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ABSTRA CT
The nonhyperbolic moveout observed in common-midpoint gathers is often as-
cribed to the presenceof seismicanisotropy in the subsurface.Therefore, this
moveout is commonly used to get (initial) estimates of the relevant seismic
parametersdescribing such anisotropy. For qP-wavesin laterally homogeneous
transversely isotropic media with a vertical symmetry axis (VTI), these pa-
rameters are the anellipticit y parameter � and the zero-dip normal moveout
velocity Vnmo . The � -p domain is the natural domain for parameter estima-
tion in horizontally layered media sincecuspsdo not occur in this domain and
becausethe horizontal slownessis preserved upon propagation. However, the
need for methods that use the � -p domain to transform the data or to pick
traveltimes in the x-t domain, is a practical disadvantage. To overcomethis, we
combine a � -p domain inversion technique with rational interpolation of trav-
eltimes in the x-t domain. This combination results in a highly accurate, yet
e�cien t semblance-basedmethod in the x-t domain, for estimating the interval
values of � and Vnmo from the moveout of qP-waves re
ected once in a hori-
zontally layeredVTI medium. The e�ciency of the method stemsfrom the fact
that rational interpolation needsonly few (here �v e) support points to obtain
accurate moveout interpolation. The accuracy of the method is veri�ed with a
numerical example.

Key words: nonhyperbolic moveout, qP-waves,anisotropy, parameter estima-
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In tro duction

In the past two decades, seismic data processing has
gradually developed to allow an estimate of seismic
anisotropy to be obtained from the data. A common
method to get (initial) estimates of seismic anisotropy
is to analyze the nonhyperbolic part of the moveout in a
CMP gather (Tsvankin & Thomsen, 1994;Alkhalifah &
Tsvankin, 1995; Alkhalifah, 1997; Grechka & Tsvankin,
1998; Tsvankin, 2001Chapter 4). This analysis origi-
nated with the work of Hake et al. (1984), who pre-
sented a three-term Taylor expansion to describe the
moveout in a CMP gather acquired over a horizontally-
layered transversely isotropic (TI) medium. Tsvankin
& Thomsen (1994) presented an improved rational ap-
proximation that provided better accuracy at long o�-

sets, but many authors subsequently pointed out the
lack of accuracy at intermediate o�sets [e.g., Grechka &
Tsvankin (1998), Zhang & Uren (2001), van der Baan &
Kendall (2002), Stovas & Ursin (2004), and Douma &
Calvert (2006)]. This observation led to several other
methods, such as the � � p based method (Van der
Baan & Kendall, 2002; Van der Baan, 2004), the
shifted-hyperbola-based approach [e.g., Fomel (2004)],
contin ued-fraction-based approaches [e.g., Ursin & Sto-
vas (2006)], and a rational-in terpolation-based method
(Douma & Calvert, 2006).

Because horizontal slowness is preserved upon
propagation through horizontally layered media, and
becausetraveltimes as a function of the horizontal slow-
nessp are single-valued, the � -p transform is the natural
domain for anisotropy parameter estimation in layered
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media (Hake, 1986; Van der Baan & Kendall, 2002).
Since the � -p transform is a plane-wave decomposition,
the relevant velocity is phasevelocity rather than group
velocity. The latter velocity is mathematically more
complex and often follows from approximations to al-
ready approximated phasevelocities. Hence,anisotropy-
parameter estimation in the � -p domain renders the ex-
tra approximation for the group velocity unnecessary,
thus leading to more accurate estimates of the relevant
parameters.

The disadvantage of the � -p domain inversion tech-
nique is that we either need to (1) transform the x-t
gathers to the � -p domain and pick the � -p curves in
this domain, or (2) pick the t(x) moveout curves using
a least-squares�tting procedure and transform these to
the � -p domain. Most interpreters prefer the secondop-
tion since they have more experience viewing data in
the x-t domain (Van der Baan & Kendall, 2002). Man-
ual picking of the moveout curves,however, is in practice
cumbersomedespite being prone to error.

The approximation to nonhyperbolic moveout of
qP waves given by Tsvankin & Thomsen (1994) is a
rational approximation that is exact at zero and in-
�nite o�set. Recognizing the accuracy of rational ap-
proximants together with the need for better accuracy
at intermediate o�sets, Ursin & Stovas (2006) recently
derived a rational approximation (written as a contin-
ued fraction) for nonhyperbolic moveout in layered VTI
media by matching a Taylor series expansion for the
squared traveltime up to sixth order in o�set (actually
third order in squared o�set); such approximation is
also known as Pad�e approximation [e.g., Baker (1975)
or Bender & Orszag (1978)]. Although this rational ap-
proximation provides improved accuracy at intermedi-
ate o�sets, beyond certain o�sets it losesaccuracy. To
overcomethis, but at the sametime recognizing the ac-
curacy of the rational approximation, Douma & Calvert
(2006) proposed a rational interpolation approach to
describe nonhyperbolic moveout. In this method, the
moveout is obtained through rational interpolation of
traveltimes at o�sets where accuracy is desired, i.e., at
o�sets acquired in the �eld. They showed that for a
single horizontal VTI layer, the rational-in terpolation-
basedmethod, using quadratic polynomials in both the
numerator and the denominator, allows for highly accu-
rate moveout correction up to o�set-to-depth ratios of
about 8, combined with unbiased estimation of Vhor (or
� ).

We extend the rational-in terpolation-based method
of Douma & Calvert (2006) to a horizontally layered TI
medium with a vertical symmetry axis, basedon nearly
exact traveltimes derived from the � -p curve in com-
bination with the acoustic approximation of Alkhalifah
(1998). This allows us to set up a three-parameter, i.e.,
t0 , � , and Vnmo , semblance-basedanalysis in the t � x
domain, to invert qP-wave moveout for the interval val-
ues of � and Vnmo as a function of the zero-o�set two-

way traveltime t0 , without the use of a Dix-t ype av-
eraging procedure (Dix, 1955). The presented method
is highly e�cien t due to a combination of expressions
for the traveltimes and o�sets that are explicit in the
interval values of � and Vnmo and the horizontal slow-
ness,and becauserational interpolation needsonly few
support points (here �v e) to obtain accurate moveout
interpolation. Since we are dealing with qP-wavesonly,
interpolation can be done in the x � t domain since no
cusps can occur on qP wavefronts due to the convex-
it y of the slowness surface of such waves. The method
can be extended to pure mode qSV re
ections basedon
the weak anisotropy approximation of the phase veloc-
it y for such waves (Thomsen, 1986), provided the mea-
sured re
ected wavefront does not contain any cusps.
In casethe re
ected wavefront does contain cusps, the
� � p domain is the natural domain of choice for hori-
zontally layered media, as pointed out by van der Baan
& Kendall (2002).

The organization of this paper is as follows. First,
we review the � � p curve and subsequently use it to de-
velop the expressionsfor traveltime and o�set of pure-
mode qP re
ected waves in layered VTI media, as a
function of the horizontal slowness.We then proceedto
present the rational-in terpolation-based procedure for
traveltime estimation, and explain its usein interval pa-
rameter estimation of � (or Vhor ) and Vnmo . Finally , a
numerical example illustrates the method.

The general � � p curv e

From simple geometric considerations, it follows that in
an (anisotropic) homogeneousmedium the horizontal
distance � x0 traveled by a plane wave within a time
interval � t0 is given by

� x0 = vx
g � t0 ; (1)

where vx
g is the horizontal group velocity. The length

of the projection of the group-velocity vector on the
normal to the wavefront equals the phase velocity [e.g.
Vlaar (1968, p.23) or Helbig (1994)]. Therefore, in two
dimensions,

pvx
g + qvz

g = 1 ; (2)

where p and q are the horizontal and vertical compo-
nents of the slownessvector p, respectively, and vz

g is the
vertical component of the group velocity. Using equation
(2) in equation (1) and solving for � t0 we have

� t0 = p� x0 + q� z ; (3)

where we used � z = vz
g � t0. The two-way traveltime � t

can be split into two one-way traveltimes � �t0 and � �t0

for the up- and down-going ray, respectively, i.e.,

� �t0 = �p� x0 � �q� z; � �t0 = �p� x0 + �q� z ; (4)

where we denote explicitly the di�erence in the verti-
cal direction for the up- and down-going rays. For a re-
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ected wave in a horizontal layer, it follows, using Snell's
law �p = �p = p, that

� t = � �t0 + � �t0 = p� x + ( �q � �q)� z ; (5)

where � x = 2� x0 denotes the o�set. Assuming that
the medium has a horizontal symmetry plane (such as
transversely isotropic media with either a vertical or a
horizontal symmetry axis, or orthorhom bic media with
a horizontal symmetry plane, or even monoclinic media
with a horizontal symmetry plane) and assuming pure-
modesonly (i.e., qP-waves,qSV-wavesand qSH-waves),
we have �q = � �q = q. Using this in equation (5) then
gives

� t = p� x + 2q� z : (6)

De�ning the intercept time � � := � t � p� x, and
replacing the single layer with a stack of homogeneous
anisotropic horizontal layers, we obtain the � � p curve
[e.g., Chapman (2004, section 2.3)]

t = px + � ; (7)

with x denoting the o�set and with

� =
X

i

� t i
0vi

0qi ; (8)

where t i
0 is the two-way vertical traveltime in layer i ,

and vi
0 and qi are the vertical group velocity and verti-

cal slowness in layer i , respectively. It follows from the
de�nition of the � � p curve that

d�
dp

= � x : (9)

Tra veltimes for qP-w aves in layered VTI media
based on the � � p curv e

Although equation (7) is valid in generally anisotropic
horizontally layered media with a horizontal symmetry
plane, and valid for qP-waves as well as for qSV-waves
and qSH-waves, we treat qP-waves in VTI media only.
Since for such wavesno cuspscan occur in the moveout
due to the convexity of the slownesssurface, this allows
the interpolation to be done in the x � t domain. Also,
in horizontally layered VTI media, each vertical plane
is a symmetry plane, so the vertical group-velocity is
the same as the vertical phase velocity. Therefore, the
vertical group velocity vi

0 in equation (8) is replaced
with the vertical phase velocity V i

0 (i.e., V i
P 0 for qP-

waves).
The traveltimes of qP-waves in laterally homo-

geneous VTI media depend mainly on the zero-dip
normal-moveout velocity Vnmo and the anellipticit y pa-
rameter � (Alkhalifah & Tsvankin, 1995). The vertical
shear-wave phase velocity VS 0 has negligible in
uence
on the traveltimes of such wavesin TI media (Tsvankin
& Thomsen, 1994; Tsvankin, 1996; Alkhalifah, 1998).
Alkhalifah (1998) derived an approximate relation for

the vertical slowness q in terms of Vnmo and � by set-
ting VS 0 = 0. This relation is given by

V 2
P 0q2 = 1 �

1 � p2V 2
nmo

1 � 2� p2V 2
nmo

: (10)

Setting VS 0 = 0 is described as the acoustic approx-
imation by Alkhalifah (1998). Grechka & Tsvankin
(1998) showed that the horizontal velocity Vhor =
Vnmo

p
1 + 2� is better constrained from semblance-

based moveout analysis than is � . Therefore, in antici-
pation of a semblance-basedparameter estimation, we
rewrite equation (10) in terms of Vhor and Vnmo . When
we do this, equation (10) becomes

V 2
P 0q2 =

1 � p2V 2
hor

1 � p2 (V 2
hor � V 2

nmo )
: (11)

Using equation (11) in (8) then gives � explicit in the
relevant parameters Vhor and Vnmo , i.e.,

� =
X

i

� t i
0

vu
u
u
t

1 � p2
�
V i

hor

� 2

1 � p2
h
(V i

hor )2 � (V i
nmo )2

i : (12)

With this expression we can calculate the derivativ e
d� =dp and use the resulting expression in equation (9)
to �nd the o�set x explicit in Vhor and Vnmo . Doing this
gives

x =
X

i

� t i
0

0

B
@

p
�
V i

nmo

� 2
=
q

1 � p2 (V i
hor )2

n
1 � p2

h
(V i

hor )2 � (V i
nmo )2

i o 3=2

1

C
A : (13)

Finally , using equations (12) and (13) in (7), we get an
expressionfor the traveltime as function of the horizon-
tal slowness p explicit in the relevant parameters V i

hor

and V i
nmo , i.e.,

t =
X

i

� t i
0

0

@ p2
�
V i

nmo

� 2

n
1 � p2

h
(V i

hor )2 � (V i
nmo )2

io

+
�
1 � p2

�
V i

hor

� 2
�� ��

1 � p2
�

V i
hor

� 2
�

�
1 � p2

� �
V i

hor

� 2
�

�
V i

nmo

� 2
� �� � 1=2

: (14)

The weak anisotropy approximation (Thomsen,
1986) can be usedto linearize the phasevelocity VS V for
qSV wavesas a function of phaseangle, which can sub-
sequently be written [equation (31) from van der Baan
& Kendall (2002)] in terms of the horizontal slownessas

VS V (p) �
�

� 1 + 2� p2V 2
S 0 +

n �
1 � 2� p2V 2

S 0

� 2

+8 � p4V 4
S 0

	 1=2
�

=
�
4� p4V 2

S 0

�
; (15)

with � := (VP 0=VS 0)2(� � � ). Then the vertical slow-
nessq can be found using q2 = 1=V2

S V � p2 , which can
subsequently be used in equation (8) to �nd the inter-
cept time. Substitution of this result in equations (7)
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and (9) gives the equivalent expressions to equations
(13) and (14) for the o�sets and associated traveltimes
of re
ected qSV waves. The resulting expressionscould
be made explicit in the NMO velocity V S V

nmo using the
relation V S V

nmo = VS 0
p

1 + 2� . Such expressions could
be used only in an x � t based interpolation scheme
provided the wavefront doesnot contain any cusps.Al-
though such a treatment is possible, linearized approx-
imations for qSV-wavesare often not very accurate be-
cause the presenceof the squared VP 0=VS 0 in the def-
inition of � often makes � much larger than � and �
(Tsvankin, 2001p.26-27).Therefore we refrain from this
treatment and subsequent numerical veri�cation.

Rational in terp olation

Equations (13) and (14) are explicit in p. For an x-t
based semblance analysis, however, we require travel-
times for all o�sets acquired in the �eld. Finding the p
value associated with a certain o�set x in equation (13)
corresponds to a simpli�ed 2-point ray-tracing prob-
lem, which can be solved using a straightforw ard bi-
section approach since the o�set x and traveltime t in
equations (13) and (14) are single-valued and mono-
tonically increasing with increasing p-value. In princi-
ple this can be done for each available o�set and the
resulting moveout curves can be used to perform a
semblance-basedparameter estimation in the x � t do-
main. Here, however, we propose a more elegant and
computationally lessdemanding procedurethat usesthe
traveltimes and o�sets calculated for a few p-valuesonly
in the rational-in terpolation-based approach of Douma
& Calvert (2006). In this way, the method of Douma
& Calvert, which is based on a single horizontal VTI
layer, can be extended to horizontally layered VTI me-
dia. The proposed method naturally encompassesthe
single-layer case,hence removing the need for the tab-
ulated approach used by Douma & Calvert.

A rational approximation to a function t(x) is gen-
erally written as [e.g., Stoer & Bulirsch (1993, p.58-63)]

t(x) �
NL (x)
D M (x)

=
n0 + n1x + � � � + nL xL

d0 + d1x + � � � + dM xM
; (16)

with NL (x) a polynomial of order L , and D M (x) a poly-
nomial of order M . We denote such an approximation
as [L=M ]. This rational approximation is determined by
the L+ M +2 unknown coe�cien ts n i , i = 0; 1; : : : ; L and
di , i = 0; 1; : : : ; M . Since these coe�cien ts can be de-
termined up to only a common factor � 6= 0, the [L=M ]
rational approximation is fully determined by L + M + 1
support points (x i ; t i ) satisfying

t(x i ) =
NL (x i )
D M (x i )

= t i : (17)

Hence, it is necessarythat the coe�cien ts satisfy

NL (x i ) � t i D M (x i ) = 0 : (18)

Satisfying equation (18), however, is not a su�cien t
condition for equation (17) to hold since NL (x i ) and
D M (x i ) may both be zero. In that case, the rational
interpolation problem is unsolvable, and support points
(x i ; t i ) cannot be reached and are thus missedby the ra-
tional function NL (x)=DM (x). Such support points are
usually referred to as inaccessible. If x i is an inaccessible
point, the functions NL (x) and D M (x) have (at least)
a common factor x � x i . If NL (x) and D M (x) have no
such common factor, the rational interpolation problem
is solvable (Stoer & Bulirsch, 1993p.58-63).

If the L + M + 1 support points (x i ; t i ) of an [L=M ]
rational approximant can be interpolated by a [L 0=M 0]
rational approximation with L 0+ M 0 < L + M , the sup-
port points are said to be in special position (Stoer &
Bulirsch, 1993p.61-62). Suppose i 1 ; : : : ; i � are the sub-
scripts of the inaccessiblepoints of the [L=M ] rational
approximant t(x) in equation (16). Then, NL (x) and
D M (x) have common factor � j 2f i 1 ;::: ;i � g (x � x j ), which
after cancellation leaves an equivalent [L 0=M 0] rational
approximant with L 0+ M 0+ 1 = L + M + 1� 2� . Since
the remaining polynomials N 0

L (x) and D 0
M (x) have no

more common factors, they form a rational approxima-
tion t0(x) = N 0

L (x)=D0
M (x) that solves the rational in-

terpolation problem through the remaining L + M + 1� �
accessiblepoints. SinceL + M + 1� � > L + M + 1� 2� =
L 0+ M 0+ 1, it follows that the accessiblesupport points
of a nonsolvable rational interpolation problem can al-
ways be interpolated by a [L 0=M 0] rational approxima-
tion with L 0 + M 0 < L + M , and are thus always in
special position. This means that the nonsolvabilit y of
a rational interpolation problem is really a matter of
degeneracy. Therefore, the possible nonsolvabilit y of a
rational interpolation problem is never an issuein prac-
tice, sinceit can be overcomeby adding arbitrarily small
perturbations to the support points.

If x and t in equation (16) denote squared o�set
and squared traveltime, respectively, it follows that for
purely hyperbolic moveout all the support points are
in special position. As shown in the App endix A, this
meansthat in that casethe linear system (18) is degen-
erate. This was also noted by Douma & Calvert (2006),
who observed that this degeneracycan be overcome by
arbitrarily small perturbations (in the form of numerical
noise) of the support points (x j ; t j ). If, however, x and
t denote o�set and time instead of squared o�set and
squaredtime, then there is no degeneracyfor hyperbolic
moveout. Here, we therefore interpolate the traveltimes
as a function of o�set as opposed to the squared trav-
eltimes as a function of the squared o�sets, as done by
Douma & Calvert (2006).

Douma & Calvert explicitly solve the linear system
(18) for [2=2] rational interpolation in their App endix A.
Alternativ ely, the rational approximant NL (x)=DM (x)
can be written as a Thiele contin ued fraction (Stoer &
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T able 1. Mo del parameters used in ray-tracing to determine the tra veltimes from a layered model. The associated CMP gather
is shown in Figure 1a.

layer h (m) Vnmo (m/s) Vhor (m/s) � VP 0 (m/s) VS 0 (m/s) � �

1 1000 2098 2098 0.00 2000 300 0.050 0.05
2 2000 2000 2298 0.16 2000 300 0.160 0.00
3 3000 2892 3747 0.34 3048 300 0.255 -0.05
4 4000 2464 3882 0.74 3292 300 0.195 -0.22

Bulirsch, 1993, p.63-67) given by

NL (x)
D M (x)

= t0 +
x � x0

� (x0; x1)+
x � x1

� (x0; x1 ; x2) � � (x0)+
x � xM + L � 1

� (x0 ; : : : ; xM + L ) � � (x0; : : : ; xM + L � 2)
; (19)

where we use the notation
a

b+
c
d

=
a

b+ c=d
. Here, the

reciprocal di�erences � are de�ned by

� (x i ) := t i ; (20)

� (x i ; xk ) :=
x i � xk

t i � tk
; (21)

� (x i ; x i +1 ; : : : ; x i + k ) := (x i � x i + k ) =

[� (x i ; : : : ; x i + k � 1) �

� (x i +1 ; : : : ; x i + k )]

+ � (x i +1 ; : : : ; x i + k � 1) : (22)

Here, we use the same order of rational interpolation
that Douma & Calvert used, i.e., a [2=2] rational inter-
polation, since they showed that this order of interpola-
tion (at least for a single horizontal homogeneousVTI
layer) provides high accuracy in the traveltimes up until
o�set-to-depth ratios of 8. Setting L = M = 2 in equa-
tion (19) gives the resulting Thiele contin ued-fraction
interpolation, i.e.,

t (x) �
N2(x)
D 2(x)

= t0 +
x � x0

� (x0 ; x1)+
x � x1

� (x0; : : : ; x2) � � (x0)+
x � x2

� (x0 ; : : : ; x3) � � (x0 ; x1)+
x � x3

� (x0 ; : : : ; x4) � � (x0 ; : : : ; x2)
: (23)

This equation can be used to �nd the function values
t(x) at values of x di�eren t from the support abscissas
x i . Note that for the [2=2] rational interpolation only
four support points need to be calculated, becauset 0

is treated as a parameter, rendering the method highly
e�cien t.

Three-parameter semblance-based parameter
estimation in the x � t domain

We use the expressionsfor the traveltimes and associ-
ated o�sets, i.e., equations (14) and (13), respectively,
to calculate the support points for the rational inter-
polation. That is, given four p-values pj (j = 1; : : : ; 4),
and given the model parameters � t i

0 , V i
hor , and V i

nmo ,
we calculate the pairs (x j ; t j ). Together with the pair
(x0 ; t0 =

P
i � t i

0), these pairs are the necessary �v e
support points for the [2=2] rational interpolation that
can be used to calculate the reciprocal di�erences from
equations (20)-(22). Using the resulting reciprocal dif-
ferences,we then have the necessaryingredients to cal-
culate the Thiele contin ued-fraction interpolation using
equation (23). The moveout curve obtained in this fash-
ion, can be used either to perform a semblance analysis
or to moveout correct a CMP gather.

For a single horizontal VTI layer, Douma & Calvert
(2006) used 5 regularly spaced o�sets to act (together
with the associated traveltimes) as the support points of
the [2=2] rational interpolation. For the layered case,we
obtain the four? necessaryp-valuesusing a bisection ap-
proach in combination with equation (13). That is, given
four o�sets (or o�set-to-depth ratios), we �nd four hor-
izontal slownessespj that have o�sets close to the pre-
scribed ones (say within an accuracy of 100 m) using
bisection. For a single horizontal layer this bisection ap-
proach is in principle unnecessary, since the horizontal
slowness as a function of o�set [derived from equation
(13)] can be shown to satisfy a quartic equation that
can be solved explicitly . Alternativ ely, we could simply
use four equally spaced pj values, with the largest pj

equal 1=
�

max
i

V i
hor

�
. This is computationally the most

e�cien t option. We have not tested this approach, how-
ever, sincewe aim to stay closeto the method of Douma
& Calvert (2006) which obtains accurate interpolation
using regularly spacedo�set-to-depth ratios. Moreover,
becausethe rational interpolation achieves high accu-

?Because the pair (x0 ; t0 ) simply relates to p0 = 0, we need
only calculate four pj values, instead of �v e.
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Figure 1. (a) CMP gather with qP-re
ections from a 4-layer model generated using ray-tracing (see Table 1 for parameters).
The layers are outlined by dashed lines, and the true values of � , Vhor and Vnmo are indicated. (b) As (a) but with estimated
values of � , Vhor and Vnmo indicated together with their associated tra veltimes (dashed white lines). The support points are
mark ed by the black dots. (c-f ) Semblance scans as a function of the interval values of Vhor and Vnmo for layer 1 (c) through
4 (f ), respectively. The grey circles indicate the true values of associated interval values of Vhor and Vnmo while the white
triangles indicate the interval values obtained from the maxim um semblance (smax ).

racy with sofew support points, the computational over-
head of bisection is negligible.

Since the support points are explicit in V i
hor , V i

nmo ,
and � t i

0 , a semblance-basedinversion in the x-t domain
is feasibleasa function of the three parameters t 0 , V i

nmo ,
and V i

hor . In this way the best-�t values of V i
hor and

V i
nmo can be determined as a function of t0 , by �nd-

ing the maximum semblance combinations of V i
hor and

V i
nmo as a function of t0 . For pure-mode qSV waves in

the absenceof cusps,a similar semblance analysis is fea-
sible basedon the three relevant parameters t0 , � i , and
V i

nmo;S V , where � i denotes the interval � .
In principle, a semblance-basedglobal inversion can

be set up to determine the values of V i
hor and V i

nmo

for all layers at the same time, or by applying the in-
version in a layer-stripping fashion. In practice, how-
ever, both approaches are often not desirable, because
of the trade-o� betweenV i

hor and V i
nmo for limited o�set

acquisition geometries [e.g, (Alkhalifah, 1997; Grechka
& Tsvankin, 1998)]. This tradeo� makes the inversion
sensitive to errors in the observed traveltimes caused
by the presenceof noise or imperfect static corrections.
Becausethis tradeo� is reduced with increasing o�set-

to-depth ratio (Alkhalifah, 1997), however, such proce-
dures could be used when larger o�set-to-depth ratios
(approximately four or larger) are available in the data.
When such data are not available and if the layer of
interest is known, the overburden can be modeled as
a single layer with certain e�ectiv e values of Vhor and
Vnmo [e.g., Tsvankin (2001, section 4.1.3)]. Once these
values are established, the values of V i

hor and V i
nmo can

be estimated by �nding the maximum semblance value
over a range of values of V i

hor and V i
nmo , while keeping

the e�ectiv e values of Vhor and Vnmo of the overburden
�xed. This method would reduce the problem of error-
propagation in a layer-stripping approach when large
o�set-to-depth ratios (say � 3) are not available in the
data.

Numerical example

Douma & Calvert (2006) applied the [2=2] rational in-
terpolation method for a single horizontal VTI layer to
a layered model to obtain e�ectiv e value of � and Vnmo .
Here, we test our method for interval parameter esti-
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Figure 2. Semblance scans as a function of the interval val-
ues of Vhor and Vnmo for layer 4 for an o�set-to-depth ratio
of 1.5 (a) and 4 (b).

mation of � and Vnmo using the same layered model
that Douma & Calvert used. The model parameters are
given in Table 1. Figure 1a shows a CMP gather for
this model. The top layer is elliptically anisotropic, i.e.,
� = 0, whereas the remaining layers have subsequently
increasing values of � . The values of Vnmo , Vhor , and
� for each layer are listed in Figure 1a. The level of
anellipticit y for the third layer (i.e., � = 0:34) can be
considered high, whereas the anellipticit y in the fourth
layer (i.e., � = 0:74) is extreme. The values of Vnmo ,
Vhor , and � , for the second layer, correspond to the
model parameters used in Figures 1 and 2 of Grechka
& Tsvankin (1998)y . For the third and fourth layer, the
model parameters correspond to a shaleunder zero con-
�ning pressure, and to Green River shale, respectively,
[see Table 1 in Thomsen (1986) for these two cases].
Hence, even though the anellipticit y in the third and
fourth layer are high, they have been observed in labo-
ratory measurements.

The CMP gather shown in Figure 1a was obtained
using anisotropic ray-tracing and subsequently setting
all amplitudes to 1.0. Hence, realistic amplitude and
phase variations with o�set are not modeled in this
gather. It is known that semblance based methods can
to some extent su�er from amplitude variations with
o�set [e.g., Sarkar et al. (2002)]. Here, we eliminate this
complication in order to focus our attention on the abil-
it y of the proposedmethod to accurately determine the
interval parameters of Vnmo , Vhor , and � from the trav-
eltimes in CMP gathers.

We want to highlight that the proposed method
is accurate up to large o�set-to-depth ratios. There-
fore, for all events in Figure 1a, the maximum o�set-
to-depth ratio is four. Knowing that for such large ra-
tios the tradeo� between Vnmo and Vhor is small, we
employ the proposed method in a layer-stripping set-
ting. Figures 1c-f show the semblance scans from the

yThese parameters were originally chosen becausesuch val-
ues of � were observed on �eld data (Alkhalifah et al., 1996).

T able 2. E�ectiv e values of Vnmo , Vhor , and � for the layered
model shown in Figure 1a obtained using the Alkhalifah-
Tsvankin approximation. The maxim um o�set-to-depth ratio
used to obtain these values is 1.5.

layer Vnmo (m/s) Vhor (m/s) �

1 2096 2100 0.00
2 2047 2193 0.07
3 2284 2816 0.26
4 2328 2995 0.33

�rst through the fourth event in Figure 1a as a function
of the interval values V i

nmo and V i
hor . For each layer,

the semblance scans were obtained by �xing the over-
burden values of V i

nmo and V i
hor to their estimated val-

ues.Then, by varying the interval valuesV i
nmo and V i

hor

in the layer of interest and calculating the traveltime
curves for each combination of V i

nmo and V i
hor using

the rational-in terpolation method given above, we de-
termined the semblance values along these curves. The
location of the maximum semblance value is indicated
by the white triangle, while the location corresponding
to the true model values of V i

nmo and V i
hor is indicated

by the grey circle. Note the excellent agreement between
the obtained valuesof V i

nmo and V i
hor (and thus � i ) and

the true interval values of these parameters (see Fig-
ure 1b), as inferred from the close proximit y of the lo-
cations of the white triangle and the grey circle. Fig-
ure 1b shows the traveltime curves (calculated using
the rational-in terpolation approach) associated with the
obtained interval values V i

nmo and V i
hor (white dashed

lines) superimposed on the events in the CMP gather,
con�rming the closematch betweenthe true traveltimes
and the traveltimes from the inverted interval parame-
ters V i

nmo and V i
hor . This close match is con�rmed by

the high maximum semblance values smax (shown in
Figures 1c-f), indicating the excellent agreement be-
tween the actual traveltimes and the obtained travel-
times, even for the large o�set-to-depth ratio of four.
The support points used for the rational interpolation
are indicated by the black circles.

From the shapesof the semblance scansfor all lay-
ers, it follows that V i

hor is better resolved than V i
nmo .

This can be attributed to the relativ ely large value of
four usedfor the maximum o�set-to-depth ratio. Indeed,
larger o�sets put tigh ter constraints on the inversion of
Vhor than do the smaller o�sets [e.g., Alkhalifah (1997)].
Figure 2 con�rms this in the context of the interval value
V i

hor , by showing the semblance scanfor the fourth layer
for a maximum o�set-to-depth ratio of 1.5 (Figure 2a)
and 4 (Figure 2b). Note that the larger o�sets do not re-
ally add any constraints on V i

nmo , since V i
nmo is mainly

determined by the near o�sets. Therefore, the small dis-
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crepanciesbetween the true values and obtained inter-
val values � i are mainly caused by small deviations of
the obtained values of Vnmo from their true values (see
Figure 1). We attribute these di�erences to the use of
the acoustic approximation to determine the support
points.

Grechka & Tsvankin (1998) intro duced a method to
�nd the interval values V i

nmo and � i from the e�e ctive
values of Vnmo and Vhor obtained from the Tsvankin-
Thomsen approximation (Tsvankin & Thomsen, 1994)
[later rewritten in terms of � by Alkhalifah & Tsvankin
(1995)]. This approximation describes the nonhyper-
bolic moveout of qP-waves in a single horizontal VTI
layer. The e�ectiv e valuesof Vnmo and Vhor are obtained
by �nding the best-�t valuesof Vnmo and Vhor using this
approximation on a CMP gather containing data from
a (horizontally) layered VTI medium. Becausethis ap-
proximation lacks accuracy at larger o�set-to-depth ra-
tios and as a result intro duces a bias in the estimated
values of � , we compare the proposed method to that
of Grechka & Tsvankin (1998, equations (14), (16) and
(17)) for a maximum o�set-to-depth ratio of 1.5 only.
Table 3 summarizesthe results, while Table 2 shows the
e�ectiv e values of Vnmo , Vhor (and � ) used to calculate
the interval estimates shown in Table 3; the e�ectiv e
values were obtained through a (maxim um) semblance
analysis based on the Thomsen-Tsvankin approxima-
tion (Tsvankin & Thomsen, 1994) for a single horizon-
tal VTI layer. In Table 3 the heading \GT" denotes the
method by Grechka and Tsvankin, while the heading RI
denotesthe proposedmethod basedon rational interpo-
lation. The proposed method achieves higher accuracy
in the interval values V i

nmo , V i
hor , and � i than does the

method of Grechka and Tsvankin, even for high to ex-
treme levelsof anellipticit y. The small deviations of V i

hor

(and thus � i ), obtained with the rational-in terpolation
method, from their true values, are due mainly to the
lack of resolution in the horizontal velocity of the data
for small o�set-to-depth ratios in combination with the
use of the acoustic approximation in deriving equations
(13) and (14).

Discussion

Rational approximations have achieved relativ ely accu-
rate traveltime approximations both here and in previ-
ous studies. In light of the reported accuracy and e�-
ciency, it therefore seemsreasonable to speculate that
the underlying functional dependenceof the traveltime
curves in layered VTI media is close to rational. This
would explain the high accuracy of the proposedmethod
with only few (here �v e) support points.

Rational interpolation can be accompanied by the
presence of (nearby) z unwanted poles on (or near)

zHere, nearby is meant in the complex plane; in practice

the interval of interpolation [e.g., Berrut & Mittelman
(1997, p.357) or Berrut & Mittelman (2000)]. Such poles
occur when the denominator becomescloseto zero away
from the support abscissasx i . After the reciprocal dif-
ferencesin the Thiele contin ued fraction are calculated,
the presenceof such polescan easily beveri�ed by check-
ing for zeroes in the denominator of the corresponding
[2=2] rational approximation. Also, becausein the ab-
senceof nearby poles in the complex plane the deriva-
tiv e of the traveltime curve should always be positive in
layered VTI media, the presenceof such poles can be
detected by checking for a change in sign of the deriva-
tiv e of the rational approximation t(x). In casea pole is
identi�ed, the support points can be perturb ed slightly
using noise injection (i.e., small perturbation of the sup-
port points), to remove the pole. Alternativ ely, support
points at di�eren t o�sets (x i ) can be used. In the un-
lik ely event that the polesare persistent under theseper-
turbations, the rational interpolation could be replaced
with a cubic spline interpolation, at the cost of the need
for more support points to obtain (sub-millisecond) ac-
curacy comparable to that of the [2=2] rational interpo-
lation. In this work we have not observed the presence
of such unwanted poles.

The presented method shows that with only few
(�v e) support points, highly accurate traveltime curves
as a function of o�set can be obtained using [2=2] ratio-
nal interpolation. Even though we only show its accu-
racy in the context of moveout analysis of qP-waves in
layered VTI media, it seemsworthwhile to further inves-
tigate the use of rational interpolation in more general
traveltime calculations, in particular in the context of
sparsestorage of traveltimes. Such sparsestorage is rel-
evant in everyday seismic data processingwhere large
traveltime tables are being used for imaging and inver-
sion.

Conclusion

Becausethe horizontal slownessis preserved upon prop-
agation through horizontally layered media, and be-
cause the traveltimes as a function of the horizontal
slowness p are single-valued (i.e., no cusps), the � -p
transform is the natural domain for anisotropy param-
eter estimation in layered media. However, qualit y con-
trol of processing results and interpretation of seismic
data is preferably done in the t-x domain. Based on the
� � p curve and the acoustic approximation of Alkhali-
fah (1998), we have presented expressionsfor the travel-
times and associated o�sets of qP-waves in horizontally
layeredVTI media that are explicit in the interval values
of Vhor and Vnmo and the horizontal slownessp. We have

nearby would lik ely be de�ned as having a distance (in the
complex plane) smaller than the smallest distance between
the support abscissasx i and x i +1 .
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T able 3. Comparison of actual interval values of Vnmo , Vhor , and � , and the values obtained using the inversion formulas of
Grechka & Tsvankin (1998) and the presented method based on rational interp olation, for a maxim um o�set-to-depth ratio of
1.5.

Vnmo (m/s) Vhor (m/s) �

layer Actual GT RI Actual GT RI Actual GT RI

1 2098 2096 2098 2098 2100 2096 0.00 0.00 0.00
2 2000 1997 2003 2300 2548 2290 0.16 0.31 0.15
3 2892 2886 2918 3745 3721 3733 0.34 0.33 0.32
4 2460 2511 2490 3880 3583 3851 0.74 0.52 0.70

shown that using theseexpressionsin combination with
an x � t based rational interpolation procedure, leads
to highly accurate moveout curves for qP-waves in hor-
izontally layered VTI media. These curves are in turn
used to set up a three-parameter semblance analysis in
the x � t domain for the estimation of Vnmo and Vhor

(and thus � ) asa function of t0 . This method overcomes
the needto processthe data in the � -p domain or to pick
traveltimes in the x-t domain, as in the method of van
der Baan & Kendall (2002). The presented method ex-
tends the rational interpolation basedmethod of Douma
& Calvert (2006), which is valid for a single horizontal
VTI layer, to horizontally layered VTI media. Since this
method naturally encompassesthe single-layer case, it
removes the need for the tabulated approach used by
Douma & Calvert (2006). The e�ciency of the method
stems from the fact that only few (four) support points
need to be calculated to achieve highly accurate move-
out curveswith rational interpolation.

A CKNO WLEDGMENTS

The anisotropic ray-tracing used to calculate the trav-
eltimes for the events in the CMP gather of Figure 1a,
was done using the ANRA Y raytracing package from
the Seismic Waves in Complex 3D Structures (SW3D)
consortium project at Charles Univ ersity in Prague
(http://sw3d.m�.cuni.cz/).
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APPENDIX A: DEGENERA CY OF [2=2]
RA TIONAL INTERPOLA TION FOR
HYPERBOLIC MO VEOUT WHEN
INTERPOLA TING SQUARED
TRA VEL TIME AND SQUARED OFFSET

Replacing the traveltime t and o�set x in equation
(16) by the squared traveltimes T and squared o�sets
X and adopting the normalization NL (0) = T (0) and
D M (0) = 1:0 after Baker (1975, pp. 5-6), the [2=2] ra-
tional interpolation is given by

T (X ) �
T0 + n1X + n2X 2

1 + d1X + d2X 2
: (A1)

Here T0 denotes the squared zero-o�set two-way trav-
eltime. Using four support points (X i ; Ti ), we arriv e at
a linear system of equations for the unknown interpola-
tion coe�cien ts n1 , n2 , d1 , d2 , i.e.,

A � x = d : (A2)

where

A :=

0

B
B
@

� X 1 � X 2
1 X 1T1 X 2

1 T1

� X 2 � X 2
2 X 2T2 X 2

2 T2

� X 3 � X 2
3 X 3T3 X 2

3 T3

� X 4 � X 2
4 X 4T4 X 2

4 T4

1

C
C
A ; (A3)

x :=

0

B
B
@

n1

n2

d1

d2

1

C
C
A ; (A4)

d :=

0

B
B
@

T0 � T1

T0 � T2

T0 � T3

T0 � T4

1

C
C
A ; (A5)

with T0 the squaredtwo-way zero-o�set traveltime. Cal-
culating det A, we get

det A = X 1X 2X 3X 4

[ (T1T2 + T3T4) (X 1 � X 2) (X 3 � X 4)

+ (T1T2 + T3T4) (X 1 � X 2) (X 3 � X 4)

� (T1T2 + T3T4) (X 1 � X 2) (X 3 � X 4) ]:(A6)

When the moveout is hyperbolic, we have Ti = T0 +
X i =v2 . Using this, it follows that

X i � X j = v2 (Ti � Tj ) : (A7)

Using equation (A7) in (A6), it then follows that

det A = 0 : (A8)

Hence, if rational interpolation is done through support
points expressedas squared traveltime and squared o�-
set, the linear system (A2) for [2=2] rational interpola-
tion becomesdegeneratein the caseof hyperbolic move-
out.


