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Steep-dip v(z) imaging from an ensemble of Stolt-like migrations

Weston Mikulich* and Dave Halet

ABSTRACT

Stolt migration is often performed with many dif-
ferent velocities, creating a cube (or ensemble) of
migrated constant-velocity sections. With this ensem-
ble, an interpreter can quickly, even interactively,
carve out a single, variable-velocity time migration.
Unfortunately, the variable-velocity section obtained
in this way cannot image steep dips correctly.

Phase-shift (i.e., Gazdag) migration accurately im-
ages reflections from steep interfaces where velocity
varies with depth. However, it is computationally slow
compared to Stolt’s f~k migration, its constant-veloc-
ity counterpart.

Similarities between the Gazdag and Stolt methods
allow a mapping between the two to be derived. This
new mapping, which replaces the constant-velocity
Stolt mapping, defines a new Srolr-like migration.
Stolt-like migration can then be performed to create an
ensemble of migrated data, from which a Gazdag-
equivalent migration can be carved. All dips can be
imaged properly, even where velocity varies signifi-
cantly with depth, while the advantages of working
with the ensemble of migrated sections are preserved.

INTRODUCTION

Accurate imaging of seismic data requires accurate esti-
mation of the velocity function used for migration. An
effective method for estimating velocities is to migrate
unstaked data a number of times, each time with a different
constant velocity. This general approach is most efficiently
done with the frequency-wavenumber domain method of
Stolt (1978), which is both fast and accurate for constant-
velocity migration. A cube of migrated data is produced,
which will be referred to as the Sroit ensemble, having axes
of distance, migrated time, and velocity. From this ensem-
ble, a variable-velocity section can be carved. The carving

process is fast, requiring merely an interpolation of existing
data. Therefore, the interpreter can interactively get mi-
grated sections corresponding to many different trial velocity
functions without having to remigrate. This process is briefly
described by Fowler (1984) and Li et al. (1991). Unfortu-
nately, the section obtained by the carving process is gener-
ally not the same as the section properly migrated with a
variable velocity function. The refraction of seismic waves
that occurs due to velocity variations with depth is not
accurately handled because the final image is obtained by
interpolation between constant-velocity migrated results.

Phase-shift migration, pioneered by Gazdag (1978), has
become a standard for poststack migration accuracy where
velocity is a function of depth only. In Gazdag’s method, one
extrapolates the wavefield in depth by performing phase
shifts in the frequency-wavenumber domain. This method
accurately images all dips up to 90 degrees and easily
accommodates velocity variations with depth. Refraction
(ray bending) that accompanies depth-varying velocity is
treated exactly.

The ideal situation would be one where a migration
algorithm properly handles ray bending yet retains all of the
advantages of working with the Stolt ensemble. Li et al.
(1991) describe a modification to the prestack Stolt method
that enhances its accuracy in imaging steep reflections. Their
approximate method for handling ray bending uses a dip-
dependent velocity in the Stolt mapping process, with the
approximation governed by the fourth-order Taylor-series
approximation of moveout for depth-variable velocity.

Similarities between the Gazdag and Stolt migration meth-
ods suggest that ray bending can be accommodated without
approximation. Here, an exact mapping is derived that
enables an accurate, Gazdag-equivalent migration to be
carved from the ensemble of Stolt-like migrations. The
computational effort of this new method is on the same order
as that of creating an ensemble of constant-velocity Stolt
migrations.

While the Stolt-like ensemble proposed here is most
appropriate when created from unstacked data, for simplic-
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ity, the considerations here are that the seismic data to be
migrated are stacked, or, more precisely, zero-offset. The
extension to prestack migration is outlined in Appendix A.

CONVENTIONAL CONSTANT-VELOCITY
STOLT ENSEMBLE MIGRATION

Where velocity varies with depth, the method of migrating
with constant velocities and carving a variable-velocity
section can leave steep events undermigrated. For shallow
dips, carving with the vertical-path, root-mean-square (rms)
velocity, v.n,, is appropriate. However, the rms velocity
actually varies with propagation direction, suggesting that
simple interpolation of an ensemble of constant-velocity
migrations is inadequate. Indeed, the ‘‘best’’ velocities for
constant-velocity migration are dip-dependent.

To understand this dip-dependence, consider a zero-offset
seismic experiment over a point diffractor at a two-way
vertical time 7 in a medium where velocity increases with
depth. The true traveltime ¢ to this point can be expressed by
the pair of parametric equations (1), where x represents
horizontal distance from the diffractor, p is the ray parame-
ter equivalent to reflection slope, and v(o) is the medium
velocity as a function of vertical time. Dix (1955) demon-
strated that an approximation to these equations yields the
equation of a hyperbola, specified in equation (2). This
approximation is valid for small distances x.
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For typical variation of velocity with depth, the true
traveltime differs from the Dix approximation hyperbola,
much as shown in Figure 1. Diffracted energy arrives at
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Fic. 1. The exact traveltime curve differs from that given by
the Dix approximation. The larger moveout of the Dix
approximation implies that a velocity higher than v, is
necessary to image steep dips.

times indicated by the actual traveltime curve. Migration
should collapse all of the actual diffracted energy to a point,
but if the rms velocity is used, amplitudes along the Dix
hyperbola will be summed and placed at the apex, resulting
in the wrong image.

The error in the Dix approximation becomes most severe
for large lateral distances from the apex. This tendency
follows from the fact that the vertical-path rms velocity
function is appropriate only for the vertical raypath at

= (. Other raypaths are not vertical and cannot correctly
be accounted for by using the vertical rms velocity.

The exact traveltime curve is less steep and of earlier time
than is the Dix hyperbola. To more closely approximate the
flanks of the actual traveltime curve, the velocity in the Dix
approximation would have to be increased. This suggests
that in order to image steeply dipping events, a velocity that
is higher than the rms velocity should be used. It also implies
that the imaging velocity is somehow a function of dip.

In a medium where velocity varies with depth, ray bending
occurs. To image steeply dipping events in their proper
locations, this ray bending must be handled correctly, in
accordance with equations (1). Gazdag migration properly
handles the ray bending associated with depth-variable ve-
locity, whereas Stolt migration does not. (Of course, neither
method precisely handles lateral velocity variations.) Since
both approaches operate in the frequency-wavenumber do-
main, it is useful to look at the mathematical relationship
between Gazdag and Stolt migration.

Gazdag and Stolt migrations

Equation (3) demonstrates how to do Gazdag migration
(Gazdag, 1978). To obtain the migrated data g at a certain
two-way vertical (migrated) time T and horizontal wavenum-
ber k, multiply the two-dimensional Fourier-transformed
data P(w, k) by a complex exponential, which contains an
integral, and integrate over frequency .
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While Gazdag migration is accurate, it is computationally
slow compared to Stolt migration. Unlike Gazdag migration,
Stolt migration executes at fast Fourier transform (FFT)
speeds. By making the assumption that velocity no longer
varies with vertical time, as it does in equation (3), a Stolt
migration equation can be obtained. Replacing the time-
varying velocity v(o) by a constant velocity v, the migrated
data can now be expressed as
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If this integral were simply a Fourier transform, the compu-
tational speed of the FFT could be used in migrating the
data. Stolt (1978) showed that by introducing a new fre-
quency, o, this equation could be transformed to one that is
Fourier-like. Equation (5) defines this change of variable.
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The Jacobian of the transformation is

2k2  sgn (w)
= 2d(w) TE .
\/ 4

The first term in the Jacobian has a nonzero value only at
zero frequency. Zero frequency (w = 0) is absent from
band-limited recorded seismic data, so the first term may be
disregarded. By making this change of variable, the migrated
data become
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This equation is simply a Fourier transform of a stretched
and scaled version of P(w, k), and may be implemented
very efficiently via FFTs. Equation (6), which expresses
Stolt migration, can be used to migrate seismic data at many
different constant velocities v, to create an ensemble of
constant-velocity Stolt migrations.

Sampling in velocity

The velocity axis of the Stolt ensemble must be sampled
finely enough to prevent aliasing. Different velocities v; map
the same frequency o to different migrated frequencies .,
where equation (5) defines migrated frequency o, as a
function of velocity v,. The change in the migrated fre-
quency from one velocity to the next at one particular
migrated time T must be such that the change in phase is not
more than half a cycle. Thus, to prevent aliasing, |Aw,7| < .
Aw, can be obtained by differentiating equation (5) with
respect to v, which yields
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By substituting in the antialiasing criterion for Aw,, replacing
o with its frequency counterpart 2=f, and solving for Av,,
the following requirement is obtained to avoid velocity aliasing.
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where p = k/w is reflection slope. Inequality (7) must be
satisfied to prevent aliasing of an event at migrated time 1, of
frequency (before migration) f, and slope p. This criterion
should be used to determine the proper sampling of v, when
computing an ensemble of constant-velocity Stolt migra-
tions.

A CORRECTION TO CONSTANT-VELOCITY
STOLT MIGRATION

Dip-dependent imaging velocity

Equations (3) and (4) are two different expressions for the
migrated data as a function of migrated time T and wavenum-

ber k. The two methods would be equivalent for a particular
migrated time 7 if, for that value of 7,

' | v24(a)k? | vszk2
d ———— -
JO 7 4o’ 40?

Solving for v 52 in the above equation and defining the slope
p = klw yields
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This equation, which is trivially satisfied for constant veloc-
ity, may be used in the presence of depth-variable velocity to
obtain a Gazdag-equivalent migration by first computing an
ensemble of constant-velocity migrations for different values
of v,. Then, for proper imaging of a reflection slope p (that
corresponds to a certain reflector dip) at time 7, this equation
tells us what v, to choose from the ensemble of constant-
velocity Stolt migrations. This velocity will be referred to as
the imaging velocity.

The presence of p in equation (8) implies that the imaging
velocity is dip-dependent, and so it is best used for data in
the frequency-wavenumber domain. Although the imaging
velocity does depend on 1, this does not mean that a different
constant-velocity Stolt migration is necessary for every time
sample. Compared to the recorded seismic waves, the ve-
locity v, in equation (8) is a slowly varying function of .
This allows a relatively coarse sampling of velocity without
aliasing, as given by equation (7).

Approximations for small dips

To better understand the dip-dependent imaging velocity
vy, consider the two-term Taylor series expansion for the
square-root in equation (8), which is a good approximation
for small dips.
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Substituting this approximation into equation (8),
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which is equivalent to the Dix approximation.

Often the rms velocity is the function used to carve a
section from the ensemble of constant-velocity Stolt migra-
tions, and this approximation shows that the rms velocity is
appropriate for gentle dips. However, for steeper dips,
equation (8) shows that the imaging velocity depends on dip.
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By making the following fourth-order approximation for the
same square-root,

[, _v@p_ vHep? vio)p!
4 8 128

and substituting this into equation (8), this dip-dependence is
seen as
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The second term in this equation is never negative for any
velocity function. This dip-dependence agrees with the intu-
ition derived from examining the diffraction traveltimes in
Figure 1: to image steep dips, corresponding to large reflec-
tion slopes p, an imaging velocity somewhat higher than the
rms velocity must be used. This fourth-order approximation
is equivalent to the dip-dependent velocity used by Li et al.
in their effort to improve the accuracy of Stolt migration.

Analysis of the imaging velocity

Figure 2 shows the values of the correct imaging velocity,
given by equation (8), where medium velocity increases
linearly with depth for three different dips; a horizontal
reflector and reflectors dipping at 60 and 85 degrees. For
zero dip, the imaging velocity is equivalent to the much more
familiar rms velocity, as shown earlier. Note also that the
value of the imaging velocity exceeds that of the rms velocity
for steeper dips. Although this difference between the rms
velocity and the imaging velocity appears to be small, it is
what gives rise to the undermigration of the dipping events in
Stolt ensemble migration.

Figure 3 shows the percentage difference between the rms
velocity and two other velocities—the correct imaging ve-
locity v, and the fourth-order approximation—for a dip of 85
degrees. As expected, the difference between the rms veloc-
ity and the imaging velocity increases with reflection slope.
Note that the fourth-order correction accounts for less than
40 percent of the difference between the correct imaging
velocity and the rms velocity. Yet for the less-steeply
dipping events seen in the paper by Li et al., the fourth-order
correction was quite good.
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Fi1c. 2. Imaging velocity as a function of two-way vertical
time 7 for dips of 0, 60, and 85 degrees. The velocity function
used was v(z) = 1.6 + z/2.

Although the velocity differences appear to be small, the
associated errors in reflector position are significant for
steeply dipping events. For example, consider migrating a
reflection from a reflector with a dip of 85 degrees at 3 s
vertical time. After migration with the rms velocity, this
reflector would appear misplaced horizontally (downdip)
from its true position by 200 m, perhaps 16 traces, assuming
a 12.5-m trace spacing. Figure 4 shows this lateral misposi-
tioning of dipping events as a function of vertical time. This
error is significant and substantiates the use of the dip-
dependent imaging velocity.

Obtaining Figure 4 is no trivial task. The mispositioning at
one particular vertical time 7 is not merely the lateral
separation between the true traveltime curve and the Dix
hyperbola as plotted in Figure 1. The mispositioning must be
obtained by considering the reflection from a single dipping
reflector. The Gazdag method would migrate energy from
this reflection along the true traveltime curve [given by
equations (1)] to the correct migrated time (1) and lateral
position. Stolt migration would move energy from a different
point on the reflection via the Dix hyperbola to the same
apex time 7, but to a different lateral position. The difference
at that 7 between the apexes of these two curves is the
mispositioning error. The difficulty in determining the lateral
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FiG. 3. Percentage difference between the rms velocity and
two other velocities: the correct imaging velocity v, and the
fourth-order approximation. Here, the event to be imaged is
a reflector with a dip of 85 degrees.
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Fic. 4. Lateral mispositioning of events migrated with the
rms velocity. Dips of 45, 60, 75, and 85 degrees are
represented.
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mispositioning arises from the need to solve for the point
where the Dix hyperbola is tangent to the reflection.

THEORY OF STOLT-LIKE ENSEMBLE MIGRATION
A new Stolt-like migration

So far, it has been shown that to image steep dips properly
where velocity varies with depth, the imaging velocity in the
Stolt process must vary with dip. Equation (8) for the
imaging velocity can be incorporated with the Stolt mapping
of equation (6), which yields a new migration method. This
new method is similar to the Stolt method, yet provides the
accuracy of Gazdag migration. Recall that Gazdag migration
correctly handles ray bending where velocity varies with
vertical time and can be expressed as in equation (3). Stolt’s
approach suggests the following change of variable to make
the Gazdag equation look like a Fourier transform, which
defines a new frequency w,.

T 'UZ(O')kZ
wTT=wJ0d(r 1—-40)—2. (10)

By making this change of variable, and suppressing the
wavenumber dependence of both the unmigrated and mi-
grated data (although this equation is valid for all k), the
migrated data become
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and where w(w,, 7) is defined implicitly by equation (10).
Equation (11) would be a simple Fourier transform if it were
not for the dependence of O on 7. Replace 7 with a different
variable s to avoid confusion between this 7 and the Fourier
dual variable of w,, which also has the name 7. This yields
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For any value of s, 0 has an inverse Fourier transform g,
given by
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In replacing 7 by s in the argument of J, integral expres-
sion (11) for the desired migrated result g(r) has been
replaced by a Fourier transform, equation (13), for the new
function g(7, s). Note, however, that when s = 1,
g(t, s = 1) = g(1). Thus, one way of computing g(r) is to
perform a number of inverse Fourier transforms (using
FFTs) for many different constant values of the parameter s

and subsequently select (actually, interpolate) from the
volume of data generated along the surface corresponding to

= 7. This seemingly indirect way of solving equation (11)
is analogous to the constant-velocity method of Stolt migra-
tion in which the FFT is used to migrate data with many
values of constant velocity v, and a final migration result is
obtained by interpolating from the volume of data along a
surface defined by v, = v .

To use the relationship between » and . in a migration
algorithm it would be innefficient to evaluate the integral in
equation (14) for every o that was needed. Not only that, but
equation (14) must be solved for o for use in equation (12),
which is not possible analytically. Solving equation (14) for
w, /o,

1 sd | 'Uz(()')kz 15
_sfo 7 402 (15)

Values of w,/w, a function of s and p = k/w are calculated
and placed in a table. A migration code that implements this
new mapping would build up a two-dimensional array of
values for w./w, to be consulted as necessary during the
migration. Linear interpolation can be used within this table
to obtain the necessary values of w(w,, s), because values
of equation (15) vary smoothly in the s and p directions.
However, as p — 2/v(s), this function becomes infinitely
steep, so care must be exercised in sampling this function
near the evanescent edge defined by p = 2/v(s).

Sampling in the s dimension

Equation (14) is slowly varying in s, and a constant-s
migration need not be computed for every time sample in the
section to be migrated. With the s dimension sampled
relatively coarsely, sinc interpolation at constant 1 can be
used effectively between these s planes. However, aliasing
in the s dimension must be avoided. If the sampling in s is
too coarse, the steeper events cannot be properly carved
from the ensemble because they are aliased from one s-sec-
tion to the neighboring s-section. Figure 5 demonstrates the
result when the sampling interval in the s dimension is too
large. The steeper events no longer appear as one coherent
reflection, but rather as many disjointed events.
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Fi1G. 5. Steeper events are aliased if the sampling in the s
dimension is not fine enough.
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To prevent aliasing in the s dimension, the change in the
migrated frequency from one s to the next at one particular
migrated time T must be such that the change in phase is not
more than half a cycle. In mathematical terms, |Aw,s| < .
Migrated frequency is defined in equation (14) as

O] s _UZ(O.)pZ
=— do 1-—-.
s Jo 4

The change in migrated frequency with respect to s is given
by the partial derivitive

dor _ 2(s>p 1 —oXo)p?
o N

Aw,
As

By substituting in the aliasing criterion, replacing w with its
frequency counterpart 2nf, and solving for As,

2(S)p 1 2(0)1)
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(16)

Inequality (16) must be satisfied to prevent aliasing of an
event at migrated time s, of frequency (before migration) f,
and slope p.

To image events dipping at 60 degrees and at 2 s of vertical
time, equation (7) dictates that it would take 32 constant-
velocity migrations, while equation (16) says that 44 con-
stant-s migrations are necessary to prevent aliasing, where
v(z) = 1.6 + z/2. In this case there is a 38 percent increase
in the number of migrations necessary when performing
Stolt-like ensemble migration. The sampling intervals in v,
and s depend on v, and s themselves, which makes it
possible to optimize both Stolt ensemble migration and
Stolt-like ensemble migration by allowing the sampling in-
terval in v, and s to vary so that fewer migrations actually
need to be computed. This variable sampling has not been
implemented here, though. Figure 6 illustrates the number of
migrations necessary at T = 2 s as a function of the dip to be
imaged for Stolt ensemble migration with a constant sam-
pling in velocity and for Stolt-like ensemble migration with a
constant sampling in s. The difference between these two
curves is greater for the steeper dips.

U ensembles

The location of the data of interest in the Stolt-like
ensemble should be in the vicinity of s = 1, if the velocity
function used for migration is close to the true propagation
velocity of the earth. It is therefore unnecessary to provide
as output the entire ensemble of migrated data for all values
of 5. By defining a new variable « equal to s/7 and calculating
the ensemble for a range of #’s in the vicinity of u = 1, the
predominant data of interest are obtained. This procedure is
shown in Figure 7.

The Gazdag-equivalent migration for the velocity function
used for Stolt-like ensemble migration lies along « = 1 when
the correct velocity is assumed in the mapping given by
equation (15), but allowing u to vary with 7 yields a migration
from a different velocity function. Choosing u# < 1 is
equivalent to using a slower velocity at that 7, and using u > 1
is the same as migrating with a higher velocity at that .

Creating the ensemble with the wrong velocity

If the incorrect velocity function is used in computing the
Stolt-like ensemble, one may still be able to carve an
acceptable migration from the ensemble. However, the best
image may no longer lie along the plane of s = 7, oru = 1.
In general, u varies with vertical time 1 and slope p. But for
some special cases, all dips can be properly imaged at all
times, even though the wrong velocity was used in the
frequency mapping that accomplishes migration.

Consider creating the Stolt-like ensemble with the incor-
rect velocity, (o). The correct migration would be obtained
by using the correct velocity function in equation (15), but
the table would now be computed from the equation

@, 1 [s 7o) p?
———f do - —. (17)
[0} s Jo 4
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T 20 40 60 50>
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Fi1G. 6. Number of migrations necessary to prevent aliasing
as a function of dip for a vertical two-way time of 2 s. For a
constant sampling interval, more Stolt-like migrations (s)
than constant-velocity Stolt migrations (v) are necessary.
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>

v S 2

T

Fic. 7. Providing all of the s sections is not necessary;
mapping the data from s to ¥ = s/7 most efficiently samples
the data of interest. Data are mapped from the shaded area in
the s domain into the shaded area of the ¥ domain.
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To find what s to use to properly image slope p, set &,/o =
w,/w. This yields a transcendental equation for s, seen as

Substituting 4 = s/7 shows where the correct image lies in
the # domain at migrated time 7 for a particular slope p:

1 T UZ(U)pz 1 TU 172(0')172
- do I —-—m=— do ] - —
T Jo 4 U J, 4

By making the change of variable ¢’ = uo,

2(0)17 7% (uc’)p?
- | do /1~ - | do A1 - ——.
TJ 'rf 4

This integral expression will be satisfied if
v(7) = o(ur). (18)

The variable substitution above is valid only if u is constant
and not a function of 7. Thus, if the best migration happens
to occur in the ensemble at a single constant value of u,
equation (18) gives the true velocity function. This value of
u does not vary with slope p, and therefore images all dips
properly even when the wrong velocity is used in computing
the Stolt-like ensemble. A Gazdag-equivalent migration that
images all dips correctly can still be obtained.

Unfortunately, the best migration will occur for a constant
value of u (time invariant) only if the velocity function is of
a special form. In particular, if v(7) = g(b7), and the wrong
velocity 7(7) = g(bt) was used for migration, then « = b/b.
But equation (18) could be used in a much more general way,
even if # was found to vary with 7. Although not exact, this
equation could be used to update the estimate of the velocity
function.

For gentle dips, this special functional form of the velocity
is not required in order to update the velocity function.
Consider the small p approximation for both @./w and w./w.
By setting these approximations equal to each other,

2
1__.._

T p2 s
dovi(ag)=1-— J do 7%(a).

2t §, 2s J,
Rewriting, v (7) = Time(s) = Tp(Tu(r)). This would
indicate how changes in velocity relate to changes in u. For
example, suppose Stolt-like ensemble migration is per-
formed with the wrong velocity function corresponding to
Tms (T). After examining the ensemble, a desirable migration
is found by carving along a particular u(1). An improved
estimate of v, is then v, (7) = T, (7u(7)). In this way,
the imaging of gently dipping reflectors can be used to refine
estimates of the velocity function.

IMAGING WITH A STOLT-LIKE ENSEMBLE

The process of Stolt-like ensemble migration proposed
here is similar to performing many constant-velocity Stolt
migrations. Figure 8 provides a summary of how to do
migration with the Stolt-like mapping.

This ensemble migration has been tested on synthetic data
from an earth model consisting of five planar reflectors with

dips of 30, 45, 60, 75, and 85 degrees. The four smaller dips
correspond to the four dipping reflectors used by Li et al.
(1991).

Gazdag migration is the standard with which to compare
the accuracy of alternative migrations when velocity varies
with depth. Therefore, to check the accuracy of the Stolt-like
ensemble migrations, a Gazdag migration was also performed.

Imaging five dipping planes

Kirchhoff modeling was used to create synthetic zero-
offset data corresponding to five dipping planes as described
above. The velocity function used in modeling was v(z) =
1.6 + z/2. This synthetic is illustrated in Figure 9. Migrating
the synthetic data of the five reflectors by the Gazdag
method produces the image in Figure 10, with all reflectors
correctly positioned. This will be used as the desired output
in measuring the accuracy of Stolt-like ensemble migration.

The Stolt ensemble migration of the synthetic above is
provided in Figure 11. This is the section that would be
obtained if one did constant-velocity Stolt migration to build
an ensemble of migrated data and later carved this ensemble
using the rms velocities. Note the undermigration of the
steeper dips, particularly evident at late time. Figure 12
shows a closeup region of the data migrated with both the
Gazdag and Stolt methods. The Stolt migration exhibits
significant error in the position of the steeper events. This
error is consistent with that plotted in Figure 4.

Supply velocity function v(t)
Build w,/w table for all s and k/w
Load seismic data P(r, x)
FFT x to k&
for all & {
FFTrto w
for all s in table {
for all w {
build w.(w) array by interpolation in
table
h
for all w, {
invert w.(w) to get w(w,)
interpolate, shift, etc., to get migrated
data Q(w,, s, k)
}
FFT w, tot
}
}

for all u {
for all 7 {
O, u, k) = Q(r, s = ut, k)
}
FFT k to x

}

Write ensemble of migrated data g(7, u, x)

Fic. 8. Algorithm for creating a Stolt-like ensemble of
constant-¢ migrations.
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By performing Stolt-like ensemble migration on the syn-
thetic data using the known velocity in the mapping Figure
13 is obtained. This is the section carved from the ensemble
that is equivalent to # = 1, or using the theoretically correct
velocity function with which the frequency mapping was
done. Reflector positions for the Stoit-like ensemble method
are the same as those from the Gazdag migration.

CONCLUSION

It is possible to carve a variable-velocity migration from
an ensemble of constant-velocity Stolt migrations, but only
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Fi1G. 9. Synthetic zero-offset data of five dipping planes of 30,
45, 60, 75, and 85 degrees obtained from Kirchoff modeling.
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FiG. 10. Gadzag migration of the synthetic data of the five
dipping reflectors.
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Fic. 11. Stolt ensemble migration of the synthetic Kirchhoff
data. Undermigration increases with the dip of the reflector.

small dips will be imaged properly. Similarities between
Gazdag’s phase-shift method and Stolt’s method suggest a
mapping to image all dips up to 90 degrees, where velocity
varies with depth, by using an ensemble of Stolt-like migra-
tions. This mapping is equivalent to using the correct dip-
dependent imaging velocity of equation (8). This technique,
which now properly handles ray bending where velocity
varies with depth, retains the efficiency and flexibility of
constant-velocity Stolt migration for both imaging and ve-
locity estimation.

As with many migration algorithms, computation time
increases with the dip to be properly imaged. Here, this cost
is manifested as the need to prevent the aliasing of steeper
events, which is done by assuring that the s-axis is sampled
finely enough. The computational effort required to perform
Stolt-like ensemble migration is on the same order of creat-
ing an ensemble of constant-velocity Stolt migrations.

Stolt-like ensemble migration for numerous values of s is
typically slower than a single Gazdag migration, so there is
an initial investment to create the ensemble of migrated data.
However, the ability to modify the velocity function, and
indeed more accurately define the velocity function without
having to remigrate is advantageous. Also, within the con-
text of time migration, lateral velocity variations can be
tolerated, whereas they cannot be in a single Gazdag migra-
tion.
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FiG. 12. Closeup of the migrations from the Gazdag and Stolt
methods. Dips of 45, 60, 75, and 85 degrees can be seen. The
mispositioning error in Stolt migration is most severe for the
steeper dips and later times.
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FiG. 13. Stolt-like ensemble migration of the synthetic data
of the five dipping reflectors.
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Li et al. (1991) and Schleicher et al. (1988) suggest the
usefulness of prestack ensemble migration for velocity de-
termination. The Stolt-like ensemble migration approach is

readily extended to prestack migration as outlined in Appen-
dix A.
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APPENDIX
PRESTACK STOLT-LIKE ENSEMBLE MIGRATION

The application of Stolt-like ensemble migration to
stacked data has been demonstrated here. However, creat-
ing the ensemble of constant-velocity Stolt migrations is
most often done before stacking. Schleicher et al. (1988) and
Li et al. (1991) use prestack Stolt migration to facilitate
velocity estimation and imaging of steep dips. Because of
this utility of prestack migration to determine velocity, it is
valuable to derive prestack Stolt-like ensemble migration.

Prestack Gazdag migrated data g can be written as

q(r,x) = = 3fdwf dkhjdk e thxx
\/ w20 kx —kh )2 \/ v (o) kx +kh )2
~i = do 1- + 1-
Xe 2 j(-) 40? 40?

X P((J), kh7 kx)a

where k; is the wavenumber in the half-offset dimension,
and k, is the wavenumber in the midpoint direction (Stolt,
1978). P is therefore the recorded seismic wavefield trans-
formed over recording time, half-offset, and midpoint.

The following change of variable makes the Gazdag equa-
tion look like a Fourier transform.

® [ \/1 v o)k, — ky)?
W, T = E L do _4&)2—
\/ v o)k, + kp)?
L VA e e
4

By making the above change of variable, the migrated data

become
g(t, x) = - 3dedekhfdk

m)TTQ((’J'H T kh’ x > (A'l)

where

P((J)((.l).r, T, kh, kx)s kh’ kx)'

T

—~ Jw
Qlo:, 7, ky, k) = o

0 and o in this equation are functions of both «. and 7. To
avoid confusing this = with the Fourier conjugate of w,,
replace 7 with a different variable s, which yields

O, s, ki, k) = |[——|P(o(w,, 5. ki, ko), ki, k).

W,

0 has an inverse Fourier transform g, given by

1 o
g, s, ky, ky)=— f do, e 7w, , s, ky, k).
27

Rewriting the migrated data in terms of these new variables,

ofof

IwTTQ(w'T’ S, kh! k ) (A'z)

g(r, s, x) =

Again, by replacing v by s in the argument of Q, the
expression for desired migrated result g(r, x) has been
replaced by a Fourier transform. Thus, analogous to the
poststack case, when s = 7, (oru = 1), (7, s = 7, x) =
q(7, x). Thus, a way of computing g(r, x) is to perform a
number of inverse Fourier transforms (using FFTs) for many
different constant values of the parameter s, and subse-
quently carve out of this ensemble a section resulting in a
prestack-migrated section. As before, remapping the data to
the u ensemble most efficiently samples the ensemble.



