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ABSTRA CT
Recently , curvelets have beenintro duced in the �eld of applied harmonic anal-
ysis and shown to optimally sparsify smooth functions away from singularities
along smooth curves. In addition, it has been shown that curvelets allow a
sparserepresentation of wave propagators.Sincethe wavefronts in seismicdata
lie mainly along smooth surfaces(or curves in two dimensions) and since the
imaging operator belongsto the classof operators that is sparsi�ed by curvelets,
curveletsareplausiblecandidatesfor simultaneoussparserepresentation of both
the seismicdata and the imaging operator. Here, the �rst curvelet-basedseis-
mic imaging method is presented, using common-o�set time-migration as an
example. It is shown that with curvelets the leading-order approximation (in
angular frequency, horizontal wavenumber, and migrated location) to such mi-
gration becomesa simple transformation of the coordinates of the curvelets in
the data, combined with amplitude scaling. This transformation is calculated
using common-o�set (CO) map time-migration, which usesthe local slopespro-
vided by the curvelet decomposition of the data. The accuracyof the method is
veri�ed using numerical examplesthat indicate that using the leading-orderap-
proximation only, provides a good approximation to CO time-migration. Even
though the current work treats constant media only, the essenceof the pre-
sented leading-order derivation applies to pre-stack depth-migration also. The
combination of map migration with curvelets, aspresented in this work, uni�es
the �nite-frequency character of curvelets with the abilit y of map migration
to handle caustics. Becausewave-equation-basedmigration is not troubled by
the presenceof caustics and honors the �nite-frequency character of the data,
this work can be viewed as a hybrid formulation of map migration and wave-
equation-basedmigration.
Author's note: Part of this work haspreviously beenreported as Douma and
de Hoop, "On common-o�set pre-stack time migration with curvelets" (CWP-
510), in the 2005project review book. It is included here to present all material
in a coherent and complete fashion.
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In tro duction

In the high-frequency approximation, seismic waves
propagate along rays in the subsurface.The local slopes
of re
ections in seismic data measured at the surface
determine (together with the velocity of the medium at

the surface), the directions in which we need to look
into the earth from the surface to �nd the location and
orientation of the re
ector in the subsurface where the
re
ection w occurred. The determination of a re
ector
position and orientation from the location of a re
ec-
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tion in the data and the local slope, is generally referred
to as map migration (Kleyn, 1977). For an overview of
the literature on this topic, and for an explanation of
the applicabilit y condition of map migration, we refer
to Douma & de Hoop (2006).

Given the slopes at the source and at the receiver
locations, map migration provides a one-to-one map-
ping from the surface seismic measurements, i.e., loca-
tions, times, and slopes, to the re
ector position and
orientation in the image (provided the medium does
not allow di�eren t re
ectors to have identical surface
seismic measurements that persist in being identical
under small perturbations of the velocity model; see
Douma & de Hoop (2006) for an explanation of this
condition). This is in sharp contrast to migration tech-
niques that do not make explicit use of the slopes in
the data, such as Kirc hho� methods, where the data
are summed over di�raction surfaces [see, e.g., Bleis-
tein et al. (2000)]; such mappings are many-to-one in
a way that all points along the di�raction surface are
mapped to one di�ractor location. The bene�t of the
explicit use of the local slopes in the data, is exploited
in several seismicapplications such as parsimonious mi-
gration (Hua & McMechan, 2001; Hua & McMechan,
2003), controlled directional reception (CDR) (Zaval-
ishin, 1981; Harlan & Burridge, 1983; Sword, 1987;
Riabinkin, 1991), and stereo tomography (Billette &
Lambar�e, 1998; Billette et al., 2003). This list is not
complete and many more applications exist. In all
these methods, the slopes are estimated from the data
using additional processing techniques such as local
slant-stacking, multidimensional prediction-error �lters
(Claerbout, 1992p.186-201) or plane-wave destruction
�lters (Fomel, 2002; Claerbout, 1992p.93-97).

Recently , in the �eld of applied harmonic analysis
(Cand�es& Guo, 2002;Cand�es& Donoho., 2000;Cand�es
& Donoho, 2004b) a tigh t frame of curvelets has been
intro duced (seeApp endix B for an explanation of tigh t
frames) which provides an essentially optimal represen-
tation of objects that are twice contin uously di�eren-
tiable (C2) away from discontin uities along C2 edges.
Due to the wave character of seismic data, the re
ec-
tions recorded in seismic data lie predominantly along
smooth surfaces(or curvesin 2D), just asgeologicinter-
faces in the subsurface lie primarily along smooth sur-
faces. Therefore, it is plausible to assumethat seismic
data and their images can be sparsely represented us-
ing curvelets. This was earlier also noted by Herrmann
(2003a;2003b). At points where the recordedwavefronts
or the subsurfacecontain point-lik e discontin uities (e.g.,
at the edgesof a fault in the subsurface), however, the
level of sparsity that can be achieved with a curvelet
representation naturally will be somewhat lessthan the
sparsity achieved for the smooth parts of wavefronts or
geologic interfaces.Becausecurvelets are anisotropic in-
separable2D extensions of wavelets that have main as-
sociated local directions, i.e., oriented wavepackets, us-

ing curvelets as building blocks of seismic data the lo-
cal slopes in the data are built into the representation
of the data; a simple projection of the data onto the
curvelet frame (combined with an intelligent threshold-
ing scheme to separate signal from noise) then provides
the local directions associated with the recorded wave-
fronts.

Smith (1998) and Cand�es & Demanet (2002) have
shown that curvelets sparsify a class of Fourier inte-
gral operators from which the seismic imaging operator
can be constructed. In combination with the observation
that re
ections in seismic data lie mainly along smooth
curves, it seemstherefore that curvelets are plausible
candidates for simultaneous compressionof seismicdata
and the imaging operator. Waveswith a given dominant
wavelength are sensitive to variations in the medium
with certain lengths scalesonly (Jannane et al., 1989);
i.e., a wave with a dominant wavelength of say 100 me-
ters is hardly sensitive to variations in the medium on
the scale of one centimeter (becausethe �rst Fresnel
zone of a wave is proportional to the square-root of the
wavelength). Just lik e wavelets, curvelets have a ban-
dlimited character and thus have an associated dom-
inant frequency. Because of this bandlimited nature,
curvelets with di�eren t dominant frequencies are sen-
sitiv e to variations in the medium at di�eren t scales.
This allows the possibility to smooth the background
velocity with �lters related to the dominant wavelength
of the curvelets (i.e., the scale of the curvelets), and
propagate curvelets of di�eren t scales through di�er-
ent smoothed versionsof the medium. Smith (1998) has
shown that the propagation of a curvelet through such a
smoothed medium is governed by the Hamiltonian 
o w
in this smoothed medium associated with the center of
the curvelet. Here the center of a curvelet is de�ned by
its center in phase-space,meaning the central location
of a curvelet combined with its central direction. This
means that a curvelet is treated as if it was a particle
with an associated momentum (or direction). For each
smoothed medium, this observation reducesto the state-
ment that the propagation of a curvelet (through an in-
�nitely smooth medium) is well-approximated by trans-
lating the center of the curvelet along the correspond-
ing Hamiltonian 
o w, i.e., translating it along the ray
associated with the center of a curvelet (Smith, 1998;
Cand�es & Demanet, 2005). In fact, the procedure just
outlined yields a leading-order contribution to the so-
lution of the wave equation (Smith, 1998). Hence this
procedure admits wave-equation-basedseismic imaging
with curvelets.

In this work we focus on the simple case of ho-
mogeneousmedia to learn the basic characteristics of
seismic imaging with curvelets and as preparation for
imaging in heterogeneousmedia with curvelets. Because
in homogeneousmedia the above-mentioned smoothing
is unnecessary, we ignore such smoothing in this paper
altogether. Instead, we focus our attention on verify-
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ing, in the context of seismic imaging, the statement
that curvelets can be treated as particles with associ-
ated directions (or momenta). We show that by treating
curvelets as such, common-o�set (CO) time-migration
becomes, to leading order in angular frequency, hori-
zontal wavenumber, and migrated location, a transfor-
mation of the coordinates (i.e., midp oint and time) of
each curvelet in the data, combined with amplitude scal-
ing. The coordinate transformation can be calculated
with the aid of the explicit formulas for CO map time-
migration developed by Douma & de Hoop (2006). Nu-
merical veri�cation of the proposed leading-order ap-
proximation based on this simple coordinate transfor-
mation con�rms that it provides a good approximation
to CO time-migration. We emphasize that the essence
of the derivation is not limited to homogeneousmedia
but mention that the leading-order approximation to
pre-stack depth-migration is obtained also by a trans-
formation of coordinates. In that case,however, the ac-
curacy of the leading-order approximation is currently
unknown.

The coordinate transformation presented below is
calculated using map migration. Becausemap migration
makes explicit use of the slopes in the data, it consti-
tutes a mapping in phase-space(Douma & de Hoop,
2006). Moreover, since there are no caustics in phase-
space, map migration naturally handles caustics. The
combination of map migration with curvelets, as pre-
sented in this work, uni�es the abilit y of map migration
to handle caustics with the �nite frequency character
of curvelets. The abilit y to handle caustics while hon-
ouring the �nite-frequency character of the data, is also
found in wave-equation-basedmigration [e.g.,Claerbout
(1970; 1976), Sto�a et al. (1990), Biondi & Palacharla
(1996), Le Rousseau& de Hoop (2001)]. Therefore, we
view this work asa hybrid formulation of map migration
and wave-equation-basedmigration.

The outline of this paper is as follows. First we
explain what curvelets are, how they are constructed,
and what are their main properties. Subsequently we
present examples of digital curvelets from the digital
curvelet transform (Cand�es et al., 2005). A more de-
tailed treatment of a particular construction of real-
valued curvelets is included in App endix A. Then, we
show an example of the use of curvelets as building
blocks of seismic data, and explain the relationship be-
tween curvelets and map migration. We proceed to de-
riv e that to leading order in angular frequency, horizon-
tal wavenumber, and migrated location, CO time mi-
gration is equivalent to a transformation of the coordi-
nates of the curvelets in the data combined with am-
plitude scaling, and analyze the components that con-
stitute the coordinate transformation. Subsequently we
explain how this transformation can be calculated from
pre-stack map migration. Finally , we verify the accuracy
of the proposedmethod using numerical examples, and
�nish with a discussionof the results.
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Figure 1. Tilings of the curvelet frame in the spectral do-
main (a) and the spatial domain (b). In the frequency do-
main a curvelet is supported near a wedge on a polar grid
(i.e., the actual support extends slightly further than the in-
dicated wedge), where the width of the wedge is prop ortional
to 2bj =2c and its length is prop ortional to 2j . On the support
of such a wedge, a local Fourier basis provides a Cartesian
tiling of the spatial domain (shown schematically in b). The
essential support of a curvelet in the spatial domain is indi-
cated by an ellipse (while again the actual support extends
beyond this ellipse).

Curv elets

In this section we explain what curvelets are, how they
are constructed, and what are their main properties.
App endix A, which provides a more detailed treatment
of a particular construction of curvelets, closely follows
the original treatment of the construction of real-valued
curvelets by Cand�es& Donoho (2004b) but provides ad-
ditional explanations and derivations to guide the non-
specialist. For a short summary of the more general
complex-valued curvelets, we refer the reader to Cand�es
& Demanet (2005), while Cand�es et al. (2005) describe
two di�eren t implementations of digital curvelet trans-
forms. A frame similar to the curvelet frame was earlier
intro duced by Smith (1998).

In wavelet theory [e.g., Mallat (1998)], a 1D signal
is decomposed into wavelets, where a wavelet is local-
ized in both the independent variable and its Fourier
dual, say time and frequency. Such localization is un-
derstood within the limits imposed by the Heisenberg
uncertainty principle. These wavelets can be translated
along the time axis through a translation index, and
dilated in their frequency content through a scale in-
dex. They are uniquely determined by both indices: the
translation index m determines their location along, say,
the time axis, while the scale index j determines their
location along, say, the frequency axis.

Curvelets are basically 2D anisotropic (see below)
extensions to wavelets that have a main direction asso-
ciated with them. Analogous to wavelets, curvelets can
be translated and dilated. The dilation is given also by a
scale index j that controls the frequency content of the
curvelet, while the translation is indexed by m1 and m2
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(in two dimensions)? . A curvelet has a main associated
direction that can be changed through a rotation. This
rotation is indexed by an angular index l . The relation
between these indices and the location of the curvelet
in the spatial and spectral domains is shown in Figures
1a and b. A curvelet is uniquely determined by all four
indices (j; l ; m1 ; m2).

As explained in App endix A, curvelets satisfy the
anisotropic scaling relation width / squared length in
the spatial domainy . This is generally referred to as
parabolic scaling. This anisotropic scaling relation as-
sociated with curvelets is a key ingredient to the proof
in Cand�es& Donoho (2004b) that curvelets provide the
sparsest representations of C2 (i.e., twice contin uously
di�eren tiable) functions away from edgesalong piece-
wise C2 curves.The search for sparserepresentations of
such functions in the �eld of image analysis wasthe orig-
inal motiv ation for their construction, aswavelets fail to
sparsely represent such functions (Cand�es & Donoho,
2004b) due to their isotropic character. The anisotropic
scaling relation is a key di�erence between wavelets
and curvelets. The parabolic scaling is also the key to
the proof that curvelets remain localized in phase-space
(i.e., remain curvelet-like) under the action of the wave
operator provided the medium is smoothed appropri-
ately prior to propagation (Smith, 1998).

Curvelets are constructed through the following se-
quenceof operations. First, the spectral domain is band-
pass �ltered in the radial direction into dyadic annuli
(or subbands); this meansthat the radial widths of two
neighboring annuli di�ers by a factor of two, the next
outer annulus having twice the radial width of the in-
ner one (see Figure 1a). Each subband is subsequently
subdivided into angular wedges,where the number of
wedgesin each subband is determined by the frequency
content (or the scale index j ) of the subband (see Fig-
ure 1a). The number of wedgesin a subband with scale
j is 2bj =2c , where the notation bpc denotes the inte-
ger part of p. This means that the number of wedges
in a subband increasesonly every other scalez . Subse-
quently , each wedge is multiplied by a 2D orthonormal

?We di�er from the standard notation k1 and k2 to avoid
confusion with the wave-vector components.
yConsidering the di�erence in dimension between width and
squared length , this scaling relation holds when both width
and length are made dimensionless through division by a
reference length, typically the sampling interval in numeri-
cal implementations. Otherwise this relation would involve a
prop ortionalit y constant that has a dimension which adjusts
for the di�erence in dimension between width and squared
length 2 .
zThis is a consequenceof the dyadic nature of the subband
�ltering done in the �rst step combined with the desired
parabolic scaling. Without this splitting at every other scale
resulting from the parabolic scaling, the number of wedges
would increase with a factor

p
2 if the scale index was in-

creased by one. In this case we would not have an integer

Fourier basis for the rectangle that just covers the sup-
port of the wedge. According to the discrete Fourier
transform, this basis has the fewest members if the area
of this rectangle is minim um, since then the product of
both sampling intervals in space is largest. Therefore,
the orientation of this rectangle rotates with the an-
gular wedge, and the spatial tiling associated with the
local Fourier basis is oriented along the central direc-
tion of the angular wedge (see Figure 1b); that is, the
spatial tiling associated with each angular wedge de-
pends on the particular orientation of the wedge. The
subband �ltering gives curvelets their bandlimited na-
ture (just as with wavelets), whereasthe subdivision of
thesesubbands into angular wedgesprovides them with
orientation. The local Fourier basis over the support of
the angular wedgeallows the curvelets to be translated
in space. Therefore, curvelets are in essencea tiling of
phase-space;i.e., a tiling of two variables and their two
Fourier duals. The tiling is non-trivial in that the sam-
pling of phase space is polar in the spectral domain,
but Cartesian in the spatial domain. As explained in
App endix A, curvelets are essentially Heisenberg cells
in phase-space.

Roughly speaking, we can think of curvelets as
small piecesof bandlimited plane waves.The di�erence
between this rough description and the actual interpre-
tation lies, of course,in the fact that a bandlimited plane
wavehasassociated with it onek direction only, whereas
a curvelet is associated with a small range of k vectors.
A better description is the term coherent wave packet
which wasaround beforecurveletswereever constructed
[e.g. Smith (1997; 1998)] and dates back to the work
of C�ordoba & Fe�erman (1978). The frequency-domain
tiling of the curvelet frame is the same as the dyadic
parabolic decomposition or second dyadic decomposi-
tion (Gunther Uhlmann, personal communication with
Maarten de Hoop) used in the study of Fourier inte-
gral operators [seee.g. Stein (1993)], which was around
long before the construction of the curvelet frame (Fef-
ferman, 1973).

Curvelets form a tight frame for functions in
L 2 �

R2 �
| seeApp endix A for the proof of this prop-

erty and App endix B for an intro duction to tigh t frames.
This means that, much as with an orthonormal basis,
we have a reconstruction formula

f =
X

� 2M

(f ; c� ) c� ; (f ; c� ) =
Z

R2
f (x )c�

� (x )dx ; (1)

where c� denotes a curvelet with multi-index � =
(j; l ; m1 ; m2), the superscript � denotes complex conju-
gation, M is a multi-index set, and f (x1 ; x2) 2 L 2

�
R2

�
.

Thus, we can expressan arbitrary function in L 2 �
R2 �

as
a superposition of curvelets. The quantit y (f ; c� ) is the

number of wedges, hence the doubling of the number of an-
gular wedgesevery other scale only.
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Figure 2. Tilings for digital curvelets in the spectral domain
(a) and the spatial domain (b). For digital curvelets, the
concentric circles in the spectral domain are replaced with
concentric squares, and the Cartesian spatial grid is sheared.

coe�cien t of curvelet c� which denotes the projection
of the function f on curvelet c� .

Digital curv elets

In the construction of curvelets treated so far, the sam-
pling of the spectral domain is done in polar coordinates
while the sampling of the spatial domain is Cartesian
(see Figures 1a and b). From a computational point
of view, this combination is not straightforw ard to im-
plement. Combining Cartesian coordinates in both do-
mains is straightforw ard and is standard in data pro-
cessing. Therefore, for the purp ose of digital curvelet
transforms, the polar coordinates in the spectral domain
are replaced with Cartesian coordinates (see Figures
2a). Also, in the �eld of image analysis [where the digi-
tal curvelet transform was originally developed (Cand�es
& Donoho, 2004a; Cand�es et al., 2005)], images usu-
ally have Cartesian spatial coordinates to begin with;
hence it is natural to have Cartesian coordinates in the
spectral domain also. This allows straightforw ard appli-
cation of Fast Fourier Transform algorithms. This argu-
ment holds for seismic as well as image data.

To go from polar coordinates to Cartesian coor-
dinates in the spectral domain, the concentric circles
in Figure 1a are replaced with concentric squares (see
Figure 2a); hence the rotational symmetry is replaced
with a shearedsymmetry. As a consequence,the Carte-
sian sampling in the spatial domain is a Cartesian grid
that is shearedrather than rotated (cf., Figures 1b and
2b)x . This construction allows a rapidly computable dig-
ital curvelet transform (Cand�es et al., 2005). For more
details on the implementation of digital curvelet trans-
forms, we refer to Cand�es& Donoho (2004a)and Cand�es
et al. (2005).

xHere the centers of the cells are the locations of the centers
of the curvelets in space.

Examples of digital curv elets

Figure 3 shows examples of digital curvelets. The left
column shows curvelets in the spatial domain, while the
right column shows their associated spectra. Superim-
posedon the spectra is the spectral tiling of the digital
curvelet transform. The middle column shows the as-
sociated spatial lattice for each of the curvelets, where
the centers of the cells are the locations of the centers
of the curvelets in space{ . Here the spatial cells on the
spatial lattice are colored according to the magnitude of
the curvelet coe�cien t (here always unit y); black equals
one and white equalszero. Figure 3b shows a translated
version of the curvelet in Figure 3a; the spectral tile is
the same,but the spatial tile has changed, i.e., indices j
and l are held constant, but the translation indices m1

and m2 are di�eren t. Figure 3c shows a curvelet with
the same spatial location and the same scale index as
that in Figure 3a, but with a di�eren t angular index l .
That is, the spectral tile has moved within the same�l-
ter band, i.e., within the sameconcentric squares.Note
how the spatial lattice changesas we change the angu-
lar index l . Finally , Figure 3d shows a dilated version of
the curvelet shown in Figure 3a; the spatial location is
the same, but the spectral tile has moved outward into
a neighboring annulus (or subband), i.e., the scaleindex
j ! j + 1. Since the neighboring annulus is subdivided
into more wedges,the angular index l has also changed,
but in such a way that the direction of the curvelet is
basically the same.Similarly , sincethe larger scalehas a
�ner spatial sampling associated with it, the translation
indices m1 and m2 have also changed, but in such a way
that the curvelet location is the same.

Curv elets remain curv elet-lik e when sub jected
to the class of op erators relev ant for seismic
imaging

The action of operators belonging to the classof Fourier
integral operators that can besparselyrepresented using
curvelets, which includes the CO time-migration opera-
tor, can be described in terms of propagation of singu-
larities along a Hamiltonian 
o w (Smith, 1998; Cand�es
& Guo, 2002). The action on a curvelet of a particular
scale can be approximated by translating the curvelet
along the ray associated with the center of the curvelet
through the medium smoothed for that particular scale.
This means that, in the appropriately smoothed me-
dia, curvelets remain fairly localized in both the spa-
tial domain and the spectral domain. Hence, the propa-

{ Throughout this work, we used the nonequispaced fast
Fourier transform-based curvelet transform (Cand�es et al.,
2005). Because this transform induces a sheared spatial grid,
as opposed to the wrapping-based transform (Cand�es et al.,
2005), which induces a rectangular grid, all spatial lattices
shown in this work are sheared grids.
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Figure 3. First column: curvelets in the spatial domain. Second column: associated spatial lattices, and spatial cells colored
according to the value of the coe�cien t (black is one, white is zero). Third column: amplitude spectra and frequency-domain
tilings. First row: a curvelet. Second row: curvelet from (a) with di�eren t translation indices. Third row: curvelet from (a) with
a di�eren t angular index. Fourth row: curvelet from (a) with a di�eren t (higher) scale index (here the translation indices and
the angular index are also di�eren t becausethey both depend on the scale index).

gated curvelet can be constructed by using neighboring
curvelets only, where neighboring is understood in the
context of phase-space;i.e., a neighboring curvelet is
a curvelet that is close in the spatial domain and has
orientation close to the orientation of the curvelet that

is propagated along the central ray, i.e., the ray asso-
ciated with the center of the curvelet in phase-space.
Note that propagation of a curvelet in accordancewith
the Hamiltoninan is an operation in phase-spacesince it
makes explicit use of the slope of the curvelet. Since in
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Figure 4. Top row: a curvelet with a dominan t frequency of about 30 Hz (left, shown in depth z = vt u =2, for consistency), the
normalized absolute value of the coe�cien t on the spatial lattice (middle), and its amplitude spectrum (righ t). Bottom row:
CO Kirc hho� migration of the curvelet in the top row. The middle panel in this row shows the coe�cien ts on the spatial lattice
in the lower left quadrant of the leftmost panel (indicated with the dotted lines in the leftmost panel) for each of the numbered
wedges(lab eled `1' to `4') in the spectrum (righ t).

phase-spaceno caustics can occur, curvelet-basedimag-
ing does not even notice the formation of caustics.

For homogeneousmedia smoothing is unnecessary
and curvelets of all scalescan be propagated along the
central ray through the samemedium. To illustrate this,
Figure 4 shows the result of CO Kirc hho� migration of
a curvelet [taken from Douma & de Hoop (2004)]. The
top row shows the input curvelet in space(the vertical
axis was converted to depth using z = vtu =2 for conve-
nience, with z denoting depth, and v and tu denoting
velocity and the two-way traveltime, respectively) and
its associated amplitude spectrum. Again the spatial
distribution of the coe�cien ts is shown in the middle
panel, just as in Figure 3. The left-most panel of the
bottom row shows the CO Kirc hho�-migrated curvelet.
Notice how the migrated curvelet is clearly localized in
spaceand determines only part of the isochron, in sharp
contrast to the whole isochron if a single sample (or a
`spike') would be used as input to the migration. This
con�rms that in the context of migration (at least for
CO time-migration), curvelets are indeed a more appro-
priate choice for building blocks of seismic data than
are spikes (that are currently used to represent seismic
data). The spectrum of the migrated curvelet (bottom

right) is clearly also localized after the migration, and
overlies only four wedges in the curvelet tiling of the
spectrum. The middle panel shows the coe�cien ts for
the spatial area in the lower left quadrant of the left-
most �gure (outlined by the dotted lines), for the wedges
labeled `1' through `4'; since curvelets of di�eren t ori-
entations induce di�eren t spatial tilings k , and since the
migrated curvelet overlies four wedges,the spatial distri-
bution for the coe�cien ts related to all four wedgesare
shown separately in the lower middle pannel of Figure
4. Indeed this reveals that the migrated curvelet is con-
structed from several curvelets, but only few of them
having large coe�cien ts. This con�rms that curvelets
remain fairly localized in both the spatial and spectral
domain (i.e., they remain curvelet-like), at least after
CO time-migration.

kThe wrapping-based curvelet transform (Cand�es et al.,
2005) does not induce di�eren t tilings for spectral wedges
with the same scale index but di�eren t angular indices.
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Figure 5. Synthetic common-shot gather with cusped wavefront: original (a), reconstructed using only the 0:25% largest
curvelet coe�cien ts (b), and the di�erence (c). The reconstruction with 0:25% of the curvelets is almost identical to the original
common-shot gather. In this example, using only 0:25% of the curvelets results in about 30 times fewer curvelets than input
samples in the gather.

Curv elets as building blo cks of seismic data

Seismic re
ections in seismic data lie primarily along
smooth surfaces (or curves in two dimensions). Even
di�ractions from discontin uities in the earth's subsur-
face,such asedgesof geologicinterfacescausedby fault-
ing, lie along smooth surfaces. This is a direct conse-
quence of the wave-character of seismic data. As men-
tioned in the intro duction, it is intuitiv e that curvelets
can be used to sparsely represent seismic data because
curvelets provide the sparsestrepresentations of smooth
(C2) functions away from edges along piecewise C2

curves (Cand�es & Donoho, 2004b). Throughout this
work, we adopt this intuition and illustrate this with a
simple synthetic example. Hence,we focus on the sparse
representation of the imaging operator rather than the
data.

Figure 5a shows part of a synthetic common-shot
gather, where the wavefront has a cusp. These data re-
late to a model with a syncline-shaped re
ector. Figure
5b shows the reconstructed gather where only the 0:25%
largest curvelet coe�cien ts were used. For the particu-
lar example shown, this relates to a compression ratio
of about 30; i.e., we used 30 times fewer curvelets than
the number of sample values in the original gather to
reconstruct the data. From Figure 5c the di�erence be-
tween the original and reconstructed data is negligible.
Note that this large compressionratio is partly a result
of the synthetic data having many zero sample values
to start with; for a �eld data example this compression
ratio would lik ely be smaller. This example, however,
shows that with curvelets as building blocks of seismic
data, the data can be represented with fewer curvelets
than samplesin the data, and with essentially no resid-
ual, even in areaswhere the wavefront has cusps.

In this example, we have applied a hard threshold-
ing to the data; we discarded 99:75% of the curvelets.
At �rst sight one might therefore think that the com-
pression ratio should be 400. The curvelet transform,
however, is a redundant transform, meaning that if all
curvelets are used to reconstruct the data, there are
more curvelets than samplepoints in the data. Di�eren t
digital implementations of the curvelet transform have
di�eren t redundancies�� (Cand�eset al., 2005). The hard
thresholding used in this numerical example will lik ely
not be suitable for determining the threshold level with
�eld data, especially where the data are contaminated
with noise. In that case,we would need more sophisti-
cated methods to separate signal from noise and obtain
a sparserepresentation of the data. In this work we do
not concern ourselveswith any such denoising and com-
pressionmethods but instead focus on the sparserepre-
sentation of the imaging operator. We reiterate that by
using curvelets as building blocks of seismic data, the
local slopes(or directions) in the data are built into the
data representation. Other than a straightforw ard pro-
jection of the data onto the curvelet frame (combined
with an intelligent thresholding procedure), no addi-
tional processingsteps are required to extract the local
(central) slopesfrom the data. Therefore, curvelets pro-
vide an appropriate reparametrization of seismic data
that has the wave-character of the data built into it.

�� In this particular example, the apparent compression ratio
(400) and the associated implied redundancy of 400=30 � 13
is so large only becausea lot of zero-padding was necessary
to make the number of samples in the gather both horizon-
tally and vertically equal to an equal power of 2; the actual
redundancy of the transform used is about 3.
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Figure 6. Common-o�set (h = 1000 m) data (a) and mi-
grated data (b) from a syncline shaped re
ector embedded
in a constant velocit y (v = 2000 m/s) medium, and dem-
igrated and migrated line elements superposed on the data
and migrated data, respectively. The excellent agreement be-
tween the demigrated line elements and the seismic data
(a), and the migrated line elements and the migrated data
(b), indicates the validit y of the common-o�set map time-
demigration and migration equations, respectively.

2D Common-o�set map time migration

Douma & de Hoop (2006) present explicit expres-
sions for common-o�set map time-migration (i.e., mi-
gration in a medium with (e�ectiv ely) constant veloc-
it y) that use only the slope in a common-o�set gather
(and the velocity), rather than the slopes in both a
common-o�set gather and a common-midpoint gather
(and the velocity), such as the equations presented by
Sword (1987p.22). In essencethis means that CO time-
migration can be written in terms of one Hamiltonian

o w only, instead of two. The expressionsin three di-
mensions from Douma & de Hoop (2006) simplify yy in
two dimensions to

ym
1 = xu �

�
vtu

2

� 2 � u

h
; (2)
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pu tu j � u � 1j j� u + 1j

vu
u
t

"

1 �
�

vtu � u

2h

� 2
# (

t2
u �

�
2h
v

� 2
) ; (4)
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is done throughout this work.
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with

� u = � u (tu ; pu ; h) := t2
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�
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� 2
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2h
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� 2 �
1 �

� vpu
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� 2
�

: (6)

In these expressions xu , tu , and pu := @tu =@xu are
the midp oint location, two-way (unmigrated) travel-
time, and the (unmigrated) slope in a CO section, re-
spectively, while ym

1 , ym
2 = vtm =2 and pm := @tm =@ym

1

are the migrated horizontal and vertical location and
the migrated slope, respectively, with tm the migrated
two-way traveltime. Furthermore, h denotes the half-
o�set and v is the medium velocity. Equations (2)-(4)
are explicit expressionsthat determine the migrated re-

ector coordinates (ym

1 ; ym
2 ; pm ) from the specular re-


ection coordinates (xu ; tu ; pu ), given h and v.
At �rst sight onemight expect thesemap migration

equations to useboth the local slopesat the sourceand
the receiver, or equivalently the local slopes in a CO
gather and in a CMP gather, becausethese slopesafter
all determine the directions in which to look into the
earth for the re
ector location. It turns out, however,
that in homogeneousmedia only the slope in the CO
gather needs to be known (Douma & Calvert, 2006).
Equations (2)-(4) indeed do not use the o�set horizon-
tal slowness ph := @tu =@h, so that in practice only pu

needs to be estimated, and the slope in a common-
midp oint gather can be ignored. It is possible to derive
map-migration equations that use the o�set horizontal
slownessph instead of the velocity. In this way, the need
to estimate the velocity from CMP gathers is replaced
with the need to estimate the local slopes in a CMP
gather (Fomel, 2005). This idea dates back to the work
of Ottolini (1983). In the context of 2D pre-stack time
migration with curvelets, the additional slopes ph can
be estimated by decomposition of the full data volume
(i.e., time, midp oint, and o�set) with 3D extensions of
curvelets. In this way both pu and ph can be obtained.
Hence, 2D pre-stack time migration without velocity
picking would require 3D curvelets.

Figure 6a shows a common-o�set gather (h = 1000
m) from synthetic data generatedfrom a syncline model
with constant velocity above the re
ector. Superim-
posedon the re
ections, line elements are drawn tangent
to the re
ections. Each of theseline elements determines
a local slope, pu , while the center of the line determines
the two-way traveltime tu and the common-midpoint
location xu . Using equations (2)-(4) and the velocity
v = 2000 m/s, the migrated location (ym

1 ; ym
2 ) and the
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Figure 7. Geometry associated with 2-D CO time migration.

local dip tan � = vpm =2 can be determined (� is the
angle with the horizontal measuredclockwise positive).
Figure 6b shows the migrated common-o�set counter-
part of the data shown in Figure 6a, with the migrated
line elements determined using ym

1 , ym
2 , and pm , super-

imposedon the image. The migrated line elements accu-
rately follow the directions in the image, indicating that
equations (2)-(4) indeed capture the kinematics of CO
time migration in a high-frequency approximate sense.
Note that the line elements from di�ractions of the edges
of the syncline in Figure 6a, are all mapped to the same
location but with di�eren t orientations. This is analo-
gous to building a delta function with plane wavesfrom
all directions; i.e., a Fourier transformed delta function
has all directions.

Knowing that each curvelet has a central direction
associated with it, we aim to replace the line elements
in Figure 6 with curvelets and seeto what extent mov-
ing curvelets around according to the map migration
equations (2)-(4) results in a good time-migrated im-
age. We are thus aiming to lift the applicabilit y of map
migration beyond velocity model building, and show its
usefor pre-stack (here CO time) imaging with curvelets
(Douma & de Hoop, 2004).

Leading-order appro ximation to 2.5-D CO
time-migration using curv elets

The CO 2.5-D time-migration equation is given by
(Bleistein et al., 2000p.309,equation (6.3.25))

� (y ) =
Z 1

�1

Z 1

�1

p
j! j a (y ; x; h)

� e� i! ( r s + r g ) =v + i ( � =4) sgn! Us (x; ! )dxd! ; (7)

where � (y ) is the re
ectivit y function at migrated lo-
cation y = (y1 y2)T , ! is the angular frequency, and
Us (x; ! ) denotes the scattered �eld at midp oint loca-
tion x, Fourier transformed with respect to time t. Fig-
ure 7 shows the geometry associated with 2-D CO time-
migration. The amplitude a(y ; x; h) is given by

a (y ; x; h) =
4y2p
2� v3

p
r s + r g

�
r 2

s + r 2
g

�

(r s r g )3=2
cos� (x; y ; h);(8)

with � (x; y ; h) half the opening angle betweenthe slow-
nessvectorsat the sourceand the receiver locations, and
the distancesr s and r g from the sourceand the receiver
to the re
ector location, respectively, given by

r s = r s (y ; x; h) =
q

(x � h � y1)2 + y2
2 ; (9)

r g = r g(y ; x; h) =
q

(x + h � y1)2 + y2
2 : (10)

Anticipating that in the spectral domain a curvelet is
localized near a wedge, we Fourier transform Us with
respect to x [using the convention given in Bleistein et
al. (2000p.29-30)] to get

� (y ) =
1

2�

Z 1

�1

Z 1

�1

p
j! j

�
� Z 1

�1
a (y ; x; h) e� i f ! ( r s + r g ) =v � k x x gdx

�

� Ûs (kx ; ! )ei ( � =4) sgn! dkx d! : (11)

The quantit y between the square brackets is an
oscillatory integral that can be approximated using
the method of stationary phase [e.g., Bleistein et al.
(2000p.129)]. Treating � ! as the formal large param-
eter and de�ning the phase � as

�( y ; x; kx ; ! ; h) :=
r s (y ; x; h) + r g(y ; x; h)

v
�

kx

!
x ; (12)

we get

� (y ) =
Z 1

�1

Z 1

�1

a(y ; x(y ; kx =! ; h); h)
p

2� j� 00(y ; x(y ; kx =! ; h); kx ; ! ; h)j

� e� i! �( y ;x ( y ;k x =! ;h ) ;k x ;! ;h ) Ûs (kx ; ! )

� ei ( � =4) sgn! [1 � sgn(� 00( y ;x ( y ;k x =! ;h ) ;k x ;! ;h ))] dkx d! ;

(13)

with

� 00(y ; x(y ; kx =! ; h); kx ; ! ; h) :=
@2 �
@x2

�
�
�
�
x ( y ;k x =! ;h )

(14)

the Hessian evaluated at the stationary midp oint loca-
tion x(y ; kx =! ; h). Note that the factor

p
j! j in equa-

tion (11) has canceledout through the stationary phase
approximation. Calculating the Hessianexplicitly gives

� 00=
y2

2

v

�
1

r 3
s (y ; x; h)

+
1

r 3
g (y ; x; h)

�
: (15)

Sincer s (y ; x; h) and r g (y ; x; h) represent distances(that
are always positive) and becausewe have y2 � 0, it
follows that the Hessian is positive de�nite, whence
sgn(� 00) = 1. Using this in equation (13) gives

� (y ) =
Z 1

�1

Z 1

�1

a(y ; x(y ; kx =! ; h); h)
p

2� j� 00(y ; x(y ; kx =! ; h); kx ; ! ; h)j

� e� i! �( y ;x ( y ;k x =! ;h ) ;k x ;! ;h ) Ûs (kx ; ! )dkx d! : (16)
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The stationary midp oint location x(y ; kx =! ; h) sat-
is�es

@�( y ; x; kx ; ! ; h)
@x

�
�
�
�
x = x ( y ;k x =! ;h )

= 0 : (17)

This condition leads to a quartic equation in x with
x(y ; kx =! ; h) as its solution. This solution givesthe mid-
point location x as a function of the slope p = kx =! in
the CO data and the migrated location y . The resulting
expression for x(y ; kx =! ; h) is thus a map demigration
as a function of unmigrated (or input) as well as mi-
grated (output) quantities; i.e., the midp oint location is
determined as a function of the unmigrated slope and
the migrated location. Note that to �nd the station-
ary midp oint location x(y ; kx =! ; h) the quartic equa-
tion does to be solved if we decompose the data into
curvelets. In that casewe can use the resulting central
midp oint location (x), central traveltime (t) and cen-
tral slope (p) to determine the migrated location (y )
through the map migration equations (2){(4). In this
way, for each input curvelet, we know the relation be-
tween the midp oint location x on one side, and the mi-
grated location y and the slope (p) in the data on the
other side. Hence, we need not solve the quartic equa-
tion if we setup the migration in the data-domain (i.e.,
an input-based algorithm, seebelow) rather than in the
image-domain (i.e., an output-based algorithm). The ex-
plicit form of the quartic equation is given in App endix
C.

Let � � (y ) be the image of one input curvelet c� ,
with multi-index � = (j; l ; m1 ; m2). That is, we re-
place the input data Ûs (kx ; ! ) in equation (16) with
one curvelet ĉ� (kx ; ! ), where the notation ĉ� denotes
the Fourier transform of the curvelet c� (x; t) in the x � t
domain. Therefore we have

� � (y ) =
Z 1

�1

Z 1

�1
a0(y ; kx ; ! ; h)

� e� iP ( y ;x ( y ;k x =! ;h ) ;k x ;! ;h ) ĉ� (kx ; ! )dkx d! ;

(18)

where we have de�ned

a0(y ; kx ; ! ; h) :=
a(y ; x(y ; kx =! ; h); h)

p
2� j� 00(y ; x(y ; kx =! ; h); kx ; ! ; h)j

(19)

and

P(y ; kx ; ! ; h) := ! �( y ; x(y ; kx =! ; h); kx ; ! ; h)

= ! t(y ; x(y ; kx =! ; h); h)

� kx x(y ; kx =! ; h) ; (20)

with

t(y ; x(y ; kx =! ; h); h) := (r s (y ; x; h) + r g (y ; x; h))=v

(21)

the traveltime from the sourceto the re
ector and back
to the receiver. This is reminiscent of plane-wave migra-
tion (Akbar et al., 1996).

Noticing that ĉ� (kx ; ! ) is localized near a wedge
with center angular frequency ! u and center horizontal
wavenumber ku

x , we linearize the dependenceof P on !
and kx around ! u and ku

x . This meansthat, apart from
the amplitude a0, the oscillatory integral on the right-
hand side of equation (18) becomessimply an inverse
Fourier transform. Doing this, we have
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x ; ! u ; h)
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�
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; (22)

where the derivativ es dP=d! and dP=dkx denote total
derivativ es. From equation (20) it is immediate that

P (y ; ku
x ; ! u ; h) = ! u t (y ; x(y ; pu ; h); h)

� ku
x x(y ; pu ; h) ; (23)

where pu := ku
x =! u . Then, calculating the total deriva-

tiv e, it follows from equation (20) that
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Since p = @t=@x and that ! p = kx , it follows that
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Similarly , it follows that
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Using equations (23), (25), and (26) in (22), we have

P(y ; kx ; ! ; h) � ! t (y ; x(y ; pu ; h); h) � kx x(y ; pu ; h):

(27)

In addition, using that the amplitude a0(y ; kx ; ! ; h)
varies slowly over the spectral support (i.e., a spectral
wedge) of a curvelet, we approximate

a0(y ; kx ; ! ; h) � a0(y ; ku
x ; ! u ; h) : (28)
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Then, using equations (27) and (28) in (18), it follows
that

� � (y ) = a0(y ; ku
x ; ! u ; h)

Z 1

�1

Z 1

�1
ĉ� (kx ; ! )

� e� i f ! t ( y ;x ( y ;p u ;h ); h ) � k x x ( y ;p u ;h ) gdkx d! ;

(29)

which is indeed simply an inverse Fourier transform of
a curvelet.

Furthermore, we make useof the fact that curvelets
remain (fairly) localized in the spatial domain under the
action of the migration operator (see Figure 4 for an
illustration in the context of time migration). That is,
given a curvelet in the data c� (x; t) with center location
(xu ; tu ) and main slope pu , this curvelet is localized near
the map-migrated location y m . Therefore, we linearize
the dependenceof t(y ; x(y ; pu ; h); h) and x(y ; pu ; h) on
y around the map-migrated location y m . Linearizing
x(y ; pu ; h) gives

x(y ; pu ; h) � xu + (r y x(y ; pu ; h)) jy m
� (y � y m ) ; (30)

where we used xu = x(y m ; pu ; h) and where the nota-
tion r y denotesthe gradient with respect to y . Lineariz-
ing t(y ; x(y ; pu ; h); h) in y again involves total deriva-
tiv es instead of partial derivativ es since both t and x
depend on y . Hence, we have

t(y ; x(y ; pu ; h); h) � t (y m ; x(y m ; pu ; h); h)

+
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o
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Using equations (30) and (31) in (29) it follows that
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Realizing that the integral is peaked at y = y m ,
we can replace a0(y ; ku

x ; ! u ; h) in equation (32) with
a0(y m ; ku

x ; ! u ; h). Doing this, while recognizing the in-
verseFourier transform, we �nally have

� � (y ) = a0(y m ; ku
x ; ! u ; h) c� (L � (y � y m ) + x u ) ; (33)

where we have de�ned

L :=

 
r y x(y ; pu ; h)jy m

fr y t (y ; x(y ; pu ; h); h) + pu r y x(y ; pu ; h)gjy m

!

(34)

and

x u :=
�

xu

tu

�
: (35)

Therefore, it follows that the leading-order approxima-
tion (in angular frequency, horizontal wavenumber, and
migrated location) to CO time-migr ation, consists of a
coordinate transformation applied to a curvelet in the
data, given by

y = L � 1 � (x � x u ) + y m ; (36)

combined with an amplitude scaling, where both the
matrix L and the amplitude a0 are evaluated with the
use of pre-stack map migration.

The matrix L can be written as

L = Spu � T ; (37)

with

Spu :=
�

1 0
pu 1

�
; (38)

T :=

 
r y x(y ; pu ; h)jy m

r y t (y ; x(y ; pu ; h); h)jy m

!

: (39)

The explicit form of the matrix T for CO time-migration
in (39) is derived in App endix D. Note that the matrix
Spu de�nes a unilateral shear along the t-axis; i.e., the
matrix Spu shearsthe input curvelet with slope pu along
the t-axis to have zero slope.

Now that we know the leading-order approximation
to one CO time-migrated curvelet c� through equation
(33), we can determine the total image of the (scattered)
data us using the reconstruction formula (1). Letting M
denote the 2.5-D CO time-migration operator, we have

� (y ) = [M us ] (y ) =
X

� 2M

(us ; c� ) [M c� ] (y )

=
X

� 2M

(us ; c� ) � � (y ) ; (40)

where M is the index set containing all multi-indices
� represented in the data. Finally , becauseseismicdata
can be sparsely represented with curvelets, we can write
the total image � (y ) as

� (y ) =
X

� 2 ~M

(us ; c� ) � � (y ) ; (41)

with � � (y ) given by equation (33), and ~M the index
set that holds the multi-indices of curvelets that sur-
vive a certain threshold. Note that the index set ~M is
determined through thresholding the projection of the
seismic data us onto the curvelet frame.
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Input- versus output-based imaging

Equation (41) is based on a decomposition of the data
us (x ) with curvelets, followed by thresholding of the
resulting coe�cien ts, and subsequent imaging of each
curvelet that survived the thresholding. Therefore, this
is an input-based seismic migration. This is analogous
to convolution of each sample in the data with its as-
sociated isochron in accordance with classical Kirc h-
ho� time-migration. Alternativ ely, output-based Kirc h-
ho� migration can be calculated based on di�raction
stacks, as is done in practical imaging algorithms; i.e.,
for each position in the image, a di�raction surface is
calculated and the data are stacked over this surface.
The resulting stack then gives the image at that partic-
ular position in the image.

There is an important di�erence between input-
and output-based migration algorithms. In output-
basedalgorithms the image points are speci�ed and the
neededdi�raction surfacesin depth migration are calcu-
lated by ray-tracing in heterogeneous(anisotropic) me-
dia from the image point to the surface. In input-based
algorithms, for a particular point in the data, all loca-
tions in the image that have the sametraveltime as the
data point need to be calculated. This is a substantially
more complex procedure than ray-tracing from the im-
agepoint to the subsurface.For this reasonmany prac-
tical migration implementations are output-based algo-
rithms. For the homogeneousmedia casetreated in this
work, this di�erence is irrelevant. Formulating the mi-
gration as an output-based imaging algorithm, we have

� (y ) = [M us ] (y ) =
X

� 02M 0

([M us ] ; c� 0) c� 0(y )

=
X

� 02M 0

(us ; [M � c� 0]) c� 0(y ) ; (42)

where M � is the adjoint of the migration operator, i.e.,
the modeling (or demigration) operator. In this case,a
curvelet in the image domain is demigrated and its pro-
jection onto the data is calculated. Subsequent thresh-
olding then determines if the projection of the demi-
grated curvelet onto the data exceedsa speci�ed thresh-
old. This procedure would allow target-oriented wave-
equation-basedmigration by demigrating curvelets con-
tributing to a particular part of the image only. This
requires calculating the leading-order approximation to
the demigration operator acting on a single curvelet, i.e.
[M � c� 0](x ) in equation (42).

Analysis of the linear transformation L

In App endix D we derive an explicit expression, equa-
tion (D13), for the linear transformation T in 2D CO
time-migration. It is given by

T =

0

B
B
B
@

1
tan � s r 3

g + tan � g r 3
s

r 3
s + r 3

g

� 2cos� sin �
v

2 cos� cos�
v

1

C
C
C
A

; (43)

where � is the half opening-angle (see Figure 7). In-
spection of the second row of this matrix, reveals that
this transformation contains a rotation with angle � =
(� s + � g )=2, which is the migrated dip. Making this ro-
tation explicit, we rewrite T as

T = T 0 � R � � ; (44)

with

T 0 :=

 
cos� + X sin � X cos� � sin �

0
2cos�

v

!

; (45)

R � � :=
�

cos� sin �
� sin � cos�

�
: (46)

The matrix R � � describes a rotation with angle � . Be-
cause� is clockwise positive and since t increasesdown-
ward while x increasesto the right, R � � describes an
anti-clo ckwise rotation. In the de�nition of T 0 we intro-
duced

X :=
tan � s r 3

g + tan � g r 3
s

r 3
s + r 3

g
(47)

for notational convenience. Further, inspecting equa-
tions (45) it follows that T 0 can be written as the matrix
product of a dilation matrix D and a unilateral shear
matrix S. That is, we can write T 0 as

T 0 = D � S ; (48)

with

D :=

 
cos� + X sin � 0

0
2 cos�

v

!

; (49)

S :=

0

@1
X cos� � sin �
cos� + X sin �

0 1

1

A : (50)

Therefore, using equations (44) and (48) in equation
(37), it follows that

L = Spu � D � S � R � � : (51)

Finally , using this representation of L in the coordinate
transformation in equation (36), which describes the
leading-order contribution to 2D CO time-migration, we
have

y = R � � S� 1 � D � 1 � S� pu � (x � x u ) + y m ; (52)

where we used that S� pu = S� 1
pu .
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x S� pu D � 1 S� 1 R�

Figure 8. Illustration of the individual components of the linear transformation L � 1 = R � � S� 1 � D � 1 � S� pu [equation (51)]:
input curvelet (a) after S� pu (b), D � 1 (c), S� 1 (d), and R � (e). The parallellogram superimp osed on a curvelet in sub�gure a
and its transformed versions in b-e allow easy identi�cation of the action of each individual component of L � 1 .

From equation (52) it follows that the leading-order
approximation to CO time-migration can be described
by the following sequenceof linearzz transformations.
First, a curvelet in the data with center location x u

(i.e., center midp oint location xu and center two-way
traveltime tu ) and center slope pu , is shearedalong the
time-axis to have zero slope. Subsequently , the curvelet
is dilated in both the vertical and horizontal direction.
Then, the curvelet is sheared along the horizontal di-
rection and is rotated to have output dip � . All these
linear transformations have the center location x u of
the curvelet as their origin. Finally , the resulting trans-
formed curvelet is translated to the migrated output
location y m . This sequenceof transformations (except
the translation) is depicted for one curvelet in Figure
8, where a parallellogram is added to illustrate the geo-
metric character of these transformations.

Based on our knowledge of map migration, the ro-
tation and translation part of the sequenceof transfor-
mations is intuitiv e. The dilation in the vertical direc-
tion with v=(2 cos� ) (after shearing the curvelet along
the time axis to have zero slope) takes care of both
the time-depth conversion and of the lowering of the
frequency content resulting from the imaging condition;
i.e., the frequency content is lowered by a factor cos� be-
causethe length of the migrated slownesspm is smaller
than the sum of the lengths of the input slownessesps;r

(see Figure 7). Therefore, the translation, rotation and
dilation part of the transformation conform to our in-
tuition. However, the unilateral shears along both the
vertical and horizontal axes, as well as the dilation of
the horizontal axis, are somewhat surprising, and indi-
cate that the leading-order approximation to CO time-
migration incorporates a certain amount of linear de-
formation | this linearit y results from the lineariza-
tion of t(y ; x(y ; pu ; h); h) and x(y ; pu ; h) about y m . To
understand this, consider the special caseof zero-o�set
migration. In that case the matrices S� pu and R � re-

zzThe translation part of the coordinate transformation is of
course not linear.

main unchanged, while the shear matrix S becomesthe
identit y matrix and the dilation matrix D is given by

D jh =0 =
�

1=cos� 0
0 2=v

�
: (53)

Observe that this matrix includes no cos� term because
for zero-o�set � = 0 (i.e., jpm j = 2=v). Note also that
this matrix includes a squeezein the horizontal direc-
tion equal to cos� . Becausethis squeezeis applied af-
ter S� pu , which shears the input curvelet to have zero
slope, the squeezeshortens the long axis of a curvelet. If
� = � =2 the long axis of the curvelet is mapped onto a
point. This can be understood by noticing that, assum-
ing a constant velocity, we can record a re
ection from
a dipping re
ector with dip � =2 in the subsurfaceonly
if this re
ector is at the surface. Since the re
ection of
this re
ector will have a slope 2=v in the data, a straight
line with this slope will be mapped onto a point.

Calculation of L

All quantities necessary for the calculation of L , can
be found from the curvelet decomposition of the data,
combined with map migration. First, the central loca-
tion x u = (xu tu )T of the curvelet in the data is found
from the translation indices m1 and m2 , while the slope
pu is found from the scale index j and the angular in-
dex l . This slope determines the matrix S� pu . Then, us-
ing xu , tu , and pu in the 2D map time-migration equa-
tions (2){(4), we �nd the migrated location y m , and
the migrated slope pm . The migrated dip � can then be
calculated from � = tan � 1(vpm =2), which determines
the rotation matrix R � . From y m and xu the distances
r s;g (y m ; xu ; h) can be calculated using equations (9) and
(10) for a given half-o�set h, and the angles � s;g then
follow from � s;g = cos� 1(ym

2 =rs;g ), which determine the
half opening-angle � = (� g � � s )=2. Using the calculated
valuesof � , r s;g (y m ; xu ; h), � s;g , and � , we can calculate
the matrices D and S using equations (47), (49), and
(50). Note that in digital implementations the matrix
L needs to be applied on a grid. For this purp ose, we
derive the discrete form of L in App endix E.
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Extension to pre-stac k depth-migration

Although here we have concerned ourselves with time-
migration only (i.e., straight rays), the main ingredients
of the presented derivation apply to pre-stack depth-
migration aswell. That is, for pre-stack depth-migration
the derivation of the leading-order approximation also
contains a stationary phase evaluation of the integral
with respect to the non-constant (or non-common) vari-
ablexx , and subsequent linearization of the phaseof the
resulting oscillatory integral followed by linearization
around the (map) migrated location y m . Therefore, for
pre-stack depth-migration, a derivation similar to that
presented here also leads to the leading-order approxi-
mation to depth-migration being a simple transforma-
tion of coordinates. For depth migration, however, the
transformation is calculated for a smoothed medium,
as pointed out by Smith (1998) in the context of solv-
ing the wave-equation; i.e., a curvelet with scale index
j (i.e., a wavelength proportional to 2� j ) is migrated
through a smoothed medium that has no heterogeneity
beyond a scale proportional to

p
2� j = 2� j =2 , i.e., be-

yond the width of a curvelet. This is reminiscent of the
�rst Fresnel zone of a wave being proportional to

p
� ,

with � the wavelength.
In the context of one-way wave-equation-basedmi-

gration we mention that deformation of a curvelet be-
yond the leading-order approximation could possibly be
calculated using an approach similar to the onegiven by
Smith (1998p.799), who presents a weak solution to the
wave equation as the solution of a Volterra equation.
The solution of this equation is evaluated based on an
initial estimate of the solution constructed from roughly
translating the centers of curvelets along the Hamilto-
nian 
o w associated with the smoothed media. In the
context of one-way wave-equation-based imaging, the
wave operator is to be replaced by a one-way operator,
while time is replaced by depth. Then the extension of
the presented leading-order approximation for CO time-
migration to pre-stack depth-migration, would allow the
calculation of the initial estimate of the solution of the
Volterra equation. We emphasizethat this idea remains
to be veri�ed.

Numerical examples

Figure 9a shows the 2.5-D CO Kirc hho� migrated
curvelet from Figure 4 in more detail, while Figure 9d
shows the real part of the associated spectrum. Figure
9b shows the result of using the leading-order approx-
imation (33) to image the same curvelet, while Figure
9c shows the di�erence betweenthe Kirc hho� result and

xxIn this work the non-common variable is the midp oint, but
in, for example, common-shot depth-migration, it would be
the receiver location.

that of the leading-order approximation. Before subtrac-
tion, both images were normalized to the same maxi-
mum amplitude so that the di�erence shows only rela-
tiv e amplitude di�erences betweenthe two images.Fig-
ures 9eand f show the real part of the amplitude spectra
of the images shown in Figures 9b and c.

The leading-order approximation (33) based on a
simple transformation of coordinates of curvelets pro-
vides a good approximation to the Kirc hho� result.
The maximum amplitude of the di�erence betweenboth
methods is 24% of the maximum amplitude in the
Kirc hho� image. Note from the patterns in the real parts
of the spectra, that the curvelet is slightly curved due
to the migration, whereas the linear coordinate trans-
formation doesnot take such bending into account (cf.,
Figures 9d and e). As a consequence,the main di�er-
encein the spectrum occurs on the edgesof the support
of the curvelet in the frequency domain (seeFigure 9f).
This di�erence, attributable to the nonlinear deforma-
tion of the curvelet which is absent in the presented
leading-order approximation, can again be considered
small.

Although Figure 9 shows a favorable comparison
for one particular curvelet, of importance is the inter-
ferenceamong several curvelets after migration. Figure
10a shows a superposition of eight curvelets, with the
same central location in space, and the same scale in-
dex, but di�eren t directions (or angular indices). Figure
10b shows the amplitude spectrum of the superposition
of all eight curvelets, revealing that we used right-ward
sloping curvelets only. Figure 10c shows the 2.5-D CO
Kirc hho� migrated result (the o�set is here 2 km), while
Figure 10d shows the result of the leading-order approx-
imation [i.e., equation (40), with � � (y ) calculated using
(33)]. Since the data in Figure 10a contain right-ward
sloping curvelets only, the Kirc hho� result contains the
left part of the bandlimited isochron only, as expected.
Comparing Figures 10cand d, the leading-order approx-
imation again provides a good approximation to the
Kirc hho� migrated result; the interference of the di�er-
ent curvelets leads to an overal smooth left-part of the
bandlimited isochron that compares favorably with the
Kirc hho� result. Away from the isochron, both results
show the weak tails of the curvelets. For the Kirc hho�
result thesetails are again somewhat curved towards the
isochron, while the leading-order approximation does
not include such nonlinear deformation. The di�erence
between both results, however, is small.

Figure 11a shows a CO section (with o�set equal 1
km) of synthetic data generated from a syncline model
in a constant-v elocity background. We usethesedata to
further test the curvelet-based migration, and to high-
light that triplications in the data are not a problem;
crossing events in the data are simply constructed from
curvelets that have the same location but di�eren t ori-
entations. In Figure 11a we used only the 0.75% largest
curvelet coe�cien ts of the data to reconstruct the data.
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Figure 9. CO Kirc hho� migration of the curvelet shown in Figure 4 (a), coordinate transformation of this curvelet according
to equation (36) (b), and the di�erence (c). The bottom row shows the real part of the spectrum for the CO Kirc hho� migrated
curvelet (d), the coordinate transform of equation (36) (e), and the di�erence (f ). The coordinate transformation provides a
good �rst approximation to the Kirc hho�-migrated curvelet.

This thresholding percentage was determined in the
same manner as presented earlier for the data shown
in Figure 5, i.e., through visually verifying that the dif-
ference between the original and reconstructed data is
negligible. The associated amplitude spectrum of the re-
constructed data is shown in Figure 11b. Observe that
almost all energy is contained in frequency bands associ-
ated with scale indices 4 � j � 6. Figure 11c shows the
2.5-D CO Kirc hho� migrated result, while Figure 11d
shows the curvelet-basedmigration calculated with the
leading-order approximation [i.e, using equation (41)].
The leading-order curvelet-based migration provides a
good approximation to the Kirc hho� result, with some
small artefacts related to the absenceof the nonlinear
deformation in the leading-order approach.

The bandlimited nature of curvelets allows the pos-
sibilit y to do migration velocity analysis asa function of
frequency. Such analysis has physical relevance since a
wave averagesthe medium properties upon propagation
over the �rst Fresnel zone,which is proportional to

p
� ,

with � the wavelength, and thus to 1=
p

! [e.g.,Kravtsov
(1988) and Spetzler & Snieder (2004)]. Hence, waves of
di�eren t frequencies indeed are sentitiv e to the earth's
structure at di�eren t scales.Using curvelets in seismic

imaging allows naturally for such analysis by simply
chosing to image curvelets with selectedfrequency con-
tent (i.e., scaleindex) only. Although for constant veloc-
it y media the medium is the sameat every scale,Figure
12 illustrates the principle by showing the resulting im-
agesas a function of scale-index j (Figures 12a, b and
c). Figures 12d, e, and f, show the associated cumulativ e
images; the images for j < 4 are not shown becausethe
data haveessentially no energy for j < 4 (seeFigure 11).
Following such per-scale imaging, the associated image
gathers can then be submitted to a velocity analysis.
The opportunit y for such frequency-dependent migra-
tion velocity analysis is a straightforw ard consequence
of the curvelets frame being an appropriate representa-
tion of both the seismicdata and the imaging operator.
Note that per-scaleimaging also allows the study of the
�nite-frequency interaction with the interfaces, i.e., the
frequency-dependenceof the re
ection coe�cien t.

The locally-associated main directions of curvelets
allow controlled illumination (Rietv eld & Berkhout,
1992) of the subsurface. Figure 13a shows the ampli-
tude spectrum of the data in Figure 11a, but recon-
structed with rightward sloping curvelets only. Hence,
a dip-�ltering is here achieved by simply reconstruct-
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CO data amplitudespectrum

Kirchho� image curvelet image

Figure 10. Superposition of eight curvelets (a), the associated amplitude spectrum (b), the CO Kirc hho�-migrated result (c),
and the result from the coordinate transformation of equation (36), combined with amplitude scaling [equation (33] (d). The
amplitude-corrected and coordinate-transformed curvelet gives a good approximation to the Kirc hho�-migrated result, and the
interference between di�eren t curvelets results in a smooth isochron. Since we used only righ tward-sloping curvelets, the left
part of the isochron is constructed only.

ing the data using rightward sloping curvelets only. Fig-
ure 11b shows the resulting image, which now mainly
shows the left part of the syncline only. Note that a par-
tial image of the discontin uit y on the right edge of the
syncline is also visible, but now imaged with rightward
sloping curvelets only. Here, the controlled illumination
is achieved by dip-�ltering the data with curvelets. Dip-
�ltering the image with curvelets, in contrast, leadsnat-
urally to the focusing-in-dip procedure of Brandsberg-
Dahl et al. (2003). The output-based imaging algorithm
based on equation (42) would then simply demigrate
only curvelets in the image with certain dips in cer-
tain locations, and check if the resulting demigrated
curvelet had a projection on the data that exceeded
a chosen threshold. Again, these opportunities are in
essencea straightforw ard consequenceof curvelets be-
ing appropriate building blocks of both seismicdata and
the imaging operator; no additional preprocessing,such
as slant-stacking, is needed.

Discussion

Here, we have calculated the coordinate transformation
in equation (36) using a brute-force approach in the
spatial domain. For each signi�can t curvelet coe�cien t,
we apply an inverse curvelet transform, and transform
the resulting curvelet in the spatial domain according
to equation (36). This approach has allowed us to gen-
erate the numerical examples and to show the proof
of concept of imaging with curvelets using the derived
leading-order approximation. This approach, however,
does not provide an e�cien t algorithm to perform seis-
mic imaging with curvelets. Ultimately one would want
to calculate the transformation of coordinates in the
curvelet frame through a mapping of curvelet indices
and coe�cien ts, although an approach that makes use
of the compact support of the curvelets in the spectral
domain, seemsworth investigating also.

Curvelet-based seismic imaging can have several
potential bene�ts over existing imaging algorithms.
As mentioned in the previous section, the fact that
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0.75%of curvelets
CO data

Kirchho� image curvelet image

amplitudespectrum

Figure 11. Sparse representation of CO (h = 1000 m) data from a syncline model using only the 0.75% largest curvelet
coe�cien ts (a) and its associated amplitude spectrum (b). Each of the curvelets used to reconstruct the data shown in sub�gure
a is migrated using equation (33), resulting in the image shown in (d).

amplitudespectrum curvelet image

Figure 13. Amplitude spectrum of the thresholded data in
Figure 11a, but now using only righ tward-sloping curvelets
(a), and the resulting image of these curvelets using equation
(41) (b). By using curvelets with certain slopes (i.e., certain
angular indices) only, we achieve a controlled illumination of
the subsurface.

curvelets incorporate the character of the seismic data
combined with the fact that they are elements of phase-

space,turns extensions to seismic imaging such as con-
trolled illumination, focussing in dip, and frequency-
dependent migration velocity analysis, into natural con-
sequencesof an appropriate reparameterization of seis-
mic data and the imaging operator. Moreover, the fact
that the leading-order approximation to curvelet-based
seismic imaging is calculated using map migration, sup-
presses the need for integration over di�raction sur-
faces.Combined with the intuition that curveletsallow a
sparserepresentation of the data, which we exempli�ed
here using simple examples, this could therefore lead to
a gain in computation time over existing imaging algo-
rithms. However, we currently do not know how much
additional computational overhead is needed to calcu-
late the deformation of curvelets beyond the leading-
order approximation. Therefore, the question whether
curvelet-based imaging will lead to a gain in compu-
tational e�ciency over existing algorithms remains cur-
rently open. Finally , basedon the work of Smith (1998),
curvelet-based imaging allows imaging through media
with limited smoothness, i.e., rougher media.

Even though the curvelets used in this paper are
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Figure 12. Images obtained using equation (33) from the thresholded CO data shown in Figure 11a, for scalesj = 5 (a), j = 6
(b), j = 7 (c), and for the cumulativ e scalesj � 5 (d), j � 6 (e), and j � 7 (f ). For j � 4 there is hardly any energy in the data
(see Figure 11b), and hence the resulting images are not shown. This �gure illustrates the potential to image the subsurface at
di�eren t frequencies by simply choosing to use curvelets with certain frequencies (i.e., scale indices) only.

two-dimensional, they can be extended to higher dimen-
sions (Ying et al., 2005). Figure 14 shows an example
of a three-dimensional (3D) curvelet in both the spatial
domain (a) and the spectral domain (b). In the spa-
tial domain, 3D equivalents of curvelets look lik e cir-
cular disks that are smooth along the disk and oscilla-
tory orthogonal to the disk. Roughly speaking they are
smoothed circular piecesof a bandlimited plane wave in
3D{{ . Hence,provided the leading-order approximation
to seismic imaging is worked out in three dimensions in,
e.g., a common-source setting (or common-o�set as in
this work), 3D curvelets allow seismic imaging in 3D.

Conclusion

With curvelets as building blocks of seismic data, the
character of the data, i.e., bandlimitation and locally
associated directions, can be built into the representa-
tion of the data. A simple projection of the data onto the

{{ This rough description ignores that each curvelet has a
small range of k -vectors associated with it, rather than only
a single k direction, as has a plane wave.

kz

ky
kxx

y

z

a) b)

Figure 14. A 3D curvelet in space (a) and its associated
(contoured) amplitude spectrum (b). In the spatial domain,
3D equivalents of curvelets look lik e circular disks that are
smooth along the disk and oscillatory orthogonal to the disk.

curvelet frame, combined with an intelligent threshold-
ing algorithm, then provides the local slopesin the data.
We have presented simple numerical examples to illus-
trate this. These examples also illustrate the potential
of curvelets to sparsely represent the data, even though
this needs to be veri�ed for �eld data in combination
with a more sophisticated denoising algorithm.
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We have shown that using curvelets, the leading-
order approximation to CO time-migration becomesa
simple transformation of the input coordinates of the
curvelets in the data, combined with amplitude scaling.
This transformation is calculated using CO map time-
migration, which usesthe local slopes provided by the
curvelet decomposition of the data. Considering that
the data can be sparsely represented with relativ ely
few curvelets, CO time-migration becomesto leading
order the same as a transformation of coordinates of
only few curvelets combined with amplitude scaling. We
have presented numerical examples indicating that this
leading-order approximation provides a good approxi-
mation to such time migration.

Although the current work treats constant media
only, we emphasize that the essenceof the presented
derivation applies to pre-stack depth-migration also.
Speci�cally , the derivation of the leading-order approxi-
mation to pre-stack depth-migration also contains a sta-
tionary phase evaluation of the integral with respect
to the non-constant variable, and subsequent lineariza-
tion of the phase of the resulting oscillatory integral
followed by linearization around the map-migrated lo-
cation of the center of the curvelet. In addition, we
brie
y sketched a possible way to account for defor-
mation of the curvelet beyond the leading-order ap-
proximation while emphasizing that this idea remains
to be veri�ed in the future. Because curvelets are
basically elements of phase-space,curvelet-based seis-
mic imaging naturally allows the formation of caus-
tics in heterogeneousanisotropic media. Given the ban-
dlimited nature of curvelets, curvelet-based migration
combines high-frequency-asymptotics-based Kirc hho�
imaging with �nite-frequency-based wave-equation mi-
gration. This work is the �rst of a seriesof papers that
will lead to a new generation of seismic imaging algo-
rithms.
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APPENDIX A: A PAR TICULAR
CONSTR UCTION OF A TIGHT FRAME OF
CUR VELETS

In this appendix, we give a detailed explanation of the
construction of curvelets and show that they constitute
a tigh t-frame for functions in L 2(R2). This treatment
closely follows the construction of real-valued curvelets
by Cand�es & Donoho (2004b) except for some added
derivations and explanations to clarify the construction
of curvelets for the non-specialist. We deviate in some
places from the original treatment to clarify certain de-
tails. For example, we immediately use the notion of
splitting at every other scale (explained later). A frame
similar to the tigh t frame of curvelets was earlier intro-
duced by Smith (1998).

Before treating the construction of curvelets, we
mention that we want to be able to reconstruct a signal
in a function spaceX ; i.e., we want curvelets to satisfy
the reconstruction formula

f =
X

� 2 M

(f ; c� ) c� ; (A1)

where c� denotesa curvelet with multi-index � (and M
someindex-set), and f 2 X . It is known [e.g.,Hern�andez
& Weiss (1996pp.334-336)and App endix B in this pa-
per] that if X is a Hilb ert spaceand c� are elements in
this space,equation (A1) is satis�ed if and only if

kf k2
X =

X

� 2 M

j(f ; c� )j2 ; 8f 2 X ; (A2)

where k�kX denotes the norm on X . The latter expres-
sion implies that the energy of the signal f is conserved
through the decomposition (A1); in other words, the
curvelets c� should be a partition of unity (i.e., unit en-
ergy) for the reconstruction formula (A1) to hold. Con-
dition (A2) is the de�nition of a normalized tigh t frame
(seeApp endix B for an explanation of tigh t frames).

Curvelets can be thought of as 2D (anisotropic) ex-
tensions to wavelets. Just as in 1D wavelets are localized
in one variable and its Fourier dual, curvelets are local-
ized in two variables and their two Fourier duals. Such
localization is understood within the limits imposedby
the Heisenberg uncertainty principle, i.e., � t � f � 1,
with t and f denoting time and frequency, respectively.
This principle thus determines a tile in the spacewith
t along one axis and f along the other. For curvelets in
2D, choosing the variables to be x and z, such localiza-
tion is obtained through (hyperdimensional) tiling of the
spatial domain (x; z) and the spectral domain (kx ; kz ).
We treat the spectral localization �rst followed by the
spatial one.

Let � j;l (k ) be a window (or tile) in the spectral do-
main, with j an index related to the radial (i.e., scale)
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Figure A1. Example of a possible angular window function
� (� ) (a), and Lemari �e-Meyer windows jw(2 � j jk j)j2 for the
radial windows (b). The Lemari �e-Meyer windows for j and
j + 1 are equal at 2j +1 � .

direction, and l an index related to the angular direc-
tion; i.e. the localization in the spectrum is dealt with in
polar coordinates r and � . In order for curvelets to con-
stitute a tigh t frame and thus satisfy the reconstruction
formula (A1) (see App endix B), the windows � j;l (k )
must satisfy

X

j

X

l

j� j;l (k )j2 = 1; j 2 J; l 2 L; (A3)

such that � j;l (k ) indeed is a partition of unit y. The win-
dow � j;l (k ) is constructed through multiplication of an
angular window � (� ) and a radial window w(jk j), where
k is the wave-vector. We treat the angular window �rst,
followed by the radial window.

Let � (� ) be an even, real-valued, non-negative, an-
gular window function that is in�nitely contin uously
di�eren tiable (i.e., C1 ) and compactly supported on
[� � ; � ). This function is chosen to be 2� -periodic, such
that � (� ) and � (� + � ) are exactly out of phase; Figure
A1a shows a possiblechoice of such a window function.
Then the angular window satis�es

j� (� )j2 + j� (� + � )j2 = 1; � 2 [0; 2� ):

De�ning the windows � j;l (� ) = � (2j � � l � ), with j � 0
and l = 0; 1; 2; : : : ; 2j � 1, it follows that these windows
cover the interval [� � =2j ; � ). The windows � j;l (� + � )
then cover [� � � � =2j ; 0). Taking into account the 2� -
periodicit y of � (� ), it follows that � j;l (� ) and � j;l (� + � )
together cover [0; 2� ). It is important to note that each
window � j;l (� ) has width 2� =2j and that the width of
the window thus depends on the scale j .

Due to the 2� -periodicit y of � (� ), we have

� j;l (� + � ) = � (2j (� + � ) � l � )

= �
�

2j � �
�

l + 2j
�

�
�

= � j;l +2 j (� ): (A4)

Using this, it follows that for each j � 0

2j +1 � 1X

l =0

j� j;l (� )j2 =
2j � 1X

l =0

j � j;l (� )j2 +
2j +1 � 1X

l =2 j

j� j;l (� )j2

=
2j � 1X

l =0

j � j;l (� )j2 +
2j � 1X

l =0

�
� � j;l +2 j (� )

�
�2

=
2j � 1X

l =0

�
j� j;l (� )j2 + j� j;l (� + � )j2

�

= 1 : (A5)

Therefore, energy is indeed conserved in the angular
direction using the window functions � j;l (� ). Another
way of saying this is that the windows � j;l (� ) satisfy
the admissibility condition (Cand�es et al., 2005). There
are many di�eren t window functions that satisfy this
admissibilit y condition. Hence, curvelets can be con-
structed using di�eren t choicesof angular window func-
tions, much as in the construction of wavelets.

The angular windowing provides the curvelets with
geometry, i.e., with their main associated directions. To
give curvelets their bandlimited nature, howver, the (ra-
dial) frequency axis is subdivided into bandpass �lters
(i.e., subbands). This is doneusing a radial window w. A
possiblechoice for such a window is the Lemari�e-Meyer
window [seeHern�andez& Weiss(1996p.27-28)and Fig-
ure A1b]. Let w be a C1 real-valued, non-negative,
function with support included in [2� =3; 8� =3]. Then
Meyer intro duces a partition of unit y as

jw0(r )j2 +
X

j � 0

�
�
�w(2� j r )

�
�
�
2

= 1; 8r � 0; (A6)

with w0 a coarse scale C1 window that equals 1 on
[0; 2� =3] and vanishesbeyond 4� =3.

Let k denote the (angular) frequency vector, i.e.,
k = (kx ; kz ). Then, combining the angular and radial
windows into one window � j;l (k ) as

� j;l (k ) = w
�

2� j jk j
� �

� bj =2c;l (� ) + � bj =2c;l (� + � )
�
;(A7)

and setting j� 0(k )j2 = jw0(jk j)j2 + jw(jk j)j2 , it follows
that

j� 0(k )j2 +
2b j = 2c � 1X

l =0 ;j � 1

j� j;l (k )j2

= jw0(jk j)j2 + jw(jk j)j2 +
2b j = 2c � 1X

l =0 ;j � 1

�
�
�w

�
2� j jk j

� �
�
�
2

�
�
� � bj =2c;l (� ) + � bj =2c;l (� + � )

�
�2

= jw0(jk j)j2 + jw(jk j)j2 +
X

j � 1

0

@
�
�
�w

�
2� j jk j

� �
�
�
2

�
2b j = 2c � 1X

l =0

�
� bj =2c;l (� ) + � bj =2c;l (� + � )

�
1

A
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= jw0(jk j)j2 +
X

j � 0

�
�
�w

�
2� j jk j

� �
�
�
2

;

and thus

j� 0(k )j2 +
2b j = 2c � 1X

l =0 ;j � 1

j� j;l (k )j2 = 1 : (A8)

where we used equations (A5) and (A6). Here, the no-
tation bj c denotes the integer part of j . From equa-
tion (A8), � j;l (k ) [together with � 0(k )] form a parti-
tion of unit y of the whole frequency plane. Note that
by construction, the � j;l (k ) have compact support, i.e.,
curvelets are compactly supported in the spectral do-
main. Note that there are many di�eren t radial win-
dows that could form such a partition of unit y, just as
for the angular windows; i.e., many di�eren t variants of
curvelets can be constructed by using di�eren t radial
window functions.

From the de�nition of � j;l (k ), � j;l (k ) is obtained
through a rotation of � j; 0(k ). With this observation,
the tiling � j;l (k ) of the frequency plane (kx ; kz ) can be
depicted asseenin Figure 1a. Note that the de�nition of
� j;l (k ) using � bj =2c;l in equation (A7), means that the
number of angular windows increasesonly every other
scale(seeFigure 1a). This splitting at every other scale is
a consequenceof the choice of dyadic subbands in com-
bination with the parabolic scaling. With the subband
�ltering being dyadic (i.e., the length of the support of
the radial window being multiplied by 2 each time the
scale index increasesby 1), the width of the curvelet is
multiplied by

p
2 each time the scaleindex increasesby

1. Hence, the only way to have an integer number of
angular windows per subband with the windows satis-
fying the parabolic sclaling, is to double the number of
angular windows at every other scaleonly.

Since the radial (or subband) windows w(2� j jk j)
for j and j + 1 are equal at 2j +1 � (see Figure A1b),
the frequenciesof � j;l (k ) are supported near the dyadic
coronae f 2j � � jk j � 2j +1 � g, depicted in Figure 1a.
These dyadic coronae are directly related to the famil-
iar dyadic subband �ltering in wavelet theory. This de-
composition of the frequency plane is the same as the
seconddyadic decomposition treated by Stein (1993) in
relation to oscillatory integrals of the second kind (or
Fourier Integral Operators).

Ignoring the splitting at every other scale, we see
that the length of an angular wedge (i.e., in the radial
direction) is proportional to 2j +1 � 2j = 2j , while the
width of the wedgeis proportional to 2j � 2� j =2 = 2j =2 .
This means that the volume of the angular wedge is

O
�

2j � 2j =2
�

. Considering the Heisenberg uncertainty

principle, a curvelet is therefore supported in the spatial
domain near a rectangle of width proportional to 2� j

and length 2� j =2 ; i.e., the width of this rectangle is the
inverse of the length of the angular wedge, while the
length of the rectangle is the inverseof the width of the

wedge.Therefore, curvelets obey the anisotropic scaling
relation

width / length2 ; (A9)

where proportionalit y is used to indicate the omitted
constantskk . This scaling is referred to as the parabolic
scaling. Note that the scaling relation (A9) holds in the
spatial domain, while in the frequency domain we have
length / width 2 .

So far we have shown the tiling of the frequency
plane with curvelets. The windows � j;l (k ) allow us to
rotate and dilate curvelets. To be able to translate
curvelets in the spatial domain, the windows � j;l (k ) are
multiplied with a local (i.e., over the spectral support
of a curvelet) L 2 orthonormal basis. Since all windows
� j;l (k ) are simply rotated versions of � j; 0(k ), we �rst
consider the window � j; 0(k ). The support of this win-
dow is contained in the rectangle R = I 1j � I 2j , with

I 1j = f kx ; t j � kx � t j + L j g; I 2j = f kz ; jkz j � l j =2g ;

with L j , and l j the smallest possiblebounds, and t j the
largest possible bound, such that � j; 0(k ) = 0 outside
this rectangle R. Here L j and l j determine, respectively,
the sampling intervals (or translation steps) in x- and
z-direction in the spatial domain. From a Fourier series
expansion for functions with period 2L , eiq � x=L =

p
2L ,

with q 2 Z, is an orthonormal basis for L 2 functions
with period 2L . This meansthat ei 2� m 2 k z =l j =

p
l j , with

m2 2 Z, is an orthonormal basis for L 2(I 2j ). Also,
ei� ( m 1 +1 =2) k x =L j =

p
2L j with m1 2 Z, is an orthonor-

mal basis for L 2(� I 1j ) [see e.g. Hern�andez & Weiss
(1996Chapter 1.4)]. Therefore, the sequence(u j;m )m 2 Z2

[with m = (m1 ; m2)] de�ned as

uj;m (kx ; kz ) =
ei� ( m 1 +1 =2) k x =L j ei 2� m 2 k z =l j

p
2L j l j

is an orthonormal basis for L 2 (� I 1j � I 2j ). De�ning � 1

and � 2 by L j = � 1 � 2j and l j = � 22� 2bj =2c , we have

uj;m (kx ; kz ) =
2� 3j =4

2�
p

� 1 � 2
ei� ( m 1 +1 =2)2 � j k x =� 1

� eim 2 2�b j = 2c k z =� 2 ;

where the multiplicativ e term 2� 3j =4 follows from ig-
noring the splitting at every other scale in the term
2� ( bj =2c+ j ) =2 , i.e., replacing bj =2c with j =2 in this term.

Using this de�nition, and denoting by R � j;l the ro-
tation by angle � j;l , the curvelet in the frequency domain
is then de�ned as

ĉ� (k ) = 2� � j;l (k )uj;m

�
R �

� j;l
k

�
; � = (j; l ; m); (A10)

kkThis scaling relation holds when both width and length are
made dimensionless through division by a reference length,
typically the sampling interval in numerical implementations.
Otherwise this relation would involve a prop ortionalit y con-
stant that has a dimension which adjusts for the di�erence
in dimension between width and squared length 2 .
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where ĉ� denotes the Fourier transform of the
curvelet c� 2 L 2(R2). These are the �ne scale
curvelets. The coarse scale curvelets are then de-
�ned as ĉ� 0 (k ) = 2� � 0(k )um (k ), with um (k ) =
(2� � 0) � 1ei ( m 1 k x =� 0 + m 2 k z =� 0 ) . Here, � 0 is again someap-
propriate constant determining the sampling rate (or
translations steps) in the spatial domain. Note that here
� 0 determines the sampling rate in both the x- and z-
direction, since the coarse scale curvelets are isotropic
(and thus really are wavelets).

Using the de�nition of curvelets given in equation
(A10), curvelets form a normalized tigh t frame. From
equation (A10), in L 2 we have

X

m 1 ;m 2

�
�
�
�

f̂ ; ĉ�

� �
�
�
2

= (2� )2 �
Z �

�
� f̂ (k )

�
�
�
2

j� j;l (k )j2 dk ;

where we have used that
�

uj;m

�
R �

� j;l
k

� �

m 2 Z2
is by

construction an orthonormal basis for L 2 over the sup-

port of � j;l (k ), i.e.,
�
�
�uj;m

�
R �

� j;l
k

� �
�
�
2

= 1. Using that the

� j;l (k ) constitute a partition of unit y by equation (A8),
it then follows that

P
j � 0

P 2b j = 2c� 1

l =0

P
m 1 ;m 2

�
�
�
�

f̂ ; ĉ( j;l;m 1 ;m 2 )

� �
�
�
2

= (2� )2
X

j � 0

2b j = 2c� 1X

l =0

Z �
�
� f̂ (k )

�
�
�
2

j� j;l (k )j2 dk

= (2� )2
Z �

�
� f̂ (k )

�
�
�
2

2

4
X

j � 0

2b j = 2c� 1X

l =0

j � j;l (k )j2

3

5 dk

= (2� )2
Z �

�
� f̂ (k )

�
�
�
2

dk

= (2� )2





 f̂








2

2
:

Therefore (ĉ� ) � 2 M (with � = (j; l ; m1 ; m2) a multi-
index) is a tigh t frame for L 2(R2). Here, M is a
multi-index set that has the appropriate ranges for
j , l , m1 and m2 . Finally , using the Parseval formula

and the Plancherel formula for L 2(R2), i.e.,
�

f̂ ; ĉ�

�
=

(2� )2 (f ; c� ) and





 f̂








2

2
= (2� )2 kf k2

2 , respectively, it fol-

lows that for f 2 L 2(R2)
X

� 2 M

j(f ; c� )j2 = kf k2
2 : (A11)

This shows that (c� ) � 2 M is a normalized tigh t frame for
L 2(R2), giving the reconstruction formula (A1).

APPENDIX B: TIGHT FRAMES IN
HILBER T SPA CES

Let H be a Hilb ert space,and let (�; �) denote the inner
product on H . A collection of elements f ej gj 2 J in H ,

with J an index set, is called a frame if there exist
constants A and B , 0 < A � B < 1 , such that

A kf k2
H �

X

j 2 J

j(f ; ej )j2 � B kf k2
H 8f 2 H ; (B1)

where A and B are called frame bounds , and where
k�kH denotesthe norm on H induced by the inner prod-
uct. If the frame bounds are equal (A = B ), the frame is
called tigh t . For example, the four vectors � 1 = (0; 1),

� 2 = (1; 0), � 3 =
� p

2
2

;

p
2

2

�
, and � 4 =

�
�

p
2

2
;

p
2

2

�
,

form a tigh t frame for R2 with frame boundsA = B = 2,
since it follows that

P 4
i =1 j(f ; � i )j

2 = 2 kf k2 .
The linear span of frame elements is dense in H

[e.g., Hern�andez & Weiss (1996p.399)], meaning that
any element f 2 H can be written as a linear combi-
nation of the frame elements, and that the di�erence
between this linear combination and f has a measure
zero. If the frame elements were also linearly indepen-
dent, they would form a basis for H . The frame ele-
ments ej are not a basis since adding the zero vector
to f ej gj 2 J does not alter the inequalities in expression
(B1). Adding any vector, even a zero vector, to a basis,
destroys the linear independenceof the basis, meaning
it no longer would be a basis. When both frame bounds
equal unit y (A = B = 1), the frame is called a normal-
ized tigh t frame. Each orthonormal basis is a normalized
tigh t frame, but the converseis not generally true, since
the frame elements need not be linearly independent.

Although the frame elements do not needto be nor-
mal, they must satisfy kej k �

p
B , 8j 2 J . To seethis,

let f = ek for some k 2 J , and use frame condition
(B1) to seethat kek k4 = j(ek ; ek )j2 �

P
j 2 J j(ek ; ej )j2 �

B kek k2 . Therefore we have kek k �
p

B , 8k 2 J . If the
frame is a normalized tigh t frame (i.e., A = B = 1),
we must have kek k � 1. Hence, for a normalized tigh t
frame, the linear independenceof a basis is traded for
the condition kek k � 1, 8k 2 J .

If a normalized tigh t frame has kek k = 1,
8k 2 J , f ej gj 2 J is an orthonormal basis for
H . To see this, observe that for �xed k 2 J ,
1 = kek k4 = j(ek ; ek )j2 �

P
j 2 J j(ek ; ej )j2 � 1.

Therefore, we have
P

j 2 J j(ek ; ej )j2 = j(ek ; ek )j2 +
P

j 6= k ;j 2 J j(ek ; ej )j2 = kek k2 +
P

j 6= k ;j 2 J j(ek ; ej )j2 =

1, and thus
P

j 6= k ;j 2 J j(ek ; ej )j2 = 0. This implies
(ek ; ej ) = 0, 8k 2 J and k 6= j . Since k is arbitrary ,
and since kek k = 1, it follows that f ej gj 2 J is an or-
thonormal basis for H .

It is known [e.g., Hern�andez & Weiss(1996pp.334-
336)] that for a Hilb ert spaceH and a family of elements
f ej gj 2 J in H , the condition

kf k2
H =

X

j 2 J

j(f ; ej )j2 8f 2 H ; (B2)
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is necessaryand su�cien t for

f =
X

j 2 J

(f ; ej ) ej (B3)

to hold. That is, statements (B2) and (B3) are equiv-
alent. This tells us that for a tigh t frame with frame
bound A, reconstruction formula (B3) holds, for ifP

j 2 J j(f ; ej )j2 = A kf k2
H , simply de�ning e0

j = ej =
p

A,

gives
P

j 2 J

�
� � f ; e0

j

� �
�2 = kf k2

H . From the equivalence of
statements (B2) and (B3), then f =

P
j 2 J

�
f ; e0

j

�
e0

j =
1
A

X

j 2 J

(f ; ej ) ej ; i.e., for a tigh t frame we have recon-

struction formula (B3). For a normalized tigh t frame
(A = 1), f =

P
j 2 J (f ; ej ) ej , and thus also the recon-

struction formula (B3). Note that this reconstruction
formula is identical to the reconstruction formula for an
orthonormal basis, but here the frame elements are not
orthogonal; i.e., you can have reconstruction formula
(B3) with linearly dependent elements of H , provided
(B2) holds.

Although we showed that the reconstruction for-
mula (B3) holds for (normalized) tigh t frames, a sim-
ilar reconstruction formula can be found if the frame
is not tigh t. We refer the reader to Mallat (1998Chap-
ter 5), Hern�andez & Weiss (1996Chapter 8), or Strang
(1997Section 2.5) for treatments of non-tigh t frames.

APPENDIX C: THE QUAR TIC EQUA TION
FOR THE STATIONAR Y MIDPOINT
LOCA TION AS A FUNCTION OF Y AND P

The stationary midp oint location x(y ; p; h) satis�es the
condition that the derivativ e of the phase� with respect
to midp oint location is zero. That is, using equation
(12), x(y ; p; h) satis�es
�

@
@x

�
(r s + r g )

v
� px

� �
= 0 ; (C1)

with r s and r g given in equations (9) and (10), respec-
tiv ely. Solving this equation for x(y ; p; h) leads to a
quartic equation in � := (x(y ; p; h) � y1)2 given by

� 4 + a3 � 3 + a2 � 2 + a1 � + a0 = 0 ; (C2)

with

a3 :=
y2

2

�
3 � (vp)2

�

(1 � (vp=2)2)
� 4h2 ; (C3)

a2 := 6h4 �
h2y2

2

�
3 � (vp)2

�
� 6

4 y4
2

�
2 � (vp)2

�

1 � (vp=2)2
; (C4)

a1 := � 4h6 +
�
1 � (vp=2)2 � � 1 �

y6
2

�
1 � (vp)2 �

� h4y2
2

�
3 � (vp)2 �

� h2v2y4
2

�
4=p2 � 2v2 + p2v4 ��

; (C5)

a0 :=
�
h2 + y2

2

� 3
�
h2 �

(vp)2y2
2

4 � (vp)2

�
: (C6)

Note that for p > 0 we have y1 < x, and that for p < 0
we have y1 > x. Therefore, in general we have

x(y ; p; h) = sgn(p)
p

� + y1 : (C7)

The general solution to a quartic equation can be found
in, for example, Richardson (1958p.329-331).

APPENDIX D: EXPLICIT EXPRESSION
FOR THE LINEAR TRANSF ORMA TION T
FOR COMMON-OFFSET
TIME-MIGRA TION WITH CUR VELETS

To �nd an explicit expression for the linear transfor-
mation T given in equation (39), �rst consider the term
r y t (y ; x(y ; pu ; h); h)jy m

. For the subsequent derivation
it is important to realize that in calculating the gradient
of t with respect to y , the midp oint location x is �xed.
Using equation (21) together with the de�nitions of r s

and r g in equations (9) and (10), it follows that

r y t (y ; x(y ; pu ; h); h)jy m

=
1
v

0

B
B
B
@

�
�

xu � h � ym
1

r s
+

xu + h � ym
1

r g

�

ym
2

r s
+

ym
2

r g

1

C
C
C
A

=
1
v

0

@
� (sin � s + sin � g )

cos� s + cos� g

1

A ; (D1)

where y m = (ym
1 ym

2 )T , and where the angles � s and
� g are de�ned in Figure 7. Then, de�ning the slowness
vectors ps and pg at the source and receiver locations,
respectively, as

ps;g :=
1
v

�
� sin � s;g

cos� s;g

�
; (D2)

we can rewrite equation (D1) as

r y t (y ; x(y ; pu ; h); h)jy m
= ps + pg := pm ; (D3)

Here, pm is the slownessvector associated with the dip
covector � m := ! pm (i.e., the wave vector associated
with the re
ector). De�ning � := (� s + � g )=2 as the dip
(i.e., the angle with the horizontal measured clockwise
positive), it follows that

r y t (y ; x(y ; pu ; h); h)jy m
=

2cos�
v

�
� sin �
cos�

�
; (D4)

where � := (� g � � s )=2 is the half opening-angle.
Next, consider the term r y x(y ; pu ; h)jy m

. From
App endix C, the stationary midp oint location satis�es
equation (C1). Explicitly writing out this equation gives

x � h � y1

r s
+

x + h � y1

r g
+ pv = 0 : (D5)

Now, treating x as the dependent variable and y and
p = kx =! as the independent variables, we can take the
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partial derivativ e with respect to y1 on both sides of
equation (D5) to get
�

@x
@y1

� 1
�

�
��

1
r s

+
1
r g

�
+

(x � h � y1)2

r 3
s

+
(x + h � y1)2

r 3
g

�
= 0 :

(D6)

Therefore, we have

@x(y ; p; h)
@y1

�
�
�
�
y m

= 1 : (D7)

This result is intuitiv e, since changing the horizontal
component y1 of the image location y , while keeping
the slope p constant, should result in a simple transla-
tion of the whole geometry shown in Figure 7 along the
horizontal axis. Similarly , taking the partial derivativ e
with respect to y2 on both sides of equation (D5), we
get

1
r s

@x
@y2

�
x � h � y1

r 2
s

@r s

@y2

+
1
r g

@x
@y2

�
x + h � y1

r 2
g

@r g

@y2
= 0 : (D8)

Using that

@r s

@y2
=

x � h � y1

r 2
s

@x
@y2

+
y2

r s
; (D9)

@r g

@y2
=

x + h � y1

r 2
g

@x
@y2

+
y2

r g
; (D10)

and substituting these expressionsin equation (D8), it
follows that

@x(y ; p)
@y2

�
�
�
�
y m

=
tan � s r 3

g + tan � g r 3
s

r 3
g + r 3

s
: (D11)

Using this together with equation (D7), it follows that

r y x(y ; pu ; h)jy m
=

�
1

tan � s r 3
g + tan � g r 3

s

r 3
g + r 3

s

� T

: (D12)

Finally , using the results from equations (D4) and (D12)
in equation (39), we �nd the resulting explicit expression
for the linear transformation T to be

T =

0

B
B
B
@

1
tan � s r 3

g + tan � g r 3
s

r 3
s + r 3

g

� 2cos� sin �
v

2cos� cos�
v

1

C
C
C
A

: (D13)

APPENDIX E: DISCRETE FORM OF THE
LINEAR TRANSF ORMA TION L � 1

For the purp ose of digitally implementing the linear
transformation L � 1 , we expressthe shear, rotation, and
dilation matrices that together form L as matrices on
a grid with sampling intervals � t and � x in the time

and midp oint axes,respectively. Starting with the shear
matrix S� pu [seeequation (38)], we observe that

S� pu �
�

x
t

�
=

�
x

t � pu x

�
: (E1)

Writing the vector (x t)T as (nx � x n t � t )T , it fol-
lows that

S� pu �
�

x
t

�
=

 
nx � x

(n t � pu
� x
� t

nx )� t

!

: (E2)

Therefore, the matrix S� pu expressedon the discrete
grid, with sampling intervals � t and � x, is given by

S�
� pu =

 
1 0

� pu
� x
� t

1

!

; (E3)

where we use the superscript � to denote that the ma-
trix is de�ned on a discrete grid. Hence, de�ning the
vector x � := (nx n t )T , we have

S�
� pu � x � =

 
nx

n t � pu
� x
� t

nx

!

: (E4)

Going through the same analysis for the matrices D � 1

and S� 1 [equations (49) and (50)], we �nd

�
D �

� � 1
=

0

B
@

1
cos� + X sin �

0

0
1

cos�

1

C
A ; (E5)

�
S�

� � 1
=

0

@1 �
X cos� � sin �
cos� + X sin �

v� t
2� x

0 1

1

A ; (E6)

while for the rotation matrix R � � we get

R �
� � =

0

B
@

cos� � sin �
v� t
2� x

sin �
2� x
v� t

cos�

1

C
A : (E7)

In �nding the expressions for
�
D � � � 1

,
�
S� � � 1

, and
R �

� � , we used that the sampling interval � z in the im-
age satis�es � z = v� t=2.

Therefore, using equations (E4){(E7 ), we have
�

n0
x

nz

�
=

�
L �

� � 1
�
�

nx

n t

�

= R �
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�
S�

� � 1
�
�

D �
� � 1

� S�
� pu �

�
nx

n t

�
: (E8)

In general, the new grid coordinates n0
x and nz are not

integers. Therefore we need to interpolate the obtained
grid coordinates to integer values of n0

x and nz . We do
this using bilinear interpolation.


