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ABSTRACT

Finite-difference acoustic- and elastic-wave modeling and reverse-time depth migra-
tion based on the full wave equation are general approaches that can take into account
arbitary variations in velocity, density and elastic coefficients, and can handle turning
waves as well. However, conventional finite-difference methods for solving the acoustic-
and elastic-wave equations suffer from numerical dispersion when too few samples per
wavelength are used.

To reduce the numerical dispersion in finite-difference wavefield continuation, I have
developed two “flux-corrected transport” (FCT) algorithms (which apply diffusion and
anti-diffusion corrections to the solutions obtained by conventional methods), one based
on the original second-order wave equation and the other based on a system of first-order
wave equations derived from the second-order one. The key underlying assumption of
the FCT method is that all local extrema are caused by numerical dispersion. Using this
assumption, the FCT method first applies the diffusion correction everywhere, and then
applies the anti-diffusion correction selectively, based on locations where the algorithm
judges numerical dispersion to be present. In an alternative approach based on the same
assumption, I have optimized the FCT approach by using only localized diffusion, with
no anti-diffusion correction, at a 40 percent saving in computational cost (of the correc-
tion step) compared with that of the full FCT diffusion and anti-diffusion correction. I
find that incorporating the FCT technique in conventional finite-difference modeling or
reverse-time migration ensures finite-difference solutions with no numerical dispersion,
even for impulsive sources.

The FCT correction, which can be applied to finite differences of any order in space
and time, is an efficient alternative to use of finite-difference approximations of increasing

order. For 2-D problems, the computational speed of the full FCT-corrected fourth-order
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finite-differencing for the second-order acoustic wave equation is about 7.7, 1.5 and 1.3
times that of the second-order, fourth-order and tenth-order conventional finite-difference
methods, respectively; for 3-D problems, the increase in the speed of FCT-corrected
computations is even greater. Moreover, the FCT approach applied to the fourth-order
method for 3-D problems requires only about 3.8, 30 and 73 percent of the memory used
by the second-order, fourth-order and tenth-order finite-difference methods, respectively.
For the optimized FCT approach applied to the fourth-order method, the increase in
computational speed is even greater; however, the memory usage is the same as that for
the full FC'T approach.

I have tested the FCT algorithms on modeling and migration for both acoustic
media and elastic transversely isotropic media with vertical axis of symmetry. Moreover,
I have applied the FCT correction to modeling for transversely isotropic media with
tilted symmetry axis. Demonstrations of modeling and migration show benefits as well
as the inability to fully recover the resolution lost when the spatial sampling becomes

too coarse.
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Chapter 1

INTRODUCTION

Finite-difference methods, following the approaches of Claerbout (1985), have been
widely implemented for wave extrapolation in modeling and migration. Those approaches
employ a one-way wave equation that allows energy to propagate either downward or up-
ward, but not both. Although successful in many situations, such methods are limited
by assumptions made in deriving the one-way wave equation. Moreover, finite-difference
schemes based on the one-way wave equation contain a limit on the maximum dip angle
of the reflector. To overcome this limitation, Whitmore (1983) developed an iterative
depth migration by backward time propagation based on the full acoustic wave equation.
Loewenthal and Mufti (1983), and Kosloff and Baysal (1983) developed a two-dimensional
migration scheme in the frequency and space domain based on a direct integration in
depth of the acoustic wave equation, and McMechan (1985) used finite-difference model-
ing to study finite-offset and multiple-offset vertical seismic profile (VSP) data in laterally
varying two-dimensional (2-D) media.

In seismic applications, the assumption that the medium is acoustic is not always
applicable. Modeling of amplitude-versus-offset (AVO) behavior requires treatment of
wave propagation in elastic media. Likewise, acoustic-wave modeling cannot yield any
information about P- to S-wave mode conversion. Moreover, since isotropy is not a valid
assumption for much of the Earth’s subsurface, general seismic modeling and imaging
techniques for anisotropic media needs to be developed. Virieux (1986), based on the
first-order system of equations, applied conventional finite-differencing on a staggered
grid to simulate P- and SV-wave propagation in elastic isotropic media. Faria and

Stoffa (1994), also using the first-order system, performed finite-difference modeling in
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transversely isotropic media (with a vertical axis of symmetry) by a conventional fourth-
order method.

Since finite-difference modeling and migration based on the full wave equation have
none of the assumptions that limit solutions based on the one-way wave equation, the
finite-difference method potentially can treat many issues accurately, such as arbitrary
velocity variation, turning waves, and multiply reflected waves. This method, however,
is costly when typical sampling intervals are used, placing heavy demands on computer
memory and input/output devices (Reshef and Kessler, 1989; Blacquiere et al., 1989;
Hale and Witte, 1992).

Unfortunately, conventional finite-difference schemes for numerically solving the
wave equation suffer from undesirable ripples, so-called “grid dispersion” or “numeri-

)

cal dispersion,” near large gradients in wavefields or when too coarse a computation grid
is used. In their study of the numerical dispersion that arises in finite-difference methods,
Alford et al. (1974) and Kelly et al. (1976) concluded that to eliminate the numerical
dispersion, at least 11 points per upper half-power wavelength (Gy; the upper half-power
wavelength is the wavelength corresponding to the upper half-power frequency) must be
used for the second-order (in space) finite-difference method. Likewise, they conclude
that only 5.5 points per upper half-power wavelength are required when fourth-order
finite-differencing is used. Consistent with their conclusions, Dablain (1986) stated that
8 and 4 grid points at the Nyquist frequency are required to eliminate dispersion for the
second-order and fourth-order finite-difference methods, respectively.

Clearly, then, problems of numerical dispersion are not inevitable. One need only
sample the wavefield on a sufficiently fine grid in space (and therefore in time) for the
differences to approximate the derivatives well enough so that the undesirable oscillations
in the computed wavefield are negligible. The penalty, again, however, is the excessive

amount of computation required on the fine grid. Therefore, for applications that re-

quire large computational expense and memory storage, such as the Marmousi model
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(Versteeg, 1994) and the 3-D SEG/EAEG model (Aminzadeh et al., 1994), balancing
the trade-off between the numerical dispersion and computational cost turns out to be
important. A preferable alternative has been to improve the quality of the differencing
approximation through use of higher-order differencing (Dablain, 1986). Although, for
a given computation grid the computation effort increases with increasing order of dif-
ferencing approximation, the coarser grids allowed by the more accurate approximations
result in a net computation and memory savings.

The flux-corrected transport (FCT) technique, developed by Boris and Book (1973)
and Book et al. (1975) for solution of the continuity equation in hydrodynamics, is yet
another efficient alternative for obtaining finite-difference solutions to the wave equation
on coarse grids, with no numerical dispersion. Boris and Book have successfully applied
their FCT method to problems of hydrodynamics involving large gradients and even
discontinuities in the wavefield, where use of conventional algorithms introduces numer-
ical dispersion. Here, I further develop and apply the FCT finite-difference technique to
forward seismic modeling and reverse-time depth migration for both acoustic and elas-
tic transversely isotropic media. Moreover, I develop a new FCT technique using only
localized diffusion, with no anti-diffusion correction. This new FCT technique offers a
40 percent savings in computational cost (of the correction step) compared with that of
the original FCT diffusion and anti-diffusion correction. As with the use of higher-order
approximations, the added computational cost per grid point in the FCT correction is
more than compensated for by the ability to do the computations on a coarse grid. Fur-
thermore, I show that the flux-correction procedure can be applied in finite-difference
extrapolation of any order differencing approximation.

Paralleling the approach used in the hydrodynamic applications of Boris and Book
(1973), I have extended their FCT correction for systems of first-order equations to
second-order partial differential equations. The FCT approach is then applied to the two

forms of the acoustic and elastic wave equations, the original second-order wave equations,
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and a system of first-order equations derived from the second-order ones. Neither form
of the FCT correction procedure imposes any limitations on the variability in velocity,
density and elastic coefficients for either modeling or migration. Moreover, the method

imposes no limitation on the range of reflector dips that can be accurately imaged.
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Chapter 2

EQUATIONS

Here, I review the equations that describe the wave propagation in acoustic and
elastic inhomogeneous media. Through a change of variables, the original second-order
acoustic- and elastic-wave equations can be rewritten as a first-order system, as was
done by Virieux (1986) for elastic media. Either the second-order system or the first-
order systems can be used to perform the finite-difference wave extrapolation by the

flux-corrected transport technique.

2.1 Acoustic media

For velocity and density fields that are functions of space, the acoustic-wave equation
is

LOP o[ O (A0PY D0y O (OB faynn), ()

p 0%t dx\pdx)  Oy\pdy) 0z\pdz

where p = p(z,y, z) is density, ¢ = c(z,y, z) is wave velocity, and f(x,y, z, ) is the source
function.

This wave equation for inhomogeneous media can be approximated by an explicit,
conventional finite-difference scheme. However, this finite-difference discretization causes
the phase speed to become a function of discretization interval, and generates undesirable
dispersion when the spatial grid is too coarse (that is, too few samples per wavelength
are used). The FCT technique is a correction procedure applied to the finite-difference
result at each time step in order to suppress the numerical dispersion.

First, let us parallel the original hydrodynamics approach by defining new depen-

dent variables in the second-order acoustic wave equation so as to form four first-order
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equations in these new variables. Such a change to a first-order system has been com-
mon when dealing with elastic waves, but has not generally been used for solutions of the
acoustic-wave equation. I introduce it here for the acoustic equation only to start off with
a system that parallels that used originally by Boris and Book (1973) for hydrodynamic
applications.

With new dependent variables defined as

1 oP
q = EE, (2.2)
(9P
3P
V= — 9 (2.4)
3P

the second-order acoustic wave equation (2.1) is reduced to the new first-order partial

- 205G s

Three additional first-order partial differential equations are derived from definitions (2.2)

differential equation,

through (2.5); they are

ou 0 9
ot~ ox (”C q)’ 20
ov 0 9
ot~ oy (p ‘ q)’ 29

ow 0
2.9
ot 0z (p q> (2:9)
As in the hydrodynamics problem, the FCT correction can then be applied to these
first-order equations. After applying the FCT to the first-order system, I found out that

the FCT correction could readily be applied to the second-order wave equation, as well.

Each of these two formulations has its particular merits.
6
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2.2 Elastic media

For elastic media, the three general equations of motion are

0%u; 0
— f Sy =1.2 2.1
P ot? i 0z; (Jl]) ! %3 (2.10)

where z1, 2 and x3 are the three Cartesian coordinates (later labeled z, y and z). w; is
displacement vector, p is density, f; is the source function, and o;; are the components of
the stress tensor. By Hooke’s law, the stress and strain tensors satisfy 0;; = cijpe€pq, Wwhere
Cijpg are the elastic coefficients. The most general inhomogeneous anisotropic medium
is defined by 21 independent components in ¢;jpq, each of which can vary independently
over space. e, are the components of the strain tensor
1 /0uy, auq>

epg = = — +—). 2.11

P2 ((%cq oz, (2.11)
Since the strain tensor is symmetric, it has six independent components: eq1, e, €33,
€12, €13 and ey3.

With new dependent variables defined as

ou; .
v = pa—qi i=1,23, (2.12)

and considering the six independent components of strain tensor e,, as the other six
dependent variables, equations (2.10) and (2.11) can then be replaced by nine first-
order partial differential equations. These nine new equations constitute a complete set
of equations for doing wave extrapolation by the FCT method, for the most general
inhomogeneous, anisotropic elastic media. These equations are

81),- 0 .
ot =fi+ 8—:16] (Ciquepq> 1=1,2,3, (2.13)
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0epq 0 (vp) 0 (Uq)
=—\|= —\| = =1,2,3. 2.14
ot 0z, \2p i 0z, \2p Pa==% (2.14)

Where the elastic medium is assumed to be isotropic, the ¢;;,, take the form
Cijpg = A0ijOpq + 1(0ipGiq + Oiglp), (2.15)

where §;; is the Kronecker delta (d;; = 0 for i # j, and d;; = 1 for s = j). Thus, when the
medium is isotropic, ¢;j,, involves only two independent coefficients, A and p, the Lamé

coefficients. Using relation (2.15) in equations (2.13), gives

0v; 0 .
a—tz = fl -+ % )\5” (611 + €99 + 633) + 2/,L€,'j:| 1= 1, 2, 3. (216)
J
. . . _ A+2u ~ : — 12
Alternatively, since P-wave velocity a = Yaars and S-wave velocity 8 = \/; ,

equations (2.16) can be rewritten as

81)1' 0 .
a = fz + 87 p(a2 — 2ﬂ2)5i]’(611 -+ €99 -+ 633) -+ 205261']'] 1= 1, 2, 3. (217)
J

With equations (2.17) and (2.14), wave extrapolation by the FCT technique can be
accomplished for the most general inhomogeneous, isotropic medium.

The Earth’s subsurface, however, is seldom isotropic. Most crustal rocks are found
experimentally to be anisotropic (White, et al., 1982; Thomsen, 1986). Furthermore, it
is known that if a layered sequence of different media (isotropic or not) is probed with
an elastic wave of wavelength much longer than the typical layer thickness, the wave
propagates as though it were in a homogeneous, but transversely isotropic medium, with
symmetry axis normal to bedding (Backus, 1962). Hence, it can be misleading to consider
media as isotropic in seismic applications. We shall consider media that are transversely

isotropic. Then, the strain and stress relation can be written as

o1 = Chienn + (011 - 2066)622 + C'136337
8
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092 = (C11 — 2Csg)e11 + Crie92 + Cisess,
o33 = Chzeqr + Clzego + Cssess,

093 = 2C 4693,

013 = 2Ce13,

O12 = 2066612, (2.18)

where C11, Cs3, Cys, C13 and Cgg are the five independent elastic coefficients that describe
a general transversely isotropic (TI) medium, with axis of symmetry in the vertical
(x3) direction. With these strain and stress relations, the three equations of motion for

transversely isotropic media, with vertical axis of symmetry, can be written as

0 0
% =f + . [011611 + (C11 — 2C¢6) 92 + 013633]
+ i[20e ]+i[20 e ] (2.19)
B, | 200012 T g | 20ucs ), .
0 0
2 fo + [2066612] + [(011 — 2Cg6)e11 + Criegn + Chzess
8t X1 8(1)2
0
+ ozs [2044623]; (2.20)
ov 0 0
8—153 =fs + pr. [2044613] + 92s [2044623]
0
+ Do [013611 + Cizexn + 033633]- (2.21)
T3

Transversely isotropic media can be parametrized in any number of ways. Thomsen
(1986) has developed a parametrization that is particular handy for understanding wave

propagation in TI media. Using Thomsen parameters for TT media, the relations between
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the above elastic coefficients and Thomsen parameters are as follow,

_ |Cs3
Qp = R
P
ﬂO = %7
p
.= Cii — Cs3
205
_ Ceg — Cua
7= 20
5= (C13 + Cyy)?® — (C33 — 044)2’ (2.22)

2C53(C33 — Cua)

where o is P-wave velocity parallel to the symmetry axis, 3y is S-wave velocity parallel
to that axis, and €, v and ¢ are three dimensionless anisotropy parameters. With these
relations, we can convert between the two sets of parameters.

Three first-order equations, (2.19) through (2.21), and six others, equations (2.14),
give a complete set of equations for doing wave extrapolation in general transversely
isotropic media (with vertical axis of symmetry) by the FCT technique.

For TI media with an arbitrary orientation of symmetry axis, the first-order partial
differential equations describing the medium can be obtained from equations (2.14) and
(2.19) through (2.21) simply by rotating the coordinate system.

For 2-D applications with tilted axis of symmetry, the relation between the old

coordinate system {x1, 23} and new coordinate system {Z, T3} is,

1 = T1cosf — T3sinb,

T3 = Z1sinf + Z3 cos b, (2.23)

where 6 is the angle between the symmetry axis direction x3 and the vertical Z3.

The new equations describing wave propagation in a TI medium with a tilted axis

10
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of symmetry can then be obtained from equations (2.14), and (2.19) through (2.21) by

rotating to the new coordinate system. These new equations are

ov .
8—751 =f1 + 95 cos§(Chie11 + Cizess) + 2sin 9044613]
0
+ 8—53 [— sin 9(011611 + 013633) + 2cos 9044613] ,
3
% =fy + i [2 cos §Cgge19 + 28in 0044623]
ot 8(E1
+ i [—2 sin 9066612 + 2 cos 9044623] s
8333
ov 0 .
8—153 =f3 + 6—:Z'1 [2 cos 0C €13 + sin O(Cizeq; + 033633)]

0
+ Er [—2 sin 0Cyse13 + cos 0(C1zerr + 033633)] ,

Z3

Oz _ 9 [sing] i[ ]
e sm0p +85:3 Cosﬁp ,
3612 0 (5] 0 (%
ot 8:?:1[ 92_;)] * ok [_SM%]’
Oess _ 0 [ 2] i[ 2]
51 07 s1n02p + 9% 00502,0 ,

11

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)
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ey _ 0
o 0

U3 . U1
<l 9—]
cos 2p-l—sm % —+

. U3 U1
— | —sinf— + cos—|. 2.31
03 2p 2p (2:31)
With equations (2.24) through (2.31), wave extrapolation in a TI medium with a
tilted axis of symmetry can then be performed by the FCT finite-difference technique.
As with the acoustic case, the FCT technique is not just limited to the first-order
system equations for elastic media, it can be applied to the second-order elastic wave

equations (2.10) as well.

12
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Chapter 3

NUMERICAL DISPERSION AND DIFFUSION IN STANDARD
FINITE-DIFFERENCE SCHEMES

Here, I use the one-dimensional acoustic wave equation in a homogeneous medium
without the source term to illustrate the numerical dispersion and diffusion in four finite-
difference schemes, i.e., leapfrog, two-step Lax-Wendroff, pseudo Lax-Wendroff, and con-
ventional second-order finite-difference. I discuss two sets of equations: the first-order
system derived from the second-order one, and the original second-order acoustic wave

equation.

3.1 First-order system

The first-order acoustic wave equation in a 1-D homogeneous medium reduces to

dq 10u
G 1
ot  pox’ (3:1)
ou  ,0q
5 = PC g, (3.2)

For this system, let us analyze three finite-difference schemes: leapfrog, two-step Lax-

Wendroff and what I shall call pseudo Lax-Wendroff.

3.1.1 Leapfrog scheme

For the first-order system, I set up a finite-difference scheme on a staggered grid
based on the leapfrog method (Potter, 1973). In the leapfrog approach, the variable q is

computed at time level n+1 and space index j, while variable u is computed at time level

13
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n+ 3 and space index j + 3. In this way, the leapfrog approach gives “time-centering”
and “space-centering” of u and ¢ in both the temporal and spatial differencing. The

algorithm proceeds as follows.

ntl n—L
ur =up P +eald —d), (3-3)
+1 +1
=g + e <uj+ P - u;’_ é> (3.4)

where ¢, = pc®At/Ax, e = At/pAx, At is the time step and Az is the spatial step.
To analyze the stability condition for the above finite-difference scheme, we can use

the Fourier modes (Potter, 1973)

u?"’% — An+%eiijw’ (35)
qn+1 — qn—kleiij:C. (36)

Inserting these modes in equations (3.3) and (3.4), we get

+

=

,&lﬂ

1
— "% 4 €, 2isin (ikm) i, (3.7)

vl
—
@
0]
Nt

1
" = §" + €52i sin (§kAx> "tz

From equations (3.7) and (3.8), we obtain the matrix equation

it 1 ey sin (LkAz a3
- 1sin (3447) (3.9)
gntt 27€, sin (%kA.’E) 1 — 4eq€9 sin? (%kAa;) q"
The amplification matrix for this equation is
1 2ie; sin (tkAx
G- = ' (2 ) I (310)

2i€y sin (%kA:r) 1 — 4€; €9 8in? (%kA.’E)

14



T-4690

for which the eigenvalues g satisfy

1
g> -2 [1 — 2¢sin? <§kAx>] g+1=0, (3.11)

2 . .
where € = (%‘;) . This equation gives two eigenvalues

1 1 1
g2 =1— 2esin’ <§kAx) + 2\/[6 sin? <§kAa:) - 1] € sin? (ikAx) (3.12)

If the above eigenvalues were real, then the magnitude |g| of one eigenvalue would be
greater than one; hence, the solution would be unstable. However, when the eigenvalues
g1,2 are complex, the magnitude |g| of each eigenvalue is identically equal to unity. That
is

lgl=1  iff ‘esinZ (%kAx)| <1. (3.13)

Thus if € < 1, solutions will be always stable. Hence, the stability condition for the
leapfrog scheme is
Ax

At < =2 (3.14)
C

The dispersion relation for the finite-difference scheme defined by equations (3.3)
and (3.4) can be obtained by relating the frequency w of the Fourier mode on the grid

to a particular wavenumber £,

w = w(k; Az, At), (3.15)

By comparing the dispersion relation for the difference scheme with the dispersion
relation of the original differential system, we can analyze the accuracy of the difference
scheme in detail.

To obtain the dispersion relation for equations (3.1) and (3.2), consider the Fourier
modes in time and space,

u(z,t) = te!@ke) (3.16)

15
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q(z,t) = Ge'w=ko), (3.17)

Here, w can be complex in general, i.e., w =  + iy. To obtain a bounded solution at

infinite time, we must have v > 0.
Substitution of (3.16) and (3.17) into equations (3.1) and (3.2) gives the familiar

dispersion relation for the differential equations
w? = 2k (3.18)

Consequently, in the differential equation, w is real so that no damping of any mode
occurs, and all wavenumbers have the same phase velocity (and thus group velocity).
That is, no dispersion occurs.

Applying the same Fourier modes (3.16) and (3.17) to the finite-difference scheme

(3.3) and (3.4), gives

o ilw(nt 1) At—k(j+1)Ag] Gelm-DA-kG+h)AT] | (Cjei[wnAtk(j—H)A:c]

ue =
_ qui[wnAt—ijﬂU])’ (3.19)
el (n)A-kjAT] qui[wnAt—ijz]+62(aei[w(%%)ﬁt—k(ﬂ%)m]
B aei[w(m%)m—k(j—émz])_ (3.20)

Cancelling the common factors in equations (3.19) and (3.20), then gives
aeilont _ poil-wad elq(ei[—%kAx] B ei[%kAm])’ (3.21)
GelBwdt — eil-dwad 4 o (ei[—%kAw] _ ei[%mx]) (3.22)

The determinant of these two equations in 4 and ¢ then gives the dispersion relation for
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the leapfrog finite-difference scheme (3.3) and (3.4),
o1 o1
sin (EwAt) = esin (ikALE), (3.23)

where, again, ¢ = ¢?(At/Az)?. This dispersion relation equals the dispersion relation
(3.18) for the differential equation only at low frequency, differing progressively more
with increasing frequency.

By writing w = Q + 4y (y > 0), and equating the real and imaginary parts of
the dispersion relation, we can analyze damping associated with individual frequency

components (assuming k to be real), and get

(e“YAt — e‘“’At) sin(QAt) = 0, (3.24)
At 2 1
(e”At -+ 67At) cos(QAL) =2 — 4(1—t> sin? (EkAJJ) (3.25)
z

From equations (3.24) and (3.25), we can first analyze the existence of numeri-
cal diffusion (or damping) in the finite-difference scheme. For frequencies satisfying
sin(Q2At) # 0 [or cos(QAtL) # +1], from equation (3.24) v must be zero, which means no
diffusion (or damping) on the grid occurs for these frequencies. For frequencies satisfying
sin(QAt) = 0, ie., Q = nw/At (n is an integer), there are two possibilities: (a) n is an
even number, and (b) n is an odd number.

If n is even [i.e., cos(Q2At) = 1], equation (3.25) can then be rewritten as
.o (1
cosh(yAt) =1 — 2esin <§kAa:> . (3.26)

Since cosh(yAt) > 1 [cosh(yAt) = 1, iff v+ = 0] and the right hand side can be no
greater than unity, this relation holds only for v = 0 and for wavenumbers that satisfy

k = 2mm/Az (m is an integer). So, in this case, no diffusion occurs.

17
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If n is odd [i.e., cos(Q2At) = —1], equation (3.25) can be rewritten as
.o (1
cosh(yAt) + 1 = 2esin (ikAx) ) (3.27)

and, again, this relation holds only for v = 0, and for certain wavenumbers and sampling
choice (e = 1).

The above discussion suggests that the leapfrog is a non-diffusive finite-difference
scheme, which has v = 0 for each Fourier component. However, in the examples shown
in Chapter 6, the leapfrog scheme does generate solutions with amplitude decay when
a coarse grid is used. Clearly, the above analysis fails to characterize the damping that
may exist for a given finite-difference scheme. The missing ingredient is the superposition
of Fourier components having different phase speeds (the discussion of phase speed is in
section 3 of this chapter). The amplitude of each Fourier component is unchanged during
its propagation, and if the phase velocities for all the components are the same as the
wave speed (i.e., no dispersion), the superposition does not cause any amplitude decay
in the solution. This is the case for low-frequency wave propagation or when ¢ = 1.
However, if € # 1 and the propagating wave is not dominated by the low frequencies, due
to the dispersion, the phase speeds for the various Fourier components differ from the
true wave speed. Therefore, the superposition of all the Fourier components results in a
net amplitude decay, which becomes progressively greater with increasing dispersion or
grid coarseness.

In Appendix A, I use an asymptotic analysis, which provides an analytical check
and large-time evaluation of the numerical scheme, to demonstrate the net action of the
superposition. According to that analysis, amplitude decay exists in the leapfrog solution
if the source is dominated by high-frequencies relative to the Nyquist frequency (e.g., 40
percent of Nyquist). The solutions obtained by both the asymptotic approach and the
leapfrog method are in good agreement. Also, consistent with the above analysis, if

the source wavelet is dominated by low frequencies, relative to the Nyquist frequency,
18
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solutions obtained by both the asymptotic and the finite-difference methods show almost
no dispersion error and no amplitude decay.
Now let us turn the discussion to dispersion. When cAt/Axz = 1, dispersion relation
(3.23) becomes
w? = Ak, (3.28)

which, as noted above, is the dispersion relation of the differential system. Thus, for this
special case only there is no numerical dispersion in the leapfrog scheme. For any other
choices of sampling interval, as we have seen in equation (3.23) numerical dispersion
arises, progressively more so with increasing frequency.

Section 3 of this chapter gives a detailed discussion on the frequency- and wavenumber-

dependence of phase velocity, for the leapfrog and other finite-difference schemes.

3.1.2 Two-step Lax-Wendroff scheme

Another standard finite-difference scheme, the two-step Lax-Wendroff scheme (Pot-
ter, 1973; Lax and Wendroff, 1960), purposely introduces some artificial diffusion to
suppress the oscillation error. For the second-order accuracy, two-step Lax-Wendroff
scheme, equations (3.1) and (3.2) can be represented as

auziliary step:

n+l/2 1 n n At n n
2
nttje 1 o 2\ pEAt .
Ujrij2 = 5 (“j+1 + “j) T oAy \ Gt T ) (3.30)
main step:
n n At n+1/2 n+1/2
@t =g+ pA—:r<uj+1//2 — ujl//Q), (3.31)
2
n n pc At n+1/2 n+1/2
uj+1 =u; + —Ax (qj+1/2 — qj—l//Q)' (3,32)
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The stability condition for this scheme is (Potter, 1973)

At < —, (3.33)

the same as for the leapfrog scheme.

Inserting equations (3.29) and (3.30), into (3.31) and (3.32), yields

At 1 /cAt\?
0=+ o (e ) 5 (5) (0 =20+ a) (3:34)
2 2
pce At 1 /cAt
G = A (q?“ - q?—l) T3 (A—x> (“7“ — 2t ”?—1>' (3:35)

If we rewrite this difference form in the differential form to second-order accuracy, we

obtain

d¢ 10u c*Atd%q
ot ;a—x + 9 92 (336)

0 0 2At 92
Ou _ 204 ¢ u

ot P or T T2 o (3.37)

Note, in both equations (3.36) and (3.37), the second term on the right-hand side
is the diffusion term introduced by the two-step Lax-Wendroff scheme. The diffusion
coefficients in both are equal to c?At/2.

To obtain the dispersion relation for this Lax-Wendroff scheme, we substitute Fourier

modes (3.16) and (3.17) into equations (3.34) and (3.35), giving
GeA = § —ie tisin(kAx) + e[cos(kAx) — 1], (3.38)

1€ = 4 — ieygsin(kAx) + etf[cos(kAx) — 1]. (3.39)

From the determinant of these two equations, we obtain the dispersion relation

€A =1 + e[cos(kAx) — 1] + iv/esin(kAz). (3.40)
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By writing w = € + 77, we again equate the real and imaginary parts of the dispersion

relation,
Vesin(kAx)

tan(QAt) = , 3.41
an(QAY) 1+ €[cos(kAx) — 1] (341)
e =1 — ¢(1 — €)[1 — cos(kAz)]?, (3.42)

where v > 0.

In the special case where € = 1, 7y is zero, and equation (3.41) becomes

Q = ck, (3.43)

which is in precise agreement with the dispersion relation of the differential system.

In the low frequency limit, relation (3.41) becomes (3.43), and since we also have
v = 0 from (3.42), neither diffusion nor dispersion occurs. More generally, however, v > 0
so that diffusion on the grid occurs (even without invoking superposition); furthermore,
the phase velocity is a function of the wavenumber (again, this will be discussed in Section
3 of this chapter) so that dispersion occurs. Here, however, the presence of diffusion in
the scheme has been purposely introduced to help smooth the solution and reduce the

dispersive ripples.

3.1.3 Pseudo Lax-Wendroff scheme

In the auxiliary step of the two-step Lax-Wendroff scheme, both variables, ¢ and w,
are computed. To increase algorithmic efficiency, we can modify the algorithm so that
we compute only the variable u in the auxiliary step. In this modified finite-difference
scheme, which I call pseudo Lax-Wendroff, the variable ¢ is computed at time level n+ 1

and space index j, while the variable u is first computed at time level n + % and space

1

index j + 5, and then the solution is fully updated at time level n + 1. The algorithm

proceeds as follows,
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auzxiliary step:

“?111//22 = Ui+ % (Q?H - q?), (3.44)

main step:
= o (4 i E), (345
Uilije = Uiy + %ﬁt (qﬁf - q}f‘“). (3.46)

First, inserting equation (3.44) into (3.45), and then substituting the updated (3.45) into
(3.46), yields

At o, n I NN A W om
pA—ac (uj+1/2 - U’jl/2) + B (A—:c> (Qj+1 —2¢; + Clj—1); (3.47)

n+1 n pC2At n n CAt ? n n n
G ian + Cap (= 4)+ (57) (Gen = 2nt i)

pc2At (cAt

2
T oAz A—x) (q?” = 3¢5, +3q5 — q?_1>- (3.48)

As in the two-step Lax-Wendroff scheme, the above difference form can be rewritten,

in the limit, in a differential form,

dqg  10u 2 At 9%q

E = ;a—x + o @, (349)
ou  ,0q o, 0%u  p(cAt)? dq
5 = o, +c AtaxQ + 525" (3.50)

Comparing equations (3.49) and (3.50) with equations (3.36) and (3.37) for the two-
step Lax-Wendroff approach, we see that equations (3.49) and (3.36) are identical, while
however, equation (3.50) differs from (3.37) in two ways. In equation (3.50) the diffusion
coefficient c2At in the second-order spatial derivative is twice as large as that in equation

(3.37). Moreover, equation (3.50) has an added term in the third-order spatial derivative
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(higher-order diffusion). Because the diffusion coefficient in the pseudo Lax-Wendroff

scheme is so much larger than that in the two-step Lax-Wendroff scheme and higher-

order diffusion is introduced in solving u, I shall call the pseudo Lax-Wendroff scheme

strongly diffusive.

To analyze the stability condition for the pseudo Lax-Wendroff scheme, we again

use the Fourier modes

n+l _ an—l—lezk]Am’

Uj

n+l __ sn+l tkjAx
Qj - € ’

insert these modes in equations (3.47) and (3.46) to give
~n+1 22 1 A~ L 1 ~T
q""" = |1 — 2esin EkAac q" + €12isin EkAac u”,

1
" = 4" 4 €,2i sin <§kAas> lany

~n+1

Substituting ¢"*" into equation (3.54), we obtain

g+t 1 — 2esin? (%) i€, sin (%) "

it e, sin (m) [1 — 9¢sin? (m)] 1 — 4e sin? (m) ar

2 2 2

The amplification matrix for this equation is

a_ 1 — 2esin? (%kAm) 2ie; sin (%kAx)
- 21€5 Sin (%kAx) [1 — 2esin? (%kAx)] 1 — 4esin® (%kAx)

Its eigenvalues g satisfy

1
¢>—2 [1 — 3esin® (%kA:v)] g+ 1— 2esin® (gkACU> =0,

23
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which gives two eigenvalues

1
g2 = 1—3¢ sin? (ikAac>

2
b /1= sesiv? (k)] = [t~ 2esa? (Lpae)]

1 1 1
= 1— 3esin’ (gkAx) + \/e sin® (ikA:C) [96 sin® <§kA.T> — 4]. (3.58)

If the eigenvalues are complex [i.e., €sin® (%kAa:) < %], the magnitude of each eigenvalue
satisfies,

1
lg]* =1 — 2esin? <§kAx> <1. (3.59)

Thus, the solution stays stable.
However, the eigenvalues can also be real [i.e., €sin? (%kAx) > %]. In this case, in

order to obtain stable solutions, we should have
lg] < 1. (3.60)
Through computation from equations (3.58) and (3.60), we obtain
2¢ sin? (%km) <1, (3.61)

so that

€< (3.62)

N | =

will guarantee stability for all wavenumbers. Thus, the stability condition for the pseudo
Lax-Wendroff scheme is
1 Az

At < ——. (3.63)

To obtain the dispersion relation for the pseudo Lax-Wendroff scheme, we substitute
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Fourier modes (3.16) and (3.17) into equations (3.47) and (3.46) to get
Al _ s o e ] Lol
ge = § — 12620 sin ikAa: — 2€eg sin §kAx , (3.64)

ae™ ™ = 4 — i2¢, ¢ sin <§kAx> eMAat, (3.65)

From these two equations, we obtain the dispersion relation for the pseudo Lax-

Wendroff scheme,
iwAt WAL .. 9 1 . 9 1 iwAs
[1 ¢ ] I —e™™" —2esin §/€A$ = —4esin §kAx e, (3.66)
which can be rewritten as a quadratic in e,

. 1 . 1
WAt _ 9 [1 — 3esin’ <§kAx)] A + 1 — 2esin’ (EkAx> = 0. (3.67)

From this quadratic equation, we obtain

. 1 1 1
™At = 1 — 3esin? (EkAx) + i\/e sin? (ikAx> [4 — 9e sin? <§kA:c) . (3.68)
To analyze damping in the pseudo Lax-Wendroff scheme, we write w = €2 + 4y and

obtain the relation
—2yAt oy
e~ 7% =1 — 2esin (§kAx) : (3.69)

Since € < %, this relation shows that wave-amplitude attenuation (y > 0) always
exists, even for the low-frequency limit. Moreover, since the dispersion relation of the
pseudo Lax-Wendroff scheme differs from that of the differential equation, the phase
velocity also differs from the true wave velocity, so numerical dispersion arises. Just

as for the diffusive two-step Lax-Wendroff scheme, the added artificial diffusion in the
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pseudo Lax-Wendroff scheme is intended to help suppress the dispersive ripples.

3.2 Second-order system

Consider, now, the second-order acoustic wave equation in a one-dimensional homo-
geneous medium, which can be written as,
0?P 0*P
— = (3.70)
0%t 0x?
Equation (3.70) can then be approximated by the conventional finite-difference scheme,
which has the form,

PPt = 2P} — P 4 (P, — 2] + PJLy), (3.71)

— A
= "Az2

is again (Golub and Ortega, 1992)

where, again, € and the stability condition for this 1-D finite-difference scheme

A
At < 2T (3.72)
c
For a Fourier mode in time and space,
P(z,t) = Pei@t=ka), (3.73)

as before the dispersion relation for wave equation (3.70) is

w? = k2. (3.74)

Again, as for the first-order differential equations, no damping of any mode occurs and
all wavenumbers have the same velocity, so no dispersion occurs.

Applying the same Fourier mode (3.73) to the finite-difference scheme (3.71), and
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cancelling the common factors in the equation, yields
. of1 . of1
sin (EWAt) = esin (ikAx) (3.75)

This relation is the same as that for the leapfrog scheme, so that the discussion about

the dispersion and diffusion is unchanged from that for the leapfrog scheme.

3.3 Phase speed

Since the dispersion relations differ among the above four finite-difference schemes,
the finite-differencing (either in space or in time) will cause differences in phase speed as
a function of discretization interval, wavenumber and frequency for the various schemes.

In the following, I discuss the phase speed in detail for each of the schemes.

3.3.1 Leapfrog scheme

If we keep only the spatial differencing and replace the time differencing by time

derivatives in the leapfrog scheme, equations (3.3) and (3.4) can be rewritten as

ou _ pc?

% A—x(qﬁl - q}), (3.76)
dq 1 n+l n+i
= (uj+§ - uj_g) (3.77)

Inserting the Fourier modes (3.16) and (3.17) into these equations, yields

2
oope (L )] .

Wi = [ 27 sin (QkAx q, (3.78)
g = — [ 2% si (1m )] (3.79)
zwq—pr isin | 5kAz )| . :
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0 05 10 15 20 25 30
k AX

F1G. 3.1. Relative phase speed versus normalized wavenumber for spatial differencing in
the leapfrog scheme.

Combining these equations, we obtain

4c* 1
w? = Ar)? sin? (ékA$> . (3.80)

~—~~

With the phase speed for the differential equation defined as

w
C= — 3.81
c k’ ( )

we eliminate w from dispersion relation (3.80) to obtain the relative phase speed

2sin(3kAz)
(kAx)

¢

- = 3.82

: (382)
Figure 3.1 shows relative phase speed as a function of wavenumber (and hence fre-

quency) for spatial differencing in the leapfrog scheme. Consistent with the previous

discussion, the computed wave speed equals the true speed of the modeled medium for

small wavenumbers (i.e., low frequency), but the computed wave speed decreases (at an
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increasing rate) with increasing of wavenumber. For high wavenumber (or frequency),
the phase speed differs significantly from the true wave velocity, so numerical dispersion
is most significant at higher £ or w. Since the relative phase speed for the spatial differ-
ence is less than unity, the high-frequency numerical dispersion is delayed relative to the
arrival of true waves.

In the above analysis, we considered only the influence of spatial finite-differencing
on the phase speed. Now, let us consider the influence of time differencing. Applying
the finite-differencing to the time derivative only (as used in the leapfrog scheme) in

equations (3.1) and (3.2), we have

ntd n-1 2 0q
Uj UL Atpe e (3.83)
At Ou
mtl gt = 3.84
¢ -q =g (3.84)

Substitution of the Fourier modes (3.16) and (3.17) into the equations (3.83) and (3.84)

gives
" [e%i“’m - e_%i“’At] = —iAtpc’kq, (3.85)
. . At
i [eriAl — e 2] = =g, (3.86)
p

Combining the above two equations, we obtain

4 sin? (%wAt)

A = *k%. (3.87)

With the phase speed defined in equation (3.81), we obtain the relative phase speed for

time differencing in the leapfrog scheme

B (wAR)
 92sin (%wAt) '

SIS

(3.88)

Ideally, the relative phase speed should be unity. However, just as for discretiza-
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Fic. 3.2. Relative phase speed versus normalized frequency for time differencing in the
leapfrog finite-differencing.

tion in space, the relative phase speed for discretization in time becomes a function of
frequency, but here it is increasing with increasing frequency (Figure 3.2). Therefore,
contrary to when space is discretized, the high-frequency numerical dispersion caused by
time discretization leads the true signal.

Interestingly, the finite-differencing in space and time have an opposite action, i.e.,
the spatial discretization causes the dispersion error to follow the true signal while the
temporal discretization causes the dispersion error to lead the true signal. Whether
the dispersive ripples lead or follow the true signal in a given application depends on
which source of dispersion error (either temporal or spatial sampling) dominates in the
numerical computations. In seismic applications, the errors are typically dominated by
spatial differencing; hence, the dispersive ripples trail the true signal, as will be seen in

the examples of Chapters 6 and 7.
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3.3.2 Two-step Lax-Wendroff scheme

To analyze the phase-speed error due to the spatial differencing in the Lax-Wendroff

scheme [equations (3.34) and (3.35)], we may again rewrite the time differencing in the

Lax-Wendroff scheme in the differential form
dqg At [, n | VEIAN A S
o a5 () 26 ),

ou  pctAt 1 /cAt\?
o = aae (=) +5(5) (9 -2+ u).

Substituting the Fourier modes (3.16) and (3.17) into these equations, yields

At

) [cos(kAz) — 1] g,

1
. isin (kA 4
iwg —pr[ isin (kAz)] 4+

c? At

Wi = Z—x [—isin (kAx)] g + o) [cos(kAzx) — 1] .

Eliminating 4 and ¢ from these equations, we obtain

, At 2 B A,
{zw ~ o) [cos(kAz) — 1]} BRONE sin” (kAzx),

or
c . AL
w = sin (kAzx) — Zi(Am)Q [cos(kAzx) —1].

(3.89)

(3.90)

(3.91)

(3.92)

(3.93)

(3.94)

With the phase speed defined in equation (3.81), we obtain the relative phase speed for

spatial differencing in the Lax-Wendroff scheme

¢ sin(kAz) . cAt
¢~ hdo) Zk(Ax)Q [cos(kAzx) — 1],

31
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F1G. 3.3. Relative phase speed versus normalized wavenumber for spatial differencing in
the two-step Lax-Wendroff scheme.

a complex quantity reflecting the presence of diffusion. Thus, we have

[ e (S betse o

Figure 3.3 shows relative phase speed versus normalized wavenumber for spatial
differencing in the two-step Lax-Wendroff scheme. For this plot, I use a typical value
of 0.64 for the parameter (%‘;)2. As for the leapfrog scheme, wave speed is accurately
computed for low frequencies, but decreases at an increasing rate as frequency increases.
Comparing Figures 3.1 and 3.3, however, we see that the relative phase speed for the two-
step Lax-Wendroff scheme changes more rapidly than does that of the leapfrog scheme, so
the dispersion error of the two-step Lax-Wendroff scheme can be expected to be greater
than that of the leapfrog scheme. However, in the two-step Lax-Wendroff scheme the
artificial diffusion that is introduced helps to suppress some dispersion error.

To obtain the phase speed due to time differencing in the Lax-Wendroff scheme, we

can follow procedures similar to those used in the analysis in the leapfrog scheme.
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Applying the finite-differencing only to the time derivative [as used in the Lax-

Wendroff scheme, equations (3.34) and (3.35)] in equations (3.1) and (3.2), we have

At Ou
7.)’+1 "= — .
q = o (3.97)
dq
n+1 n __ 2
ui™t —uf = Atpe pe (3.98)

Inserting the Fourier modes (3.16) and (3.17) into the equations (3.97) and (3.98) yields

[ iw At
q [e At _ 1] = —z;ku, (3.99)
i [e“At — 1] = —iAtpc’kq. (3.100)
Combining the above two equations, gives
. 2
et — 1] = —(ckAt)?, (3.101)
hence, we obtain
e84 — 1] = ickAt. (3.102)

Using the phase speed defined in equation (3.81), we obtain the relative phase speed for

time differencing in the Lax-Wendroff scheme

TwAL
eiwAt -1
wAte—%iwAt
2sin (%wAt)
At 1 1
- wat [cos (—wAt) — 4sin (—wAt)] } (3.103)
2sin (%wAt) 2 2

O I
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Thus, we have
wAt

 9sin (%wAt) .

c

C

(3.104)

Surprisingly, here, unlike the result for differencing in space, the relative phase speed
for time differencing in the Lax-Wendroff scheme is identical to that of the leapfrog scheme
[equation (3.88)]. Hence, the numerical dispersion caused by time discretization leads the

true signal exactly as it did for the leapfrog scheme.

3.3.3 Pseudo Lax-Wendroff scheme

For the pseudo Lax-Wendroff scheme, we may rewrite equations (3.49) and (3.50),
replacing the time differencing by a time derivative, so as to analyze the phase speed

caused by spatial differencing. That is

dq 1 /. n 1 At n o om
E = pA—x (U’j+1/2 - Uj1/2) 5 (Ax) (QJH 2(]]- + qj—l)a (3-105)

\)

Ou 1002 n n At n n
o M(% - %') " M( 432~ 2Ujpaye T “11/2>

2 2
pc” [ cAt " . . i
2Ax (A—x) (qﬂ'” — 34511 + 3¢5 — qjl)' (3.106)

With the Fourier modes (3.16) and (3.17), we obtain

—27 2c2A 1
wi = sin (3440 a (Zx)z sin? (kA ) 4, (3.107)
—21 4 QAt 1
wu = AZZC si ( ) ¢ sin2 (gkAx) U
dipc? [ cAt 1
ZkAz) 6 1
T Az ( ) (2k x)q (3.108)
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Rewriting these equations, yields

2AL ., (1 —2i (1
jw+ ——sin® ( —kAz )| § = in ( —kAz | 1
[zw-l-(AI)Q sin <2k a:)]q prsm (2k x) a, (3.109)
4c2A 1 —2ipc? 1
[iw—i—ﬁsiﬁ <§kA£E>]ﬁ = Azgc [Sin (ikAac)
cAt\? 1
- 2= '3(— )] 11
(A:c) sin QkAx g, (3.110)

and eliminating ¢ and @ from equations (3.109)and (3.110), gives

2% At 1 4c® At 1
iw + =20 gn? (§kAx)] [iw 4+ 28 Gin? (#:A:c)]

(Az)? (Az)?
-4, /1 cAt\?2 1

= — —sin? (=kAz) |1 —2(— '2<—A>]. 111
o (o) oS (o)) o

Thus, we obtain
(CcAtN? ., /1
w = 31(A—x> sin <§kAa:>
42, /1 cAt\* ., /1
s |t (o) o) (o). @y

Using the phase-speed definition in equation (3.81), we obtain the relative phase speed

for the spatial differencing in the pseudo Lax-Wendroff scheme

é 3ic (At\2 ., (1

o= 2522 sin? (kA

c k (A:L') S (2 :1:)

4 /1 9¢z [ At\* ., /1
from this, we obtain

512 dsin®? (LkAx
E :M’ (3_114)
c (kAx)?
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thus,
2sin (%kA:v)
=7 3.115
kAz ( )

¢

Cc

Interestingly, this approach, which is more efficient than the two-step Lax-Wendroff
scheme, has better behaved computed phase speed when differencing is in space only. In
fact, the phase speed behavior is identical to that of the leapfrog approach. Moreover,
the artificial added diffusion in the pseudo Lax-Wendroff scheme (which is stronger than
that in the two-step Lax-Wendroff scheme) will reduce some of the dispersive ripple.
Therefore, the pseudo Lax-Wendroff scheme should perform better than the two-step
Lax-Wendroff scheme in suppressing numerical dispersion.

For the pseudo Lax-Wendroff scheme, as with the leapfrog and Lax-Wendroff schemes,
the time differencing also influences the phase speed. We could follow the same proce-
dures for the Lax-Wendroff scheme to analyze the phase speed due to time differencing in
the pseudo Lax-Wendroff scheme. However, since time differencing in the Lax-Wendroff
and pseudo Lax-Wendroff schemes are both computed from data at time steps n and
n + 1, the influence of time differencing on the phase speed should be the same, and I

find that to be the case.

3.3.4 Second-order conventional scheme

If we apply second-order finite-differencing to the spatial derivative in equation

(3.70), the finite-difference scheme has the form

*P &

Ry

n L — 2P 4 PR, (3.116)

Substitution of the Fourier mode (3.73) into equation (3.116) gives

2

2c
—w? = A—xQ[cos(kAx) —1]. (3.117)
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Using the definition of the phase speed, equation (3.81), we obtain the relative phase

speed
2sin (%kAx)

) (3.118)

¢
o=
Not surprising, this expression is identical to that for the leapfrog scheme applied
to the system of first-order equations. Again, however, this approach lacks the artificial
diffusion of the pseudo Lax-Wendroff scheme and thus has no ability to suppress the
dispersion.

Now, consider time-differencing alone. Applying the second-order finite-differencing

to the time derivative only, in equation (3.70), we have

0%pP
n+1 n n—1 __ 2
Substitution of the Fourier mode (3.73) into equation (3.119) yields
2[cos(wAt) — 1] 9.9
i = —%kK. (3.120)
So, the relative phase speed for temporal finite-differencing becomes
? (wAt)?
— = ; 3.121
2 2[1— cos(wAt)]’ ( )
thus, we have the relative phase speed
¢ 2sin (%wAt)

Again, this relative phase speed for time differencing applied to the second-order
wave equation is identical those for the leapfrog, Lax-Wendroff and pseudo Lax-Wendroff
schemes, and, again, the high-frequency numerical dispersion caused by time discretiza-

tion leads the true signal.
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Summarizing these results, replacing the differential equations by a finite-difference
scheme, changes the dispersion relation. In the low frequency limit, the relative phase
speed for all schemes approach to unity, so no dispersion occurs. However, for high-
frequency (relative to the sampling rate), the phase speed for all schemes differs from
the true wave speed, so numerical dispersion becomes significant, with the influence of

spatial sampling dominating over that of temporal sampling.
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Chapter 4

ANALYSIS OF FLUX-CORRECTED TRANSPORT

In this chapter, I give a detailed discussion about the flux-corrected transport tech-
nique, and show how the artificial diffusion and anti-diffusion in the FCT method work.
I also discuss how the use of diffusion and anti-diffusion in the FCT algorithm alters the
dispersion relationship for the first-order system. A comparable argument applies to the
second-order system.

Broadly, the FCT technique consists of two major stages — a conventional finite-
difference stage (Stage I), followed by a correction stage (Stage II) which consists of diffu-
ston and anti-diffusion steps applied throughout the evolution of the computed wavefield.
In the correction stage the computed wavefield is modified so as to suppress the artificial
ripples caused by the numerical dispersion. The idea of modifying the calculations to
improve the solution is not new. In the Lax-Wendroff scheme (Lax and Wendroff, 1960) a
certain degree of diffusion is introduced into the finite-difference equations to suppress the
grid dispersion. Solutions of the wave equations obtained by the Lax-Wendroff method,
unfortunately, suffer smoothing and a loss of resolution throughout, primarily because
the diffusion is too heavy-handed an approach to curing the dispersion problem, and,
moreover, a certain amount of dispersion remains. As the numerical dispersion does not
arise everywhere on the computational grid at every time step, it would be desirable if
application of the smoothing procedure could be limited to just where and when it is
need.

This idea is the essence of philosophy underlying the FCT technique. Appendices
B and C give recipes for the FCT correction procedure associated with solution of the

first-order and second-order systems of wave equations for 3-D media. In practice, there
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is no a priori information about where the dispersion actually exists. Therefore, the
FCT method first applies the diffusion everywhere at each time step (steps 2 and 4 in
Appendices B and C). Once the solution is diffused for the given time step, an opposing
anti-diffusion is introduced at that time step to counteract the diffusion wherever it seems
not to be needed (steps 3, 5 and 6 in Appendices B and C). Because it is applied selectively
to various portions of the data, this anti-diffusion step is a non-linear procedure.

Before I give a detailed discussion of the FCT algorithm, let us briefly review the
FCT correction procedure for the simple 1-D problem. The FCT method for the first-

order system for acoustic wave extrapolation proceeds as follows:

1. Advance the solutions by a standard finite-difference method, say the leapfrog

method, for example.

2. Compute diffusive flures at time level n, then use these fluxes in step 4 to diffuse

the solution:

fivi2=m (q;'l+1 - qJT'L)a (4.1)

where 7 is a diffusion coeflicient. Here, we would like to choose 7, not too small and
not too large. The choice depends on the dispersion error in the conventional finite-
differencing stage (hence, it depends on the spatial step size). If the value were too
small, the added diffusion would not suppress the undesirable ripples; however, if
the value were too large, the diffusion procedure would overact, smoothing the true
wavefield too much. The value can be empirically determined from a few numerical
experiments. The result is not critically sensitive to the choice of 7; once it is close
to a good value. In typical applications, n; might vary with position, with values

between 0.01 and 0.1.
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3. Compute diffusive fluxes at time level n + 1, for use in step 6, below :

fj+1/2 = 772(@5‘?11 - Q;'Hl)a (4.2)

where 0 < 75 < 1 is the anti-diffusion coefficient. The values of 7, may differ from
those of 7;. Since the amplitude loss in the FCT is introduced in two ways; from the
conventional finite-differencing and from artificial, added diffusion, we would like
anti-diffusion to compensate not only the artificial diffusion but also the amplitude
loss in the conventional finite-differencing. Therefore, we generally use 7, slightly

larger than 7, by about 10 percent.

4. Modify (i.e. diffuse) the solution ¢ using f; this process smooths the solution (also
causing an undesirable loss of amplitude) in order to eliminate the ripples caused

by grid dispersion:

T = G+ (firye — fiie)

= ¢+l — 247 + dfy)- (4.3)

5. Take the differences of the diffused ¢ :

Xjpipo = @ — (4.4)

6. Anti-diffuse the solution as follows, and obtain the corrected solution for ¢ :

Q;Hl = ‘Z‘Hl - (fjc-|—1/2 - fjc—l/Q)a (4.5)

where

10 = Smax{0, min[SX; 15, abs(fj41/2), SXj13/2]}
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S = sign{fj12}- (4.6)

As we shall see, the nonlinear step, equation (4.6), involves decision-making to assess
where numerical diffusion seems not to have occurred in the original finite-differencing.

The algorithm listed above involves three major operations, conventional finite-
difference (i.e. transport), diffusion and anti-diffusion, which can be symbolically repre-
sented as T, D and A, respectively. Also, let I represent the identity operator. Operators
T and D are linear. However, because it operates only locally, based on a search for local
extrema, operator A is nonlinear. The old values of {¢}} (j = 1,2,---,J) and {u?ill//;}
(j=1,2,---,J —1) in the leapfrog scheme are carried by I and T, respectively, into new
values {q] }, and then are subsequently diffused to become {q] ”}. After anti-diffusion,

{quD } produces the corrected values {q}”’l} at the new time step. Symbolically, the FCT

sequence can be represented as

¢ =" + Tu™3, (4.7)
¢"” =q¢" +Dg", (4.8)
= TP+ A{qT,qTD}. (4.9)

Here, equation (4.7) is based on equation (3.4), and equation (4.8) on equation (4.3).
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Specifically, for the leapfrog scheme the operators T and D have the matrix forms

o
—€9 €9 0
—€2 €9
TIXU-D = o , (4.10)
0 —€ €9
. ﬂ -
aq 51
mo—2m m 0
T =2m m
D/ = - , (4.11)
0 mo —2m M
52 (6%)]

where, e = A/pAx, and «, §, aq, B1, ae and B, are coefficients related to the boundary
conditions.
The order of the operations that carry ¢" into ¢"*! is important; the operations do

not commute in general.

4.1 Diffusion and anti-diffusion

To gain understanding of the FCT method, first imagine a situation in which the

T operation vanishes; that is, there is no wave propagation, just the diffusion step. The
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quantity ¢ after diffusion [equation (4.8)] becomes

@ =1 =20)q} + (g}, + 4-0), (4.12)

where 7 is the diffusion coefficient 7; in (4.1). For simplicity, we choose the anti-diffusion
coefficient 7y also to be 7 in the discussion below.
If we rewrite equation (4.12) in the differential form, it yields

04 _ ni'a %
ot At 0x2’

(4.13)

which is just the diffusion equation. Thus, the action of equation (4.12), an artificial
diffusion, is a smoothing of the computed quantity.

For the Fourier mode of wavenumber k in time and space,
g = ge'r ), (4.14)

we obtain
D
9
n

J

=1+ 2n[cos(kAzx) — 1], (4.15)

which is less than or equal to 1; thus the diffusion step reduces amplitudes.

As mentioned earlier in the discussion of the Lax-Wendroff schemes, adding a small
amount of artificial diffusion to the solution, as indicated in equation (4.12), is a standard
technique that is commonly used in numerical analysis to suppress the undesirable ripples.
However, the diffusion coefficients were fixed in the two-step Lax-Wendroff and pseudo

1

2
Lax-Wendroff schemes: n = 3 (CA—A;) in the two-step Lax-Wendroff scheme [equations

(3.34) and (3.35)], and 7 = %(%;)2 for variable ¢ [equation (3.47)] and n = (%‘;)2
for variable u [equation (3.48)] in the pseudo Lax-Wendroff scheme. In contrast, in the
diffusion step of the FCT method, coefficient 7 is arbitary, thus allowing control of the
amount of artificial diffusion being added. Unfortunately, while the artificial diffusion
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is suppressing the high-frequency numerical dispersion, it is also smoothing the true
wavefield. The corrective anti-diffusive flux [equations (4.6) or (4.29)], discussed later, is
used to help restore the true wavefield.

If the anti-diffusive fluxes were defined by

fivie =gl — af), (4.16)

then the result of this anti-diffusion would be

g4 (1+2n)qP —n(g, + a7 1)
J

45
= {1 — 2n[cos(kAz) — 1]}{1 + 2n[cos(kAx) — 1]}

= 1—4n’[cos(kAz) — 1> < 1. (4.17)

Here, {1 — 2n[cos(kAz) — 1]} > 1 is an amplifying factor introduced by anti-diffusion.
The net action of diffusion and anti-diffusion, as indicated in equation (4.17), however,
is a residual diffusion (amplitude ratio is < 1). Thus, the net result is some amplitude
loss. To minimize this amplitude loss, we might like the anti-diffusive flux to be defined
other than by equation (4.16).

If the anti-diffusive flux instead were given by

fivip = (¢ — 45); (4.18)

rather than in terms of the diffused values ¢”, anti-diffusion would cancel the diffusion

exactly, and would give back the original undiffused solution; that is,

0 = @ —finp+fiap =g (4.19)
To soften the loss of amplitude, we would therefore like the anti-diffusion to have an

45



T-4690

action given either by equation (4.16) or by equation (4.18), but only for the area where
anti-diffusion is needed. For the true wavefield (i.e., with no numerical dispersion), we
would want the anti-diffusive flux to be defined as (4.18), so it can cancel the diffusion
exactly. In contrast, for the approximate, computed wavefield (which has some minor
numerical dispersion), the anti-diffusive flux defined in (4.16) might be a good choice,
since the amount of residual diffusion (net effect of the diffusion and anti-diffusion steps)
might be sufficient to suppress the minor dispersion error.

When T is not vanishing, we might define the anti-diffusive flux, f] +1 such that fj 41
reduces to equation (4.18) when T vanishes. With such a definition, the FCT-corrected

solution [equation (4.9)] becomes

Q;LH = CIJTD - J;j+1/2 + sz71/2, (4.20)

where ¢ ” is obtained from equations (4.7) and (4.8), and the anti-diffusive flux is given

by
fivyz =g — q)) (4.21)
For non-vanishing operation T, the Fourier mode of v in time and space is
u = G’k (4.22)

From the definitions of ¢ [equation (2.2)] and u [equation (2.3)], and relation (4.14), the

above relation can be rewritten as

2
k.
u = P8 geilwt—ka) (4.23)
w
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After the conventional finite-difference step, the quantity qu satisfies

T 2

; 2k 1 1

qin =1 — pe € sin(—kAa:) sin(—wAt)
q; w 2 2

2k pc? 1 1
+ e sin(—kAac) cos(—wAt). (4.24)
w 2 2

When the diffusion step is applied to the conventional result, it yields

TD 2
; 2k 1 1
q’—n =1 + 2ncos(kAzx)—1]— pe e sin(—kAx) sin(—wAt)
’ w 2 2
2k pc? 1 1
PC 2 sin(—kAx) cos(—wAt). (4.25)
w 2 2

The term 2n[cos(kAz) — 1] < 0 introduced by the diffusion step reduces the amplitude
of the wavefield. With the anti-diffusion defined by

finp =l —da®), (4.26)

we then obtain

n1
an = {1 — 2n[cos(kAz) — 1]}{1 + 2n[cos(kAzx) — 1]
45
2
_ ke sin(lkAx> sin(lwAt)
w 2 2
2 1 1
+ iZk'OC © sin(—kA:r) cos(—wAt) }, (4.27)
w 2 2

which amplifies the wavefield by a factor of {1—2n[cos(kAz)—1]}, and gives the corrected
result. Note that, after diffusion and anti-diffusion, the ratio of the real and imaginary
parts in (4.27) will differ from that in (4.25), thus introducing some phase distortion.
Here, I have discussed diffusion and anti-diffusion steps that are both limited to
being linear operations. The diffusion step smooths the solution, thus suppressing the

dispersive ripples. At the same time, unfortunately, the true wavefield gets suppressed
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as well, so the anti-diffusion attempts to restore the true wavefield. Since the anti-
diffusion process discussed above is linear and is applied everywhere, it restores not only
the amplitude of the true wavefield, but the undesirable dispersive ripples as well. So,
further refinement of the anti-diffusive flux is needed. We would like the anti-diffusive
flux to be zero for dispersion that is caused by the coarseness of the grid, and nonzero

for the true wavefield.

4.2 Selectively applied anti-diffusive fluxes

Consider the situation depicted in Figure 4.1, which shows, schematically, a wavefield
snapshot generated by conventional finite-differencing in a coarsely sampled 1-D medium.
The wave is propagating to the right with a constant velocity c¢. During propagation,
restricted regions of the computed wavefield are presumed to suffer from high-frequency
numerical dispersion and other regions not, as indicated in the figure. In this simplistic
depiction, the lower-frequency portion of the computed wavefield corresponds the true
data, while the near-Nyquist-frequency portion corresponds to the numerical dispersion
attributable to coarse sampling. The FCT correction, ideally, would keep the true signal
(non-dispersive portion of the wavefield) unchanged while it suppresses the numerical
dispersion.

In the FCT approach, the key assumption in deciding where the anti-diffusion is
needed is that all local extrema (in the unsmoothed solution) are caused by numerical
dispersion. Based on this assumption, the anti-diffusion is applied only over portions
where there are no local extrema. That is, the anti-diffusive flux, computed at every half
grid point j + 1/2 in equation (4.26), should act at adjacent points j and j + 1 only if
no local extrema exist at these two positions. Figure 4.2 illustrates four situations where
the data amplitudes either do or do not show local extrema at spatial positions j or j+1,
for the situation of a positive slope between the two positions. For case (a) in Figure 4.2,

there is no local extremum at either j or j + 1; however, for cases (b), (c¢) and (d), local
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Fi1G. 4.1. Schematic snapshot of 1-D wavefield depicting regions of dispersive ripples
and non-dispersive true wavefield.

extrema are present at either j or 7 + 1, or at both.

The essential, nonlinear step in the anti-diffusion correction procedure implemented
in the FCT method is a search for local extrema, that is, for the locations where anti-
diffusion will not be applied. Specifically, the anti-diffusion process [i.e., equations (4.5)

and (4.6)], again, is given by
(I;'Hl = q]'TD - Jg-l/Q + fjc—l/Q’ (4.28)

where f J-C

‘+1/2 1s the corrected anti-diffusive flux, given by

jc—'i_l/Q = S maX{O, min[SXj,l/g, abS(‘f}+1/2), SXj+3/2]}, (429)

and, fjH/Q is the uncorrected flux defined in (4.18), S = sign{fjH/Q}, and X i/ =
G = 6"
For the case of negative slope between grid points j and j + 1, an argument similar
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q A q A
-1 ]+l 2 -1 ]+l 2
(a) (b)
q A q 4
1) j+1 j+2 -1+l j+2
(c) (d)

Fi1G. 4.2. Four possible cases for determining whether or not the anti-diffusive flux will
be applied at spatial position j + 1/2. Of the four cases, only case (a) results in a
decision that the field at positions j and j 41 is not suffering from numerical dispersion.
Therefore, the anti-diffusive flux at spatial position j + 1/2 would be applied at position
j and j + 1 only in case (a).

to that discussed here for the positive slope holds.

The assumption that all local extrema are caused by grid dispersion is, of course,
simplistic and, indeed, incorrect. Clearly, peaks and troughs exist in the true wavefield. In
Figure 4.1, for example, P, () and R are extremal points of the true wavefield. Because
the algorithm is based on the simplistic and incorrect premise that local extrema are
indicative of numerical dispersion, no anti-diffusion will be applied at these three points
after the diffusion step. Therefore, any amplitude loss introduced by the diffusion stage
will not be compensated during the current time step at these points. After the FCT
correction at the current time step, however, the points adjacent to P, () and R might
become the new local extrema, hence, the anti-diffusion might be applied to P, @) and

R points at the next time step. The net action after many recursions is that the real
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features are not reduced as much as is the numerical dispersion. As we shall see in the

data examples, below, this is indeed the case.

4.3 Anti-diffusion for a strongly diffusive, finite-difference scheme

In the conventional stage (i.e., first stage) of the FCT method, one might use a
strongly diffusive finite-difference scheme (such as pseudo Lax-Wendroff) to advance the
solution in order to reduce numerical dispersion, at the price of some amplitude and
resolution losses. In this situation, we would not need the smoothing (or diffusion)
procedure in the FCT method, and need apply only the anti-diffusion correction to the
solution in order to compensate the amplitude and resolution losses introduced in the
conventional finite-differencing stage.

Alternatively, if we follow the leapfrog scheme [equations (3.3) and (3.4)] with just

the diffusion stage [equation (4.3)] in the FCT method, we would have

G =q + pi—tx (U?+1/2 - “?1/2) +m (q.;L+1 —2¢j + qJn1>' (4.30)
Comparing this equation with the pseudo Lax-Wendroff scheme for solving variable ¢
[equation (3.47)], we see that a difference between the two is that in the pseudo Lax-
Wendroff scheme [equation (3.47)], the diffusion coefficient is fixed at 7, = (cAt/Az)?/2,
whereas in the FCT diffusion step, n; can be chosen differently. Another difference
between the leapfrog approach with the FCT diffusion step and the pseudo Lax-Wendroff
method is in the computation of the variable u [compare equations (3.3) and (3.48)].
From this analysis, we expect similarities between the actions of a strongly diffusive
finite-difference scheme, such as the pseudo Lax-Wendroff, and the leapfrog scheme with
the FCT diffusion correction. Therefore, as mentioned above when combining the FCT
technique with a strongly diffusive finite-difference scheme, the diffusion-correction stage

is not necessary. To compensate the resolution and amplitude losses that are introduced
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by the strongly diffusive finite-difference scheme, we need only use the anti-diffusion
correction. We can do this by simply choosing 7; to be zero and 7y to be nonzero.
However, this is not an efficient approach, since the diffusion correction (with zero values)
would unnecessarily be applied throughout. An efficient approach, which ignores the

diffusion correction and applies only the anti-diffusion correction, is given in Chapter 5.
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Chapter 5

OPTIMIZED FLUX-CORRECTED TRANSPORT

In the previous chapter, I followed the idea of Boris and Book for the flux-corrected
transport technique: that is do the standard finite-differencing followed by the artificial
diffusion everywhere, and then do a nonlinear search for local extrema so as to localize
the anti-diffusion to where there are no local extrema. I shall call this the full FCT
procedure.

Apart from questions about the assumption that all the local extrema are caused
by numerical dispersion, a shortcut to the full FCT correction procedure comes to mind.
Instead of introducing diffusion everywhere and searching for locations at which to apply
or not apply anti-diffusion, let us do the search prior to the diffusion step, so that the
diffusion is applied selectively, and the anti-diffusion step becomes unnecessary.

Symbolically, for the first-order system equations, this optimized FCT procedure

can be represented as

¢" = q" + Tu"s (5.1)
" =q¢" +Dq" (5.2)

where T, as before, is a linear operator that performs the conventional finite-differencing,
and D is now a nonlinear localized diffusion operator that adds the artificial diffusion
only where local extrema are encountered during each time step.

For the simple 1-D problem, the optimized FCT correction to the first-order system
proceeds as follows:

1. Advance the solutions by a standard finite-difference method.
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2. Compute diffusive fluxes at time level n:

Fivrye = n(gj1 — 4f), (5.3)

where 7 is a diffusion coefficient similar to that chosen in equation (4.1), but has a
relatively larger value, which is determined empirically. In the examples of Chapter
6, I compare the quality of the solutions with different choices of 7 in the optimized
FCT approach, as well as with different choices of 7, and 7y in the full FCT ap-

proach.

3. Compute the corrected diffusive fluxes:
¢ 1. .
Foiva2 = fivupe {1 ~3 [sign(fe12f5-1/2) + Slgn(fj+1/2fj+3/2)]} : (5.4)

4. Modify (i.e. diffuse locally) the solution ¢ using the localized diffusive fluxes f¢
and obtain the corrected solution; this process smooths the solution only where

numerical dispersion is thought to exist:

‘];'H_l = ‘J;'H_l + (f1y2 = f521)2)- (5.5)

Generalization of the optimized FCT localized diffusion correction procedures to
the three-dimensional problem based on the first-order system equations and the original
second-order wave equation is given in Appendices D and E, respectively. Since the
optimized FCT correction involves only the localized diffusion, it saves about 40 percent
computational cost compared with that of the correction portion of the FCT procedure
discussed in Chapter 4.

If, in the conventional stage, a strongly diffusive scheme, such as the pseudo Lax-
Wendroff scheme, is used, the diffusion stage in the full FCT procedure becomes unnec-

essary. We can optimize the FCT procedure for the strongly diffusive scheme as well.
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The anti-diffusion correction for the first-order system proceeds as follows:

1. Advance the solutions by a strongly diffusive finite-difference method.

2. Compute anti-diffusive fluxes at time level n:

fivrye = n(gj1 — 4f), (5.6)

where 7 is an anti-diffusion coefficient (depending on the diffusion coefficient in
the strongly diffusive finite-difference stage), which can be chosen much as for 7,
in equation (4.2). Typically, the value can be a few percent larger than the fixed

value of the diffusion coefficient in the strongly diffusive finite-difference scheme.

3. Compute the corrected anti-diffusive fluxes:
c 1 . .
Foivrp = Slivie [sign(fis1/2651/2) + sign(f1/2fje3/2)] - (5.7)

4. Modify (i.e. anti-diffuse locally) the solution ¢ using the localized anti-diffusive

fluxes f€ to obtain the corrected solution:
CI;H = CI;H - (fcj+1/2 - fcj—1/2)' (5-8)

This optimized anti-diffusion correction can be generalized to three-dimensional
problems for both the first-order and second-order system equations, just as can the
full FCT procedure. Similar to the optimized FCT localized diffusion, this optimized
FCT anti-diffusion correction also promises about 40 percent saving compared with the
computational effort of the full FCT correction procedure (disregarding the cost of the
conventional finite-differencing).

In the next chapter, we shall see the action of these various approaches to suppressing

numerical dispersion, study the dependence of solutions on values for 7; and 7, (or 7),
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and gain some understanding of how it is that the FCT method works as well as it
does, given the crudeness of the underlying assumption as to what constitutes a zone

contaminated by numerical dispersion.
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Chapter 6

APPLICATION TO ACOUSTIC MEDIA

I have tested the FCT correction on one-dimensional forward problems, two-dimensional
modeling and reverse-time depth migration, and three-dimensional modeling. The reverse-
time depth migration, which is basically the same as forward modeling, simply runs time
backwards.

For the one-dimensional case, the wave is propagating along the z-axis, so a% = a%
= 0. Forward modeling tests involve a wavelet that is an isolated full-cycle of a sinusoid,
0.5 cos(2m ft)40.5. Tests are also carried out for isolated rectangular pulses. The medium
is homogeneous in these tests, and the FCT algorithms used are based on the first-order
partial differential equations.

For the two-dimensional case where a% = 0, I present tests of both modeling and
migration with FCT correction based on both the first-order partial differential equations
and the second-order wave equation.

The three-dimensional modeling tests are performed in a homogeneous medium, and

the FCT correction is based on the second-order wave equation.

6.1 First-order system

In this section, I present results of FCT-corrected 1-D modeling, 2-D migration
impulse response results, and migration imaging for a reflector model. Here, the FCT

correction is based on the first-order acoustic wave equations.
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6.1.1 One-dimensional modeling tests

In the one-dimensional modeling tests, I consider transmitted waves only, and the
medium has a constant density and a constant velocity of 2 km/s. In each of the modeling
tests, I specify a time sequence at the surface and examine a snapshot of the generated
wavefield in depth. We shall see how choices of the diffusion coefficients 7, and 7y in the
full FCT approach and 7 in the optimized approach govern the quality of the modeling

results.

Rectangular pulses — Figure 6.1 shows the snapshots at time ¢ =1 s for three
isolated rectangle-function pulses at the surface 0.333 s apart. The spatial step is 0.01
km, and the number of grid points per pulse width is eight. This test is extreme in that
the waveform is discontinuous in time and therefore in space.

Ideally, the waveform would not change during its propagation down through the
homogeneous earth; that is, as shown in Figure 6.1a, the waveform would remain as a se-
quence of rectangular pulses. When using the leapfrog finite-difference method, however,
the solution shows strongly dispersed ripples, as seen in Figure 6.1b. Since the square-
wave has discontinuities, the leapfrog finite-difference method gives poor solutions for
any choice of sampling. With its introduced diffusion, the two-step Lax-Wendroff finite-
difference method should suppress numerical dispersion. As seen in Figure 6.1c, it does
accomplish some suppression; however, for this square-wave example, the Lax-Wendroff
method produces a smoothed solution (loss of both amplitude and resolution) with some
remaining numerical dispersion.

The two-step Lax-Wendroff scheme is, of course, not the only means of introducing
diffusion to suppress numerical dispersion. Figure 6.1d shows the result of introducing

diffusion via the pseudo Lax-Wendroff method. This strongly diffusive approach [dif-

cAt

2
Am) =0.08, here| has the desirable property of fully removing the

fusion coefficient % (

numerical dispersion, leaving modeled pulses that better represent the desired zero-phase
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Fi1G. 6.1. Snapshot from a one-dimensional modeling test for isolated rectangular pulses
(eight samples per pulse width), for a constant velocity of 2 km/s and a constant density.
(a) Ideal wavefield. (b) Wavefield obtained by the leapfrog finite-difference scheme. (c)
Wavefield obtained by the two-step Lax-Wendroff finite-difference scheme. (d) Wavefield
obtained by the pseudo Lax-Wendroff finite-difference scheme. (e) Wavefield obtained by
the leapfrog scheme with the FCT diffusion correction only.
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behavior of the true rectangular pulses. The signal, nevertheless, is overly smoothed: the
discontinuities have been removed, the pulses have been broadened, and pulse amplitude
decreases with increasing propagation distance.

As discussed in Chapter 3, the phase speed for the pseudo Lax-Wendroff scheme
changes more slowly with wavelength than does that for the two-step Lax-Wendroff
scheme. Thus, consistent with the results in Figure 6.1, the pseudo Lax-Wendroff scheme
introduces less dispersion. Moreover, with its larger diffusion coefficient, pseudo Lax-
Wendroff introduces more smoothing.

Figure 6.1e shows the wavefield snapshot with the FCT diffusion correction applied
to the leapfrog scheme (n; = 0.034). The solution, again, is better than that obtained
by the two-step Lax-Wendroff scheme; even more, it is better than that obtained by the
pseudo Lax-Wendroff scheme since relatively less diffusion has been introduced. However,
the solution is still over-smoothed.

Figure 6.2a shows the wavefield model with the full FCT correction applied (7, =
0.034; no = 0.037). That is, the same diffusion as that used to generate Figure 6.1e
was applied at each time step, and anti-diffusion was then applied at the same time
step at just the locations where the procedure judged that numerical dispersion was
present. The rectangular waveforms have been largely restored, as have been the pulse
amplitudes. Here, since the rectangular waveforms are dominated by low frequencies,
the correct amplitudes are obtained.

Figure 6.2b shows a snapshot of the wavefield computed using the pseudo Lax-
Wendroff scheme with only anti-diffusion correction (7, = 0; 72 = 0.094, i.e., no diffusion
was introduced in the FCT method). The result is close to that for the full FCT ap-
proach applied to the leapfrog approach, showing that the amplitude and resolution losses
introduced by the pseudo Lax-Wendroff scheme have been largely compensated for.

Figure 6.2c shows a wavefield snapshot generated by using the optimized FCT ap-

proach (that is, diffusion was applied selectively to the leapfrog solution, obviating the
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Fi1c. 6.2. More snapshots from the one-dimensional modeling test with rectangular
pulses. (a) Wavefield obtained by the leapfrog scheme with the full FCT diffusion and
anti-diffusion corrections. (b) Wavefield obtained by the pseudo Lax-Wendroff scheme
with the FCT anti-diffusion correction. (c) Wavefield obtained by the leapfrog scheme
with the optimized FCT localized diffusion only.

need for the anti-diffusion step). Here n = 0.12. This value of 7 is generally larger
than that used in the full FCT method because in the optimized approach, the diffusion
correction is applied selectively rather than everywhere as in the full FCT approach. Rel-
ative to the uncorrected leapfrog or two-step Lax-Wendroff schemes, this solution also
shows considerable improvement in preservation of waveform amplitude and suppression
of numerical oscillations. The solution, however, is inferior to that obtained with the
full FCT approach. Unlike the full FCT, which has two parameters (diffusion and anti-
diffusion coefficient) to control the quality of the solution, the optimized FCT uses only
one parameter (diffusion coefficient) to modify the solution. Therefore, the wavefield
model with the optimized FCT correction will be either over-smoothed if too large a dif-
fusion coefficient is used or under-smoothed (with some remaining precursor) if too small
a diffusion coefficient is used. Even though the solution obtained using the optimized
FCT correction is not as good as that obtained using the full FCT approach, it is much

better than the conventional solution. In addition, the optimized FCT localized diffusion
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saves about 40 percent of the computational cost in the FCT correction stage compared
to the full FCT diffusion and anti-diffusion corrections.

To gain some understanding of how the parameters 7, 7, and 7 influence the quality
of the solution, let us look at examples of the leapfrog scheme with FCT corrections for
different choices of 7, 7, and 7.

Figure 6.3 shows wavefield snapshots with the full FCT correction for two sets of
parameters 7; and 7,. Figure 6.3a shows the solution with parameters (7, = 0.026;
ne = 0.027) that are about 25 percent smaller than those used for generating Figure
6.2a. Note the small precursor to each pulse and the distortion of the waveforms and
amplitudes relative to those in Figure 6.2a. Figure 6.3b shows the wavefield model
computed for another set of parameters (17, = 0.042; 7, = 0.046), which are 25 percent
larger than those used to obtain Figure 6.2a. Even though solution shows removal of
the numerical dispersion, the waveforms, are more distorted than those in Figure 6.2a.
Despite the distortions in Figures 6.3a and 6.3b, the solutions for this wide range of 7,
and 7, values are considerably superior to those generated by conventional (i.e., no FCT
correction) schemes.

With the optimized FCT correction, Figure 6.4 shows wavefield snapshots for two
different values of n: n = 0.09 in Figure 6.4a, and n = 0.15 in Figure 6.4b, 25 percent
less than and larger than that used in Figure 6.2c, respectively. Although none of the
solutions with the optimized approach are as crisp as the best result for the full FCT
approach, they nevertheless are quite good. Use of too low a value of 7 leaves a precursor
in the pulses, while use of too large a value causes too much smoothing.

From these examples with different choices of parameters 7, 7o and 7, we see that
while the values of 71, 2 and 1 do influence the quality of the solutions, the choices need

not be precise.

Sinusoid pulses — Figures 6.5 through 6.7 show snapshots at time ¢ = 1 s,

generated by three isolated sinusoids (dominant frequency of 10 Hz) 0.333 s apart at the
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Fi1G. 6.3. More snapshots from the one-dimensional modeling test with rectangular
pulses. (a) Wavefield obtained by the leapfrog scheme with the full FCT diffusion and

anti-diffusion corrections (n; = 0.026; 1, = 0.027). (b) Wavefield obtained by the leapfrog
scheme with the full FCT diffusion and anti-diffusion corrections (1, = 0.042; n, = 0.046).
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Fi1G. 6.4. More snapshots from the one-dimensional modeling test with rectangular
pulses. (a) Wavefield obtained by the leapfrog scheme with the optimized FCT correction

(localized diffusion only; n = 0.09). (b) Wavefield obtained by the leapfrog scheme with
the optimized FCT correction (localized diffusion only; n = 0.15).
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surface. The spatial steps are 0.01 km (twenty samples per dominant wavelength), 0.025
km (eight samples per dominant wavelength) and 0.04 km (five samples per dominant
wavelength), respectively.

In each of the three figures, we compare the results for the ideal solution with
those obtained by a standard finite-difference method (i.e., leapfrog) and by the full
FCT algorithm. The ideal solution again has a waveform that is unchanged during
propagation. In Figure 6.5, the fine-grid simulation (long dominant wavelength relative
to Azx), the standard leapfrog method applied to the system of first-order equations gives
a good result with only a small amount of numerical dispersion, while the dispersion-

caused ripples are absent in the FCT solution.
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Fi1Gc. 6.5. One-dimensional test for isolated wavelets, each of which is a full-cycle of a
sinusoid with a frequency of 10 Hz, for a constant velocity of 2 km/s and a constant
density. The spatial step is Az = 0.01 km (twenty samples per dominant wavelength).
(a) Ideal wavefield. (b) Wavefield obtained by the standard leapfrog finite-difference
method. (c) Wavefield obtained with the full FCT correction.

For the coarse grids, eight samples per dominant wavelength (Figure 6.6) and five
samples per dominant wavelength (Figure 6.7), the standard leapfrog method yields a
progressively more distorted and weakened waveform, with large precursor oscillations,
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wavelength).

Amplitude

F1G. 6.6. Same as Figure 6.5, except Az = 0.025 km (eight samples per dominant

Amplitude

F1G. 6.7. Same as Figure 6.5, except Ax = 0.04 km (five samples per dominant
wavelength).
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Fi1c. 6.8. Comparison of the wavefield snapshot generated by the leapfrog method with
the FCT correction for a fixed diffusion coefficient (7; = 0.042) and differing 7, on a vary
coarse grid (Az = 0.04 km, five samples per dominant wavelength). (a) 7o = 0.052, (b)
ne = 0.072, and (c) 7o = 0.092.

and significant loss in resolution. The FCT correction (7, = 0.042, n, = 0.052 in Figure
6.6; and 7, = 0.042, 17, = 0.085 in Figure 6.7) still produces a much-improved wave-
form shape, without the ripples, but still with amplitude losses of about 8 percent in
Figure 6.6¢c and about 15 percent (for the deepest event) in Figure 6.7c. As discussed in
Chapter 3, the numerical dispersion causes each Fourier component to travel with a phase
speed that differs from the true wave speed. It is the superposition of all these Fourier
components that results in a net amplitude decay in the leapfrog solution, even though
the amplitude for a single Fourier component is unchanged during its propagation. This
amplitude decay becomes progressively greater with increasing grid coarseness relative to
dominant wavelength (as seen in Figures 6.6b and 6.7b). The anti-diffusion step in the
FCT correction is unable to fully correct for this amplitude loss in the finite-differencing
and diffusion stages even when a large anti-diffusion correction is used.

To gain a better understanding of how the anti-diffusion correction influences the

amplitude and resolution of the wavefield in these 1-D tests, Figure 6.8 shows the wave-
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field snapshots on a very coarse grid (Az = 0.04 km) for fixed 7; = 0.042 and differing
n2- In Figure 6.8a, I use o = 0.052 which is the same as the value used in Figure 6.6c.
Even though the solution shows no numerical dispersion, it suffers from a significant
resolution loss and about 35 percent amplitude loss. With larger anti-diffusion, the so-
lutions show improved amplitude and resolution, as seen in Figure 6.8b (7,=0.072) and
6.8¢ (17o=0.092). Interestingly, in Figure 6.8c, the amplitude and resolution are much
improved for the deepest event. This is because energy in the deepest event has traveled
a greater distance than that for shallower events, and so relatively more anti-diffusion
correction (with a larger 7o) has been applied to it than to the two shallower events.
Comparison of the results in Figures 6.6 and 6.7 suggests that the choice of 7y in the
FCT correction depends on the coarseness of the grid. With increasing grid coarseness,
1o should increase for fixed 7.

Comparing Figures 6.6c with Figure 6.2a, it is interesting to see that there is an
amplitude loss in Figures 6.6¢ for the sinusoid pulses, but not in Figure 6.2a for the
rectangular pulses, even they both have the same samples per pulse width. If using the
number of grid points per upper half-power wavelength criteria of Alford et al. (1974),
we find that the sinusoid pulse is more coarsely sampled than is the rectangular pulse.

Therefore, there is more amplitude loss for the sinusoid pulse.

6.1.2 Migration impulse responses in a 2-D medium

Figures 6.9 through 6.19 show the post-stack migration response to three pulses in
a homogeneous 2-D medium. Each of the pulses is a 20-Hz Ricker wavelet. The medium
has a velocity of 2.0 km/s and a constant density. For the step sizes, Az = Az = 0.02
km, the number of grid points per upper half-power wavelength (Gy) is about 3.5 (a
coarse grid). The time step used in the tests here is 4 ms.

Figures 6.9 and 6.10 show the finite-difference solutions by the leapfrog scheme

without and with the FCT correction. Without the full FCT correction, the leapfrog
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F1G. 6.9. Migration impulse responses by the leapfrog finite-difference method without
the FCT correction. The medium has a constant velocity of 2.0 km/s and a constant
density.

solution for the coarse grid shows strong numerical dispersion, as well as progressive loss
of resolution with increasing depth of scatters (Figure 6.9). With the full FCT diffusion
and anti-diffusion correction (n; = 0.05; 7, = 0.05; Figure 6.10), the numerical dispersion
has been suppressed and the resolution loss has been largely restored.

Similar to the 1-D examples, the optimized FCT approach applied to the leapfrog
solution (n = 0.08) also yields a solution without numerical dispersion and restores much
of the lost resolution (Figure 6.11), but not so completely as in Figure 6.10.

To see the dependence of the quality of the solutions on the parameters n; and 7,
for the full FCT correction, I, again, choose values that are either 25 percent less or 25
percent larger than those values used in Figure 6.10.

First, I show examples in which 7, and 7, change together. In Figure 6.12, with
m = 0.038 and 7, = 0.038 (about 25 percent less than those used in Figure 6.10),
the leapfrog scheme with the full FCT correction produces a solution with most of the

dispersive ripples removed. Moreover, the solution appears as though it has undergone
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F1G. 6.10. Migration impulse responses by the leapfrog finite-difference method with
the full FCT correction (1, = 0.05; 72 = 0.05).

Distance (km)
0 1 2 3 4 5 6

Depth (km)

Fic. 6.11. Migration impulse responses by the leapfrog finite-difference method with
the optimized FCT (localized diffusion) correction (n = 0.08).
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a phase change. This appearance is, in fact, due to a residual precursor that is not fully
removed by the FCT diffusion, since the artificial diffusion introduced here is less than
that in Figure 6.10. Parameters of 7, = 0.062 and 7, = 0.062 (Figure 6.13) result in
a complete removal of the numerical dispersion that exists in the conventional leapfrog

solution, and the quality of the solution is approximately the same as that in Figure 6.10.
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F1G. 6.12. Migration impulse responses by the leapfrog finite-difference method with
the full FCT correction (n; = 0.038; 72 = 0.038).

In the next two tests, I keep the diffusion coefficient unchanged (7; = 0.05) and
examine the influence of 7, on the quality of the solution. In Figure 6.14, with ny = 0.038,
the solution shows a slightly lower resolution than that in Figure 6.10 because the amount
of anti-diffusion introduced is smaller than the amount of diffusion. With 7, = 0.062
(Figure 6.15), i.e., stronger anti-diffusion than diffusion, it is not surprising that the
solution shows better resolution and amplitude than that shown in Figure 6.14. Moreover,
the solution is about as good as that shown in Figure 6.13.

Here, as in the 1-D examples, the solutions for this wide range of 7; and 7, values

are considerably better than that obtained using the conventional leapfrog (i.e., no FCT
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FiG. 6.13. Migration impulse responses by the leapfrog finite-difference method with
the full FCT correction (1, = 0.062; 7o = 0.062).
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Fic. 6.14. Migration impulse responses by the leapfrog finite-difference method with
the full FCT correction (7, = 0.05; 2 = 0.038).
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FiG. 6.15. Migration impulse responses by the leapfrog finite-difference method with
the full FCT correction (7, = 0.05; g, = 0.062).

correction) scheme. However, low values of both 7; and 7, leave a small precursor in the
solution, while large values of both remove all the dispersive ripples. If the anti-diffusion
coefficient is less than the diffusion coefficient, the solution suffers from over-smoothing
(see the difference between Figures 6.14, 6.10 and 6.15). Therefore, to preserve resolution
and amplitude, the anti-diffusion coefficient should be greater than the diffusion coeffi-
cient. However, how much greater the value 7y should be compared to 7, depends on the
grid coarseness and needs to be studied further.

To study the influence of the diffusion coefficient 1 on the optimized FCT correction
for 2-D problems, again, I use values that are either 25 percent smaller or larger than the
values used in Figure 6.11. Not surprisingly, the solutions are similar to those obtained
with the full FCT correction. That is, with a too low value of 1 (n = 0.06; Figure
6.16), the solution shows a small precursor like the one found when applying the full
FCT approach; while with too large a value of n (n = 0.1; Figure 6.17), the result shows

an over-smoothing of the image. With the optimized FCT approach, once again we see
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solutions that are inferior to those produced by the full FC'T approach, but they are still
far better than those obtained by the conventional leapfrog scheme within the range of

1 between 0.06 and 0.1. Therefore, the choice of 1 need not be precise.

Distance (km)
0 1 2 3 4 5 6

N

w

Depth (km)

N

FiG. 6.16. Migration impulse responses by the leapfrog finite-difference method with
the optimized FCT approach (n = 0.06).

Applying just the FCT anti-diffusion correction to a solution obtained by the pseudo
Lax-Wendroff scheme (Figure 6.18) largely restores the resolution loss, as in the 1-D ex-
amples. Unlike the FCT approach applied to the leapfrog scheme where a small precursor
might remain if insufficient diffusion is introduced, the solution obtained by the pseudo
Lax-Wendroff scheme with the FCT anti-diffusion correction shows no indication of any
precursor because the dispersive ripples have been completely removed during the finite-

differencing stage.

6.1.3 Migration of data from a reflector model

The depth model shown in Figure 6.20 has five reflectors, each with a horizontal

segment and a segment with dip varying from 30 degrees to 90 degrees, in 15-degree
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Fic. 6.17. Migration impulse responses by the leapfrog finite-difference method with
the optimized FCT approach (n = 0.1).
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F1G. 6.18. Migration impulse responses by the pseudo Lax-Wendroff finite-difference
method without the FCT correction.

74



T-4690

Distance (km)
0 1 2 3 4 5 6

N

w

Depth (km)

N

F1G. 6.19. Migration impulse responses by the pseudo Lax-Wendroff finite-difference
method with the FCT correction.

increments. The input zero-offset time section for each of two different velocity models
(Figure 6.21) was obtained by a Kirchhoff modeling program. The first velocity model
has velocity linearly increasing with depth, and the second has a velocity gradient in a
sloping direction. Figures 6.22 through 6.24 show the results of the conventional and the
FCT-corrected reverse-time depth migration applied to each of the zero-offset synthetic
data sets in Figure 6.21. The spatial steps, Ax and Az, in these tests are both 0.008
km, and the time step At is chosen to satisfy the leapfrog stability condition. The input
zero-offset synthetic data contain a symmetric Ricker wavelet with dominant frequency
of 15 Hz.

Here, a leapfrog finite-difference method, second-order accuracy both in time and
space, is first used to obtain the solution for the first-order partial differential equations,
and then the FCT correction is applied. For these tests, the number of grid points G
per upper half-power wavelength is about 6 (at the position with the lowest velocity),
which gives a relatively coarse grid according to criterion of Alford et al. (1974) for the

second-order accuracy method. Numerical dispersion is present in the solution without
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Fi1G. 6.20. Reflector model used to generate synthetic data for the tests described in
Figures 6.22 through 6.24.

FCT correction. However, with the FCT correction, the migration images are dispersion
free.

For the case in which velocity increases linearly with depth, ¢(z) = 1.6 + 0.6z km/s
(Figure 6.21a), migration by the conventional leapfrog scheme shows strong numerical
dispersion (Figure 6.22). With the FCT correction, however, the numerical dispersion
has been cleared up, as seen in Figure 6.23. The broadening of deeper events is caused
by the increasing of velocity with depth.

For the case with a velocity field that is changing both vertically and horizontally,
c(x,z) = 1.5+0.22+0.35z km/s, the migrated section (Figure 6.24) again shows accurate
positioning of the horizontal and dipping reflectors. For the vertical reflector, the ampli-
tude appears weak because some of the unmigrated data fall out of the recording window
(Figure 6.21b). Due to the lateral variation in velocity, wavelets for the horizontal events

broaden to the right.
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F1a. 6.21. Zero-offset synthetic time sections generated by Kirchhoff modeling for (a)
velocity linearly increasing with depth, (b) velocity model with linear variation in (z, z)
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F1G. 6.22. Migrated section for velocity model ¢(z) = 1.6 4+ 0.6z km/s, and constant
density by the leapfrog scheme without the FCT correction.
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F1G. 6.23. Migrated section for velocity model ¢(z) = 1.6 4+ 0.6z km/s, and constant
density by the leapfrog scheme with the full FCT correction.
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FiG. 6.24. Migrated section for velocity model ¢(z, z) = 1.5 + 0.2z + 0.35z km/s, and
constant density by the leapfrog scheme with the full FCT correction.
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6.2 Second-order system

This section again shows FCT-corrected modeling and migration results, but this

time based on the second-order acoustic wave equation (2.1).

6.2.1 Modeling for a wedge model

Figure 6.25 shows a two-dimensional model in which the velocity in a rectangular
area is set at zero, while outside that area the velocity is a constant 2.438 km/s. The
modeled area in the tests is 5.266x5.266 km? with the upper left corner of the rectangular
region at (2.194 km, 3.510 km) and a line source located at (2.633 km, 3.072 km). The

_ 2 . .
t=0-1)* wwhere t > 0 is time, measured

time variation of the source function is —(¢—0.1)e
in s, and =700 s 2. This source function has an upper half-power frequency of 10 Hz, and
the corresponding half-power wavelength is about 0.244 km for velocity v=2.438 km/s.
Here, three different grid sizes, fine (Ax=0.02194 km; Gy =~ 11), medium (Az=0.04388
km; Gy = 5.5) and coarse (Az=0.08776 km; Gy = 2.7), have been tested.

Figure 6.26a shows the snapshot at 1.026 s for the wavefield computed by the second-
order (in space and time) conventional finite-difference method over the fine grid, and
Figure 6.26b shows the snapshot at the same time for the FCT-corrected wavefield. For
this fine sampling, both the conventional finite-difference result and the FCT-corrected
result are accurate and show no numerical dispersion.

On the medium grid, for which Gy = 5.5, the wavefield obtained by the conventional
finite-difference approach becomes dispersive (Figure 6.26¢). The FCT correction, how-
ever, removes the numerical dispersion (Figure 6.26d). Note also some loss of resolution
in the conventional solution (Figure 6.26¢), which is partially recovered with the FCT
correction.

When the grid becomes very coarse, with Gy = 2.7, the oscillations in the conven-
tional finite-difference solution increase significantly (Figure 6.26e). The FCT correc-

tion, however, still removes the numerical dispersion (Figure 6.26f). In addition to the

79



T-4690

source

N
S
L

0.4388 km

,
B
,
.
.
,
B
,
,
0
.

v=2.438 km/s

\
Z

FiG. 6.25. Wedge model showing the source position and velocity field. The shaded
rectangular is a void (i.e., zero-velocity region) surrounded by a homogenous medium
with a velocity of 2.438 km/s.
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FiG. 6.26. Wavefield snapshots for different grid coarseness. (a) and (b) are for a fine
grid (Go =~ 11); (c) and (d) are for a medium-coarseness grid (Gy ~ 5.5); and (e) and
(f) are for a coarse grid (G ~ 2.7). (a), (c) and (e) are solutions by the conventional
finite-difference method, and (b), (d) and (f) are solution with the full FCT correction.
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numerical dispersion, use of too coarse a grid in the conventional modeling has caused
considerable wavelet distortion, loss of amplitude, and, in places, apparent time errors
(note the slightly non-circular wavefront at the depth between 4 km and 5 km) caused by
the numerical anisotropy (i.e., the wave propagation in the diagonal direction differs from
that in the horizontal and vertical directions on a discretized rectangular grid). Alford
et al. (1974) studied the dependence of the numerical dispersion on propagation angle
and concluded that the dispersion is greatest when the wave propagates parallel to the
grid. From their discussion, it is apparent that numerical anisotropy is a side-effect of the
numerical dispersion. Therefore, in eliminating numerical dispersion, the FCT method
also helps with the numerical anisotropy, as evidenced in Figure 6.26. Although the grid
dispersion is removed by the FCT correction, the use of too coarse a grid causes loss of
amplitude and resolution (as would happen in an attenuating medium) that cannot be

fully corrected by the FCT method.

6.2.2 Modeling for an impulsive source

If the source function is an impulse (i.e., single nonzero sample) in both space and
time, no choice of grid size or order of finite-difference approximation can suppress the nu-
merical dispersion in conventional finite-difference wavefield extrapolation. Figure 6.27a
shows a strongly dispersed snapshot for a two-dimensional wavefield by fourth-order con-
ventional finite-differencing in a two-dimensional homogeneous medium. With the FCT
correction (7, = 0.01 and 7o = 0.012) applied to the fourth-order approach, the numer-
ical dispersion has been removed, as seen in Figure 6.27b. Unlike the 3-D problem, the
impulse response for the two-dimensional problem (2-D Green’s function) has a gradually
changed tail after the wavefront which gives rise to the nonzero wavefield (grey scale)
inside the circle.

For three-dimensional wave propagation, the numerical dispersion in the fourth-order

conventional finite-difference result (Figure 6.28a; cross section through the center of the
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Fi1G. 6.27. Snapshot of a two-dimensional wavefield for an impulse in both time and space.
(a) Solution by the fourth-order conventional finite-difference method. (b) Solution with
the FCT correction.

modeled volume) has been removed after applying the FCT correction (Figure 6.28b;
again, with 7; = 0.01 and 7, = 0.012). Since an impulsive source is an extreme case,
which has a single nonzero value both in space and time, all finite-difference methods
(without or with the FCT correction) fall short in producing a solution with the correct
resolution.

Similar to the examples for the first-order system equation, different choices of n; and
n2 do influence the quality of the solutions. Nevertheless, the FCT-corrected solutions
for a wide range of n; and 7y values are considerably superior to those obtained by the

fourth-order conventional scheme.

6.2.3 Modeling in a thin-layered medium

When seismic waves propagate in thin-layered media, the true wavefield may contain
oscillations due to multiple reflection from the many interfaces between the layers. One

concern is that the FCT correction might distort the true wavefield oscillations in the
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Fi1aG. 6.28. Cross section of a three-dimensional wavefield snapshot for an impulse in both
time and space. (a) Solution by the fourth-order conventional finite-difference method.
(b) Solution with the FCT correction.

process of eliminating the undesirable numerical dispersion.

Figure 6.29 shows, via shading, the velocity model for a demonstration of wave prop-
agation in a thin-layered medium. From the surface to 1.25-km depth is a homogeneous
layer with a velocity of 1.5 km/s (the lowest velocity in the model). The highest velocity
is 3.6 km/s, at depths 3.55 km and 3.9 km. The source function is a 20-Hz Ricker wavelet
located at the surface, 2 km from the origin.

Figure 6.30 shows a wavefield snapshot, at time t = 2.175 s, generated by the fourth-
order conventional finite-difference method, with spatial steps in both z- and z-directions
equal to 0.01 km (Gy =~ 4.4 at z=0 km). Circled areas in the figure are zones with
significant numerical dispersion. The zone enclosed by the rectangle, in contrast, exhibits
true wavefield oscillations. After applying the FCT correction to the conventional finite-
difference solution, as seen in Figure 6.31, the numerical dispersion has been eliminated,
while the true wavefield oscillations remain largely unchanged. This desirable action

arises because the numerical dispersion is dominated by high frequency (near-Nyquist
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F1G. 6.29. Velocity model used to generate wavefield snapshots given in Figures 6.30
through 6.32. Darker shading indicates higher velocity.

frequency), when it is first initiated. However, the true wavefield oscillations, attributable
to multiple reflection of the waves at interfaces, is generally lower frequency (by a factor
of about four compared with the Nyquist frequency). The FCT correction procedure, as
suggested in Figures 4.1 and 4.2, tends to limit the growth of the near-Nyquist frequency
numerical dispersion, while at the same time it restores much of the (lower-frequency)
true wave, including multiple reflections, at each time step.

When applying the optimized FCT correction to the conventional finite-difference
solution, we obtain the same desirable result, the elimination of numerical dispersion
and preservation of the true wavefield oscillations, as seen in Figure 6.32. In Chapter 8,
the relative costs of the full FCT correction and optimized FCT correction in the entire

finite-difference method are discussed.
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Fia. 6.30. Wavefield snapshot at t = 2.175 s in the thin-layered model shown in Figure
6.30, generated by the fourth-order finite-difference method (Gy =~ 4.4 at z=0 km).

6.2.4 Modeling in media with a localized low-velocity zone

Figure 6.33 shows a model consisting of two homogeneous layers. In the first layer
(from surface to 1.5 km depth), the velocity is 1.8 km/s, while in the second layer (below
1.5 km depth), the medium has a relatively high velocity of 3.6 km/s. The spatial step
used in the modeling tests is 0.02 km in both horizontal and vertical directions. The line
source, a 15-Hz Ricker wavelet, is located at (3 km, 1.5 km). The corresponding number
of grid points per upper half-power wavelength is about 3.7 in the low-velocity layer and
7.4 in the high-velocity layer.

For this grid size, the fourth-order conventional finite-difference method can generate
numerical dispersion in the low-velocity layer; however, in the high-velocity layer there
is no numerical dispersion, as seen in Figure 6.34. With the full FCT correction applied
to the entire modeled area, the solution shows no numerical dispersion (Figure 6.35).
However, since the numerical dispersion is generated in just the low-velocity layer, we

can gain savings in computational effort by restricting the FCT correction to just that
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Fic. 6.31. Wavefield snapshot at ¢ = 2.175 s in the thin-layered model shown in Figure
6.30, generated by the fourth-order finite-difference method with the full FCT correction
(Go =~ 4.4 at z=0 km).
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Fi1c. 6.32. Wavefield snapshot at ¢ = 2.175 s in the thin-layered model shown in Figure
6.30, generated by the fourth-order finite-difference method with the optimized FCT
correction (G = 4.4 at z=0 km).
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Fic. 6.33. Velocity model used to generate wavefield snapshots given in Figures 6.34

through 6.36. Darker shading indicates high velocity, and the asterisk denotes the source
location.
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Fic. 6.34. Wavefield snapshot at ¢t = 0.75 s in the two-layered model shown in Figure
6.33, generated by the fourth-order finite-difference method without the FCT correction.
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F1G. 6.35. Wavefield snapshot at t = 0.75 s in the two-layered model shown in Figure
6.33, generated by the fourth-order finite-difference method with the FCT correction (Gy
is about 3.7 in the low velocity layer and about 7.4 in the high velocity layer).
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F1G. 6.36. Wavefield snapshot at t = 0.75 s in the two-layered model shown in Figure

6.33, generated by the fourth-order finite-difference method with the FCT correction
restricted to only the low-velocity layer.
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layer. In this manner, only one-third as much effort is required for the FCT correction,
yet the solution shows no indication of numerical dispersion (as seen in Figure 6.36).
The optimized FCT can similarly be applied to only the low-velocity zone, reducing the
computation effort of the FCT correction further. That solution (not shown here) shows
no numerical dispersion as well.

The savings in the FCT computation depends on the relative size of the low velocity
zone. Clearly, for homogeneous media, for example, the FCT correction gains no such

benefit; the FCT correction needs to be applied throughout the modeled area.

6.2.5 Migration of data from a salt-dome structure model

Figure 6.37 shows a reflector structure modeling the boundary of an overhanging salt
dome, with dip as large as 125 degrees. The input zero-offset time section for velocity
linearly increasing with depth [c(z) = 1.5 4+ 0.9z km/s| was obtained by a Kirchhoff
modeling program. The wavelet used in the modeling was a symmetric Ricker wavelet
with dominant frequency of 30 Hz. Figures 6.38 through 6.42 show the reverse-time
depth-migration results by the second-order and the fourth-order conventional finite-
difference methods, without and with the FCT correction.

For Figure 6.38 (a migration image by second-order conventional finite-difference
method), the number of grid points per upper half-power wavelength at depth z=0 km,
where velocity is lowest (1.5 kin/s), is about 3.7 (very coarse grid). Since the grid remains
coarse throughout the entire depth range, the migration image shows strongest numerical
dispersion over deep portions of the reflector. To overcome this problem, we can use a
finer grid (Gy = 11 at 2=0 km), at high computational cost and heavy use of computer
memory for the second-order method, or we can use a higher-order scheme. Figure 6.39
shows the migration image by fourth-order conventional finite-differencing on the same
grid. As expected, the fourth-order method significantly reduces the numerical dispersion

and also improves the resolution. Since this spatial grid is still coarse for the fourth-order
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F1G. 6.37. Reflector model used to generate synthetic data for the tests described in
Figures 6.38 through 6.42.
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F1G. 6.38. Second-order conventional finite-difference migration for grid step sizes Az
= Az = 0.008 km (G ~3.7 at z = 0 km).

91



T-4690

method, a significant amount of dispersion remains. With use of a medium grid (Go = 5.5
at z=0 km), the migration image for the fourth-order method (not shown here) becomes

almost dispersion-free.

Distance (km)
0 1 2 3 4 5 6

=

Depth (km)

3

Fi1G. 6.39. Fourth-order conventional finite-difference migration for the same grid as
that for Figure 6.38.

Figures 6.40 through 6.42 show the FCT-corrected results for the second-order and
fourth-order differencing approximations. In Figure 6.40 (same grid size as for Fig-
ure 6.38), the FCT correction has removed the numerical dispersion seen in Figure 6.38,
and has slightly improved the resolution. However, since the grid is too coarse for the
second-order method, the FCT correction has not completely cured the resolution loss.
For the medium grid with Gy ~ 5.5 at z=0 km (still a coarse grid for the conventional
second-order method), the FCT correction on the second-order finite-difference yields
good resolution, again along with removal of the numerical dispersion (Figure 6.41).
Even though the second-order conventional method with the FCT correction on the
medium grid has computational savings over the second-order conventional method on

the fine grid (Gy =~ 11 at z=0 km), it still costs more than the fourth-order conventional
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Fi1G. 6.40. Second-order finite-difference migration with the full FCT correction for the
same grid as that for Figure 6.38.
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F1c. 6.41. Second-order finite-difference migration with the full FCT correction for grid
step sizes Az = Az = 0.0055 km (G ~5.5 at z = 0 km).
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Fi1c. 6.42. Fourth-order finite-difference migration with the full FCT correction for the
same grid size as that for Figure 6.38.
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Fi1c. 6.43. Fourth-order finite-difference migration with the optimized FCT correction
for the same grid size as that for Figure 6.38.
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method on the medium grid. However, applying the FCT correction to the fourth-order
method on the coarser grid (Figure 6.42), also eliminates the numerical dispersion and
yields the desired resolution (compare with Figures 6.38 through 6.40), plus the compu-
tational savings over the fourth-order method on the medium grid. The optimized FCT
correction applied to the fourth-order method on the coarse grid (Figure 6.43) also yields

the desired solution.

at ata

Figure 6.44 shows a stacked section, after application of dip-moveout ( ) cor-
rection, from the ulf of exico. For these data, the dominant fre uency at 2 s is about
35 Hz, and the background velocity varies from 1.5 to 3.3 km s. The spatial step size
in both horizontal and vertical directions is 6 m, so the lowest number of sample points
per upper half-power wavelength here is about 3.7. To satisfy the stability condition for
this 2- problem the stability condition for 1- problems, e uation (3.72), is changed
to A2 for the 2- problem , the time step is 1.1 ms. The migrated section by
the fourth-order conventional finite-difference method is shown in Figure 6.45, and the
part of the image inside the dashed box is enlarged in Figure 6.46. For comparison, Fig-
ure 6.47 shows a closeup view of a comparable portion of the unmigrated -stacked
section. The arrows in Figures 6.46 and 6.47 point to e uivalent positions on the two
sections, where reflections have little slope and therefore should not be changed much by
the migration. ne might suspect, then, that the added reflection events at the arrow in
Figure 6.46 are artifacts of numerical dispersion. With the FCT correction (Figure 6.48),
the suspect events are removed. pplying the less costly, optimized FCT correction yields

a result (Figure 6.49) with the added events removed as well.
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Fic. 6.45. igrated by the fourth-order conventional finite-difference method.
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Fic. 6.46. Enlarged portion of migration result by the fourth-order conventional
finite-difference method.
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Fi1c. 6.47. etail of and stacked section from ulf of exico.
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Fi1c. 6.48. Enlarged portion of migrated section by fourth-order finite-difference
method with the full FCT correction.
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Fi1c. 6.49. Enlarged portion of migrated section by fourth-order finite-difference
method with the optimized FCT correction.
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In this chapter, I show examples of the FCT algorithm in two-dimensional for-

ward modeling for homogeneous and inhomogeneous elastic isotropic media, transversely

isotropic media, and a layered TI medium. For each medium, - and -waves, as well
as -waves, are computed. In each of the tests, the spatial steps Az and Az are 0.02
km, and the time step /A is chosen to satisfy the stability condition, T

( elly et al., 1976 isthe -wave velocity and is the -wave velocity). I also present
examples of three-dimensional forward modeling and two-dimensional reverse-time mi-
gration for T1 media.

Test results show that, for elastic media, as for acoustic media, the FCT method
on a coarse grid produces accurate wavefield snapshots and migration images without

numerical dispersion.

Figures 7.1 through 7.3 show snapshots at 0.64 s for two elastic isotropic media
with constant density. The line source, with a 20-Hz Ricker wavelet assigned to force
components , and , is located at (2.5 km, 2.5 kmm). Force components  and
generate the - and -waves, while the force component  generates the -wave.
The directions of the force are indicated in Figures 7.1 and 7.2 .

Figure 7.1, for a homogeneous medium with a -wave velocity of 3.0 km s and an

-wave velocity of 1.8 km s, shows snapshots of wavefields generated by the conventional

finite-difference method (i.e., leapfrog) without the FCT correction. The number of grid
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Fi1G. 7.1. Snapshots for a homogeneous elastic, isotropic medium with a -wave
velocity of 3.0 km s and an -wave velocity of 1.8 km s.
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F1G. 7.2. Snapshots for a homogeneous elastic, isotropic medium with a -wave
velocity of 3.0 km s and an -wave velocity of 1.8 km s.

100



T-4690

points per upper half-power wavelength is about 4.4 for the -wave and 2.7 for the -
wave. For this coarse grid, as expected, strong numerical dispersion exists in the -

-and -waves. With the FCT correction, however, solutions are much improved with
no dispersion (Figure 7.2) moreover, they show the expected circular - and -waves
with the wavefront at their correct positions. From the figure, we also see a strong -wave
amplitude parallel to the source direction and a weak -wave amplitude perpendicular

to it. For the -wave, however, the situation is opposite. Here, even though the phases

of the -and -waves are correct, the amplitudes of the wavefield might still be in error.
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Fi1G. 7.3. Snapshots for an elastic isotropic medium with linear velocity variation. -wave
velocityis =15 01z 05z km s, and -wave velocityis =10 01z 04z.

Figure 7.3 shows the wavefront behavior (with the FCT correction) in an inhomoge-
neous medium with linear velocity variation. The -wave velocityis =15 01z 05z
km s, and the -wave velocityis =10 01z 04z km s, where z is the lateral di-
rection and z is depth. The number of grid points per upper half-power wavelength at
the source location is a coarse G = 4 4 for the -wave and more coarse G = 3 4 for the

-wave. gain, with the FCT correction, the computed wavefield shows no indication

of numerical dispersion. ote also that the wavefronts of the - - and -waves in

I’
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Figure 7.3 propagate faster in directions of increasing velocity.

0 0

aterial (km s) | (km s) (g cm)
Sandstone-shale 3.009 1.654 | 0.013 | -0.001 | 0.0035 2.34
esaverde-shale 3.749 2.621 | 0.128 | 0.078 0.1 2.92
Cotton alley shale 4.721 2.89 |0.135| 0.205 | 0.18 2.64
imestone-shale 3.306 1.819 | 0.134 | 0.0 0.156 2.44
Taylor sandstone 3.368 1.829 | 0.11 | -0.035 | 0.255 2.5
nisotropic-shale 2.745 1.508 | 0.103 | -0.001 | 0.345 2.34
nisotropic 2.0 0.894 0.0 |-0.241 0.4 2.4
esaverde clayshale 3.928 | 2.055 |0.334| 0.73 | 0.575 2.59
ypsum-weathered material | 1.911 0.795 | 1.161 | -0.14 | 2.781 2.35

Table 7.1. Thomsen parameters for several materials (Thomsen, 1986). edium with
Thomsen parameters designed here to test wavefront behavior for =0 and relatively
large and

In this and the next few sections, I present examples of modeling and migration in
transversely isotropic media. 1l the examples are computed on a coarse grid. Hence,
with the conventional finite-differencing, significant numerical dispersion exists in all the
examples, as for the homogeneous isotropic medium presented previously (Figure 7.1),
but I will not show all of them.

Each of Figures 7.4 through 7.6 shows a set of nine wavefield snapshots for waves
from a line source in a transversely isotropic medium with vertical axis of symmetry
and constant Thomsen parameters (Thomsen, 1986). Table 7.1 gives the values of the
Thomsen parameters defined in e uation (2.22) for the different materials tested here.
For all cases, the same source function, orientation and location used for the examples in
Figures 7.1 and 7.2 has been used here. For the TI media given in Table 7.1, the number

of grid points per upper half-power wavelength along the symmetry axis ranges from 2.8
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F1a. 7.4. Wavefield snapshots for mildly anisotropic media (a) sandstone-shale (b)
esaverde shale and (c) Cotton alley shale.
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F1G. 7.5. Wavefield snapshots for moderately anisotropic media (a) limestone-shale
(b) Taylor sandstone and (c) anisotropic shale.
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F1a. 7.6. Wavefield snapshots for media that are considered strongly anisotropic. (a)
medium with (=2.0 km s, ¢=0.894 km s, =0.0, =0.4, =-0.241 and =24 g cm
(b) esaverde clayshale and (c) gypsum-weathered shale.
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to 6.9 for the -waves and 1.2 to 4.2 for the -waves, which give a coarse grid for both
- and -waves in all cases.

Figure 7.4 shows sets of snapshots for three media considered to be mildly anisotropic,
sandstone-shale, esaverde shale and Cotton- alley shale. Figure 7.5 gives the wave-
field snapshots for the so called limestone-shale of evin (1979), Taylor sandstone and
anisotropic-shale. For these moderately anisotropic media, weak triplication behavior
can be seen in the  -wavefronts. Figure 7.6 exhibits the wavefront behavior for exam-
ples of media with extreme anisotropy a medium with (=2.0 km s, (=0.894 km s,

=0.0, =0.4, =-0.241 and =2.4 g cm , esaverde clayshale and gypsum-weathered

material. Strong triplications in the = -wavefronts are evident.

Figure 7.7 shows a 2- earth model with three layers. Each layer is homogeneous.
The top layer is anisotropic shale, the middle layer is Cotton- alley shale and the bottom
layer is the limestone-shale, with Thomsen parameters for each medium given in Table
7.1. The snapshots in Figures 7.8 through 7.10 have been generated at times =0.48, 0.6,
and 0.84 s, respectively. line source (same source function and orientation as those
used for the examples in Figures 7.1 and 7.2) is located at (3.5 km, 0.8 km), the position
of asterisk in Figure 7.7.

The snapshots show the evolution of the various (complicated) wavefields for this
simple earth model, with no indication of numerical dispersion. fter the earliest of
times, the - and -waves intermingle fully, while the -wave propagation is much

simpler with only transmitted and reflected waves.
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