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ABSTRACT

Perturbations in the source mechanism lead to variation in the coda and hence
errors in separation estimates determined by coda wave interferometry. The as-
sumption of identical source properties is a limitation of the estimates of source
separation from coda wave interferometry. We show how a perturbation in the
source mechanism between two identically located double couple sources can be
estimated from the correlation of their coda waves measured at a single station.
The mechanism perturbation, (r) is a simple function of the perturbation in dip,
AJ strike, A¢s and rake, AX of the double couple. It is not possible to ascer-
tain Ad, A¢s or AX independently from the cross correlation. We validate the
theory using synthetic waveforms generated from a 3D finite difference solver

for the elastic wave equation.
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1 INTRODUCTION

The waves arriving later on a seismogram arise from
strong multiple scattering and are known as coda waves
(Snieder, 1999). Snieder and Vrijlandt (2005) demon-
strated the use of coda wave interferometry (CWI) to
estimate source separation between earthquakes with
identical source properties using the cross correlation of
seismic waveforms measured at the same station. The
normalised cross correlation given by
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where t; is the shift time, measures the change between
the unperturbed u; and perturbed u; displacement over
a time window of length 2¢,, (Snieder and Vrijlandt,
2005). Note that R**)(0) is the correlation coefficient.
Snieder (2006) demonstrates how the maximum of the
normalised cross correlation over the time window t,, is
related to the variance of the travel time perturbation
or by
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where the square of the angular frequency w? is given
by
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and wu; represents the derivative of u; with respect to
time, t. The relationship between the source separation
6 and o is given by

5% = g(o, B)o?. (4)

Here o and [ refer to P- and S-wave velocities, respec-
tively. The function g depends on the type of excitation
(explosion, point force, double couple) and on the di-
rection of the source displacement relative to the point
force or double couple. For example, for two double cou-
ple sources displaced in the fault plane, we have

(&+ %)
(+%)
Changes in the source mechanism between two

events also have an influence on the cross correlation
and therefore may contaminate CWI estimates of source
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separation. We derive a relationship between the pertur-
bation of two identically located double couple source
mechanisms and the cross correlation computed from
their waveforms. The relationship is remarkably simple
and, unlike the CWI source separation estimates, is not
dependent on the frequency content of the waveforms.

To test the new expressions we use a 3D elastic wave
solver to synthetically generate waveforms from gradu-
ally perturbed source mechanisms. By comparing the
known source mechanism changes with estimates from
the theory we are able to validate the derived relation-
ship for small perturbations.

2 THEORY

Consider two events with different focal mechanisms
located at the same hypocenter. Ignoring variation in
magnitude, the waveforms measured at an arbitrary sta-
tion differ in amplitude due to a change in radiation
pattern associated with the perturbation of the source
mechanism. There is no travel time delay for waves that
follow the same scattering path due to the identical lo-
cation. This latter point is the fundamental difference
between this formulation and that described by Snieder
and Vrijlandt (2005) for the coda wave interferometry
applied to displaced source separation.

In the following we consider waves excited by a dou-
ble couple source. For convenience we refer to one of the
events as the unperturbed event and the second event as
the perturbed event. This nomenclature recognizes that
the perturbed mechanism is attained by perturbing the
dip, rake and strike of the unperturbed event. The dis-
placement associated with the unperturbed event at an
arbitrary station can be computed by summing the dis-
placement from all the scattering paths, T' that reach
the station

=m Z uz(.T) (t), (6)

where u(T) is the component of the displacement from

scattering path T in direction ¢ normalised by the event
magnitude, m. Note that the sum over all paths, T" also
represents a sum over wave types, P-wave and the two
S-wave polarizations, for each path segment. The per-
turbed wave at the same station can be written as

mz~<T> =m Y (1+rT)ui (1) (7)

where u( ) is the component of displacement from scat-
tering path T in the " direction normalised by the
event magnitude, m and ™) measures the change in
waves radiated by the source along scattering path 7.
Note that in deriving equation (7) we assume that the
displacement cross terms associated with different scat-
tering paths of the perturbed and un-perturbed waves

sum to zero (e.g. Snieder, 2006; Snieder, 2002). In situ-
ations of strong multiple scattering the ‘normalized en-
ergy’ in the perturbed and unperturbed waves is the
same. That is,
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where the integrals are taken over the entire length of
the waveform. For small perturbations and sufficiently
large time windows, 2t,, the following approximation
holds
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The size of the time window required is dependent on
the level of perturbation. The accuracy of equation (9)
can be determined directly from the waveforms. The
maximum cross correlation occurs when ts = 0 because
there is no travel time perturbation associated with a

source mechanism perturbation. Substituting ts = 0
and equations (6), (7) and (9) into equation (1) leads to
Ry =1+ (r) (10)
where
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is the path-weighted average of the change in displace-
ment. The displacement, ul(-T) can be re-written as

u = s(t =), (12)

where s(t —t™) is the source time function, t7’ is the

travel time along trajectory T and fi(T) is a radiation
term associated with radiation taking off along trajec-
tory T. The radiation term represents the amplitude
and direction of the i*" component of the displacement,
normalised by s(t—t)). Assuming that the source time
function, s(t) is identical for each event we can re-write
equation (11)
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and, using the fact that
a " (t) = 1+ raM (@), (14)
we obtain
(1)
o1 _ i
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For elastic wave propagation we separate the radiation
term, fi(T) into P, SH and SV waves as follows

fi(T) :fi(T,P) +fi(T,SV) +fi(T,SH)7 (16)
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where p is the density and r is the dis-
tance. The unit vectors #, 6 and ¢
are given by (sin @ cos ¢, sin 0 sin ¢, cos 0),

(=72
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where the wave types, P, SH and SV denote the wave
type as it leaves the source. Replacing the summation
over all paths with an angular integration over all takeoff
angles yields

. I (T(T,P)fi(T,P)Z +T(T,SH)fi(T,SH)2 +T(T,SV)fi(T,SV)2) 40
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where dS) = sin 0d0d¢, and the integration limits for df
and d¢ are [0, 27| and [0, 7], respectively.
We let
Mj = M (¢s, A, 6) (19)

represent the moment tensor of the unperturbed event
where ¢s, A, ¢ indicate the strike, rake and dip, respec-
tively. The moment tensor is related to these angles by
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Ms33 = M, sin 26 sin A,
(20)
where M, represents the scalar moment (Kennett,

2001). The moment tensor of the perturbed event is
given by M, = Mjr(¢ps + Ads, A\ + AN, § + AJ), where
Ags, AN and AJ represent the perturbation in strike,
rake and dip, respectively. For small perturbations in
these angles Mj; can be computed using a Taylor Se-
ries approximation
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From the far field approximations for the P, SV and
SH displacements (e.g. Pujol, 2003)
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respectively. Using equations (22) to (24) and integrat-
ing equation (16) over all take off angles gives
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To derive a relationship between the source mech-
anism perturbation and the path-weighted average of
the change in amplitude we consider a specific example.
We use a coordinate system with the z-z plane aligned
with the fault plane and the z-axis in the direction of
the identically oriented strike and slip vectors. In that
coordinate system 6 = 7/2, A =0, ¢s = 0 and equation
(20) gives a moment tensor of form

(25)
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The choice of these parameters for the moment tensor
is made to simplify the derivation. However, the rela-
tionship that follows is applicable to any starting focal
mechanism due to the angular integration in equation
(18).

First, we consider the P waves. The P-wave contri-
bution for scattering path T is given by equation (22)
with 7 defined by the distance along the travel path.
The P-wave contribution for the same scattering path
of the perturbed wave is given by
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Combining equations (22) and (27) with equation (15)
leads to r"F) | the change in P-wave displacement along
scattering path T’
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Using equations (22) and (28) and integrating over the
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takeoff angles leads to
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Similarly for the SV-wave along scattering path T we
obtain
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Finally, for the SH-wave on scattering path T" we get
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Combining equations (25), (29), (32) and (35) with

equation (18) gives

(r)

The relationship between the source mechanism perturba-
tion and the cross correlation is then given by combining
equations (10) and (36)

= —% (A8% + 4062 + AN?). (36)
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(ttw)
R(ma:c) pro-
vides independent estimates of (r) for different center times ¢.
These can be used to check consistency or for error analysis.

The use of non-overlapping windows to compute

3 NUMERICAL VALIDATION

We used a finite difference (FD) solver of the 3D elastic wave
equation to generate waveforms for testing the CWI source
separation theory. The FD solver pmlcl3d (Olsen, 1994) was
used on a Linux cluster. The solver had fourth order ac-
curacy in space and second order accuracy in time. The
model domain extended 7.68 km in each of the three dimen-
sions. Perfectly matched absorbing layer (PML) boundary
conditions (e.g. Collino and Tsogka, 2001; Marcinkovich and
Olsen, 2003) were applied on the sides and bottom boundary
to alleviate problems associated with reflections of the waves
back towards the receiver.

The velocity of the medium was represented by a 3D
Gaussian random medium with mean P-wave velocity o of
5000 ms—1, standard deviation of 200 ms—! and correlation
length of 150 m. The medium was generated using the tech-
nique of Frankel and Clayton (1986) The S-wave velocity of
the medium 3 was defined by

6_165

and the density was homogeneously 2600 kgm—3. The grid
separation of the medium was 40 m.

RUNO° represents the unperturbed source and was cre-
ated using a double couple with strike ¢s = 0, dip d4 = 90,
rake A = 0 and scalar seismic moment M, = 1. The source
time function was created using a one-sided Gaussian pulse
of form

(38)
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where a = 0.42 s is the time lag and b = 0.0005 s is a measure
of the width of the pulse.

RUNB5° was created at the same location as RUNO°
using the same s(t) and a double couple source with strike
¢s = 5, dip 64 = 85, rake A = 5 and scalar seismic moment
M, = 1 which leads to

Aby = Ads = AN =5° = %rud (40)
and
(r) = 0.0228. (41)

Similarly, RUN10° was created at the same location with
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the same s(t) using a double couple with strike ¢s = 10°, dip
04 = 80°, rake A = 10° and scalar seismic moment M, = 1
which leads to

Aby = Ads = AN = 10° = 1—7;rad (42)
and
(r) = 0.0914. (43)

Figure 1 shows the displacement before and after the
perturbation in the source mechanism, the correlation coef-
ficient and (r) inferred from these waveforms. The top panel
illustrates the complete waveforms. The second panel pro-
vides a more detailed illustration of the direct arrivals (left)
and coda (right) for RUN0° and RUNS5°. The third panel
illustrates the maximum cross correlation as a function of
non-overlapping sliding window centroid. The bottom panel
illustrates the known and correlation computed amplitude
perturbation (r) in blue dashed and green solid lines, re-
spectively, for the same non-overlapping windows. Figure 2
illustrates the CWI source perturbation estimates for the
RUNO0°-RUN10° event pair using the same format as fig-
ure 1.

4 DISCUSSION

We derive expressions that relate a perturbation in source
mechanism with the correlation coefficient and validate these
with numerical simulations. The relationship between the
perturbation in source mechanism and cross correlation
(equation (37)) does not depend on frequency, w. Contrast-
ingly, when coda wave interferometry is applied to earth-
quake source displacement, the cross correlation does depend
on w (equation (2)). In most practical situations the source
mechanism will be perturbed and displaced. The difference
in dependence on frequency may hold the key to isolating
the displacement, § and the source mechanism perturbation
term, (r) when applying coda wave interferometry. For ex-
ample, consider two double couple sources that are both dis-
placed and perturbed. Applying coda wave interferometry for
the source displacement to the two waveforms filtered by a
range of different band pass filters generates a range of Rz
estimates. Regressing these against the dominant frequency
in each band, produces a linear relationship with slope 03_
and intercept (r).

Coda wave interferometry applied to a source mecha-
nism perturbation does not resolve the perturbation in in-
dividual angles A¢s, Ady; and AX. That is, the coda wave
interferometry determines the path weighted change in dis-
placement (r) which is related to A¢s, Adg and AN by equa-
tion (36). The true and inferred values of (r) are compared
for the numerical validation. The tests work well when the
the dip, strike and rake are all perturbed by 5° (figure 1).
The true value for (r) is 0.0228. If the CWI theory for source
separation were misstakingly used here the estimated sep-
aration would be 8-10m. The estimates have a small bias
when the dip, strike and rake are rotated by 10° (figure 2).
Note that the true value for (r) is 0.0914. If the CWI theory
for source separation were used here the estimated separa-
tion would be 10-11m. The bias is not surprising since the
Taylor series expansion used in the derivation is accurate for
small changes in the source mechanism only. Further testing

will determine when the approximations underlying the new
theory break down.

The theory in this manuscript has been developed for
displacement. All of the relationships hold when the displace-
ment terms are replaced by the velocity or acceleration wave-
forms.

The presence of strong scattering is indicated by the
strong coda in all of the synthetic waveforms. However, fur-
ther tests will be used to verify that the formula is not sen-
sitive to the properties of the medium. Further testing will
also be conducted to verify whether equation (36) is sensitive
to the frequency content of the source time function and to
analyse the nature of the errors as a function of A¢s, Ady
and AA.
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Figure 1. RUNO0° and RUN5°: CWI source rotation results with filtering between 1 and 5Hz. The top panel illustrates the
synthetic displacement for RUNO0° and RUN5° at an arbitrary recording station. The blue horizontal bar indicates the size of
the time window, 2t,,. The second panel shows the direct arrival (left) and a section of coda (right). The third panel illustrates

the maximum of the cross correlation, R,(-fl}f;“) for non-overlapping time windows. The final panel compares the path weighted

change in displacement inferred from R,(-fl}f;“) (green) with that computed from Ag¢s, Ad and AN using equation (36) (blue

dashed). Note that the true value for (r) is 0.0228. If the CWI distance formula were used here the estimated separation would
be 8-10m.
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Figure 2. RUNO0° and RUN10°: CWI source rotation results with filtering between 1 and 5Hz, using the same format as
figure 1. Note that the true value for (r) is 0.0914. If the CWI distance formula were used here the estimated separation would
be 10-11m.



