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ABSTRA CT

The constructive interference of badkscattered wavesthat propagate along the
same path in opposite directions doubles the intensity of these waves. When
the scatterers move during wave propagation, the enhancemen factor is re-
duced from 2 to a lower value. | derive the enhancemen factor for coheren
badkscattering under the assumption that the scatterers move independertly
with a constart velocity. The resulting enhancemen value depends exponen-
tially on hv2i'=2t= |, which is the ratio of the root-mean-squaredisplacemert
of the scatterers during the wave propagation to the wavelength, and on the

number of scatterers encourtered.
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1 INTR ODUCTION

The constructiv e interference of backscattered waves
that propagate in opposite directions along the same
scattering paths leads to an enhancemen of the
backscattered waves by a factor 2 (e.g., Akk ermans, et
al., 1986,1988; Sheng, 1995). [This phenomenais called
the coherent backsattering e ect. This constructiv e in-
terferenceis similar to that of wavesthat travel in oppo-
site directions along loops (Haney and Snieder, 2003).
The coherert backscattering e ect has been obsered
for light (Wolf and Maret, 1985; van Albada, et al.,
1987; Maret, 1995; Wiersman, et al., 1997), for acoustic
waves (Tourin, et al., 1997), and for elastic waves (van
Tiggelen, et al., 2001). It has beenusedto accourt for
the brightness of the moon (Hapke et al., 1993), and to
characterize the heterogeneity in human bone (Derode,
et al., 2005).

The enhancemen factor of 2 occurs only when
the scatterers do not move as the waves propagate
through the scattering medium. Movemert of the scat-
terers leadsto a phasechangeof the backscattered waves
that propagate in opposite directions along a scatter-
ing path. This decreaseghe enhancemen factor for co-
herent backscattering from 2 to a lower value. Here |
compute the enhancemen factor for coherert backscat-
tering when the scatterers move independertly for the
special casewhere the scatterers are illuminated with an

impulsive wave with a duration that is short compared
to the time scale assaiated with the movemert of the
scatterers.

The physical problem analyzed here diers from
di using acoustic wave spectroscopy (Weitz and Pine,
1993; Cowan, et al, 2000; Cowan, et al., 2002) and coda
wave interferometry (Snieder, et al., 2002) becausein
those applications one compares the wave propagation
before and after the medium has changed. Here | con-
sider changesin the medium during the wave propaga-
tion.

2 PHASE PERTURBA TION DUE TO
MO VING SCATTERERS

Consider the casethat the scatterers move as the wave
is being scattered, as showvn in g. 1. The solid and
dashedlines indicate the scattering paths in the forward
and reverse directions, respectively. The scatterers are
at dierent locations along these paths as the wave is
being scattered at eac scatterer. This perturbs the rel-
ativ e phase accumulated along the forward and reverse
scattering paths, which weakensthe coherert backscat-
tering e ect. In the following treatment | assumethat
the velocity of the scatterers is much smaller than the
wave velocity, sothat the Doppler e ect can beignored,
and | don't accourt for resonart scattering. When the
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Figure 1. Scattering paths for forward (solid line) and re-
verse (dashed line) propagation. The motion of the scatterers
in the time interval between the visit of the waves along the
forward path and reverse path is indicated by arrows.

scatterers move, the scattering amplitude and geometri-
cal spreading change. For a mean-free path larger than
a wavelength, the changein the phasedue to the change
in the path length dominates the changesin scattering
amplitude and geometrical spreading (Snieder and Vri-
jlandt, 2005; Snieder, 2006). For this reason | analyze
the change in the length of the scattering paths due to
the motion of the scatterers.

In practical situations the scatterers may change
their velocity due to Brownian mation, or collisions with
other scatterers. | analyze the situation where the prop-
agation time t of the wave is lessthan the time tc in
which the velocities of the scatterers change. In this
casethe velocity of the scatterers can assumedto be
constant with time. In the following xi(‘) denotes the
i-coordinate of scatterer j along a given scattering tra-
jectory, and xi(‘) the asscaiated perturbation in this
quantity due to the movemen of the scatterer. (The
scatterers are numbered consecutively along the forward
scattering path with the index j.) | assumethat the ve-
locities of the scatterers are uncorrelated; hence
h x x{Mi= i jmh x)% ; €
where the brackets h i denote the average over the
motion of the scatterers. During atime t;j, scatterer j
moves over a distance vi(” t; in the i-direction, where
vi(” is the i-componert of the velocity of scatterer j . As-
suming that the root-mean-square velocity of the scat-

Figure 2. Denition of the length L;j, the unit vector £0),
and the scattering angle ;.

terers is identical, h( x")%i = hv?i( t;)2. When the
velocity of the scatterers has an isotropic distribution

hii = hvii = i = %h/zi ; @

hence, for each of the components of the displacemert
of scatterer j,

R X0 = WA ()7 3)

In order to compute the relativ e phase shift along
the solid and dashed trajectories of g. 1, we need to
compute the changein the path length L causedby the
motion of scatterers. As shown in g. 2, the path length
L; measuresthe distance from scatterer j to the next
scatterer along the forward trajectory. | rst consider
the motion of just scattererj along a path, which causes
only the path lengths L; 1 and L; to change, so that
(Snieder and Scales,1998)

@ _ @i+l _wov ).
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where £0) is the unit vector that points along the scat-
tering path from scatterer j to scatterer j + 1. These
unit vectors de ne the scattering angle at scatterer j by
(£0) £0 D) = cos . Using this relationship, assuming
that the scatterers move independertly, and summing
over the n scatterers along a path gives, with expres-
sion (3), the variance in the perturbation in the path

(4)
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In the sum (5), cos ; can be replaced by its value
cos averagedover all scattering paths; hence,

X0
K L)2i=§ 1 cos Wi ( t)%: (6)

i=1

On average, the waves encourter a scatterer after
propagation over the mean free path I. With the wave
velocity c, this givesa mean free time = I=c. For the
sake of argument | present the caseof an odd number
of scatterers along a scattering path, but the nal re-
sult holds for scattering paths with an even number of
scatterers aswell. The waveson the forward and reverse
tra jectories visit eadh scatterer at a di eren t momernt in
time; for scatterer j this time di erence is equal to

tt=( 2j+1) : (7)

For the scatterer in the middle of the trajectory (j =
(n + 1)=2), this time di erence is equal to zero because
this scatterer is visited at the samemomert in time for
both the forward and reversepaths, see g. 1.

Summation of the seriesin expression(6) gives(Jol-
ley, 1961)
X 2_ 1 2 2 132,
J.:1( tj) —§n n 1 §n ; (8)
where | assumedin the above approximation many scat-
terers along ead scattering path (n 1). Inserting this
in eq. (6) and using that the number of scatterers along
the path is related to the time of ightt by n = ct=l,
gives,with = I=c,

2: 43
Ly = 2O ©

9 |

where the transport mean free path is dened by | =
I=(1 cos ) (van Rossum and Nieuwenhuizen, 1999).
The phasedi erence ' assaiated with the di erence in
the propagation distance along the forward and reverse
tra jectories thus satis es
2k*hv2ict®
9 | ’
with k the dominant wavenumber.

Let us compare this expression with the corre-
sponding result in diusing wave spectroscopy, where
one studies the changein the medium betweentwo mea-
suremerts of the multiply scattered waves. Equation
(16.22) of Weitz and Pine (1993) is in the notation of
this work given by H 2ipws = 2k?h( r)2ict=3l . If the
time interval tix betweenthe two measuremerns of the

H % = k°N L)% = (10)
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wave propagation is smaller than tc, then W r)?i =
itz , and H 2ipwst. = 2k*hv2itd ct=3l . When
tiw Is larger than the time tg required for the mo-
tion of the scatterers to be di usiv e with di usion con-
stant D, then h( r)% = Dtix =3, and H %ipwsyt, =
2k?Dtin ct=9 . In both cases,H %ipws varies linearly
with the propagation time t. This contrasts the t3-
dependenceon time in expression(10). That expression
is applicable to changesin the positions of the scatterers
during the wave propagation.

3 THE COHERENT
EFFECT

BA CKSCA TTERING

The intensity, normalized by the average intensity, for
an incoming wave with wavenumber ki, and outgoing
wave with wavenumber kot is, after averaging over mul-
tiple realizations, equal to (Sheng,1995)

X

E = h+ coskin + Kout) (reiin

P X
+'pi= (1), (11)
P

rP;oul )

where P labels the scattering trajectories, rp.n and
reout are the positions of the rst and last scatterers
along the forward trajectory P, and ' p is the phase
di erence for the assaiated forward and reversetra jec-
tories. In this sum, forward and backward propagation
along the sametra jectory is counted once (Sheng, 1995).
For backscattering, kin + kot = 0, and the enhancemen
factor for coherent backscattering is equal to

X .
E = hl+ cos' pi=
P P

(1) = 1+ hos' | : (12)

The phase perturbation ' has zero mean, and is the
sum of the independert motion of many scatterers along
a path. Becauseof the certral limit theorem, ' has a
Gaussiandistribution. For a Gaussian distribution with

zeromean hcos' i = exp h'2%i=2, sothat, using eq.
(10)

24,2 43
E=1+exp Hgli'ct (13)

This enhancemen factor is shovn in g. 3 asafunc-
tion of t=t , where

ol 1=3
k2hv2ic

The enhancemen factor for backscattered waves de-
creaseswith time over the characteristic time t . During
this time the scatterers have moved so far that the con-
structiv e interference of the wavesthat propagate along
the forward and reversescattering paths is destroyed.

t (14)
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Figure 3. The enhancemert factor from eq. (13) as a func-
tion of t=t .

4 DISCUSSION

The enhancemen factor in eq. (13) accourts for the
movemernt of scatterers asthe wavespropagate through
the medium. The treatment is valid for an impulsive
illumination of the scattering medium, and the resulting
enhancemern factor is time-dependert. One might think
that for a monochromatic illumination, one needs to
averagethe enhancemern factor over all scattering paths
using the intensity of the wavesas a weight factor, e.g.,
(Akk erman, et al., 1988; Weitz and Pine, 1993). This is,
however, not the casebecausea monochromatic wave
has an in nite duration, hence the condition t < tc
cannot be satis ed.

The derivation is valid when the propagation time
t of the scattered wave is smaller than the time tc over
which the velocity of the scatterers changes. The lat-
ter time has beenmonitored experimentally for bubbles
that scatter acoustic waves (Cowan, et al., 2002; Page,
et al., 2000). For propagation times larger than tc the
assumption of a constant velocity of the scatterers must
be modied. In Akkermans, et al. (1988) a time tg is
de ned asthe time after which the motion of the scat-
terers is given by Brownian motion. In general,tg > tc.
If the motion of the scatterers over all time intervals t;
would be diusiv e, and  xU))% = D t;=3, with D
the diusion constant of the Brownian motion. Using
the reasoning of this work this would give an enhance-
ment factor

Dk?ct?

Edif fusiv e = 1+ €xp 3 ;

(15)

which should be compared with expression (13).
This result is, however, incorrect. As shown in g. 4,the
middle scatterer along every trajectory is visited at the
sametime by the wavespropagating in the forward and
reversedirections. For su cien tly long scattering paths,
and for scatterers near the endpoints of the tra jectories,
the time interval j t;j betweenthe visits to scatterer j
of the waves propagating in opposite directions can in-

DY P tg
diffusive

transition

IDY I<tc
constant
velocity

transition

|Dt; > tg
diffusive

Figure 4. The paths for the wave propagating along the for-
ward (solid line) and reverse (dashed line) tra jectories for a
long path, for the special caset > tg . The motion of the scat-
terers is indicated with small arrows. For the scatterers near
the endpoints of the path diusiv e motion is appropriate,

while for scatterers near the middle of the path the velocity
is constant between the visits of the waves propagating in
opposite directions. For intermediate scatterers one needsto
account for the transition from a constant velocity to di u-

sive motion.

deed be su cien tly large for the corresponding motion
of the scatterersto be diusiv e (j tjj > tg). Near the
middle of the trajectory, the time dierence j t;j does
to zero. This means that near the middle of the tra-
jectory j tjj < tc, and the velocity of each scatterers
must assumedto be constant. For intermediate scatter-
erstc <j tjj< ts, hencethe motion of the scatterers
is in transition from a constant velocity to di usiv e mo-
tion. This implies that diusiv e motion for all scatter-
ersalong the trajectory is not a correct dynamic model,
hence expression (15) must be modi ed to accourt for
the transition of a constant velocity of the scatterers to
di usiv e motion.

The theory preserted here is valid whent < tc.
According to eq. (13) the enhancemen factor depends
on hv2i. Measuremerts of the enhancemen factor as
a function of time can thus be used to infer the root-
mean-squarevelocity of the scatterers. Expressedin the
dominant wavelength , the enhancemer factor is given
by
2t ct

> T : (16)

2
E=1+exp %

The enhancemen factor thus depends on the aver-
age motion of the scatterers measured in wavelengths
(vt= ), and on the ratio ct=l that measuresthe num-
ber of scatterers encourtered. This meansthat measure-



ments of the enhancemen factor may resolve the aver-
age movemerts of the scatterers on a length scalemuch
smaller than the wavelength of the employed waves.

According to expression(16) the coherert backscat-
tering assaiated with the movement of scatterers is
obsenable when 4 2hv?ict®=9 2| = O(1). For a path
length L = ct the coherert backscattering e ect thus
is obsenable when L® 9 2| =4 2h/?i. As an exam-
ple, consider a sound wave with a frequency of 10 kHz
propagating through water (c= 1500m/s) that is being
scattered by bubbles moving with a velocity hv?i=2 =
0.01 m/s. For atransport mean free path | = 1 m, the
coherert backscattering e ect due to the motion of the
bubbles is obsenable for path lengths of about 200 m.
Such an estimation can be used to design experiments
basedon the theory preserted here.
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