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ABSTRA CT

A circle is the basic fracture shape adopted by conventional e�ectiv e media the-
ories to describe the overall elasticity of cracked solids. As fractures in rocks do
not resemble circles, it is important to �nd out to what extent the available the-
oretical results are applicable to realistic fracture shapes.To addressthis issue,
we conduct 3D numerical experiments on the so-calleddigital rocks containing
irregular cracks that might be partially closedand might intersect each other.
Despite profound deviations of our fracture geometries from circles, we �nd
that basic theoretical results originally developed for penny-shaped cracks re-
main valid for arbitrary fracture shapes. Based on a seriesof �nite element
computations, we show the following:

(1) As far as the e�ectiv e elasticity is concerned,
at fractures with random
in-plane irregularities are accurately represented by circular ones.

(2) Approximate e�ectiv e elliptical orthotrop y establishedfor multiple setsof
dry penny-shaped cracks embedded in isotropic host rock holds with the same
accuracy for irregular, possibly intersecting fractures.
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1 INTR ODUCTION

Many years of extensive research and a vast body of
literature are devoted to elasticity of solids with penny-
shaped cracks (e.g., Bristow, 1960;Walsh 1965a;1965b;
Kachanov, 1980; Hudson, 1980). These e�orts have laid
the foundation of our current understanding of the ef-
fective (or overall) properties of fractured media and
identi�ed the quantities that control them. Analyzing
many conventional results, however, we might cometo a
conclusion that they far too often rely on the extremely
simple { circular or \p enny" { shape of the fractures.
Let us take the crack density as an example. This quan-
tit y, which is the key for describing the e�ectiv e elastic
behavior of fractured solids, is intimately related to the
crack radii and, thus, to circular fractures. On the other
hand, all fractures found in natural environments, espe-
cially in rocks, have notoriously irregular shapes; these
fractures typically intersect each other and might be

partially closed. As they do not resemble circles, it re-
mains unclear to what extent the existing theoretical
results are applicable to real cracks.

The undeniable presence of irregular fracture ge-
ometries obviously challengesthe conventional e�ectiv e
media theories and raises a number of questions that
do not exist for circular cracks. At least some of them
need to be addressedif we want to improve our abilit y
to characterize realistic fractured formations. To illus-
trate the pertinent issues,considerseveral setsof planar,
irregularly-shap ed cracks that haverandom in-plane ori-
entations and are embedded in an otherwise isotropic
background. Then, for example, the following questions
might be asked:

Can we replaceour irregularly-shap ed cracks with the
penny-shaped ones that yield approximately the same
overall elasticity? If yes, what is the accuracy of such a
replacement?

What would be the density of equivalent circular
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cracks (de�ned via their radii) for a given distribution
of non-circular fractures?

Multiple sets of dry penny-shaped cracks result
in the e�ectiv e symmetry close to orthorhom bic [see
Kachanov(1980; 1993) for the theory and Grechka and
Kachanov (2006a) for numerical con�rmation]. Doesthe
orthotrop yy hold when the fracture shapesdeviate from
circles?

Some of these problems were partially addressed
by Sevostianov and Kachanov (2002), who studied a
number of simple irregular shapes analytically , and
by Saenger et al. (2004) and Grechka and Kachanov
(2006b), who examined intersecting circular cracks nu-
merically. Here we answer the above questions di-
rectly by performing �nite element experiments on non-
circular fractures. We begin with computing the ratios
of normal-to-tangential (averaged in the crack plane)
displacement jumps across our irregular fractures. Re-
gardless the fracture shape, we �nd these ratios to
be su�cien tly close to that of a penny-shaped crack
imbedded in the same background material. An ap-
proximate equivalence of the two ratios implies that,
on average, 
at, irregularly-shap ed cracks behave sim-
ilarly to penny-shaped ones and, therefore, the overall
orthotrop y can be expected. Next, we numerically cal-
culate the contributions, � c, of our irregular, randomly
oriented fractures to the e�ectiv e sti�ness and �t these
contributions using the analytic solutions, � c ps (e), for
penny-shaped cracks (Kachanov et al., 2003) that have
unknown crack densities e. We �nd the values of e that
provide an excellent �t of � c ps (e) to � c. This indicates
that circular cracks can be legitimately usedto represent
any non-circular ones.Finally , we perform a seriesof �-
nite element simulations for models with several sets of
rectangular fractures to demonstrate that, indeed, their
e�ectiv e anisotropy is orthorhom bic despite the devia-
tions of fracture shapes from circles and the presenceof
multiple crack intersections.

2 EFFECTIVE ELASTICITY OF ROCKS
WITH PLANAR FRA CTURES

The e�ectiv e sti�ness, ce, and compliance, se, tensors of
a heterogeneoussolid (with cracks, in particular) enter
Hooke's law that has two equivalent forms,

� ij = ce; ij k l " k l (i; j = 1; 2; 3) (1)

and

" ij = se; ij k l � k l (i; j = 1; 2; 3) ; (2)

y The term \orthotrop y," a synonym to \orthorhom bic ani-
sotropy," means a medium that possessesorthorhom bic sym-
metry . \Orthotrop y" is a noun; the corresponding adjectiv e
is \orthotropic."

which relate to each other via an obvious equality

se = c� 1
e : (3)

Here � and " are the stress and strain tensors, respec-
tiv ely, averagedover the representativ e volume V , and a
summation from 1 to 3 with respect to all repeating sub-
scripts is assumed. Formulation 2 is more appropriate
for cracks becausethey are the sourcesof extra strains.
To emphasize this fact, equation 2 can be rewritten in
a more explicit form

" ij = sb; ij k l � k l + � " ij

= (sb; ij k l + � sij k l ) � k l (i; j = 1; 2; 3) ; (4)

where sb is the compliance tensor of the host rock,

� " ij = � sij k l � k l (i; j = 1; 2; 3) (5)

is the extra strain due to cracks, and � s is the fracture
contribution to the e�ectiv e compliance.

For a solid containing 
at fractures, the extra strain
� " is expressedin terms of the displacement disconti-
nuities [u ] = u + � u � acrossthe cracks as (Vavakin and
Salganik, 1975; Kachanov, 1980; 1992)

� " ij =
1

2 V

X

k

[ (n i bj + bj n i ) A ]( k ) (i; j = 1; 2; 3) :

(6)
Here n is the unit crack normal, A is the crack area,
b = h[u ]i is the displacement-discontin uit y vector av-
eraged over A, and the sum is taken with respect to
all fractures k in volume V . If interactions in the stress
�elds of di�eren t cracks are ignored (the so-called non-
interaction approximation ), b can be expressedthrough
the symmetric, second-rank, excessfracture compliance
tensor Z (Schoenberg, 1980;Kachanov, 1992). TensorZ
relates vector b to the uniform traction n � � induced
at the crack face by the remotely applied stress,

bk = n i � ij Z j k (k = 1; 2; 3) : (7)

When the host material is isotropic, oneof the prin-
cipal directions of Z always coincides with the crack
normal n (Sevostianov and Kachanov, 2002), while the
other two, r and t , lie in the fracture plane. Conse-
quently , tensor Z becomesdiagonal in its natural coor-
dinate frame [n ; r ; t ],

Z ij = Znn n i n j + Z r r r i r j + Z tt t i t j

(i; j = 1; 2; 3); (8)

no summation with respect to indexes n, r , and t. The
eigenvalue ZN � Znn is called the normal crack compli-
ance,and Z r r , Z tt are the shear compliances.They were
derived for elliptic cracks by Budiansky and O'Connell
(1976).

2.1 Dry circular crac ks

Although certain results have been published for ellip-
soidal fractures and inclusions (Eshelby, 1957; Budi-
ansky and O'Connell, 1976; Kachanov, 1992; Hudson,
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1994), most progressto date has beenmade for circular
cracks. The rotational symmetry around their normals
n leads to independence of the shear compliances on
directions within the fracture planes, so two eigenval-
ues Z r r and Z tt become equal, Z r r = Z tt � ZT . This
equivalence,which also holds for elastically axisymmet-
ric shapes that include all equilateral polygons, results
in the compliance tensor

Z ij = ZN n i n j + ZT (� ij � n i n j ) ;

(i; j = 1; 2; 3) ; (9)

where � ij is the Kronecker delta. Substitution of equa-
tion 9 into formulae 5{7 yields the non-interaction ap-
proximation for the combined contribution � s of multi-
ple cracks to the e�ectiv e compliance (Kachanov, 1980;
1992; Sayers and Kachanov, 1995; Schoenberg and Say-
ers, 1995)

� sij lm =
1
V

X

k

�
A ZT

4
(n i n l � j m + n i nm � j l + n j n l � im

+ n j nm � il ) � A (ZT � ZN ) n i n j n l nm

� ( k )

;

(i; j; l ; m = 1; 2; 3) : (10)

Then the fracture contribution, � c, to the e�ectiv e sti�-
nessis

� c � ce � cb = (se) � 1 � cb = (sb + � s) � 1 � cb ; (11)

where cb is the sti�ness tensor of the isotropic host rock.
The normal and shear compliances for dry circular

cracks are (Eshelby, 1957; Budiansky and O'Connell,
1976; Kachanov, 1980)

ZN =
16a (1 � � 2)

3 � E
(12)

and

ZT =
ZN

1 � � =2
; (13)

where a is the fracture radius, and � and E are the
background Poisson's ratio and Young's modulus, re-
spectively. Since � < 1=2, ZN and ZT in equation 13
are close. Therefore, the magnitude of the �rst (pro-
portional to ZT ) term in equation 10 is typically much
greater than that of the second (prop ortional to ZT �
ZN ) term. This observation allowed Kachanov (1980;
1992) to state that the in
uence of fractures on the ef-
fective elasticity is largely controlled by the �rst term in
equation 10 or by the second-rank crack-density tensor,

� ij =
1
V

X

k

�
a3 n i n j

� ( k )
(i; j = 1; 2; 3) ; (14)

whose trace, tr � = e, coincides with the conventional
crack density e for a single fracture set.

As a consequence, a solid with arbitr arily ori-
ented circular dry cracks is nearly orthorhombic (or
orthotropic), and the axes of crack-induced orthotrop y

approximately coincide with the principal directions of
tensor � . This conclusion of the non-interaction theory
was numerically con�rmed by Grechka and Kachanov
(2006a; 2006b) both for strongly interacting and inter-
secting circular fractures. Their computations resulted
in the e�ectiv e sti�ness tensors ce that deviated from
orthotrop y by less than 1.5% in the entire range of the
crack densities expected in naturally fractured reser-
voirs.

2.2 Dry Irregular crac ks

We emphasizethat the e�ectiv e orthotrop y is rooted in
the closenessof the normal and shear fracture compli-
ances. Such a closenessis not obvious for irregularly-
shaped cracks becausetheir shear compliance,

ZT (� ) � Z r r cos2 � + Z tt sin2 � ; (15)

depends on the azimuth � within the fracture plane
(measured from the direction of eigenvector r ). This
dependenceis causedby generally di�eren t eigenvalues
Z r r and Z tt of tensor Z . However, for solids with multi-
ple irregular cracks whosein-plane orientations are ran-
dom and uncorrelated to their shapes, individual values
of Z r r and Z tt no longer matter, and, instead, the aver-
age in-plane shear compliance,

hZT i =
1

2 �

2 �Z

0

ZT (� ) d� =
Z r r + Z tt

2
; (16)

becomesimportant. It is this quantit y that should be
compared to ZN to make an inference about proximit y
of the overall symmetry of rocks with irregular cracks
to orthotrop y.

In fact, an indication that the e�ectiv e orthotrop y
might hold with a good accuracy for solids with mul-
tiple di�eren tly oriented cracks was recently given by
Sevostianov and Kachanov (2002). They examined el-
liptic fractures and found that their averageshear com-
pliance hZT i deviated from that of equivalent circular
cracks by mere 0.7% when the ellipses' eccentricit y was
2 and by 3.2% when the eccentricit y was 58. The results
of Sevostianov and Kachanov (2002) prove that elliptic
cracks can be accurately approximated by the circular
ones when the ellipses are randomly oriented. As an-
alytic expressions for tensor Z are available only for
elliptic fractures (circles are a special caseof ellipses),
numerical techniques remain the only option for �nding
out whether e�ectiv e elasticity of rocks with arbitr arily-
shaped fractures can be represented by those containing
circular cracks.

3 FINITE ELEMENT MODELING

We constructed a number of digital rocks that have
cracks of various shapes and examined their in
uence
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on the e�ectiv e elasticity. Here we discuss our models
(Figure 1) that, we believe, exhibit enough variabilit y
to make our results conclusive. We performed �nite el-
ement computations [implemented with Femlab (2003)
software] that aim at

� calculating the ratios ZT (� )=ZN and hZT i =ZN for
a single fracture;

� obtaining the sti�ness contributions � c for a sin-
gle set of irregular fractures that have random in-plane
orientations; and

� computing the e�ectiv e sti�ness and anisotropic co-
e�cien ts for models with several sets of vertical, inter-
secting, non-circular cracks.

3.1 Z T =Z N ratios for irregular fractures

Let us begin with numerical analysis of the normal and
shear compliances for irregular cracks. Examination of
the closenessZT and ZN involves the following steps:

(1) Fracture geometriesand parameters of their in�ll
and the background need to be speci�ed. Our crack ge-
ometries are shown in Figure 1. The fractures are dry.
The host rock is isotropic; it has the P-wave velocity
VP ; b = 3:0 km/s, the S-wave velocity VS; b = 1:0 km/s,
and the density � b = 2:2 g/cm 3 . This makes the back-
ground Young's modulus E = 6:33 GPa and the Pois-
son's ratio � = 0:44.

(2) Next, we set up the boundary conditions. They
are the remote loads

T = T [ 0; cos�; sin � ]

in directions tangent to the fracture plane [x 2 ; x 3 ]. Here
� is the in-plane azimuth measuredfrom the x 2-axis in
Figure 1, and T is a scalar measured in Pa.

(3) Then we solve the elastic equilibrium equations
with the �nite element method and �nd the in-plane
components of displacement discontin uities [u j ] (j =
2; 3). Averaging them over the fracture area A results
in components bj = h[uj ]i .

(4) The next and �nal step in calculating the shear
compliance is to combine components b2 and b3 into
b(� ) = b2 cos� + b3 sin � . According to de�nition 7,
this yields

b(� ) = T (Z22 cos2 � + 2 Z23 cos� sin � + Z33 sin2 � ) ;

b(� ) � T ZT (� ) :

(5) To obtain the normal crack compliance ZN , we
specify the normal boundary load T = T [ 1; 0; 0 ] and
compute (again, with the �nite element method) the
jump [u1 ] and its areal average b1 = h[u1 ]i . Applying
equation 7, we get

b1 = T ZN :
The procedure we just described gives the crack

compliances ZN and ZT (� ) for all fracture geometries

displayed in Figure 1. To make their comparison more
transparent, we compute the ratios

R(� ) =
�

1 �
�
2

� ZT (� )
ZN

: (17)

These ratios R(� ) � 1 for circular cracks (equation 13),
therefore, any deviation of R(� ) from unit y is a con-
sequenceof the fracture non-circularit y. If the cracks
are oriented randomly within their planes, however, not
R(� ) as such but rather its orientational average, hRi ,
is the measure of their cumulativ e in
uence on the ef-
fective elasticity. We examine both R(� ) and hRi next.

Figure 2 displays ratios R(� ) (solid symbols) and
hRi (same symbols but open) for fracture geometries in
Figure 1. It leads to the following observations:

� The magnitude of variation R(� ) naturally de-
pends on the fracture elongation. Perhaps this is why
our rectangular crack (model 1 in Figure 1) exhibits
the greatest variation. On the other hand, the ratio
max R(� )=min R(� ) for this crack is only 1.5 whereas
the ratio of the rectangle sides is 4. This indicates that
contributions of irregular cracks to the e�ectiv e elastic-
it y are closer to those of circular fractures than their
geometrieswould imply .

� All hRi in Figure 2 are greater than one. This sug-
gests that circles have the closest ZN and hZT i among
all other shapes.

� While all hRi > 1, their deviations from the unit y
are not large. The greatest hRi = 1:22 for model 6 in
Figure 1, the second greatest hRi = 1:17 for the rect-
angular crack (model 1). We could not establish any
meaningful correlations between the values of hRi and
fracture shapes; partial contacts of the fracture faces
(models 4, 5, 6) do not seemto matter.

The fact that hRi > 1 for all examined irregular
fractures indicates that relativ e magnitude of the second
(prop ortional to ZT � ZN ) term in equation 10 grows
when a crack becomesnon-circular. Potentially , it can
cause some deviations of the e�ectiv e symmetry from
orthotrop y when multiple fracture setsare present. (We
remind a reader that the e�ectiv e orthotrop y in the non-
interaction approximation rests on equality ZT = ZN .)
There are two reasons,however, that prevent thesedevi-
ations from being signi�can t. First, the compliancesZT

and ZN are still close to each other for irregular cracks
even though their di�erence ZT � ZN is somewhat larger
than that for circular fractures. Second, two terms in
equation 10 have di�eren t signs. Therefore, the over-
all contribution of cracks to the e�ectiv e elasticity de-
creaseswhen the (ZT � ZN )-term grows. Consequently ,
the e�ectiv e media becomemore isotropic, and their or-
thotrop y turns out to be well justi�ed again. Grechka
and Kachanov (2006a) con�rmed this statement numer-
ically for liquid-�lled cracks, where ZT � Z dry

T and
ZN � 0. Thus, Figure 2 suggests that we cannot ex-
pect irregular dry cracks to cause strong deviations of
the e�ectiv e symmetry from orthotrop y.



Crack shape and e�ective elasticity of fractured media 107

Figure 1. Fracture geometries used to study the in
uence of crack shape on the e�ectiv e prop erties. All fractures are vertical
and planar; their normals are directed along the x 1-axis. Geometries 4, 5, and 6 contain rock islands inside the cracks; these
models represent partially closed fractures.
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Figure 2. R(� ) (solid symbols) and hRi (open symbols) for fracture models 1 through 6 shown in Figure 1.

3.2 Closeness of irregular and circular crac ks

The conclusion drawn in the previous section is entirely
basedon the closenessof the compliance ratios hZT i =ZN

for circular and irregularly-shap ed cracks. Here we sub-
stantiate it by �nding the actual crack densities of
penny-shaped fractures that �t the cumulativ e contri-
bution of the irregular, randomly oriented cracks to the
e�ectiv e elasticity.

We organize our computations as follows:

(1) For each fracture shape displayed in Figure 1, we
compute the e�ectiv e sti�ness tensor c N

e (see Grechka,
2003; 2005; here we use both the traction and displace-

ment boundary conditions to verify the accuracy of our
computations). The superscript \N" in c N

e stands to in-
dicate that these sti�ness tensors come from numerical
(�nite element) simulations.

(2) Next, we average c N
e over the fracture in-plane

azimuths according to equation

hcN
e; ij k l i =

1
2 �

2 �Z

0

� ii 0(� ) � j j 0(� ) � k k 0(� ) � ll 0(� ) cN
e; i 0j 0k 0l 0 d�

(18)

(i; j; k; l = 1; 2; 3) ;
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where the rotation matrix � (� ) is

� (� ) =

0

@
1 0 0
0 cos� sin �
0 � sin � cos�

1

A :

Having computed hc N
e i , it is straightforw ard to get the

crack contributions to the e�ectiv e sti�ness,

h� c N i = hc N
e i � cb : (19)

(3) Finally , we �t our h� c N i with theoretical sti�-
ness contributions � c ps (e �t ; � ) that correspond to a
single set of circular, penny-shaped cracks and come
from a non-interaction scheme that accounts for a �-
nite fracture aspect ratio � (Kachanov et al., 2003, p.
259). Both the crack density e �t and � are the �tting
parameters; they are obtained from the nonlinear opti-
mization h� c N i � � c ps (e �t ; � ).

The described sequenceof computations makes it
possible to examine the sti�ness mis�ts,

� c = h� c N i � � c ps ; (20)

resulting from the approximation of irregular fractures
with penny-shaped ones.Note that we are intentionally
comparing the sti�ness contributions , � c, rather than
the e�ectiv e sti�ness tensors, ce , themselves.The latter
obviously depend on the crack density or the degreeof
fracturing while the former are free from such a depen-
dence.

To get quantitativ e estimates of the magnitudes of
mis�ts � c , we calculate their `1 norms

� nrm
c =

max j� c j
max jh� c N ij

� 100%: (21)

Figure 3 demonstrates that the mis�ts � nrm
c < 0:7%

for all our fracture geometries.The reasonof why these
mis�ts are much smaller than deviations of hRi from
unit y (Figure 2) is explained in App endix A. Clearly,
our irregular fractures can be accurately represented by
penny-shaped ones.Thus, our conclusion coincideswith
that of Sevostianov and Kachanov (2002) for elliptic
cracks and extends their result further to arbitr arily-
shaped fractures.

Our computations result in an important quantit y
{ the crack density e �t of the best-�t penny-shaped frac-
tures. We now compare e �t with the crack-density pa-
rameter

eell =
2

� V

X

k

�
A2

P

� ( k )

(22)

intro duced by Budiansky and O'Connell (1976). In the
equation above, A and P are the crack area and perime-
ter, respectively, and the summation is performed over
all fractures k in the representativ e rock volume V . Fig-
ure 4 shows the ratios e �t =eell for our crack geometries.
Overall, the accuracy of equation 22 is not high: eell

deviates from e �t by as much as 25%. These deviations

are expected to grow for cracks with small areasof par-
tial contacts that leave both A and P , and, therefore,
eell virtually unchangedbut can signi�can tly reduce the
crack compliance (Sevostianov and Kachanov, 2002).

3.3 Multiple sets of non-circular crac ks

Finally , we directly examine the e�ectiv e elasticity due
to multiple, non-circular, intersecting fractures. For this
test, we create a suite of models containing three sets
of vertical, dry, rectangular cracks that have the shapes
identical to crack 1 in Figure 1. The azimuths of the sets
are ' 1 = 0� , ' 2 = 40� , and ' 3 = 60� with respect to the
coordinate axis x 1 . Each set has5 cracks rotated around
their normals with 36� increment to remove any prefer-
ential in-plane fracture orientation; each model contains
15 fractures. The locations of their centers are random in
the representativ e volume V and uncorrelated to the in-
plane crack rotations. The crack densitiesof our fracture
sets [computed in accordancewith equation 22 which is
reasonably accurate for rectangular shapes (Figure 4)]
are e1 = 0:04, e2 = 0:03, and e3 = 0:02; they make the
cumulativ e crack density e = 0:09.

It is virtually impossible to place the above de-
scribed fractures in V randomly and avoid their inter-
sections, so all our models contain intersecting cracks.
Sometimesrelativ ely few fractures intersect (Figure 5a),
sometimes many (Figure 5b), sometimes all, forming
a single interconnected fracture network (Figure 5c).
Fracture arrays shown in Figure 5 exhibit a high level of
three-dimensional geometrical complexity. Speci�cally ,
the fracture shapes are non-circular, their facesare not
smooth becausethe cracks often protrude through each
other, and there are irregular piecesof host rock between
the cracks owing to complicated geometry of their in-
tersections.

As all fractures are vertical and all in-fracture-plane
directions are equivalent, the e�ectiv e symmetry is mon-
oclinic with a horizontal symmetry plane. Figure 6 dis-
plays the e�ectiv e anisotropic coe�cien ts (in tro duced
for monoclinic media by Grechka et al., 2000) com-
puted with either traction or displacement boundary
conditions for 20 random realizations of the fracture lo-
cations. The most important feature of Figure 6 is that
vastly diversegeometriesof intersecting fractures do not
cause signi�can t variabilit y in the e�ectiv e anisotropic
coe�cien ts. This means that (1) crack intersections do
not contribute to the e�ectiv e elasticity, and (2) only 15
fractures are su�cien t for volume V to be representa-
tive for the elastic properties. Both these conclusions
have been drawn for circular cracks by Grechka and
Kachanov (2006b). The absenceof the in
uence of crack
intersections on the e�ectiv e properties wasalso pointed
out by Saengeret al. (2004), who performed the wave-
propagation rather than static numerical experiments
for models containing up to 2000 fractures.

Figure 6 has two more features of interest:
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Figure 3. Mis�ts � nrm
c (equation 21) for six fracture shapes in Figure 1.
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Figure 4. Ratios e �t =eell for fractures in Figure 1.

� All anellipticit y coe�cien ts � are small:
max j� (1) j = 0:015. Therefore, the e�ectiv e anisotropy
is elliptical for practical purp osesbecausesuch � values
can be hardly detected from seismic data. This is also
the casefor multiple sets of dry circular cracks.

� The maximum of � -coe�cien ts, which quantify the
deviation of monoclinic symmetry from orthotrop y, is
0:005. Clearly, the e�ectiv e anisotropy is orthorhom bic
given typical errors in estimating anisotropy from seis-
mic data.

The last point can be substantiated by calculating
the relativ e `1 norms of the deviations of numerically
computed e�ectiv e sti�ness tensors c N

e from orthotrop y.

Similarly to Grechka and Kachanov (2006a), we de�ne

� ort =
max jc N

e � c ort
e j

max jc N
e j

� 100%; (23)

where tensors c ort
e are obtained from c N

e by letting

cort
e; ij lm =

�
0 when � ij � lm + � il � j m + � im � j l = 0 and
cN

e; ij lm otherwise; (i; j; l ; m = 1; 2; 3) :
(24)

Figure 7 shows that all relativ e norms � ort are lessthan
1%, therefore, the e�ectiv e anisotropy is virtually or-
thorhombic as if the cracks were non-intersecting and
non-interacting.
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Figure 5. Mo dels containing three sets of vertical rectangular cracks. Fractures that geometrically intersect their neighbors are
shaded; isolated cracks are transparen t. Cubes represent the rock volumes V indicating that the sizes of fractures and V are
comparable.
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Figure 6. E�ectiv e anisotropic coe�cien ts for models that contain three vertical sets of rectangular cracks.

4 DISCUSSION AND CONCLUSIONS

Overwhelming majorit y of the existing theoretical re-
sults for e�ectiv e elasticity of fractured solids is based
on the assumption of unrealistically simple { circular or
elliptic { shapesof cracks. Such an assumption naturally
raises a question of whether the conventional theories
are applicable to rocks characterized by highly irregu-
lar, intersecting fractures that are often partially closed.
Having recognizedthis issue,we presented a seriesof nu-
merical experiments on 3D models (the so-calleddigital

rocks) with unconventional fracture shapes. Our main
conclusion is that contribution to the e�e ctive elasticity
of multiple sets of irr egular, randomly rotated around
their normals, planar cracks is indistinguishable from
that of their circular counterparts. Consequently , all
well-known theoretical results derived for penny-shaped
fractures can be transferred with a good accuracy to 
at
non-circular cracks.

Speci�cally , our paper concentrated on three re-
lated problems:
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Figure 7. Relativ e deviations � ort of the e�ectiv e sti�ness tensors from orthotrop y (equations 23, 24).

� the ratios of the crack compliances hZT i =ZN for
irregular and circular fractures;

� the accuracy of replacement of non-circular cracks
with penny-shaped ones;and

� the e�ectiv e anisotropy caused by multiple sets of
intersecting, irregular, dry fractures.
All three studies demonstrated that even strong devia-
tions of fracture shapesfrom circles are still insigni�can t
for the overall crack-induced elasticity. In particular, we
showed that:

� Even though the ratios hZT i =ZN are somewhat
higher for dry irregular fractures than ZT =ZN for cir-
cular ones, they are not nearly high enough to cause
noticeable deviations from the e�ectiv e orthotrop y. (As
a reminder, the e�ectiv e orthotrop y stems from equality
ZT = ZN , which is an approximation for both circular
and arbitrarily-shap ed fractures.)

� The sti�ness contribution � c of non-circular cracks
that have random in-plane orientations can be accu-
rately represented by properly selected penny-shaped
fractures. The error caused by this change in the frac-
ture shape is less than 0.7% for all examined fracture
geometries.

� E�ectiv eelliptical orthotrop y, establishedfor multi-
ple setsof dry penny-shaped cracks, holds with the same
accuracy for dry fractures that have any shape. In our
tests, we let the cracks intersect, protrude through each
other, and create interconnected networks. And yet, all
deviations from orthotrop y turned out to be less than
1%. Also the anellipticit y of e�ectiv e anisotropy (quan-
ti�ed by the � -coe�cien ts) was lessthat 0.015, which is
essentially zero for seismics.

While our numerical simulations clearly indicate
that the shape of planar cracks is not a parameter of

concern for linearly elastic, inclusion-t ype fracture mod-
els, they give no justi�cation of whether those models
are the only ones capable of describing cracks in real
rocks. For instance, one of alternativ e models that rep-
resents a dry fracture as a contact of two rough surfaces
(e.g., Yoshioka and Scholz, 1989; Baltazar et al., 2002;
Biwa et al., 2005) results in somewhat higher hZT i =ZN

ratios than ours. Therefore, we suggest that more mea-
surements on real fractured rocks, both on laboratory
and �eld scales,are neededto understand the strengths
and limitations of various existing approaches.
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APPENDIX A: SENSITIVITIES OF EFFECTIVE COMPLIANCES AND STIFFNESSES TO Z N
AND Z T

Here we demonstrate that the fracture compliance contribution, � s, is signi�can tly more sensitive to the shear
crack compliance ZT than the sti�ness contribution, � c. Let us examine a single set of planar, rotationally-in variant
fractures that have normals n = [1; 0; 0]. The crack contribution to the overall compliance (in Voigt notation) is

� s =

0

B
B
B
B
B
B
@

ZN 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 ZT 0
0 0 0 0 0 ZT

1

C
C
C
C
C
C
A

: (A1)

The corresponding sti�ness contribution, � c, is most easily evaluated in the linear approximation which is valid
when jj � sjj � jj sbjj . Equation 11 then yields

� cij k l = (sb; ij k l + � sij k l )
� 1 � cb; ij k l

� � cb; ij i 0j 0 � si 0j 0k 0l 0 cb; k 0l 0k l (A2)

(i; j; k; l = 1; 2; 3) ;

or, in Voigt notation,

� c � � � 2

0

B
B
B
B
B
B
B
B
B
B
B
@

�
�
� + 2

� 2
ZN

�
�

�
�
� + 2

�
ZN

�
�

�
�
� + 2

�
ZN 0 0 0

�
�

�
�
� + 2

�
ZN

�
�
�

� 2
ZN

�
�
�

� 2
ZN 0 0 0

�
�

�
�
� + 2

�
ZN

�
�
�

� 2
ZN

�
�
�

� 2
ZN 0 0 0

0 0 0 0 0 0

0 0 0 0 ZT 0

0 0 0 0 0 ZT

1

C
C
C
C
C
C
C
C
C
C
C
A

; (A3)

where � and � are the background Lam�e coe�cien ts.
Comparing equations A1 and A3, we immediately notice the di�erence. All sti�ness elements containing ZN in

equation A3 have the multipliers that depend on the �=� ratio. The magnitudes of these factors can be evaluated
bearing in mind that typical velocity ratios VP ; b=VS; b =

p
�=� + 2 in rocks have the values 2 . VP ; b=VS; b . 3 (they

correspond to the Poisson's ratios 0:33 . � . 0:45). This makes the factors in equation A3 lie between 4 and 81.
For dry cracks, the compliances ZN and ZT are comparable, therefore, they equally contribute to the norm of

� s given by equation A1. In contrast, the norm jj � cjj is primarily governed by ZN becauseof the large prefactors in
equation A3 and, consequently , it is relativ ely insensitive to both ZT and ZT � ZN for a given ZN . As the di�erence
ZT � ZN determines the accuracy of replacement of irregular fractures with penny-shaped ones,such a replacement
is much more accurate if evaluated in terms of � c than in terms of � s. This result has an important implication
for seismics. Being functions of the e�ectiv e sti�nesses rather than compliances, the seismic velocities and other
signatures inherit a low sensitivit y of the former to the fracture shapes.
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