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ABSTRACT

We present a fast method for modeling three-dimensional lowfrequency con-
trolled source electro-magnetic (CSEM) problems. We applythe method to
the marine controlled source electromagnetic (MCSEM) expbration situation
where conductivity and permittivity are di erent from the k nown background
medium. For 3D problems fast computational methods are releant for both for-
ward and inverse modeling studies. Since this problem inveks a large number
of unknowns, it has to be solved e ciently so that the results can be obtained in
a timely manner, without compromising accuracy. For this reason, the Born ap-
proximation (BA), extended Born approximation (EBA) and it erative extended
Born approximation (IEBA) are implemented and compared with the full solu-
tion of the conjugate gradient fast Fourier transformation method (CG-FFT).
These methods are based on an electric eld domain integral quation formu-
lation. It is shown here how well the IEBA method performs in terms of both
accuracy and speed with di erent con gurations and di erent source positions.
For forward modeling the solution at the sea bottom is of interest because that
is where the receivers are usually located. But for inverse odeling, the accuracy
of the solution in the target zone is important to be able to oltain reasonably
accurate conductivity values from the inversion using thisapproximate solution
method. Our modeling studies show that the IEBA method is sutable for both
forward and inverse modeling.
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1 INTRODUCTION

For three-dimensional di usive electromagnetic model-
ing problems, local methods seem to have outperformed
global methods in terms of memory requirements and
computational e orts. The main reason for pursuing in-
tegral equation methods for modeling is that for a large
class of problems the modeling domain can be reduced
to the target volume. For such problems integral equa-
tions are useful, because they are based on primary-
secondary, or direct-scattered eld separation and allow
for several types of suitable approximations. The inte-
gral equation uses the unperturbed eld as a kernel mul-
tiplying the unknown perturbation on one side, with the
source of the perturbation on the other side. Fast for-

ward modeling solution algorithms are especially impor-
tant for solving a parametric inverse problem. Examples
of inverse scattering solutions using integral equations
can be found in Abubakar & van den Berg (2004) and
Gribenko & Zhadnov (2007). A modi cation to the orig-
inal CG method (Hestenes & Stiefel, 1952) is an e cient
way for solving integral equation problems (van den
Berg, 1984). An additional advantage in computational
e ciency is achieved when the background medium can
be chosen as a homogeneous space or a horizontally
layered earth. Then the convolutional structure of the
system matrix is exploited by using the FFT routine
for fast computation of the discrete convolutions while
the background medium is homogeneous (Zwamborn &
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van den Berg, 1992) and in case of layered earth a two
dimensional FFT exploits the convolutional structure in
the two horizontal directions.

For low frequencies and a relatively small volu-
metric contrast, the Born approximation, which ap-
proximates the total internal electric eld by the back-
ground eld yields an extremely fast approximate so-
lution (Born & Wolf, 1980, and Alumbaugh & Morri-
son, 1993). Thus analysis of Born approximation and
extended Born approximation (Habashy et al., 1993)
are of interest in solving three-dimensional problems,
(Cui et al.,, 2004, and Moradi Tehrani & Slob, 2008).
In this paper we aim to present two results that can
be useful for fast modeling algorithms. The rst is to
demonstrate improved accuracy of an iterated version
of the extended Born approximation, even with a reser-
voir consisting of two separated compartments, and the
second is to show the approximate result is not only
accurate at the receiver level, which is usually the sea
bottom, but also inside the reservoir, which makes this
iterative method suitable as a modeling algorithm for
solving the inverse scattering problem.

It is worth to note that in cases where the scattered
eld only consists of inductive e ects at low frequen-
cies, the Born approximation works well and there is no
need to use more complex methods with many terms
to converge (Habashy et al., 1993). In the following
we give the Born and extended Born approximations.
We formulate the iterative extended Born approxima-
tion through an integral equation for the electric eld.
First we formulate the integral equation representation
of the electric eld everywhere in space. Next we dis-
cuss the iterative extended Born approximation and we
compare the Born and extended Born approximations
and its iterated version with the full solution obtained
by the CG-FFT method. We do this for di erent con g-
urations and di erent source positions. The numerical
results also show the quality of the iterative extended
Born approximation method for inverse modeling.

2 THEORY

We describe the con guration for the both forward
source and forward scattering problem, which is de-
picted in Figure 1 and shows the electromagnetic elds
in a con guration of three media, air, sea and ground.
Let D; be the domain between the rst and the sec-
ond interface. In this medium horizontal electric dipole
(HED) sources are present that occupy the bounded do-
main D€, which is a member of D; and the domain D,
is the lower half-space. Scatterer domain, which is the
reservoir in our case, is called D*¢ that is a member of
D,.

We decompose the total electric eld inside the
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Figure 1. Schematic diagram of Diusive elds present in
a three horizontally strati ed earth layer con guration fo r
both forward source and scattering problems.

reservoir E} (x; x%;s) into the incident eld E|(x;x5;s)
and the scattered eld EZ(x;x%;s),

EL(x;x%;8) = B (x;x%;8) + B (x;x%;9): @)
The incident eld, can be calculated as,
Z
Ek(xx%;s) = K (x:x%:9)3°(x%9)d°x®  (2)
ESZDS

where x 2 D¢ and J¢ is the volume density of electric
current considered as 1.

The equation shows that the di usive electromag-
netic eld from known sources in a known medium can
be calculated in all space once the elds radiated by
appropriate point sources have been calculated.

Now we formulate forward scattering problem. We
investigate the scattering of diusive electromagnetic
elds by a contrasting domain of bounded extent present
in an unbounded embedding. Let D*® be the bounded
domain occupied by the scatterer and let °(x) be its
conductivity. The embedding exterior to D*®° is denoted
D*® and has a conductivity (x).

To arrive at the integral equations for the unknown eld
strengths inside the scatterer, we con ne the position of
observation to the domain of the scatterer (x 2 D*°),
we obtain the integral equation for the electric scattered
eld in homozgeneous layered earth as,

E&(x;8) = Gia (x;x" )37 d’x €)
x 02 pse

where GE? (x;x% s) is a tensor Green's function and the
contrast source function is given by

= (OB (x5s); @)
in which the electric contrast function is given by
)= *x) & Q)

From this system of integral equations the total dif-
fusive electric eld Ey in the scatterer domain can be
obtained by,

Bk(x;9) = Bk(xx;s) ©)

(x)E, (x%s)d’x°

+ Gk (x;x%s)
x 02 psc



where x 2 D%¢:

We can solve this integral equation of the second
kind through reducing the integral equation to a lin-
ear system of algebraic equation, then discretizing this
system and approximating the unknown total electric
eld.

Once the total eld has been found for all points
inside the reservoir, we can compute the total eld at
the receiver,

L x5) = B x®) + B (x;x5): @)

The incident eld can be found from equation (2),
whereas the scattered eld can be written as the follow-
ing representation,

z
EX(x:x%s) =

(xIE: (x%9)d’x%8)

Gie (x:x%s)
x 02 ps¢
where x 2 Di:

For low frequencies, small contrasts and a scatter-
ing domain that is small compared to the total domain,
we can show that approximating the total internal elec-
tric eld by the background eld gives us almost the
same accuracy. The scattered eld is then computed at
low computational cost. Thus analysis of the Born and
extended Born approximations are of interest. In cases
where the scattered eld only consists of inductive ef-
fects at low frequencies, the Born approximation works
well and there is no need to use more complex methods
with many terms to converge.

If we consider

EQ (x;s) = Ex(x;8); 9)

which means total eld strength inside the scatterer
equals to the background eld then we are using the
Born approximation (BA).

On the other hand,

ES(6s) = Ek(xis) (10)

+ Gk’ (xx%s)  (xHEL (x%s)dv;

102 D sc
and iterative Born approximation would be as follow,

EV(xs) = Ek(xs)
+ GE (x;x%s)
KOZDSC
In the following expression which is the so-called
Extended Born approximation (EBA) the method is
based on dominant contribution of the integral equa-
tion at locations where the Green's function is singular,
leading to

ED (x;s) = LYEk(X;s); (12)
where
LskMiwr = o (13)

(11

(xHES P (x%s)dv;
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and
Z

G’ (x;x%9)
502 psc

Mk = kr (Ko)dsﬁoz (14)

According to Eq.(12) the iterative form of approx-
imating the scattered eld while using extended Born
approximation would be,

EM(x;8) = Ex(x;8) + KE Y (x;9); (15)
where

Z
K = Gy’ (x;x%s)  (xHdx" (16)

&02 Ds¢

The accuracy of EBA can be increased iteratively
as formulated in Eq.(12). Notice that the iterative form
of the Born approximation requires the full volume in-
tegration over the scattering domain, while the iterative
form of the extended Born approximation as formulated
in equation (15) only requires a local update at every
location in the scattering domain which makes it essen-
tially as fast as the EB method itself. This is why our
formulation of the iterative extended Born approxima-
tion is so fast. We will investigate on this approach by
numerical computations in the next section.

On the other hand the Born approximation is com-
puted at the cost of zero iterations and EBA is com-
puted at the cost of one iteration compared to the full
solution with a large number of iterations. The iterative
extended Born approximation requires a computational
cost of just one iteration of the operator just as the
EBA, then we need only local iterations so it has al-
most the same speed as EBA. We must consider that
we have di erent processing time for the rst iteration
and the iterations afterward.

2.1  Numerical results

2.1.1 Accuracy of IEBA and the number of the
iterations

We use the con gurations depicted in Figure 2 for the
three dimensional numerical examples.

Figure 2 shows a layered earth of air, sea and
ground with an assumed reservoir. The background con-
ductivity in the ground is 1 S/m and the reservoir's con-
ductivity is 0.02 S/m. Air and sea have conductivity of
0 and 3 S/m respectively. The source is located above
the center of the reservoir and situated 25 m above the
sea bottom, whereas the receivers are spread in the area
of 8 16 km. Depth of water is 1 km and the reservoir is
located at the depth of 1 km below the sea bed. Dimen-
sions of the reservoir are 4000 2000 300 m®. A single
frequency of 1 Hz is used in this example.

In this section we investigate the accuracy of the
approximation at the receiver level. Later the accuracy
of the method will be investigated at the reservoir level
where we need high level of the accuracy for inverse
modeling.
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Figure 2. Diusive elds present in a three media con gu-
ration with one reservoir.
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Figure 3. 3D electric scattered eld at the receiver level
with one assumed reservoir and source is located 25 m above
the sea bed at top of the middle of the reservoir. Full so-
lution of CG-FFT is compared with Born approximation,
extended Born approximation and iterative extended Born
approximation.

In all examples horizontal electric eld components
are used for this study. Figure 3 shows the comparison
of the full solution of CG-FFT, Born approximation, it-
erative extended Born approximation and also the hor-
izontal electric eld in absence of the reservoir for the
con guration depicted in Figure 2. In this picture the
cross plots are along the source in the x-direction. It
can be seen that the iterative Extended Born approx-
imation agrees well with the full solution of CG-FFT.

In the next step we zoom in to investigate the accu-
racy of the iterative extended Born approximation in
more detail and analyze the number of required itera-
tions. Figure 4 shows a detailed view of the electric eld
obtained from full solution of CG-FFT, Born approxi-
mation, extended Born approximation and iterative ex-
tended Born approximation for di erent numbers of it-
erations. The green solid line shows the Born approx-
imation result, which is not accurate in this example.
The black dashed line shows the extended Born approx-
imation result that is more accurate than the Born ap-
proximation. Results from the iterative extended Born
approximation are shown as a purple solid line using 5
iterations and blue dashed line with 20 iterations. At
20 iterations the result saturates and remains constant
when the number of iterations is increased. As we can
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Figure 4. 3D electric scattered eld at the receiver level
with one assumed reservoir and source is located 25 m above
the sea bed at top of the middle of the reservoir. Full so-
lution of CG-FFT is compared with Born approximation,
extended Born approximation and iterative extended Born
approximation.

see the iterative method can improve the results with-
out signi cant increase in time according to the formula-

tions and explanations in the previous section. In prac-
tice it takes a few millisecond for computation.

2.1.2 Sensitivity of IEBA to the source position and
the reservoir con guration

Figure 5 shows another example similar to the previ-
ous one but this time two separate reservoirs have been
taken into account instead of one. It is worth to note
that this example can be simply considered as a case
with a reservoir with di erent compartments.

Dimensions of each of the reservoirs are
1250 2000 300 m®. They are located at the same
depth level with 1500 m distance. The same con g-
uration and parameters of the last example are also
applied for this case.

This example lets us evaluate the accuracy of the it-
erative extended Born approximation for di erent sizes
of the reservoir in compare with the previous example
in section 2.1.1. Furthermore it allows evaluation of the
accuracy of the iterative extended Born approximation
when we have several resistors close to each other.

In Figure 6 we evaluate and verify the accuracy of
iterative extended Born approximation with two di er-
ent reservoirs, as depicted in Figure 5. In this plot the
results come from the case where the source is located
25 m above the sea bed centered on the two reservoirs.
We can compare the responses of the horizontal electric
eld at the receiver level with the case when there is
no reservoir. The iterative extended Born approxima-
tion result agrees very well with the full solution even
better than the case showed in Figure 3, because here
the reservoir is smaller.
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Figure 5. Diusive elds present in a three media con gu-
ration with two reservoirs.
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Figure 6. 3D electric scattered eld at the receiver level with
two assumed reservoirs and source is located 25 m above the
sea bed at top of the middle of two reservoirs. The full solu-
tion is compared with solutions using the Born approxima-
tion, extended Born approximation and iterative extended
Born approximation.
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Figure 7. 3D electric scattered eld at the receiver level

with one assumed reservoir and source is located 25 m above
the sea bed at top of the middle of the reservoir. Iterative
extended Born approximation is compared with electric eld

in absence of the reservoir.
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source at the left edge of the one big reservoir
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Figure 8. 3D electric scattered eld at the receiver level with
one assumed reservoir and source is located 25 m above the
sea bed at top of the left edge of the reservoir (2 Km in the
left-hand side of the center of the con guration). Iterativ e
extended Born approximation is compared with electric eld

in absence of the reservoir.

Figures 7,8,9 and 10 aim to show the sensitivity
of the method for both aforementioned examples as a
function of horizontal source position along the x-axis.
Figure 7 shows the scattered 3D electric eld at the re-
ceiver level in the case of one assumed reservoir and
source located 25 m above the sea bed in the middle of
the reservoir. The iterative extended Born approxima-
tion result is compared with the electric eld in absence
of the reservoir. Figure 8 shows the 3D scattered electric
eld at the receiver level with one assumed reservoir and
the source located 25 m above the sea bed at the left
edge of the reservoir, which means 2 km away from the
center of the con guration at the left hand side. The
iterative extended Born approximation result is com-
pared with the electric eld in absence of the reservoir.

Also Figure 9 shows the 3D scattered electric eld at
the receiver level with two assumed reservoirs and the
source is located 25 m above the sea bed above the mid-
dle of the reservoirs. Iterative extended Born approxi-
mation is compared with electric eld in absence of the
reservoir.

It can be seen in Fig 8 where we have the source at
the edge of the reservoir we have more response com-
pared to the others in Figures 7,9 and 10.

So in more detail the con guration shown in gure
11 gives the biggest response as we mentioned before,
but if the source is located above the middle of the reser-
voir (Figure 12) we have less response.

The minimum response comes from the case when
we have two reservoirs and the source is located above
the middle in between them (Figure 13).

The reason is that the strong direct incident eld
from source to the receivers along the x-axis does not
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source at top of the two small reservoirs
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Figure 9. 3D electric scattered eld at the receiver level
with two assumed reservoirs and source is located 25 m above
the sea bed at top of the middle of the reservoirs. Iterative
extended Born approximation is compared with electric eld

in absence of the reservoir.
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Figure 10. 3D electric scattered eld at the receiver level

with two assumed reservoirs and source is located 25 m above
the sea bed at top of the left edge of the left reservoir (2 Km in
the left-hand side of the center of the con guration). Itera  tive
extended Born approximation is compared with electric eld

in absence of the reservoir.

let us see the response of the reservoir clearly. But re-
sponses in the con guration shown in Figure 14 give
a bit higher magnitude in comparison with the con g-
uration in Figure 13 because the edge e ect enhance
the re ection return of the reservoir, while the direct
incident eld is weaker at large o sets. However, the re-
sponses are less strong than the cases of having a single
big reservoir.

source at the left edge of the one big reservoir
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Figure 11. 3D electric scattered eld at the receiver level

with one assumed reservoir and source is located 25 m above
the sea bed at top of the middle of the reservoir (2 Km in
the left-hand side of the center of the con guration). Itera  tive
extended Born approximation is compared with electric eld

in absence of the reservoir in more details.
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Figure 12. 3D electric scattered eld at the receiver level

with one assumed reservoir and source is located 25 m above
the sea bed at top of the left edge of the reservoir. Iterative
extended Born approximation is compared with electric eld

in absence of the reservoir in more details.

2.1.3 Accuracy of EBA and IEBA at the reservoir
level

Up to now the accuracy of the iterative extended Born
approximation has been demonstrated at the receiver
level. In order to use the method for inverse modeling,
the accuracy must be high at the reservoir level as well.
The extended Born approximation has already been
proposed and successfully used in the inverse problems
for buried objects (Torres-Verdin & Habashy, 2001).



Figure 13. 3D electric scattered eld at the receiver level
with two assumed reservoirs and source is located 25 m above
the sea bed at top of the middle of the reservoirs. Iterative
extended Born approximation is compared with electric eld

in absence of the reservoir in more details.

Figure 14. 3D electric scattered eld at the receiver level
with two assumed reservoirs and source is located 25 m above
the sea bed at top of the left edge of the left reservoir (2 Kmin
the left-hand side of the center of the con guration). Itera  tive
extended Born approximation is compared with electric eld

in absence of the reservoir in more details.

Also high order solutions have been implemented suc-
cessfully for low frequency inversion of 3D buried objects
(Cui et al., 2006). Now we investigate the accuracy of
the iterative extended Born approximation. In Figure
15 and 16 we can see that IEBA gives accurate result at
the reservoir level along the x-axis while y=0 and the
center along the vertical direction of the reservoir z is
1150 m from the sea oor.

Figure 15 shows the scattered eld responses of the
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Figure 15. Scattered eld responses of full solution and ap-

proximation at the reservoir level for one single reservoir
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Figure 16. CGFFT vs. IEBA at the reservoir level.

full solution and the approximation at the reservoir level
for one single reservoir.

In this gure the cross plots are along the source
in x-direction and the source is located 25 m above the
sea bed above the middle of the reservoir.

In Figure 16 the normalized di erence in percent;
between the CG-FFT result and the iterative extended
Born approximation result along the line shown in Fig-
ure 15. The normalized error is in average less than four
percent, while the maximum error is less than ten per-
cent. It means this method can work well also for inverse
modeling.

3 CONCLUSIONS

An iterative extended Born approximation is proposed
here to solve 3D di usive electromagnetic eld scatter-
ing problems based on the integral equation method.
Theoretical formulations and numerical results, where
the unknown object is an modeled reservoir in the lay-
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ered earth, are discussed. We have shown that the iter-
ative method gives better results than the EBA, even
when we have several adjacent scattering objects. The
improved accuracy comes at virtually no additional
computational cost. We have shown that this method
can be a good candidate for inverse modeling, because
it gives quite accurate electric eld results inside the
reservoir that allows for accurate conductivity estima-
tions inside the reservoir. Sensitivity analysis as a func-
tion of the source position and di erent reservoir sizes
veri ed the accuracy of the IEBA. It was found that
the accuracy decreases with increasing the size of the
reservoir.
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