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ABSTRA CT

Time reversedimaging is a technique in which we propagate a pulse through

a medium, record the signal and then badk-propagate the time-reversed sig-
nal through the same medium to refocus the energy at the original source
location. The refocusing is independert of the medium, provided that the

medium remainsthe sameduring back-propagation. When the velocity for back-

propagation is di erent from that for the forward propagation, the wavesrefo-
cus at a dierent location. Based on the shift in the location of the refocused
pulse, we can estimate the velocity perturbation. For a single sourceand sin-

gle receiwer, the shift is proportional to the distance between the source and

the receiver and the velocity perturbation. When we consider a larger aper-

ture, however, the shift in the refocusedenergy depends on a geometric factor

related to the receiver array as well. For a given source-receier distance and

velocity perturbation, the shift in the location of the refocusedpulse increases
with increasingaperture angle. If we look at the problem using ray theory, the

increasein the aperture angle should result in decreasen the shift of the refo-
cusedpulse; this is where ray theory tends to misguide us. The explanation for

the increasein the shift of the refocusedpulse location with increasedaperture

angle is simple when we look at the problem from a wave-front point of view.

For an unperturb ed medium, presenceof a random heterogeneiy in the model

enhancesthe quality of focusing.

Key words: E ectiv e aperture, Wave propagation in random medium, Focus-
ing, Migration.

1 TIME REVERSED IMA GING

Time reversedimaging is a technique in which we prop-
agate a pulse through a medium, record the signal, and
then back-propagate the time-reversed signal through
the same medium to refocus the energy at the original
source location. The refocusing takesplace in time and
space and occurs in homogeneousas well as heteroge-
neous media. The refocused pulse in a medium is inde-
pendert of the characteristics of the medium, provided
that we use the same medium for the forward and for
the back-propagation (Haider et al., 2004). A striking
obsenation is that for a heterogeneousmedium, inho-
mogeneities in the medium enhancethe degree of refo-
cusing (Fink et al., 2001). Parvulescu (1995) applied the
technique called matched-signal processing basedon the
same principle, to ocean acoustics.

Time reversed imaging has found applications in
seweral elds of scienceand engineering, for instance,
in medical imaging. It can be used for non-invasive de-
struction of kidney stones, the detection of defects in
metals, and mine detection in the ocean (Fink, 1997).
Conventional methods for detection and destruction of
the kidney stones use x-rays and ultrasound, respec-
tiv ely. The time reversedimaging technique can be used
as a non-invasive destruction method to refocus energy
on the kidney stone by using a group of time-reversal
mirrors. The kidney stone receives a signal sert by a
source and scatters it in all directions. The mirror ar-
ray picks up the scattered signal, ampli es it, and sends
the signal back to refocus the energy at the source of
the scattered waves,i.e., the kidney stone. Other medi-
cal application of time reversedimaging include acousti-
cally induced hyperthermia for tumor treatment (Porter
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et al., 1999). Apart from medical applications, time re-
versed imaging is also used for secure communication
(Parvulescu, 1995 ; Edelmann et al., 2001; Songet al.,
2002; Kim et al., 2001).

The back-propagation of a signal is mathemati-
cally the sameasthe processof migration in geophysics
(Borcea et al., 2003). In time reversedimaging, the sig-
nal recorded at the receiver array is back-propagated
through the same medium to refocus energy at the
original source location. In migration, in contrast, the
re ected waves are back-propagated numerically using
an estimate of the velocity of the subsurface. Migrat-
ing with a wrong velocity model images the waves at
wrong locations. This is exactly what would happen if
we would not usethe samevelocity model during back-
propagation in time reversedimaging. In migration, for
such cases,a processcalled migration velccity analysis
(MVA) (zZhu et al., 1998) is carried out to aid in esti-
mating velocity, aimed at improved imaging.

In time reversed imaging, when we use the same
medium for both forward and backward propagation,
we get the refocusing of energy at the location of the
original source.However, just asin migration, when we
back-propagate using a velocity dierent from the for-
ward propagation velocity, the waves refocus at other
locations. The dierence in the forward and backward
velocities can be estimated from the shift of the refo-
cused pulse compared to the original source location
and, hence, can be used for applications including ve-
locity analysis and time-lapse monitoring of velocity
changes.

Coda wave interferometry is another technique
used for monitoring time-lapse changes(Snieder, 2004).
In coda wave interferometry, we use a single source
and a receiver to study the velocity changes. The
changes are monitored by the correlation of the coda
waves recorded in the unperturbed and perturbed
medium, respectively. This technique is based on the
high sensitivity of multiply scattered waves to small
changesin a medium and can be used for monitoring
changes in volcanic interiors (Snieder et al., 2004).
For a single receiver, time reversed imaging at the
source location is the same as convolution with the
time-reversed signal, which is the same as correlation
with the originally recorded signal. The shift in the
location of the refocused pulse for a perturb ed medium
is related to the deviation of the correlation peak from
the origin, which gives the measure of the velocity
perturbation. Hence for a single source and receiver,
time reversed imaging is identical to coda wave inter-
ferometry. If, instead, we have an array of receivers
forming an aperture, the shift in the location of the
refocused pulse depends on the aperture angle along
with the distance between source and receiver and the
velocity perturbation. The next section derives the
shift in the location of the refocused pulse, followed by
a simulation test to validate the expressionobtained. A

physical interpretation explains why rays misguide usin
understanding how this shift varieswith aperture angle.

2 EXPRESSION FOR THE LOCA TION OF
THE REF OCUSED PULSE

We start with a simple model to study the e ect of
a velocity perturbation on the location of the refo-
cused pulse. The model is acoustic, two-dimensional,
and homogeneous We allow a sourcepulse to propagate
through the homogeneousmedium using the 2-D wave
equation and record the eld at a distance R with an ar-
ray of receivers. This wave- eld recordedat the receivers
is then time-reversedand back-propagated through the
same medium to refocus the energy at the sourceloca-
tion.

Let the source be a symmetric pulse such as a
Ricker wavelet S(t), given by
S(t) = g exp  t?=2 (1)
We propagate this pulse over a distance R and record
the wave- eld on a circular array of receivers. The re-
ceivers are placed along a circle with a source at the
certer and radius R that extendsup to a xed aperture
angle as shawn in Fig. 1. The wave- eld in the far
eld can be represerted using the 2-D asymptotic be-
havior of the Hankel function (Snieder, 2nd. ed. ; Arfk en
et al., 4th. ed.):
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where k is the wavenumber. When this wave- eld is re-
versedin time, it acts as our new source signal.

Reversing in time in the time domain is equiva-
lent to complex conjugation in the frequency domain.
If S(t) is the wave- eld in time domain, then it can be
represerted in the frequency domain using the Fourier
transform,
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Figure 1. Model showing the source and an array of receivers
placed at a distance R for a limited aperture angle .

This shows that the time-reversed signal in the time
domain is equivalent to complex conjugation in the fre-
guency domain. Hence, the wave- eld recorded by the
array of receiversshown in Fig. 1, when reversedin time,
is equivalent to complex conjugation of Eq. (2):

exp[ i(kR =4)]
"8 kR

If we back-propagate this wave- eld with the same
velocity asthe forward propagating velocity, we refocus
the wavesat the original sourcelocation. When we back-
propagate with a di eren t velocity, the energy will refo-
cusat alocation other than the original sourcelocation.
Let us seewhat information this shift in the location
of the refocused pulse gives us about the velocity per-
turbation. The back-propagated wave- eld radiated by
ead of the receiversis obtained by convolving this time-
reversed signal and the Green's function. To compute
the total back-propagated wave- eld, we need to sum
over all receiversthat have recorded the forward propa-
gating wave. For the receivers that are densely sampled
over the receiver array, we approximate the summation
over all the receiversby integration over the aperture an-
gle in order to simplify further calculations. Hence,in
the frequency domain, the back-propagated wave- eld
at location r corresponds to

u (R) S (1): (3)
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where goesfrom - to , r, isthe receiverlocation and
k and k° are the wavenumbers assaiated while forward
and back-propagation, respectively.

We are interested in the refocusing point close to
the original source location. This requires that R r
and hence the term jr r(j in the expressioncan be
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approximated up to second-orderaccuracy in (r=R) as
h

jr rnj=R 1 r coy )+
R
1 l'2 .2 .
5 R? sin“( ) (5)
where is the angle dened in Fig. 1. This term is

presert in both the denominator and the numerator of
Eq. (4). In the denominator, we ignore the dependence
of jr ryj on (r=R) and approximate it to be equal to
R. This approximation results in an error of the order
(r=R), which can beignored asR r. In the numera-
tor, the term jr r.j is multiplied with the wavenumber
k in the argument of an exponert. Ignoring the (r=R)
and (r=R)? terms in the numerator of Eq. (4) would re-
sult in errors of the order of (r= ) and (r>=R ) respec-
tiv ely, which may be signicant. ( is the wavelength of
the pulse.) We, therefore, expressthe term jr rj in the
exponert using Eqg. (5). With this simpli cation, the de-
nominator becomesa constant scaling factor except for
j! j. Leaving out this scaling factor, the back-propagated
wave- eld becomesthe following integral over all the re-
ceivers.
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By replacing the wavenumbersk = | =cand k°= ! =&,
we can also rewrite the back-propagated wave- eld as
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where c is the velocity for the forward propagation and
c®is the velocity for back-propagation. To represert the
refocused energy in the time domain we integrate over
all frequencies (Snieder, 2004). The wave- eld can be
represerted in the time domain in terms of a function f
as

Z h
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where f is de ned as

1 I .
f(t)y = SO tig .
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The function f is a function of time and space
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that can be expressedin terms of x and z as follows:
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Z = rcos;
X = rsin ;
I e ¢

This function f can be approximated using a Taylor's
seriesexpansion up to secondorder in , where

= E cos + é sin i
c? c® 2cR
. 2 c .
(x cos zsin ) R i (8)

When we insert this represertation into Eq. (7) and in-
tegrate over , we obtain an expression for the back-
propagated wave-eld at an arbitrary location (X; z)
close to the source location. We are interested in the
location of the refocused pulse which we de ne asgiven
by the maximum value of this wave- eld at time t = 0.
Since the medium is homogeneousand the acquisition
geometry is symmetric with respectto x = 0, the peakis
located on the X -axis; hencewe set x = 0 in the wave-
eld represertation. This reduces the resultant wave-
eld represertation to an expressioninvolving terms in
z and t only. We are interested in examining the shift
in the location of the refocused pulse in the z-direction.
This shift can be computed in two steps. The rst step
involves evaluating the wave-eld at time t = 0. This
wave- eld is then solved for its maximum as a function
of z. As a result, we get the shift in the location of the
refocused pulse,
i ©
z = — 9
1+ 02
A stepwise derivation of this result is shown in App endix
A.

This expressionfor the shift in the location of the
refocused pulse holds for any source pulse that is sym-
metric at t = 0. When the forward and backward prop-
agating velocities are the same ( ¢ = 0), the location
of the refocused pulse is the sameas that of the source
pulse ( z = 0), as supported in Eqg. (9). For a small
aperture angle, (sin ) = and (sin2) =2 ! 1; hence
in the limit of ! 0, the shift of the refocused pulse
is a function of just the distance R and the velocity
perturbation c.
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Figure 2. Initial conditions of the simulation test model
showing a source pulse at the origin with an array of receivers
forming an aperture  at a distance R.

. c
I|!m0 z = R < (20)
Let us consider this case of small , or equiva-
lently just a single receiver (Fig. 8). Suppose we ex-
cite the source pulse and record the signal at a dis-
tance R using a single receiver. If this recorded signal
is back-propagated with same velocity, then the back-
propagated wave- eld refocusesat the original source
location. If, instead, the back-propagation velocity is
di erent from the forward-propagation velocity (c°6 ¢
, €8 0), the back-propagated waves travel over a dis-
tance,

Rback = c
= (c+ ot
= ct+tec
= R R = 11)
C

Hence, the relativ e shift in the location of the refocused
pulseis R( c=9, which agreeswith Eg. (10).

3 ILLUSTRA TION USING NUMERICAL
SIMULA TION

Eq. (9) givesthe expressionfor the location of the refo-
cused pulse. Let us compare the results obtained from
this expressionwith a numerical simulation. The simu-
lation usesa simple nite-di erence sceme for the 2-
D wave equation with absorbing boundary conditions
(Clayton et al., 1997). The geometry of the simulation



25

20

15
z/
10

5
15 10 5 0 5 10 15

x/1

Figure 3. Energy refocusing at the source location (along
with somelow amplitude noise causedby imp erfect absorbing
boundary conditions) obtained after the wave- eld recorded
by the receivers is back-propagated using the correct back-
propagating velocity.

is shown in Fig. 2. As the medium is homogeneous,we
specify a constant velocity for forward propagation. The
source radiation pattern is isotropic, as illustrated by
the arrows. The receiver array, located at a distance R
= 20 where is the wavelength of the pulse, records
the wave-eld. The aperture angle for this test is
35 . When this wave-eld is time-reversed and back-
propagated using the samevelocity asfor forward prop-
agation, the wavesrefocus at the original sourcelocation
as shown in Fig. 3. We also seesomelow amplitude nu-
merical noise near the sides, which is causedby re ec-
tion from the imperfectly absorbing boundaries. Even
though its location is presered, the shape of the refo-
cusedpulse di ers from that of the original pulsein Fig.
2. There are two reasonsfor this distortion. First, the
receiver array hasa nite aperture = 35 . During for-
ward propagation, the source propagatesin all the pos-
sible directions, while in back-propagation the energy
propagates only from a certain slice of directions. Sec-
ond, according to Eq. (6), for a given source spectrum
S(!), the refocused pulse is proportional to S (! )5!j.
This distortion is even clearer in Fig. 4 which is a de-
tailed view of Fig. 3.

Let us seewhat happens when we back-propagate
with a dierent velocity. Supposethe back-propagating
velocity ¢ is low compared to the velocity ¢ for the for-
ward propagation. When the back-propagating velocity
is lower than the forward propagating velocity, the re-
focusing occurs at a location closerto the receiver array
compared to the original sourcelocation, which is indi-
cated by a circle as shown in Fig. 5. If we imagine the
model spaceas a human face, the shape of the refocused
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Figure 4. Detailed view of the refocused pulse obtained by
back-propagating the wave-eld using the correct velocity.
This shows the distortion in the shape of the refocused pulse.

5
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Figure 5. Refocused pulse obtained when the recorded
wave- eld is back-propagated using a lower velocity than that
for forward-propagation.

pulse is similar to a frown; hence,in seismic migration,
this shape is commonly referred to as a frown (Zhu et
al., 1998). Fig. 6 shows the refocused pulse when the
back-propagating velocity is higher than velocity for the
forward propagation. The refocusing in this caseoccurs
at a location farther from the receiver array, and the
shape of the refocused pulse resenbles a smile (Zhu et
al., 1998).

Table 1 shows the agreemern of the shift in the lo-
cation of the refocused pulse obtained from Eq. (9) and
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Figure 6. Refocused Pulse obtained when the recorded
wave- eld is back-propagated using a higher velocity than
that for forward-propagation.

c=c z=R(theor etical ) z=R(numer ical)
-0.04 -0.042 -0.044
-0.02 -0.021 -0.021
0.00 0 0
0.02 0.021 0.021
0.04 0.042 0.044

Table 1. Comparison of theoretical and numerical results
showing relativ e shift in the location of the refocused pulse for
dieren t relativ e velocity perturbations. The aperture angle
is 35 .

the simulation test results for di erent velocity pertur-
bations at a specic aperture angle (35 ). This result
holds true for any aperture angle ranging from as small
as 5 , which mimics the caseof a single receiver, up to
90 . Apart from the distortion in the shape of the refo-
cused pulse, the shift in its location obtained from the
simulation test agreeswith Eq. (9).

The change in the location of the refocused pulse
with a changein the velocity for two extreme cases(5
and 90 ) is demonstrated graphically in Fig. 7. The solid
line shows the shift in the location of the refocusedpulse
as given in Eq. (9) whereasthe points show the shift
obtained from the numerical simulations. The shift ob-
tained from the simulation test for 5 aperture angle
is shawn in circles, whereasfor 90 it is shown as dia-
monds. The simulation test results agree with Eq. (9)
for small velocity perturbations up to an accuracy of

0.05 ‘
190 degrees /*
dz/R
5 degrees
O ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
()
0.05L* :
0.05 0.05
0 dc/c

Figure 7. Relativ e shift in the location of the refocused pulse
asa function of relativ e perturbation in the back-propagating
velocity. The relativ e shift obtained from numerical simula-
tion are denoted by diamonds for 90 aperture angle and by
circles for 5

j0:044 0:0423 _ .
0045 = 5%: (12)

For larger aperture angles, as we increase the velocity
perturbation, the theoretical expressionlosesaccuracy
and hence starts deviating from the simulation test re-
sults. This is becauseaswe increasethe velocity pertur-
bation, the second order approximation in (Eg. (8))
usedin the Taylor's expansion of the function f and the
expansionof jr  rj in Eq. (5) is inaccurate.

4 WHY DO RAYS MISGUIDE US?

The numerical simulation shows that Eq. (9) givesthe
shift in the location of the refocused pulse with an ac-
curacy of up to 5%. In high-quality migration velccity
analysis, this is a typical accuracy which gets worse as
we deal with more complex media. This result is, how-
ever, accurate under certain conditions which include
a bound on the relativ e velocity perturbation of about

5%. It also dependson the normalized distance (R=)
betweenthe source and the receivers and, more impor-
tant, the aperture angle . The angle s a crucial
parameter in estimating the shift in the location of the
refocused pulse.

Let us start by analyzing the in uence of the aper-
ture angle on the refocused pulse in terms of ray the-
ory. Consider rst avery small aperture or, equivalently
a single receiver. Eq. (10) shows that for a very small
aperture angle , the velocity perturbation while back-
propagation results in a relativ e shift of R( c¢=¢ in the
location of the refocused pulse. Fig. 8 gives a pictorial
represertation of this case.The forward propagation is
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Figure 8. Shift in the location of the refocused pulse when
the wave-eld is recorded by a single receiver and back-
propagated using higher velocity (based on rays)
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Figure 9. Shift in the location of the refocused pulse when
the wave- eld is recorded by an array of receivers and back-
propagated using higher velocity (based on rays)

carried out with a velocity c. When we back-propagate
with velocity c®> c, the shift in the location of the refo-
cused pulse depends on the product of distance R and
the velocity di erence c asshown in the derivation for
Eqg. (11).

A more complicated caseinvolves an array of re-
ceivers forming a nite aperture angle instead of using
a single receiver, as shown in Fig. 9. We have already
seenthat if we have only receiver B, then the shift in the
location of the refocused pulse is R( ¢=¢ indicated by
B'. Let us start by examining the contribution of the re-
ceivers A and C placed at the two endsof the receiver ar-
ray. The rays coming from A and C alsotravel a distance
of R( ¢=09, indicated by A' and C', respectively. The
detailed view shows the source S and the shift in the lo-
cation of the refocused pulse for data from just receivers
A, B, and C. This is shown by three rays in thick arrows
eadh having the samelength R( c=¢. Even though all
the three rays have the samelength, the component of
the rays S-A' and S-C' in the direction of S-B' extends
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only up to a distance R® = R( c=9 cos() < R( ¢=9.
This suggeststhat in the presenceof only two receivers
placed at the two ends of the receiver array, the shift
in the location of the refocused pulse is smaller than in
that of a single receiver.

With nite aperture angle, however, a number of
receivers are placed betweenA and C along the circular
boundary. Rays coming from all the receivers travel a
distance of R( ¢=g, but the contribution to the shift
in the direction of S-B' from ead of these receivers
is R( c=¢ cos( ), where is the angle depending on
the receiver location. This distance is always lessthan
R( ¢=9. Hence,ray theory suggeststhat aswe increase
the aperture angle formed by the array of receivers, the
shift in the location of the refocused pulse decreases.

Let us seeif our results agreewith this explanation.
The slope of the two straight lines in Fig. 7 represerts
the ratio (  z)=(R( c=q). If we follow the explana-
tion based on the ray theory, then as we increase the
aperture angle, the shift in the location of the refocused
pulse reduces;hence,the slope of the line should reduce.
Instead, what we seein Fig. 7 is that the slope increases
with increasing aperture angles(90 ).

Let us take one step back and consider the expres-
sion for the position of the refocused pulse, Eq. (9),
which can also be rewritten as

7 2 sin__

G() = ‘ : (13)
R ?c 1+ SII;Z

Fig.10 shows that G() is unity for = 0, which is

the sameas a slope of unity for smaller anglesin Fig. 7,
and then increases,indicating that asthe aperture angle
increases,the distance of the refocused pulse from the
original pulse increases.This obsenation is supported
in Fig. 7 which also shows an increasein the slope with
increasein the aperture angle. This is, however, contra-
dicted by the reasoning basedon the ray theory.

Let us now view the picture in terms of wave-front
propagation. For the single receiver, as shown in Fig.
11, the explanation remains the same as in ray the-
ory and hencethe shift in the location of the refocused
pulse is R( ¢=¢. The scenariois di eren t when we con-
sider more receivers forming a larger aperture as shown
in Fig. 12. Similar to what we did for the explanation
using ray theory, consider just two receivers A and C
placed at the two ends. The detailed view in Fig. 12
shows the wavefronts coming from receivers A, B and
C. The source is indicated by S and the dotted wave-
fronts indicate no velocity perturbation. The solid wave-
fronts A-A", B'-B" and C'-C" are the three wavefronts
from A, B and C, respectively. All three wavefronts
are displaced by a distance of R( c=9 in their respec-
tiv e directions of propagation. It is the interference of
the three wave-fronts that contributes to the refocused
pulse. The wavefront propagating from the receiver A
(A-A") hasdisplacemert in the direction of B'-B" given
by R®= [R( c=¢ =coq)] > R( c=0. A similar expla-
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Figure 10. Relativ e shift in the location of the refocused
pulse normalized by relativ e velocity perturbation as a func-
tion of angle
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Figure 11. Shift in the location of the refocused pulse when
the wave-eld is recorded by a single receiver and back-
propagated using higher velocity (based on wave fronts)

nation can be given for the wave-front C'-C"; hencewe
have a constructiv e interference at a distance R% from
the source, yielding the refocusing. This distance R®
can be referred to as apparent displacemert. Hence, for
a larger aperture, the refocused pulse is shifted by a
distance greater than R( c¢=9. This explanation is con-
sistent with Eqgs. (9) and (10) and supports the results
shown in Figs. 7 and 10. This, however, is just an ex-
treme casewhere we consider only two receivers placed
at the two ends. When we consider the whole receiver
array, the wave-fronts coming from all the receivers will
be displaced by a distance of R( ¢=9 in their direction
of propagation resulting in constructiv e interference at
an e ectiv e distance [R( c=9=coq )] with the angle

varying with the aperture of the receiver array. This dis-

Array of
Receiver:

Figure 12. Shift in the location of the refocused pulse when
the wave- eld is recorded by an array of receivers and back-
propagated using higher velocity (based on wave fronts)

tance may belessthan or equalto R but will de nitely

be greater than R( c=q@. Thus, if we consider all the
wave-fronts coming from the whole receiver array, the
shift in the location of the refocused pulse will increase
with increasein the aperture angle. So, the results ob-
tained from the theory and numerical simulation agree
with the explanation basedon wave-front propagation.

5 RELA TION TO MIGRA TION

Time-reversed imaging is mathematically the same as
migration in the eld of geophysics (Borcea et al., 2003).
The numerical simulation shows that if the recorded
wave- eld is back-propagated (migrated) using the cor-
rect velocity, then the waves are imaged at the correct
position. This is demonstrated in Fig. 3 which shows
the refocused pulse for a homogeneousmedium with a
considerably large aperture.

The refocusing for a homogeneousmedium is gov-
erned by the aperture of the receiver array. Changing
the shape of the aperture from circular (asin the simu-
lations) to linear (as in migration) does not fundamen-
tally alter the refocusing. Reducing the aperture size,
however, leadsto smearing of the refocused pulse, even
though it focusesat the correct position. This becomes
clear by comparing Fig. 13, showing refocusing with a
smaller aperture, with Fig. 3. When a strong hetero-
geneity, characterized by velocity variations, is presert
in the model, then even with the small aperture size,the
quality of refocusing improvesas compared to that for a
homogeneousmedium. Fig. 14 illustrates the improved
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Figure 13. Refocused pulse gets smeared becauseof reduc-
tion in the aperture size formed by the array of receivers.
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Figure 14. Impro ved refocusing is obtained due to the pres-
ence of a random heterogeneity both while forward- and
back-propagation. This improvemernt is becauseof the scat-
tering in the random medium.

focusing for a heterogeneous medium. The heteroge-
neousblock, here,is random and characterized by Gaus-
sian correlated velocity variations. The improved focus-
ing is due to the scattering inside the random medium
giving rise to the coda waves. For both forward- and
back-propagation, scattering allows energy, in the form
of coda waves, to arrive at and depart from a larger
range of directions which would be absert for propaga-
tion in in homogeneousmedia. Hence, randomness in
the medium, in e ect enlargesthe aperture angle.
After forward propagation, the wave- eld recorded
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by the receivers can be written in the frequency domain
asu = SG where S is the sourcespectrum and G is the
Green's function of the medium. The time window for
recording the wave- eld is long enoughto capture both
the direct arrival and the coda waves. Decomposing the
Green's function into the direct wave and the coda, this
can also be written as

u= S(Go+ Gcoda ):

With  20% velocity variations in our random medium
and a correlation length of the order of a tenth of the
wavelength of the source pulse, the amplitude of the
direct arrival is around twice that of the coda waves.
When the recordedwave- eld is time-reversedand back-
propagated through the same medium, the resulting
wave- eld can be written as,

u G S (Go + Gcoda )(GO + Gcoda)
S (GOGO + Gcoda Gcoda + Gcoda Go
+Gchoda); (14)

where u is the time-reversed wave- eld (asterisk de-
notes the complex conjugate) and G is the Green's func-
tion of the same medium. The third term is the cross-
correlation of coda waves during forward-propagation
and the direct arrival during back-propagation. Simi-
larly, the fourth term is the cross-correlation of direct
arrival during forward-propagation and the coda waves
during back-propagation. Since the phase information

encoded in G, and Ggoga is unrelated, these terms do
not contribute to the refocusing and we will refer to it as
focusing-noise. Hence, if the ertire recorded wave- eld

is back-propagated, the refocusedwave- eld is described
by the four terms in Eq. (14) out of which only the rst

two terms represerts refocusing.

Fig. 15 shows the refocused pulse when only the
coda waves are back-propagated. Even in the absence
of the direct arrival, the waves refocus in the pres-
ence of the random medium. A comparison of Figs. 14
and 15 show that refocusing is actually better when
we back-propagate only the coda waves as opposed
to back-propagating the entire wave- eld. When only
the coda waves are back-propagated, Eq. (14) reduces
to U G = S (Ggoga Geoda + Geoga Go)- Hence, the re-
focused coda waves do not contain noise represered
by the fourth term in Eq. (14) when only the coda
waves are back-propagated. This explains the improve-
ment in focusing by muting the direct wave. If only
the direct arrival is back-propagated, Eq. (14) becomes
UG=S (GyGo+ GyGcoda )- The rst term in the equa-
tion indicates that wavesrefocus at the correct location
with somenoisedescribed by the secondterm. However,
focusing deteriorates becauseit is the back-propagation
of the coda waves (represerted by the secondterm in
Eq. (14)) that improves the focusing when we back-
propagate through the same medium.

In migration, the velocity model is characterized
by the best velocity estimates without knowledge of the
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Figure 15. In the presence of heterogeneity both while
forward- and back-propagation, back-propagation of only the
coda waves also gives better refocusing.
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Figure 16. When the direct wave is back-propagated
through a homogeneous medium, the waves refocus at the
correct location, although they are smeared.

precisevelocity variations assaiated with heterogeneity
in the subsurface. Data acquisition from a subsurface
is equivalent to forward propagation where the re ec-
tors, which we are trying to image, act as secondary
sources. When these data are migrated, the velocities
used are only an estimate and thus do not accourt
for the precise velocity variations. Since migration de-
pends on the smooth background velocity only (Taran-
tola, 1986), back-propagation of the direct arrival in
the absenceof the random medium most closely resem-
bles migration. For this situation, Eq. (14)) becomes
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Figure 17. Energy is scattered all around when only the
coda waves are back-propagated through a homogeneous
medium.

u G =S (G,Go) which indicates that the waves refo-
cus at the correct depth although they are smeareddue
to limited aperture. This is shown in Fig. 16.

We next ched if the use of coda wavesin migra-
tion improvesfocusing. When the coda waves are back-
propagated through a homogeneousmedium, Eq. (14)
reducesto u G = S (Ggyga Go) Which is one of the terms
represerting focusing-noise. This is shown in Fig. 17
where the energy is scattered all around, with no trace
of the original sourcelocation. Thus, improved refocus-
ing is possible only when the medium is the same both
while forward and back-propagation. In migration, it is
unlik ely to know the precise details about variations of
velocity in the heterogeneity. Hence, use of coda waves
in migration doesnot help improve, and can harm, re-
focusing. The direct arrival images features acceptably
with only a coarseestimate of the velocity model.

The principle of time-reversed imaging is used in
virtual source imaging (Bakulin et al., 2004) that is
to image the deeper earth independert of the near-
surface complex overburden. Bakulin and Calvert sug-
gestedthat the near-surfacecomplex overburden, which
is dicult to quantify in terms of velocity, doeshelp im-
prove the quality of the virtual source. The numerical
simulations in this paper have shown that the presence
of arandom heterogeneity improvesthe refocusing even
with a small aperture provided that the model remains
the same during forward- and back-propagation. The
near-surface complexity plays the samerole in virtual
source experiment as the random medium in the simu-
lations, and the number of sourceson the surfacefor the
virtual source experiment is equivalent to the aperture
size in the simulations. This supports the fact that in-



creasedoverburden complexity doesenhancethe quality
of the virtual sourcewith lesssourceson the surface.

6 CONCLUSION

The principle idea of time reversed imaging is the
refocusing of the energy at the same location as
the source when the forward and back-propagating

media are the same. Based on the same idea, we have
formulated an expression for the shift in the location
of the refocused pulse caused by velocity perturbation

during back-propagation. The shift mainly depends on
the distance between source and receivers, the aperture
angle formed by the receiver array and the velocity
perturbation. For a single source-receiser pair, the shift
is directly proportional to the velocity perturbation and
the source-receier separation only. For more receivers,
however, the aperture angle plays an important role
in estimating the shift in the location of the refocused
pulse. For the same source-receiwer distance and veloc-
ity perturbation, aswe increasethe aperture angle, the
shift in the location of the refocused pulse increases.
An explanation based on the ray theory yields an
underestimate of the shift. In contrast, the variation in
the shift of the refocused pulse with changein aperture
angle is explained well in terms of the constructive
interference of wavefronts. For an unperturb ed medium,
heterogeneity in the model enhances the quality of
focusing provided the same velocity model is used
during forward- and back-propagation. However, this
improvemert cannot be used in migration because
in that application the details of the heterogeneity is
not known. In virtual source imaging, however, the
near-surface heterogeneity helps to better focus the
wavesonto the virtual source position.
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APPENDIX  A:

The wave- eld in the time domain is given by Eq. (7).
When the function f is represerted with a second-order
Taylor seriesin (r=R) and integrated over all the re-
ceivers, we get the following expression for the back-
propagated wave- eld.

P(r;t) = 2 f(t)+f_(t)ll+%f'(t)|2; (A1)
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where |1 and |, are functions of space.As a result, the
wave- eld is the sum of three terms. We needto calcu-
late this wave-eld at time t = 0. Also, we know that
becauseof the symmetry of the receiver positions with
respect to x = 0, the peak location will occur at x = 0.
Hence, we can set x = 0 in the expressionfor the wave-
eld. In the secondand third terms of the wave- eld,
the integrals |1 and |, are given by

Z 2
z z o c
Iy = z £ +R — d
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In the integral 12, we are considering only the terms up
to secondorder in z. When we insert these values of | ;
and |, in Eq. (A1) and sett = 0, we get the wave- eld
as a quadratic function of z as follows:

P(z;t)= A+ Bz+ DZ%; (A2)
where
A = 20+ 2REO) S RO S
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2sin h ¢!
B = f0) + FOR —
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As the source pulse is symmetric with respect to
the origin, its rst derivative vanishes at time t = 0;
hencef(0) = 0. The maximum value of the wave- eld
P(z;t) at time t = 0 can be found by equating its rst
z-derivative to zero. When solved for z, this gives the
shift in the location of the refocused pulse. Hence, this

shift is z = B=2D where the values of B and D at
time t = 0 are given by,
h, . i
_ 2sin c
B = f(0) © R @
h i
D = f'(O) F K]_

Given the values of B and D, we can compute 2z as
follows:
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The term °(0) drops in the expressionfor z, which
indicates that the shift in the location of the refocused
pulse is independert of frequency. For small values of
velocity perturbation ( ¢=g, we can ignore the second
term in the denominator; and hence,

2 R £

zZ = W . (A3)



