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Abstract

Inversion of geophysical data is complicated by the fact that the data are invariably
contaminated by noise and are acquired at a limited number of observation points. More-
over, mathematical models are usually complicated and yet at the same time are also
simplifications of the true geophysical phenomena. As a result, solutions are ambiguous
and error-prone. The principal questions arising in geophysical inverse problems are the
existence, uniqueness, and stability of the solution. The solutions can be based on lin-
earized and nonlinear inversion techniques, and can include different approaches, such
as least-squares, gradient type (including steepest descent and conjugate-gradient), and
others. A central point of this tutorial is the application of so called “regularizing” algo-
rithms for the solution of ill-posed inverse geophysical problems. These algorithms can
use a priori geologic and geophysical information about the earth’s subsurface to reduce
the ambiguity and increase the stability of the solution.
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1 Introduction

Inversion of seismic data is complicated by the fact that observed data are invariably con-
taminated by noise and are acquired at a limited number of observation points. Moreover,
mathematical models are usually complicated and yet, at the same time, are simplifica-
tions of the true geophysical phenomena. As a result, the solutions are ambiguous,
unstable and error prone. The important role of “regularizing” algorithms in the solu-
tion of ill-posed inverse seismic problems has been investigated in recent works of Koch
(1992) and Sun and Shuster (1992).
In general, we can formulate the forward problem by determining the geophysical
data for a given distribution of the model parameters:
model:{model parameters m } — data d.
The inverse problem is formulated in the reverse order:
data d — model:{model parameters m }
There are three main questions that arise when we try to solve the inverse problem:
1) the existence of the solution, 2) the uniqueness of the solution, and 3) the instability
of the solution.
In mathematics, we have a classical definition of the ill-posed problem:

A problem is ill posed according to Hadamard (1902) if the solution is not
unique or if it is not a continuous function of the data (i.e., if to a small
perturbation of data there corresponds an arbitrarily large perturbation of the
solution).

Unfortunately, from the point of view of classical theory, all geophysical inverse prob-
lems are ill posed, because their solutions are either non-unique or unstable. However,
geophysicists solve this problem and obtain geologically reasonable results in one of two
ways. The first is based on intuitive estimation of the possible solutions and selection of
a geologically adequate model by the interpreter. The second way is based on the appli-
cation of different types of regularization algorithms, which allow automatic selection of
the proper solution by the computer using a priori geologic and geophysical information
about earth structure.

The most consistent approach to the construction of regularization algorithms has
been developed in the works of Tikhonov (1977, 1987). See also Zhdanov (1988), Zhdanov
et al. (1988), and Dmitriev et al. (1990). This approach gives a solid basis on which to
construct effective inversion algorithms for different applications.

We describe the seismic inverse problem by the operator equation

Am=d, me M, de D, (1.1)

where D is the space of seismic data and M is the space of the parameters of seismic
models; A is the operator of the forward problem that calculates the proper seismic data
d € D for given model m € M.

The main idea of the regularization method consists of the approximation of the
ill-posed problem (1.1) by the family of well-posed problems

Aem=d, m€ M, d € D, (1.2)

1




depending on a scalar parameter a called the regularization parameter. The regularization
must be such that as o vanishes, the procedures in the family should approach the
accurate procedure A.

It is important to emphasize that regularization doesn’t necessarily mean the “smooth-
ing” of the solution. The primary purpose of regularization is to implement a priori
information in the inversion procedure. The more information we have about the seis-
mic model, the more stable is the inversion. This information is used to construct the
“regularized family” of well-posed problems (1.2).

This paper presents an overview of the methods of the regularized solution of inverse
problems based on the ideas of Tikhonov regularization, and shows their applications in
both linear and nonlinear inversion techniques.

The foundations of regularization theory reviewed here include: 1) formulation of
well-posed and ill-posed problems, 2) definition of the sensitivity and resolution of geo-
physical methods, 3) development of regularizing operators and stabilizing functionals,
4) introduction of the Tikhonov parametric functional, and 5) elaboration principles to
determine the regularization parameter.

I describe the basic solution methods for the linear inverse problem using regulariza-
tion, paying special attention to the discussion of regularization in the Backus-Gilbert
method. I also discuss the main methods for regularizing the solution of nonlinear in-
verse problems. Finally, I describe regularization methods in waveform inversion and
traveltime inversion.

2 Foundations of the Regularization Theory

2.1 Formulation of well-posed and ill-posed problems

Here we introduce the metric space D of seismic data and the metric space M of the
parameters of seismic models. We also denote by A the operator of the forward problem
that calculates the proper seismic data d € D for given model m € M,

Am=d, me M, de D. (2.1)

When data d are given and the model m is unknown, we can consider (2.1) as an operator
equation with respect to m. Thus, equation (2.1) is the mathematical formulation of the
seismic inverse problems. Now we introduce the following definitions:

Definition 2.1 The problem (2.1) is well posed if the following conditions are met:
(i) solution m to the equation (2.1) exists,
(11) solution m to the equation (2.1) is unique,

(iii) solution m continuously depends on the right-hand side d.

In other words the inverse operator A™! is defined throughout the space D and is contin-
uous.
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Definition 2.2 The problem (2.1) is ill-posed if at least one of the conditions listed above
fails.

Suppose that we know a priori that the exact solution belongs to a set C' such that the
inverse operator A~! defined on the image AC is continuous. We call C the correctness
set.

Definition 2.3 The problem is conditionally well posed (Tikhonov’s well-posed) if the
following conditions are met:

(i) we know a priori that a solution of (2.1) exists and belongs to a specified set C C M,
(ii) the operator A is a one-to-one mapping of C onto AC C D,
(iii) the operator A~ is continuous on AC C D.

In contrast to the standard well-posed problems, a conditionally well-posed problem does
not require solvability over the whole space. Also, the continuity requirement of A~! over
all D is substituted by the continuity requirement over the image of C.

Let us try to describe the correctness set C. The main property of the set C was
established by the theorem:

Theorem 1 (Tikhonov) Let the solution of equation (2.1) be unique, let set C be a
compactum in M, and let A be a continuous one-to-one mapping of C to AC C D. Then
A1 is continuous on AC C D. (The proof of the theorem is given in Appendiz A.)

Thus, according to Tikhonov, any compactum in M can be taken to be a correctness set
for equation (2.1).

Quasisolution of the problem (2.1)

Assume that the problem (2.1) is conditionally well posed (Tikhonov’s well posed). As-
sume also that the right-hand side of (2.1) is given with some errors,

ds =d+ 4d, (2.2)
where the distance between ds and d in the metric of D , pp(ds, d), satisfies the condition
pp(ds,d) < 6. (2.3)

Definition 2.4 A quasi-solution of the problem (2.1) on the correctness set C is an
element ms € C that minimizes the distance pp(Am,d;s), i.e.,

pp(Ams,ds) = inf pp(Am, ds). (24)

It can be proved that the quasi-solution is a continuous function of ds. The standard
methods of functional minimization can be used to approximate the quasi-solution.
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2.2 Sensitivity and resolution of the geophysical methods

One of the most important property of any geophysical method is its sensitivity that
reflects the degree of perturbation of the data with respect to the perturbation of the
model parameters. The sensitivity is closely related to the resolution, which shows how
small variations of the parameters of the model we can determine by the given geophysical
data.

In this section we will give a precise mathematical formulation of the sensitivity and

resolution of the arbitrary geophysical method, following the work of Dmitriev et al.
(1990).

Sensitivity

In the previous section, we have described a forward geophysical problem by the operator
expression (2.1). Consider now some given model my and corresponding data dp. Assume,
for the sake of simplicity, that in some vicinity of point mg operator A = A,,, is a linear
operator. Then we have

Amo (m - mo) = Amom - Amomo =d— dg,

or
Ay (Am) = Ad, (2.5)

where
Am=m—mgy, Ad=d—dy

are the perturbations of the model parameters and of the data.

Definition 2.5 Sensitivity S,,, of the geophysical method is determined by the ratio of
the norm of perturbation of the data to the norm of perturbation of the model parameters.

The maximum sensitivity is equal

[Ad]| | Amo (Am)|
max __ — = lAm, I, 2.
Smo sup { ||Am|| sup ||Am|| " o" ( 6)

i.e., S;2* is equal to the norm of operator Ap,.
If we know S;2%, we can determine the variations of the model, which can produce
the variations of the data greater then the errors of observations §

[l — mql| 2 (2.7)

Smax




Resolution

Suppose that in some neighborhood of the point mg, the following inequality holds:
[ Amo(Am)]|| 2 k|| Am]|,

for any Am, where k > 0 is some real number. Then there exists a linear and bounded
inverse operator A,‘n}). This means that the solution of the inverse problem in the vicinity
of the point my can be written as

m = mg + A, (d — do). (2.8)

The same expression can be written for the data ds observed with some noise ds = d+ éd
as

ms = mg + Ans(ds — dp). (2.9)
From (2.8) and (2.9) we have
ms —m = A, (ds — d). (2.10)

Now we can determine the maximum possible errors in the inverse problem solution for
a given level of errors in the observed data equal to é§ = ||6d]|:

Amax = sup |ms—m||
llds—di|=
= sup|d,—dj=sl| Amg (ds — d)|| = || A7e I8, (2.11)
where
lAZ N < % (2.12)

Now we can determine the resolution of the geophysical method. Two models m; and
mq in the vicinity of the point mg could be resolved if the following condition takes place:

6
lms — mal 2 Amax = |47, 16 = £— (2.13)
mo
Definition 2.6 The value 1
Ry = 07 (2.14)
[
is the measure of resolution of the given geophysical method.
It follows from equations (2.12) and (2.14) that
R, 2> k. (2.15)

The smaller the norm of the inverse operator, the bigger the resolution R,,,, which means
that the closest earth models can be resolved.

If the inverse operator A,_n}) is not bounded, i.e., its norm is going to infinity, then the
resolution is going to zero, R,,, = 0, and the maximum possible errors in determination
of m are infinitely large. This is exactly the situation in the case of ill-posed problems.
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2.3 Regularizing operators

Consider the inverse geophysical problem described by the operator equation (2.1). In the
general case, the inverse operator A~! is not continuous and therefore the inverse problem
(2.1) is ill posed. The main idea of any regularization algorithm is the approximation
of the noncontinuous inverse operator A~! by the family of continuous operators R(d, a)
depending on a scalar parameter « called the regularization parameter. The regularization
must be such that as a vanishes, the operators in the family should unlimited approach
the exact inverse operator A~
Let us now give more accurate definitions.

Definition 2.7 The operator R(d,a) is called the regularizing operator in some vicinity
of the element d; = A(m,) if:

1. the real positive numbers oy and &y are such that the operator R(d, o) is determined
for any a and d satisfying the conditions

0 < a<a, pp(d,dy) < bo;

2. there is a function a(6) such that for any € > 0 a positive number 6(¢) can be found

such that

po(d,d;) < 8(e),
for

pu(me, my) < e.
Here

M = R (d,a(6)) .

Definition 2.8 Operator R(d, ) is called the regularizing operator for equation (2.1) on
some subset Dy C D if it is reqularizing in the vicinity of any point d € D;. Regularizing
operators can be constructed by approzimating the ill-posed equation (2.1) by the system
of well-posed equations:

d = Ay(m), (2.16)

where corresponding inverse operators A;! are continuous.

Let us discuss constructing regularizing operators.

2.4 Stabilizing functional

The stabilizing functional (or stabilizer) is used to select from the space M of all possible
models the subset M., which is a compactum.

Definition 2.9 A non-negative functional s(m) on some metric space M is called a
stabilizing functional if for any real number ¢ > 0 the subset M, of elements m € M for
which s(m) < ¢ is a compactum.




For example, consider the Sobolev space W{(which is also a Hilbert space). The metric
in the space W¥ is determined according to the formula

[dkAm("’)] dx}l , (2.17)

where Am(z) = my(z) —ma(z); q1(z), g2(z), ..., gp(z) are given real functions (g,(z) # 0).
It is well known that the sphere is a compactum in a Hilbert space. Therefore, we
can introduce the stabilizing functional as

p(m1,ma) = {/Z

k=0

S(m) = p(ma mO)’ (218)
where my is any given model from M = W%, and the sphere
s(m) = p(m,mo) < ¢, (2.19)

is a compactum.

Suppose that the data ds are observed with some noise ds = d; + 6d, where d; is
the true solution of the problem. In other words, we suppose that the misfit (distance)
between the observed data and true data is less than the glven level of the errors in the
observed data equal to § > ||éd||:

pp(ds, dy) < 6. (2.20)

In this situation, it is natural to search for the approximate solution in the set Qs of
the models m such that

pp(A(m), ds) < 6. (2.21)

Thus, Qs C M is the set of possible solutions.

The main application of stabilizers is to select from the set of possible solutions Qs
those solutions that continuously depend on the data. Such solutions can be selected by
the condition of the minimizing of the stabilizing functional

s(m; m € Q) = min. (2.22)

It can be proved the existing of the model, minimizing (2.22). We will denote this model
as Mg

s(ms; ms € Qs) = min. (2.23)

We can consider the model ms as the result of the application to the observed data
ds of some operator R(ds, ), depending on the parameter é:

= R(d;, 6). (2.24)

It can be proved that the operator R(djs, §) is the regularizing operator for the equation
(2.1) and ms can be used as the approximate solution of the inverse problem (note that
in this case @ = 6, while in the general case @ = (6)). Thus, in the framework of
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the developed solution of equation (2.1) where the approximate left-hand part ds can be
reduced to the problem of the minimization of the stabilizing functional on the set Qs:

s(m; m € Qs) = min, (2.25)
where
Qs = {mipo(A(m), d) < 6. (2.26)

So, the main application of a stabilizing functional is to obtain the stable solution of the
inverse problem.

2.5 Tikhonov parametric functional

One of the critical points of regularization theory is the construction of the regularizing
operators. The simplest and the most practically useful solution of this problem has been
developed by Tikhonov and Arsenin (1977). This method is based on the introduction of
so-called Tikhonov parametric functional. In this section, we will discuss the main ideas
of this approach.

It can be shown that a wide class of stabilizing functionals reach their minimum on the
model mg such that pp(A(ms),ds) = 6. Thus, we can solve the problem of minimization
(2.25) under the condition that

pp(A(ms), ds) = 6. (2.27)

The last problem is the problem of the minimization of the stabilizing functional
(2.25) when the model m is subject to the constraint (2.27). A common way to solve
this problem is to introduce an unconstrained functional P*(m,ds), m € M, given by

P?(m,ds) = pp(A(m),ds) + as(m);
and to solve the problem of minimization of this functional:
P%(m,ds) = min. (2.28)

Here the unknown real parameter « is similar to the Lagrange multiplier and is deter-
mined under the condition

pp(A(ma),ds) = 6, (2.29)

where m, is the element on which P*(m,ds) reaches the minimum. The functional
P*(m, ds) is called Tikhonov parametric functional or smoothing functional.

Theorem 2 Let us assume A is a continuous operator from M to D. For anyd € D
and any parameter oo > 0, there is a model m, € M on which the functional

P?(m,d) = pp(A(m),d) + as(m) (2.30)
reaches its lower boundary
nl;relfMP (m,d) = P%(mg,,d). (2.31)

(See Appendiz B for the theorem proof.)




Thus, for any positive number a > 0 and for any data ds € D, we have determined
an operator R(ds, @) with the values in M such that the model

my = R(ds,a) (2.32)
gives the minimum of the Tikhonov parametric functional P*(m, dj).

The fundamental result of the regularization theory is that operator R(ds,a) is the
regularizing operator for the problem (2.1.) Thus, as an approximate solution of the
inverse problem (2.1) we take the solution of another problem (2.31) (problem of mini-
mization of Tikhonov parametric functional P*(m,ds)), close to initial problem for the
small values of the errors é of the data dj.

It is important to emphasize that when A is a linear operator, D and M are Hilbert
spaces and s(m) is a quadratic functional, the solution of the minimization problem (2.28)
is unique. Note that the quadratic functional is a functional ¢(m), such that

q(Bm) = B%q(m).

Suppose that there are two different models m(!) and m® satisfying (2.31) (realizing
the minimum of P*(m, ds)). Let us consider the elements of the model space M, located
on the interval of the “straight line” connecting m{!) and m{®:

m =mf) + B(m? —md)).

The functional P*(m, ds) on the elements of this “line” is a non-negative quadratic func-
tion on (. Therefore, it cannot reach its minimum for two different values of 3. In the
general case for nonlinear A, the solution m, can not be unique.

2.6 Determination of the regularization parameter

The central moment of the regularizing algorithm construction is the determination of
the optimum value of the regularization parameter. This problem can be solved on the
basis of the a priori information about the accuracy of the observed data.

Suppose that the data ds were observed with some noise ds = d, + éd, where d; is the
true solution of the problem and the level of the errors in the observed data is equal to
6:

pp(ds,d;) < 6. (2.33)

Then the regularization parameter can be determined by the misfit condition (2.29).
Let us introduce the following notations:

p(a) = Pa(maad5);

i(a) = pp (A(m,), ds) ;

s(a) = s(myg).




Let us examine some properties of the functions p(a), i(a), s(a). First of all, we can
show that functions p(a),i(a),s(a) are monotone functions: p(a) and i(a) are nonde-
creasing, and s(a) is nonincreasing. To see this, let a; < ap and

e = plog) = P (mg,, ds);

i = 1(ax) = pp (A(Ma, ), ds) ;
sk = s(ax) = s(mq,).

The following inequality takes place:

P2 =12+ 0232 2 12 + 152, (2.34)
because a; < as.
From the other side
P (mg,,ds) =13 + a182 2> i1 + @181 = py = P*'(mg,,d;s), (2.35)

because m,, realizes the minimum p; of the functional P*1(m,d;). Thus, from (2.34)
and (2.35) we have

P22 (2.36)

for
g > Q.

This means that p(a) is a monotone function on a. Furthermore,
P> (TI‘L,,,1 , d&) = il + assy 2 iz + ap89 = P> (maz, d&), (237)

because m,, realizes the minimum p, of the functional P2 (m,d;).
From (2.35) and (2.37) we have

(o1 — ag)sg > (o — ag)sy, (2.38)

Inasmuch as a; < as
81 2 S2- (2.39)

From inequalities (2.35) and (2.39) it follows that
ip — 11 2 ay(s1 — $2)

and
i9 > 1. (2.40)

It is important to notice that it can be proved that the functions p(a), i(a), s(@) are
continuous functions (if the element m, is unique). Note also that

p(a) =0 for a =0,
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and
p(0) =0, (2.41)
From the fact that

i(a) + as(a) = p(a) = 0 for a = 0,

it follows that
i(0) = 0, (2.42)

Thus, we prove the following theorem.

Theorem 3 If i(a) is a one-to-one function, then for any positive number § < & =
pp(A(my),ds) (where mg is some a priori model) there exists a(8) such that

pp(A(mags)), ds) = 6. (2.43)

Note that i(c) is a one-to-one function when element m, is unique. It happens, for
example, when A is a linear operator, D is a Hilbert space, and s(m) is a quadratic
functional.

Let us consider one simple numerical method to determine the parameter a. Consider
for example the progression of numbers

o =g k=0,1,2,...,n; ¢> 0. (2.44)

For any number o) we can find an element m,,, minimizing P**(m, ds), and calculate
the misfit pp(A(ma,,),ds). The optimal value of the parameter a is the number ayg, for
which we have

pD(A(mako),d5) = 6. (245)

The equality (2.45) is called the misfit condition.

Note, in conclusion, that introducing the misfit functional and misfit condition in the
solution of the inverse problem is the direct way to use a priori geologic and geophysical
information about the earth’s structure and the quality of the observed data to reduce
the ambiguity and increase the stability of the solution.

3 Linear Inversion Technique

In many geophysical applications we work with the data that are linearly dependent on
the model parameters. In this case, we say that we have a linear inverse problem (because
operator A of the forward problem is linear). The methods of the solution of the linear
inverse problem are very well developed. We give a brief overview of the most important
approaches.
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3.1 The linear discrete inverse problem

Consider again the inverse geophysical problem described by the operator equation (2.1).
Suppose that N measurements are performed in some geophysical experiment. Then we
can consider these numbers as the components of vector d of a length N. Similarly, some
model parameters can be represented as the components of vector m of the length L:

data: [dy,ds,ds, ...,dN]T

model parameters: [m;, ms, m3,...,mg]7

Here T signifies transpose.
If A is a linear operator, the equation (2.1) can be rewritten in a matrix notation

d = Am, (3.1)

where d is a vector column of data of the length N, 2 is a vector column of model
parameters of the length L and A is the N x L matrix of linear operator A. Expression
(3.1) describes the system of NV linear equations with respect to L unknown parameters
my, Mg, m3,...,M[L.

L
d,' = EA;jmj, (32)
j=1

i=1,2,3,..N.

In these notations solving the inverse problem (2.1) means to solve the system of
linear equations (3.2) with respect to my,mg, ms,...,my. The system (3.2) is called
underdetermined if N < L. The system (3.2) is called overdetermined if N > L. Usually,
in geophysical applications, we have to work with the overdetermined system.

3.2 Least-square methods

In subsequent sections, we will describe the basic principles of the classical least-square
methods that don’t use the regularization ideas. Furthermore, we will generalize these
principles of regularization algorithms.

Let us consider again the system of linear equations (3.2) that determine the rela-
tionship between the observed data {d;,ds,ds,...,dy} and the parameters of the model.
We suppose that we know the vector d = [dy,da,ds, ...,dy]T of the observed data and the
matrix A of the linear operator of the forward problem. The task is to determine the
vector m = [my, mg, m3, ...,m L]T of model parameters.

Let us denote d? = [d8, db, d5, ..., d%]T the predicted values of data:

L
df = Z A,-jmj, (33)
j=1
i=1,2,3,..N.
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Now we can write

F=d—d, (3.4)

where 7 = [r1,79,73, .. ,7n]T is the vector-column of the residuals (errors) between the
observed data d and the predicted data dr.

However, we have more data {d,, ds, d3, ..., dy } than model parameters {m,, my, ms, ..., m},
so we can not use all the data. The best that we can do is to minimize the misfit between
the observed and the predicted data, which in the Euclid metric of data space can be
calculated as the sum of the errors squared:

f(m1,ma, mg,...,mz) = ||F|* = Zr = minimum. (3.5)
i=1

The functional f is called the misfit functional. It can be written as

f(m) = ||d — d?||? = ||d — Am|? = (A — d)T (As — d) = minimum. (3.6)

The vector mg = [mg;, mog, M3, ..., mor)T on which the misfit functional reaches its
minimum is called a pseudo-solution of the system (3.2). If f(mg) = 0 then g is the
conventional solution of the system (3.2).

Let us calculate the first variation of f(m):

6f(m) = 2(Aém)T (A — d).
The necessary condition for the minimum of the functional f(m) has the form
6f(m) = 2(Aém)T (A — d) = 0.
From the last one, we have the following system of equations
AT Arig = ATd. (3.7)

The system (3.7) is called normal for the system (3.2).
The matrix ATAisan L x L square matrix, thus the solution of the normal system
can be given in the form
o = (ATA)1ATd (3.8)
if ATAisa nonsingular matrix. From the other side, we can apply the method of singular
value decomposition (see Appendix C)

ATA=(UOVTTUQVT = vQUTUOVT =V QT (3.9)

and obtain

o = (VOPVT) W 00UTd = VO-10Td = [diag (bl_)] 0Td. (3.10)
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Thus, we have the direct expression (3.10) for the pseudo-solution of the system (3.2).

The matrix .
it =V [diag (_)] i (3.11)

)

is called the pseudo-inverse matrix for A. Pseudo-inverse matrix is equal to the true
inverse one for the square nonsingular matrix A, that is

At = A1,

under these conditions.

3.3 Weighted least-squares method

Let us introduce some weighting factors w? to estimate the residuals r;. The reason for
this is that, in practice, some observations are made with more accuracy than others.
In this case, one would like the prediction errors r; of the more accurate observations to
have a greater weight then the inaccurate observations. To accomplish this weighting we
define the weighted misfit functional f,, as

N
fuw(mi,me,ms,...,mg) = ||#|2 =" (wir;)? = minimum. (3.12)

i=1

We can introduce the weighting operator W, which is the linear operator acting in
the space of data D and having the diagonal matrix W

~

W= [diag (w,-)].

Then equation (3.12) can be rewritten in the form
Fulin) = |Wd - Wdb|[2 = ||W A — Wl =
= (WAm — Wd)T (W A — Wd) = minimum.

The problem of minimization of weighted misfit functional can be solved by the calcula-
tion of the first variation of this functional and setting it equal to zero:

6fu(h) = 2(6m)T ATWT (W A — Wd) = 0.
Thus, we obtain the following system of equations:
ATW? Any = ATWd.
By inverting the matrix ATW2A, we can write
o = (ATW2A) 1 ATW?d, (3.13)

Thus, the solution of the weighted least-squares problem is obtained by equation
(3.13). The problem of selecting the proper weights w; will be discussed in the following
sections.

14




3.4 Maximum likelihood method

In this section, we consider a slightly different approach to the least-squares method based
on the theory of probability. First, let us introduce some notations from the probability
theory.

We can consider the observed data d, as the realization of random variable d. The
true properties of a random variable d can be specified by the function probability (density
function) P(d). In the general case, the probability density can be described by the very
complicated function. But according to the central limit theorem, the sum of the large
numbers of random variables tends to a very simple distribution, the so-called Gaussian
(or normal) distribution, with the density function:

_ L =)
Pld) = opernl——g )

This distribution has mean {d) and variance 0.

The joint distribution for two or more independent Gaussian variables is just the
product of univariant distributions. When the data are correlated (with the mean (d)
and covariance § = [0;;]) the appropriate distribution is

-1

A~|6'Iz ]_A—ATA__ .
P = oo {—E(d (d)T61(d (d))]. (3.14)

The idea that the model and data are related by an explicit relationship
Am =d,
can now be re-interpreted that this relationship holds only for the mean data
Am = (d). (3.15)

Substituting (3.15) into (3.14) we can rewrite the distribution for the data as
s
P(d) = "— g exp [——(d — An)T671(d - Am)] : (3.16)

Under this assumption we can say that the optimum values for the model parameters
are the ones that maximize the probability that the observed data are in fact observed.
So the method of maximum likelihood is based on the maximization of the probability
function (3.16)

P(d) = max.

Clearly, the maximum of P(d) occurs when the argument of the exponential function is
maximum or when

~ - ~ ~

fo(m) = (d — Am)T671(d — Am) = min. (3.17)
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Let us calculate the first variation of f,
6f, () = —(6Am)T6~Y(d — Am) — (d — Am)T6~ (6Am).
Therefore, we can write the necessary condition for the minimum of functional f, as
6f, () = —2(6m)TAT6~(d — Arm) = 0. (3.18)

From equation (3.18) we obtain at once the following normal system of equations for
the “pseudosolution” of the minimization problem (3.17):

AT A = AT61d,
If the matrix AT6-1A is not singular, then
o = (AT671A)1AT671d,

If we compare the last formula with equation (3.13) we see that we have obtained exactly
the same result as for the weighted least square if we substitute the matrix W2 by 6~

W?2=¢6""1.

Notice that if the data happens to be uncorrelated, then the covariance matrix be-
comes diagonal

& = [diag (o7)],
and the elements of the main diagonal are the variances of the data. In this case the
weights are determined by inverse variances:

1

1
W-2=;?-.

The functional

oty = ) = 3 [2] = 5 [A=2)

i=1 =t L Oi

is called “chi-square.”

When the measurement errors are distributed normally, the quantity x? is a sum of
N squares of normally distributed variables, each normalized to unit variance. Thus,
by applying the weighted least-squares method we can select the smaller weights for the
datum with the bigger standard deviation (for less accurate data), and the bigger weights
for the datum with the smaller standard deviation (for more certain data).

If the data have equal variances, o2, than the weighted matrix becomes scalar

R 1 -
W2=6'—=-—21
)

and the chi-square functional becomes equal to the ordinary misfit functional.
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4 Solution of the Linear Inverse Problem by the
Regularizing Methods

4.1 Tikhonov regularizing method

The different modifications of the least-square solutions of the linear inverse problems
have resulted from the straightforward minimization of the corresponding misfit function-
als. However, all these solutions have many limitations and are very sensitive to small
variations of the observed data. An obvious limitation occurs when the inverse matrices
(ATA)™! or (ATW2A4)~! don’t exist. However, even when the inverse matrices exist,
they can be ill-conditioned (become nearly singular). In this case our solution would be
extremely unstable and unrealistic. To overcome this difficulty, we have to apply the
regularizing methods.

Let us first consider the general approach based on the Tikhonov regularization tech-
nique. The corresponding regularization parameters can be introduced in the following
form: X o . ) )

P(1n,d) = |WaAm — Wad||? + a||Wniiv — Wintitag||?

where W, and W, are some weighting matrices of data and model (not necessary diago-
nal); My, is some a priori model, and ||.|| are euclidean norms in the spaces of data and
models.

In most practical applications W,, = I, but it also can be chosen arbitrarily (for
example, as a matrix of first-order or second-order finite-difference differentiation to
obtain the smooth solution). We can also rewrite the functional P*(r,d) in matrix
notations X X

P2(1h, d) = (WaAi — Wed)T (WA — Wed)+
a(Wintit — Wtitape) T (Wintht — Winapr).

According to the basic principles of the regularization method we have to find the
quasi-solution of the inverse problem as the model 7h, minimizing the parametric func-

tional R
P%(1y,d) = min.

The parameter of regularization a is determined from the misfit condition
|WaAni, — Wad|| = 6,
where § is some a priori estimation of the level of “weighted” noise of the data
[Wabd|| = 6.
To solve this problem, let us calculate the first variation of P*(rh, d):
6P%(1h, d) = 2(W Asm)T (WaAm — Wed)+
20(Wp6170) T (Wit — Wintgpe) = 0. (4.1)
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From the last equation we obtain
e = (ATWIW4A + aWIW,) " HATWIWad + aW T Wutitep). (4.2)

Usually the weighting matrices W, and W, are selected to be symmetric, so equation
(4.2) can be rewritten

the = (ATWIA 4+ aW2) N ATW2d + aW2 iitay,). (4.3)

The previous expression gives us the regularized solution for the generalized least-square
problem.

4.2 The Marquardt-Levenberg method

Let us consider the special case when Wy=1 , W,, = I and we have no a priori assumption
about the model (7it,,r = 0). Then equation (4.3) turns out to be

e = (ATA + o) (ATd). (4.4)

The solution (4.4) describes exactly the classical Marquardt-Levenberg method of
damped least squares where a plays the role of a “damping factor.” For better under-
standing of how the regularization parameter (or “damping factor”) a works, let us apply
the singular value decomposition method (Appendix C) to the matrix A:

~ a A

A=UQVT.

Then we have

From the last equation we have
(ATA+al) ' = (VOWT 4+ aVIVT) 1 =

~

(V[diag (¢ + QHIVT) 1 = V7 [diag (#Q?ﬂ V. (4.5)

From (4.5) we can clearly see how regularization makes the nearly singular matrix
well conditioned: even if Q; = 0 division by zero does not occur!

4.3 The maximum a posteriori estimation method (the
Bayes estimation)

Let us consider the regularization technique using the theory of probability. First we
introduce the following (normally distributed) densities of probability:

1. P(ci/ ) is the conditional density of probability for the data d, given the model
m. This statement means that it is the density of probability of theoretical data d
that is expected from a given model m.
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2. P(in/d) is the conditional density of probability for the model 7, given the data d.

According to the Bayes theorem, the following equation takes place:

_ P(d/m)P(ih)

P(/d) P

’

~

where P(d) and P(r) are unconditional densities of probability for data and model
parameters. It is assumed that

(m) = fapr;
i.e., a priori constrained expectation of the model and
[cov(mi, m;)] = 6.

Thus, considering normally distributed parameters we have

PO |
| 6m |2

1
P(m) = T 51
) =

exp [——(ﬁz - ﬁzap,)Tam (i — Thap,)] )

2
Analogously, it is assumed that
[cov(d;, d;)] = 64,

and

a |1
P(d/m) = '(‘;jr ;ﬂ exp [—1(4 — Am)To7\(d - Am)] .

The maximum likelihood method can now be used to find the model /my which max-

-

imizes the conditional probability P(r/d):

1
.5 Ga |2 1, o pa1/5 .
P(m/d) = I(Q‘;;% exp [—-2-(d — Am)To7Y(d - Am)]
| 6m |72 1, paia
. (27r)"2‘ exp [_E(m—m“’”) G (m—m,,pr)]. (4.6)

It is evident that to maximize the P(1i/d) we have to minimize the sum of the
expressions in the exponentials in equation (4.6):

fBayes = (J - Am)T&&_l(J - Aﬁl) + (ﬁl — map")T&;zl (ﬁl - mﬂp")'

Note that the minimization of the first term gives the classical maximum likelihood or
weighted least-square method.
Let us calculate the first variation of fpgyes:

6 fBages = —2(A6)T671(d — Am) + 2(6m)T 671 (1 — 1itgpr).
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From the last equation we have

()" [AT63"(d — Am) — 551 (1h — tirgpr)| = 0.
Thus, the normal system of equations for the minimization of fggyes is

ATo7Y(d — Am) — 671 (1 — Tige) = 0,

from which we have

o = (AT67 A+ 671 (AT671d + 67 apr).

m

By comparing equations (4.7) and (4.3), we see that
&;,1 = aW,‘i,

so 6.1 plays the role of the regularization parameters.
Let us assume now that we have uncorrelated data

A~

&d=03I,

and the same for the a priori covariance of the model

A

om =021

Then equation (4.7) turns out to be
o = (AT A + kI)"Y(ATd + krivg,,),
where

2
o
k= d

=_——=u
2
am

plays the role of the regularization parameter.

5 The Backus-Gilbert Method

5.1 The data resolution function

Backus and Gilbert (1967) have developed a solution of the linear inverse problem that
estmiates the resolution of the model parameters. In this section, we will outline the
basic ideas of this approach and will show how the regularization can be introduced in

the Backus-Gilbert method.

Suppose that we have observed the data in a fixed number of observation points:

dj = f](m(F))’
1=12,..N; dj € Ry, meM,
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where M is a Hilbert space Ly of model parameters over some 3D domain V' of the Earth

interior, and f;(m(7)) represents linear functionals defined on M (see Appendix D).
According to the Riesz representation theorem (see Appendix D) there are the functions
1;(7) (elements of the space M) — the data kernels — such that

dj = (m(7),1; (7)), (5.1)
j=1,2,..N;, l; € M,

where the scalar product is calculated in the L, metric over the domain V

(m( /// ) (F)dv,. (5.2)

In the majority of geophysical problems we know the data kernels I;. It is shown in
Appendix D that the solution of the inverse problem, which has the minimum norm in
M, can be presented in the form (see equation [D-6)):

e.st z /Bt (53)

where the coefficients §; satisfy the equation

d; = ;ﬂi(li(F)a (7))

N
= Y Tjibs (5.4)
i=1
or in matrix form o
d=Tg. (5.5)
Here, i
[[si] =T =[(L;, 1)] (5.6)
is the symmetric N x N Gram square matrix. From (5.4) we have at once
N
Bi =Y viid;, (5.7)
j=1
where
7= [7z.7] =T la
or in matrix form R
g =I"14d. (5.8)

By substituting equations (5.7) into (5.3) we obtain

N
me( Z Z ;i (7o) = 2_:1 b;(7)d;, (5.9)

=1 j=

21




where .
b (7o) = Y_ 1ili(7o),

i=1

or in matrix notations
m*! () = 17 (7)) B = I ()T ~1d = b7 (7o), (5.10)

where
b (7) = [ba(70), ba(70), ooonr, by (70)] = IT () E 1. (5.11)

From the other side, data d can be expressed through the true model by the equation
(5.1). Thus, substituting (5.1) into (5.9) we find the relationship between the estimated
model and true model

N
me*(ip) = Z:lbj(ﬁ:)(m(f* ),1i(7)) = R(7%, m(7)). (5.12)

The linear operator R is called the resolution operator. Using the definition for the
scalar product (5.2), it can be written

Riso, i) = 38550 [ [ [ mie (@ = [ [ [ o6, ym(eya,
where | N
P ) = 3Gl ) (5.19)

is the resolving kernel of the resolution operator. The “sharper” this function, the better
the estimated model fits to the true model. The best estimation can be obtained if

p(7o, ™) = 6(Fp — ),

where §(7) is a delta function.
Note that the equations (5.12) can be rewritten in matrix form

m**! (7o) = (m(7), 6" (7)i(F)) = (m(F), p(75, 7)), (5.14)
where
p(fo,7) = b7 (Fo)i(7) = T (F) DM (7). (5.15)

5.2 The spread function

Let us introduce a spread function as a measure of difference between the resolving kernel
and the delta function:

s63) = [ [ [ [t 660~ 7)) o (5.16)
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We will prove that the resolving kernel calculated by (5.13) gives us the minimum of the
spread function.

Certainly, let us substitute (5.13) into (5.16) and find the constants b;(7p) (for given
7o) from the condition that the spread function S(7p) is minimum:

///[Zb (0-7‘)] dv, = min.

We then calculate the derivative of the spread function with respect to b;(7p ):

7 N
ZZE,{’); =2///Vls(r*) [ji)zlbj(Fo)lj(F) —6(?0—7“)} dv, = 0.

From the last equation we have

Using (5.6) we have

or in matrix form, X X

b (7o) = 17 (7).
Inverting the last equation we obtain (5.11). Thus, we have proven that the minimum
norm solution (5.3) which we have found using the Riesz representation theorem is at

the same time the minimum spread function solution, obtained in the Backus-Gilbert
method.

5.3 Regularized solution of Backus-Gilbert method

According to equations (5.8) and (5.15), the key formulas for the Backus-Gilbert method
include the inversion of Gramm matrix I'. In general, this matrix can be ill-conditioned
so that the solution of the inverse problem (5.3) and the estimation of the resolving kernel
p(7o, ™) turn out to be the ill-posed problems. To overcome this difficulty, we can use the
Tikhonov regularization method to obtain the regularized Backus-Gilbert method. We
suppose that the regularized approximation of the model parameters m™9(7) can also
be presented in the same form (see equation [5.3]), which we have used in the classical
Backus-Gilbert method but with different coefficients 5;:

m"9( Z Br1:(7o) = I (7o) 8. (5.17)
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The matrix column of the unknown coefficients ﬁ’eg can now be found based on
minimization of the Tikhonov parametric functional:

P(79,d) = (d — d"*9)7(d — d™*9) + a(m"™*(7), m™*()) = min. (5.18)

Here, the matrix column of theoretical data d"¢ for the given model m"¢ (7o) can be
determined (5.5) by the formula: ) -
dres = [jres. (5.19)

Substituting (5.19) and (5.17) into (5.18) we have
P2(fm*9,d) = (d — 1'579)7 (d — [379) + a(iT (7) 57,1 (7)37*¢) = min.

Now we must calculate the first variation of the parametric functional with respect to
the perturbation of the parameters 579:

§P*(87*¢,d) = —2(['64™9)7 (d — T'37) + 2a({T (7)8579, 1T (7) 379). (5.20)
The second term in (5.20) can be calculated as:
2a(I7 (7 )87, I7 (7)) = 2a(8579)T (I(7), I" (7)) = 2a(68™9)TTB"s.  (5.21)
Substituting (5.21) into (5.20) and setting 6 Pa equal to zero we obtain
—2(8379)T [f‘T( d — 1'3me) — af° Breg] =0,

from which we have o . U
(C7T + of)p™e = 174,

Since I'T = I’ we can solve the last equation
gres = (I + af)~d. (5.22)

Comparing (5.22) with (5.8) we can see that now we have to invert the well-conditioned
matrix I'+ of rather than the possibly ill-conditioned matrix . Now substituting (5.22)
into (5.17) we can write

™0 (%) = I (7%) (F + ad)~d = B, (),

where X R
by (7o) = I (7o) (€ + o). (5.23)

By comparing (5.23) and (5.11) we see, in the case of the regularized solution, that
we invert the well-conditioned matrix (I* + af) instead of ill-conditioned I', which makes
our result stable.

Also, we can rewrite the equation (5.14) for the regularized method as:

m9 (7o) = (m(), Ly (7a)i(7)) = (m(7), p%(7o, 7)),
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where we have a new expression for the regularized resolving kernel
P70, 7) = by (FO)I(F) = I7 (7)(T + o) (7).
The optimal value for the regularization parameter a can be found from the misfit con-
dition . o
(d = TBre)™(d - TB0) =, (5.24)
where 62 = ||6d)|2 = (6d)T(6d) is the level of noise in the observed data. Substituting
equation (5.22) into (5.24) we obtain the more clear form of the misfit condition

(d=B(E +ah)'d)" (d—T(F +af)~d) = 5,
or after a little algebra:
o? (€ +al)d]" [(€ + af)'d] = o2d"(F + al)2d = 6.

So, the value of the regularization parameter should be balanced with the level of the
noise in the data. Thus, we have shown that the ideas of the regularization theory can
be naturally implemented in the Backus-Gilbert method, providing the last one with the
most stability and efficiency.

6 Nonlinear Inversion Technique

In this section we will examine the most general case of the nonlinear inverse geophysical
problem (when the operator A of the forward problem is a nonlinear one).

6.1 Method of steepest descent

Consider again the inverse problem (2.1) taking into consideration that A is nonlinear
operator. Previously, we found that one of the central problems in inversion theory is
the solution of the minimization problems for different functionals. This problem can
be solved directly in the case of the linear operator of forward modeling A. But in
the general case of the nonlinear operator A, the solution can be found only iteratively.
There are many different approaches to the construction of the iteration process for the
minimization of functionals. For example, gradient-type methods are widely used for the
optimization (Tarantola, 1987).

We will start our discussion from the most important and clearly understandable
method — the method of steepest descent. The idea of this method can be explained
using the example of the minimization of the misfit functional:

¢(m) = p2D(A(m)vd) = min, ’ (61)

where d are observed data, m is the unknown model, and A(m) is the operator of forward
modeling. If we suppose that the space of data D is a Hilbert space with some given
metric, then

¢(m) = pp(A(m),d) = (A(m) — d, A(m) — d),
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where (...,...) means the scalar (inner) product of the elements from the space D.
To solve the problem of minimization (6.1) we have, as usual, to calculate the first
variation:

6d(m) = 6p%(A(m),d) = 6(A(m) — d, A(m) — d) = 2(6A(m), A(m) — d). (6.2)

We suppose also that operator A is nonlinear (in the general case), but that it is a
differentiable operator, so that
8A(m) = F,6m, (6.3)

Here F,, is a linear operator that is called the Frechet derivative of A.
By substituting equations (6.3) into (6.2) we have
8¢(m) = 8pp, (A(m), d) = 2 (Fném, A(m) — d) = 2(6m, F,(A(m) —d)),  (6.4)

where F) is the adjoint operator (Tarantola, 1987).
Let us select
dm = —kl(m), (6.5)

where k is some positive real number and {(m) is the direction of the steepest ascent of
the functional ¢(m):

I(m) = F*(A(m) — d). (6.6)
Certainly, by substituting equations (6.5) and (6.6) into (6.4) we have

b¢(m) = —2k(I(m),1(m)) <0,

so [(m) describes the “direction” of increasing (ascent) of the functional ¢(m), or in
other words, the direction of “climbing on the hill.” Thus, we can construct the iteration
process as

Mpt1 = My + 6m = m, — k,l(my,), (6.7)

where the coefficient k,, can be defined from the condition
& (Mmpy1) = ¢ (my, — kyl(my,)) = ®(k,) = min (6.8)

with respect to k,. The last condition allows us to define a step length along the direc-
tion of steepest descent. The iteration process (6.7) together with the condition (6.8)
gives us the numerical scheme of the steepest descent method for the misfit functional
minimization.

6.2 The Newton method

The main idea of the Newton method is to try to solve the problem of minimization in
one step:

my; = mg + Am. (6.9)
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To solve, let us calculate the “direction” of steepest ascent for the model m; given by
expression (6.9):

I(m1) = F, (A(m;) —d) = F,, (A(mo + Am) — d).
If the model m; is the solution of our problem,
#(m;) = min,

then at this point the “direction” of steepest ascent must be equal to zero; that is

I(my) = F, (A(mo + Am) —d) = 0. (6.10)
To find the correction Am of the initial model let us use the linearization of the operator
A A(mo + Am) & A(mo) + FoyAm. (6.11)
By substituting (6.11) into (6.10) we have

I(my) = Fr (A(mo) + FraeAm — d) =

F, (A(mg) —d) + F, FrpyAm = l(mg) + F, FryAm = 0.

From the last equation we have

Am = —(Fj_ Fpn,)"'(my). (6.12)
Substituting (6.12) into (6.9) we finally define
m; = mgy— H;ul’l(mo) (613)

where an operator Hy,, is called Hessian operator and has the sense of the second deriva-
tive of the operator, A(m);

Hp, = F,, Fn,.
Of course, it is usually not enough to use only one iteration for the solution of the
nonlinear inverse problem in the framework of the Newton method (because we used the

linearized approximation [6.11]). However, we can construct an iterative process based
on the relationships (6.13):

Mot = My — H 1 (my,).

The last algorithm converges much more rapidly than the steepest descent method. The
main difficulty is that it is a rather complicated problem to calculate the inverse Hessian
operator. To overcome this difficulty, we can use some approximation G, for inverse
Hessian H,;: and search for the solution by using the algorithm

Mpy1 = My — k,Grl(my,), (6.14)

where k, is again defined by the minimization of ®(k,) (see equation [6.8]). In the case
when G, is equal to identity operator I

G, =1,
we obtain from (6.14) exactly the method of steepest descent (6.7). By a different choice

of G,,, we obtain different methods of optimization, which we will discuss below.
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6.3 The preconditioned steepest descent method

The simplest choice for G, is to use some good approximation for the initial inverse
Hessian:

G.=Gy~ H,.. (6.15)
By substituting (6.15) into (6.14) we have
Mut1 = My, — k,Gol(m,,),
where the coefficients k,, are again selected from the condition that
d(Mpt1) = d(m, — knGol(m,)) = ®(k,) = min.
One of the possible ways to determine k,, is to linearize A(m) in the vicinity of m, then

$(mnt1) = (A(May1) — d, A(Mmpy1) —d) =
(A(my,) — knFrn,Gol(m,) — d, A(m,) — k. F, Gol(m,) — d) = ®(k,) = min.
0% (k,)
Ok

From the last equation we have

k. = (Fm, Gol(m,), A(m,) — d)
" | Frm Gol () |2

The modification of the gradient method, described above, is called the preconditioned
steepest descent method.

= -2 (anGol(mn),A(mn) - knFm”Gol(mn) - d) = 0.

6.4 The conjugate gradient method

The conjugate gradient method is based on the same ideas as the steepest descent and
the iteration process is very similar to the last one:

Mpt1 = My +6m =m, — I::,J(m,,).

However, the “directions” of ascent {(m,) are selected in a different way. On the first
step we use the “direction” of steepest ascent:

~

l(mo) = l(mo)

On the next step the “direction” of ascent is the linear combination of the steepest ascent

~

on this step and the “direction” of ascent I(mg) on the previous step:

I(my) = l(my) + Bol(my).

On the nth step

-~ ~

l(mn+1) = l(mn+1) + ﬂnl(mn)
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The steps k, are selected as usual based on the minimization of ¢(m,41) = (m, —
kol(my)) = ®(k,).
There are different ways of defining the coefficients 3,,. The simplest and the most
efficient way is
_ _lima)|?

P = i)

The main advantage of the conjugate gradient method is that we go downbhill not
along a line, but along some planes. In this case we can overcome some small local
minimums of the misfit functional and go faster directly to its global minimum.

7 Regularized Gradient-type Methods in the
Solution of the Nonlinear Inverse Problems

7.1 Regularized steepest descent

In a previous section, we considered the problem of minimization of the misfit functional.
However, we know this problem is ill posed and unstable. To find the stable solution for
the minimization problem we have to consider the regularized minimization problem

P*(m) = p%(A(m),d) + as(m) = min, | (7.1)

where d are observed data, m is the unknown model, A(m) is the operator of forward
modeling and s(m) is some stabilizing functional. If we suppose that the space of data
D is a Hilbert space with some given metric and the space of models M is also a Hilbert
space with perhaps another metric, then

P%(m) = (A(m) —d, A(m) — d)p + a(m — Mapr,m — Mapr) M

where m,,, is some a priori given model. To solve the problem of minimization (7.1) we
have, as usual, to calculate the first variation:

6P%(m) =

§(A(m) — d, A(m) — d)p + ab(m — mgpp, M — Mape )y =
2(6A(m), A(m) — d) + 2a(6m, m — Mapr) M-

Taking into consideration that the operator A is the differentiable operator
8A(m) = F,,6m,
(where F,, is a linear operator (Frechet derivative of A)), we have
6P*(m) = 2(F,6m, A(m) — d)p + 2a(6m, m — mgpr) M

= 2(6m, F2(A(m) — d) + a(m — Mapr)) ut (7.2)
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where F™* is the adjoint operator.
Let us select
dm = —k°%1%(m), (7.3)

where k* is some positive real number and I*(m) is the direction of the steepest ascent
of the functional P*(m):

1*(m) = F, (A(m) — d) + a(m — mgp,)) . (7.4)
Certainly, by substituting (7.3) and (7.4) into (7.2) we have
6P%(m) = —2k(1%(m),1*(m)) < 0,

so 1*(m) describes the “direction” of increasing (ascent) of the functional P*(m) , in
other words, the direction of “climbing on the hill.”
Thus, we can construct the iteration process for the regularized steepest descent as

Mpy1 = My + 6m = m,, — k21%(m,,),

where the coefficient k¢ is defined as described above, using the minimization of the
parametric functional with respect to kg:

P%*(mpy4y) = P*(m, — k51%(m,)) = ®*(k,) = min. (7.5)

The critical point of the regularization method is the definition of the regularization
parameter . Usually for the solution of this problem it is convenient to select the
subsequence of the real numbers ay > a; > az > ..... > oy, where ag and a are
correspondingly sufficiently large enough and small enough numbers. To determine the
regularized solution m, of the minimization problem, the method of steepest descent is
used:

My = lzmn—-)oomn+l-

For example, let m,, be the solution, obtained for given ay. Then we can use this solution
as the initial approximation mg for the steepest descent method in the next circle when
we use the next value of regularization parameter o, etc.

7.2 The regularized Newton method

The regularized Newton method can be obtained if we consider again only one iteration
my =mp+ Am (7.6)
and analyze the regularized “direction” of steepest ascent
1*(my) = Fp, (A(my) — d) + a(my — mgyp,)) =
F (A(mg + Am) —d) + a(mg + Am — mg,,) .
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8.2.2 The Newton method for the nonlinear regularized least-squares
inversion

Consider again the first iteration
my = mg + Am,
and write the linearized parametric functional
P*(rhy, d) = (WaA(1iig) + WFin, Avis — Wad)T (WaA(riio) + WaFim, Arit — Wad)+
a(Wintig + WinAtit = Wintitgpe)T (Wintitg + Wi At — Wipntitepr).-
The first variation of the parametric functional is equal to
8P (niy,d) = (6Am)T [EL W2 (A(mio) + Frmg At — d) + aW2 (i + Ath — titgpr)]
It is evident that the necessary condition for the minimum of the parametric functional
§P%(miy,d) =0
takes place only if
EL W3 (A(rio) + FrmpArin — d) + aW2 (riig + At — 1itgg) = 0.
From the last equation, taking into consideration (8.3), we obtain

A = —HZL [%(1hg),

a,mo

where
By = FT. W2Ey + a2
) a,mg — S mg"'df mo aWwe,
is the regularized Hessian matrix.

Thus, the Newton algorithm for the nonlinear regularized least-squares inversion can
be expressed by the formula

M1 = T — Hy o 1(120).

Using the same approach, it is possible to construct the preconditioned steepest descent
method and conjugate gradient method for the nonlinear regularized least-squares inver-
sion. Thus, we have shown in this section how the regularization theory can be applied
for the nonlinear inverse solutions. In the following sections we will illustrate the general
theory for some important seismic inverse problems.
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9 Waveform inversion

9.1 Acoustic wave equation

Let us assume that the earth can be treated as an acoustic medium and the influence of
variations in density can be ignored. In this case, the propagation of the seismic waves
in the earth can be described by the acoustic wave equation

Lp(7,7° w) = — f(w)b(F — 7°) (9.1)

where p(7,7*,t) is the pressure field, f(t) is the strength of a point source of energy, i
is the the position of the source and

2
w
L=V 4 ——.
Ve+ V)
Following Bleistein (1984), we can represent the wave velocity in the form

1 1 -
v v )

(9.2)

where V,,(7) is the known reference (normal) velocity distribution, and a(7) is some
anomalous part. Consequently, the total wavefield can be decomposed into a sum of nor-
mal reference field (incident field) p*(7,7*,w) and anomalous (scattered) field p*(7,7*,w)

- =g - =3

p(T,T ,w):p’(rr )+p( )

with the requirement that p'(,7*,w) is the solution of the Helmholtz equation with the
reference velocity distribution

Lopi(7,7,) = —f(@)8(7 — ), (93)

and the scattered field p*(7,7*,w) is the solution of the same Helmholtz equation, but
with the different right-hand part:

2

= -‘s —_ nd - if= =38 S(= =8
Lop (7, 7,0) = = gryal) [P 7, 0) + 7,7 0)] (9.4)
where )
— U2 w
L=V +V,,2(i")'

The solution of the equation (9.4) can be represented in the form of the integral
equation (Bleistein, 1984):

P77 W) = / / /D “(p)[p' (7,7, w) + p*(7, 7, w)|G(79, 7, w)dv, (9.5)

7

where the Green’s function G(79,7,w) is a solution of

LnG(ng 'F,CU) = _6(7".‘9 - 7-“)' (96)
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9.2 Iterative Born inversion

In the case of Born approximation, we neglect the terms containing the scattered field in
(9.5) and leave only incident field

-¢ —3 F) -o -3 — Iy
(77 w) =w ///D V2 HF 7 w)G(FY, 7 w)dv. (9.7
If we assume for the sake of simplicity that f(w) = 1 in equation (9.3), then
P77 w) = G(F, 7, w),

and from (9.10) we have

P77 w) = / / /D “(’" G(7, 7, w)G(79, 7, w)dv. (9.8)

The high frequency approximation (WKBJ) for the Green’s function takes the form
(Bleistein, 1984): _
G(79,7\w) ~ A(F9, 7)e™T "), (9.9)

where A is the amplitude term given by transport equation
2VTVA + AV?r = 0. (9.10)
T is the ray traveltime obtained from the eikonal equation
| V7 2= V2 (9.11)

Numerically, the above ray equation can be solved by a set of ray-tracing algorithms.
In the case of zero-offset data, by substituting (9.9) into (9.8) we obtain:

=t [ ] ) g,y 012

We can use the Born approximation to calculate the Frechet derivative:

6a(1'"‘) ; 797
50 (79 — 2/ 2( =g =2\ i2wr(F9,7) . 1
p°(FI,w) =w A V,?(F)A (79,7)e dv (9.13)

Let us introduce the parametric functional
P%(a) = ¢(a) + aS(a), (9.14)

where
#(a) = Ip*(a) =1 = [ [ p*(a) = plp"(a) = p*"]*duods (9.15)

is a misfit functional and

S(a) = lla = aoll* = | (a = ao)dv (9.16)
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is a stabilizer.
We must solve the minimization problem

P%(a) = min. (9.17)
Let us calculate the first variation of (9.14)
§P*(a) = 8¢(a) + abS(a). (9.18)
Evidently
69(a) =2 [ [ Re {6p"(a) [p’(a) - p"’]'} dwds, (9.19)
where 6p*(a) can be determined by (9.13). Analogously,
§5(a) = 2 /D 8a() (a(F) — ao(7)) dv. (9.20)

| Substituting (9.13), (9.19) and (9.20) into (9.18) we have
6P%(a) =2 / ba(F){ 3= f Re(w2[p’(a) — p*I" A (70 r*)e"wf”'ﬂ)dw
D V2(7) Ja ’

+ a(a(F) - ao(f"))}dv.- (9.21)

Let us select !
ba(F) = —kl*(7), (9.22)

where .
P = e 21,8 — n801* 42/ g o\ i2T(7P,F)
l (r’)—V’?(F)/QRe(w[p(a) P A% (7, e )dw

+ a (a(F) — ao(7)) . (9.23)

Thus, we obtained the iterative algorithm of the steepest descent method:
n41(7) = an () — kull (7), (9.24)
where the length of the step k, is calculated from the condition
P%(an41) = P*(a, — kal3) = F(k,) = min. (9.25)

Thus, we have shown how we can use the regularization theory in linearized waveform
inversion.
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Appendix B: Theorem of the Existence of the
Minimum of Tikhonov Parametric Functional

Theory B.1 Let us assume that A is a continuous operator from M to D. For any
d € D and any parameter o > 0 there is a model m, € M on which the functional

P%(m, d) = pp(A(m),d) + as(m) (B-1)
reaches its lower boundary

niglf;lP (m,d) = P*(mg,, d). (B-2)

PROOF:
There is the exact lower boundary of the smoothing functional: inf P* = Pg, because for
any m, P* > 0. Therefore, we can select the sequence of the models {m?}, such that

lim, 0 Py = Py, (B-3)
where

P2 = P*(mZ,d). (B-4)
Evidently, we can select {m2} in such a way that for any n

Pg, < PSS PL. (B-5)
Then for any n and for any fixed a > 0

as(ms) < ph(A(mS) + as(m) = PE < P
Suppose that a > 0
s(my) < zl;Pf‘ <ec

Thus, the sequence of the models {m2} belongs to the subset M, C M, for which
s(m) < ¢. According to the definition of the stabilizing functional, the subset M, is a
compactum. Therefore, we can select from the sequence {m;} a sub-sequence {mg},
which converges to some model m, € M. Inasmuch as operator A is a continuous
operator

inf P*(m,d) = lim P*(m3,d) = lim P*(m3,d) =

Jim [P (A(m3w), ) + as(m)] =

Pb(A(ma), d) + as(ma); (B-6)

In the case when a = 0, the parametric functional is equal to the stabilizing functional
for which there exists the model minimizing its value. From this statement, Theorem
B.1 follows.
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Appendix C: Singular value decomposition (SVD)

The SVD method is based on the following theorem of linear algebra, whose proof is
beyond our scope.

Any (N x L) matrix A, whose number of rows is greater or equal to its number of
columns, can be represented as the product of an N X L column orthogonal matrix U,
(L x L) diagonal matrix Q with positive or zero elements

@ = [diag (@),

and the transposition of the square (L x L) orthogonal matrix V:

A=UQVT. (C-1)

The decomposition (C-1) can always be done, no matter how singular the matrix is. If
the matrix A is a square (N x N ) matrix then 7,0 and V are all square matrices of the
same size. In this case, we can easily calculate the inverse matrix

Al=V [dlag ( é)] UT. (C-2)

If one of Q; is equal to zero, then the matrix Ais singular. If one of Q); is very small,
then the matrix A is called ill-conditioned. So, SVD gives us a clear diagnosis of the type
of matrix with which we are working.

Appendix D: Some information from the functional
analysis

D.1 Functionals and their norms

Let X be the metric space, D C X and R; the one-dimensional vector space (set of real
numbers). If for any £ € X, we can assign according to a certain rule some real number
Yy € R;, we say that the functional f is given on D. The functional being the rule that
assigns a y € R, to each £ € X. The functional is a special case of an operator when
Y = R;, that is when the “image” is a real number, a linear functional is a special case
of a linear operator.

Definition D.1 The functional y = f(x) is called bounded if there erists a real number
M with the property that

| f(z) |< M=, (D-1)

for everyx € X.
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Definition D.2 The smallest constant M for which condition (D-1) takes place for any
z € X is called the norm of the functional:

171l =inf{3 : M 20, | £(z) 1< Mlall, for any = € X}

In another form, the norm can be defined as
171 = sup{) £(2) I, lall < 1}.

D.2 Riesz representation theorem

Consider a fixed element [ of a Hilbert space H. Then we can introduce a linear functional

f(z) = (I,),

for any x € H. Moreover, f(z) is a bounded linear functional

| f(z) |< M|=||,

where M < oo. This follows from Schwarz’s inequality

| () I=I () 1< |ullll=]l-

Also we can introduce a basis {e;} in Hilbert space, so that any x € X can be presented
in the form: = = Xz;e;.

Theory D.1 (Riesz) Fvery bounded linear functional f(z) on a Hilbert space may be
represented as (I,z) and | is uniquely determined by f.

PROOF:
For any x € X

T = Z(.’I),C,‘)e,‘.

where z; = (z,€;).

Thus,
fz) = fFQ_(z,e)es) = Y _(z, &) f(es)- (D-2)
Consider the linear inverse problem. Suppose that
fles) =1,

l= Zl;e,-;
f(.’II) = E((L‘,C,‘)l,‘ = (IE,I),
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from which the first statement of the theorem follows.
Suppose now that there is another I! such that

f(z) = (z,1);

then
fle) = (e, ') =1 = L.

From the last equation it follows that [ = [! .

D.3 Functional representation of geophysical data and the
inversion problem

Consider the linear inverse problem. Suppose that we have measurements in a fixed
number of observation points:

dj = fj(m)’
j=1,2,..n; d; € Ry, me M,

where M is a Hilbert space and f;(m) represents linear functionals, defined on M.

According to the Riesz representation theorem the vectors /; (elements of the space
M) exist such that

dj = (m,lj), (D'3)

j= 1,2,..m;, lj € M,

where l; are called “the data kernels.”

Suppose that we know the data kernels I;. The problem is to determine the model m
that fits the observed data. In other words, we have to find the solution of the system of
equations (D-3).

To solve this problem, let us suppose that {l;,j = 1,2,..n;} is a system of linear
independent vectors, which forms the subspace L C M. If the dimension of M is greater
than L, the element m is not unequally defined by (D-3). So we can find the solution of
(D-3) that possesses the additional properties, for example the smallest norm.

Here, let us formulate the Decomposition theorem.

Theory D.2 (Decomposition) Given a complete subspace L C M, any element m €
M can be written as the sum of a part in L and a part in Lt

m =1+ h, (D-4)
where Lt is the orthogonal compliment of L, such that if |l € L,h € L*, then (I,h) = 0.

By definition:
’ (Lj,h) =0.
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Substituting (D-4) into (D-3) we have
d; = (1,1;),

J=12,..n;, l; € M,

so that only the element ! is determined to fit equation (D-3). Element h can be cho-
sen from the other conditions; for example, from the condition that the norm of m is
minimum. Let us calculate this norm

Imlf* = (1 + B, + k) = |11 +2(0, b) + [IA)> = |1 + ||, (D-5)

From equation (D-5) it follows that ||m|| = min if A = 0. Thus, we have the following
solution for m:

_ gg,.z,. (D-6)
By substituting (D-6)) into (D-2) we have
dj = X_:ﬂz(lnl)
- z_: Ty, (D-7)

where
Lji = (i, 1)

is the corresponding Gram matrix. Thus, (D-6) is the solution of the system of equations
(D-3), with minimum norm.
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