7° = (o7, v%(x (o), L))),

and the stationary point set by H, which contains at least two elements (cf. Eq.(7.28)).
Applying the four-dimensional stationary phase approximation to Eq.(7.22) amounts to

()(6(y)) [Vasly) = RGZ/ 871r3/1R/]R+ (2%)2

OGHO

a(ya La 7707 kI‘a 07 w)
V/|det(V, v, 8)°)

exp |iw @' (y, L,n°, kr, 0,v) + z% Sig(VnVWCD')O]

x(kr, 0,9) h(y, v°) x (7.29)

|05, N Oy, |

widwdL dodv .
Vool v

(0, L)

(cMY(g(z (o), L)) |Vw¢|cc(02, L)
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Here sig denotes the number of positive eigenvalues minusthe number of negative eigenvalues
of amatrix. In Eq.(7.29), k.. is the stretch of frequency with |T'(y)|°, the norm of the gradi-
ent of travel time in case the migration dip is stationary. In terms of scattering coefficients
(cf. EQ.(7.14)), for z(o), L) near y € {¢ = L}, expression (7.29) reducesto

(Y 6w) Vadly)= X 53X [ [

V0 = :l:u¢

Re l/ exp |:Zw @I(ya L7 7707 kl“v 0) ¢) + ZZ Sg(v’flv’flq>,)():| XJ(kl"a 07 ¢)dk1" X
TJR 4

ar(y, L,7°, kv, 0,%) R (00, ky, 0, 4) h(y, v°)

X
T(y)[°y/|det(V, V7, @)°|
90, A Oo,| dL dodip . (7.30)
Vadl g0, 1)
Recognizing the bandlimited Dirac distribution,
1
Ins0°- (y =) = — (7.30)

/ + eXp |:’L(x) (I)I(ya La 770’ kI‘a 07 w) + ’Lg sg(vnvﬂq)l)o] XJ(kra 0) 7/)) dk[‘ I
R

we find that the reconstruction amounts to a weighted integration of scattering coefficients,
(VY6 Vedg) = > 35 [
VO _ :tu¢ J Ee XEw R

1
Vadl

Re IA,J(VO (y —x))

(o, L)

ar(y, L1 ke, 0.9) R (1 ki, 0, 9) Wy, v°)
T()°/|det(V, V)|

10y, A 8,,2:B|m(02’ 1) AL dodv, (732)

where we have accounted for the fact that the range of integration over 6, ¢ will be limited by
the acquisition geometry. Theranges aregiven by Ey = Ey(v°), Ey = E,(V°,0).



M.V. de Hoop& N. Bleistein / Micro-local resolution analysis 22

In Section 9, we will evaluate the Hessian det(V,,V,,®')? and show that sig(V,, V,®')° = 0
a v° = v, Hence, in case the partition is complete, we have

L1
Vol [Vadl

Due to the point symmetry of the slowness surface at the image point y, we can replace the
) I o _
summationy o _ ty, 2 by the substitution ° = v,,.

S Re I, (v - (y — 2)) (V" (y—2)) = 3(8y) — é(=)) . (7.39)

8 GRT inversion of Kirchhoff data

Now, we will analyze the resolution operator from a different perspective. To accommodate
for the non-linear reflection/transmission coefficients, we substitute our Kirchhoff-like approx-
imation, a mixture of Eqgs.(5.2) and (5.9), into the inversion formula Eq.(7.7). The result is an
equation very similar to Eq.(7.32). We obtain

(€Y 6w [Vasly) = ¥ 5[ [ "0 aL o, (61)
Vozj:u¢ ot
where
(NM) _ Re I 0. (y — 1
L Rl D )

aR(ya La 770a kl‘a 0, ¢) R(LNM) (770, kI‘a 05 ¢) h(ya VO)
T (y)[0/|det(V,, V,, )|

X

|80—1w N 80258':8(0_2’ L) . (82)
Componentwise, the reflection/transmission coefficients can be identified, viz., by undoing the
multiplications by ag.
9 TheHessan

Inthissectionwewill evaluatethe Hessian of &' at astationary point. First, notethat d,,9,, ®" =
0 at the stationary point = y (then ® = 0). Hence,

det (V,V, )" = [det(VyVod)] . (9.1)
On the other hand, note that
(01,05,9') = (3,T) - (9, ) - (9.2)
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This matrix can be written in the form

_ 4T - | |

- 0,T' — | I

- 0,I' — O0r® Opy® Vg . (9.3)
- I - | I

In this expression, the first matrix on the right-hand side can be identified as / (see EQ.(7.19))
and the second one with the Jacobian of the coordinate transformation (Eq.(4.9)). Hence, using
Eq.(9.1), we arrive at the identity

hence, aso,

IT| det[(0yT) - (doa)] = det

T/ /det (V,V,@)° = h(,1°) 18,2 A a@a:|w(02’ I) - (9.4)

Inview of EQ.(9.1), the positive and negative eigenvalues must come in pairs, so that
sig(V,V,®)° must be equal to 0 or 4. On the other hand, we have intrinsically assumed that
the gradient of two-way travel does not vanish, so that 4~ # 0. In accordance with Eq.(9.4),
hence, the determinant cannot vanish. Thisimplies that under continuous deformations of the
interface and ray geometries, the signature of the Hessian cannot change from 0 to 4 or vice
versa (this would require an eigenvalue to become zero). In the case of flat level surfaces, it
can be shown that the signature equal s zero, which now implies that

sig(V,v,®)° =0

for any ¢.

The modified GRT inversion
Substituting Eq.(9.4) into Eq.(8.2) yields

1
X
|VCB¢| a:(o'g’ L)

r(LNM) = Z Re IA’J(VO (y—x))
J

a‘R(ya La 770, kI‘a 0a ¢) R(LNM) (770, kI‘a 9, ¢) . (95)

To arrive at this expression, at the stationary dip v° = v, we could have set (v - v,) = 11in
Eq.(7.7) to begin with. Then, apriori knowledge about the geological dip is not required.



M.V. de Hoop& N. Bleistein / Micro-local resolution analysis 24

In fact, the dip is estimated from the image resulting from the partial reconstruction dis-
cussed in Section 7. The natural way to rewrite inversion formula (7.8) with Eq.(8.1) is

(N 11) oL
/]RrL dL = — /S 2 (9.6)
d(&, &)
3,00

Here, we employ the mappingsdefinedin Eq.(7.15). Notethat thisinversion formulacomprises
a system of equations; from each equation, in principle, the reflection/transmission coefficient
at specular can be determined (we estimate the geological dip from the image and we have re-
ordered the inversion by scattering angle and azimuth, which implies that we know ay at sta-
tionary). The redundancy can be employed to verify or improve the estimate of the stationary
dip. How the stationary dip appears in the spectrum of the medium’s perturbation is discussed
in Appendix A.

Ay w M (y, &M (y), &M (y)) 9™ (r, s, y) [T|* dv .

10 Discussion

We have shown, by carrying out a precise resolution analysis, that it is feasible to extract in-
formation about the angular dependent reflection/transmission coefficients from a GRT-based
migration/inversion. We did not have to linearize nor expand the coefficients. In fact, the out-
come of theresolution analysisisamultiple set of imagesfor the refl ection/transmission coeffi-
cientsfor the available range of specular scattering angles. Any type of AVA analysis can then
be applied to interpret those images. In the derivation we have made use of the fact that the sur-
face integral representations are linear in the scattering coefficients; these coefficients reduce,
at specular, to the reflection/transmission coefficients.

The GRT approach employs a somewhat unusual ordering of data, viz., in common (6, )
gathers. The inversion formula reduces to a two-dimensional integration over migration dip.
The (0, ) sorting, however, varies with the image point. It bears resemblance with the sorting
in common offset, though. The use of such a sorting, however, necessitates the cal culation of
an additional Jacobian.
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Appendix A. The spectrum of the medium perturbation

In principle, the geological dip can be directly estimated from an image. However, the geolo-
gical dipisalso hidden in the spectrum of the medium perturbation Eq.(4.10).
Setting (cf. EQ.(6.1))
z ” Vg, {xu} 1 Vg
at y € D, the medium perturbation spectrum is of the form (cf. Eq.(4.10))

ol — Wy - —3
Do) (k) = /m dL (cMY(L) /D 5(#(@) — L) exp [=i (kuzu + k(zy(L) + 2))] de, (AD)
whereinfact k = ©' = k.v. Near the level surface ¢ = L, we employ the expansion
¢(x) = L+ |Vgd|z + s2.0u1, ; (A.2)
weimplicitly assumethat theintegral over L iswindowed around y such that in the window or

neighborhood ¢, may depend on L but v, does not. At the level surface on which y lies, we
have zy = 0. Then,

8¢c(1) /dL L) exp[—ik,zy(L)] x (A.3)

/1)5(|Vm¢\z + 22,0,T,) exp [—i (kyz, + k.2)] dzidzsdz

_ _ Ty || do das
= B (D exolihzy (D] [, expl (“ kz2|Vw¢|)] Vo)

/ 27 exp [mi Sig(kspp) /4] exp llk Vgl
- U
|k |\/| det (| k.

(cW) (L) exp[—ik.zy(L)] dL ,

G k,,] X

where sig, asin the main text, represents the sum of signs (4-1) of eigenvaluesof k,¢,,. Note
that k,, = 0 corresponds with the geological dip direction.
If the level surfaces of ¢ wereflat and v, = v' fixed, we would get

05c (k) = 3(k — (k- ") (D) (k - ') = %6@—@ ) (D) (ke - 1))

which, in the Radon domain, implies

/8¢c(1) N (y-v—x-v)de
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= _% (v — (v -v)v')Re /R+((:A(17)'(kr(u -v')) exp(ikep) dky

p=y-v

(A9

= L 5w (v Re [ (D) () explikeg) dbe|
R p=y- v

™

This formula shows that the GRT agorithm can reveal the geological dip explicitly. We as-
sumed a proper coordinate system on S?, such that

/525(1/ —w-vhYHdv=1.
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