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In tro duction

In a number of casestudies, signi cant converted wave
energy was observed at zero and near-zero o sets (e.g.,
Thomsen, 2002). This phenomenoncan be explained by

ABSTRA CT

Field recordsfor small source-receier o sets often contain intensive converted
PS-wavesthat cannot be generatedin laterally homogeneousdsotropic models.
Among the most likely physical reasonsfor this converted energyis the presence
of anisotropy on either side of the re ector. Here, we study the small-angle
re ection coe cien ts of the split corverted PS;- and PS,-waves (Rps, and
Rps,) for a horizontal interface separating two transversely isotropic media
with arbitrary orientations of the symmetry axis.

The normal-incidencere ection coe cien ts Rpg, (0) and Rps, (0) vanish when
both halfspaceshave a horizontal symmetry plane, which happensif the symme-
try axisis vertical or horizontal (i.e., if the medium is VTI or HTI). For atilted
symmetry axis in either medium, however, the magnitude of the re ection coe -
cients canread substartial valuescloseto 0.1, evenif the strength of anisotropy
is moderate. To study the in uence of the orientation of the symmetry axis and
the anisotropy parameters, we develop conciseweak-cortrast, weak-anisotropy
approximations for the re ection coe cien ts and comparethem with exact nu-
merical results.

In particular, the analytic solutions show that the contributions of the Thomsen
parameters and to the coe cien ts Rps,(0) and Rps,(0) are governed by
simple functions of the symmetry-axis tilt , which have the sameform for
both halfspaces.If the symmetry-axis orientation and anisotropy parameters
do not change acrossthe interface, the normal-incidencere ection coe cien ts
are insigni cant, regardlessof the strength of the velocity and density cortrast.
The AVO (amplitude variation with o set) gradients of the PS-wavesare mostly
in uenced by the anisotropy of the incidence medium that causesshear-wave
splitting and determinesthe partitioning of energy betweenthe PS; and PS;
modes.

Becauseof their substartial amplitude, small-angle PS re ections in TI media
contain valuable information for anisotropic AVO inversion of multicomp onert
data. Our analytic solutions provide a foundation for linear AVO-inversionalgo-
rithms and canbe usedto guide nonlinear inversionbasedon the exactre ection
coe cien ts.

Key words: converted wave, transverseisotropy, TTI media, re ection coef-
cient, AVO intercept, AVO gradient, azimuthal AVO

ence of nongeometrical waves (Tsvankin, 1995). How-
ever, neither heterogeneity nor nongeometrical waves
can accourt for normal-incidence PS-wave re ections
for layer-cake subsurfacemodels and large distancesbe-
tweenthe source and the interface.

seweral factors, including heterogeneity and the pres-
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Here, we study the in uence of anisotropy on the
amplitude of PS-waves at small source-receier o sets.
We restrict ourselves to the TTI (transverse isotropy
with atilted symmetry axis) model and analyze the in-
uence of the orientation of the symmetry axis and the
anisotropy parameters on the PS-wave re ection coe -
cients. The main focus of the paper is on the normal-
incidence PS-wave re ection coe cien t that vanishes
only when the re ector coincideswith a symmetry plane
in both halfspaces.If the re ector is horizontal, gener-
ation of converted energy at vertical incidence requires
the symmetry axis in at least one of the halfspacesto
deviate from both the vertical and horizontal directions.

We employ exact computation of the re ection coef-
cien ts aswell aslinearized solutions that help to under-
stand the in uence of various model parameters on the
PS-wave re ectivit y. Approximate re ection and trans-
mission coe cien ts for isotropic media can be found
in Aki and Richards (2002) and Shuey (1985). Banik
(1987), Thomsen (1993) and Reger (1996, 1997, 1998)
derived approximate P-wave re ection coe cien ts for
VTl (Tl with a vertical symmetry axis) and HTI (Tl
with a horizontal symmetry axis) media. Reger's re-
sults can be also applied in the symmetry planes of or-
thorhombic media. Pserck and Vavry cuk (1998) and
Vavry cuk and Pserck (1998) obtained weak-cortrast,
weak-anisotropy P-wave re ection and transmission co-
e cien ts for arbitrarily anisotropic media.

Closed-form solutions for the re ection coe cien ts
of PS-wavesin isotropic media can be found in Donati
(1998), Larsen et al. (1999), Alvarez et al. (1999) and
Nefedkina and Buzlukov (1999). Reger (1996) devel-
oped approximate expressionsfor the PS-wavere ection
coe cien ts in VTl media and the symmetry planes of
HTI media. However, as mentioned above, the normal-
incidence re ection coe cien ts of mode conversions go
to zero in both VTl and HTI media.Weak-cortrast,
weak-anisotropy approximations for PS-wave re ection
and transmission coe cien ts in arbitrarily anisotropic
media were preserted by Vavry cuk (1999), J lek (2000)
and Artola et al. (2003). Jlek (2001) also developed
algorithms for the joint inversion of PP- and PS-wave
re ection coe cien ts in azimuthally anisotropic media.

Jlek (2000) and Vavry cuk (1999) pointed out that
the normal-incidence PS-wave re ection coe cien ts do
not vanish for nonzero sti nesses css and/or cszs on ei-
ther side of the re ector. Artola et al. (2003) demon-
strated the presenceof normal-incidence PS-wave en-
ergy in synthetic seismogramscomputed for azimuthally
anisotropic models. Here, we show that the tilt of the
symmetry axis in Tl media can create relativ ely strong
zero-o set PSre ections from horizontal interfaces. Ap-
plication of the weak-cortrast, weak-anisotropy approx-
imations helps to identify the parameter combinations
responsible for both zero-oset re ection coe cien ts
and AVO gradients of PS-waves.

1 ANAL YTIC BA CK GR OUND

We start by setting up the system of linear equa-
tions that can be used to compute the exact
re ection/transmission coe cien ts from the bound-
ary conditions. The approximate (linearized) re ec-
tion/transmission coe cien ts are then obtained by ap-
plying the rst-order perturbation theory.

1.1 Exact solution of the

re ection/transmission problem

The re ection/transmission problem for a givenincident
wave is solved by satisfying the boundary conditions at
the re ector. For a welded contact of the two halfspaces,
these boundary conditions are the contin uity of traction

and displacemert, which can be written in the following
compact form:

C U = B; (1)
where C corresponds to the displacemert-stress ma-
trix for the re ected and transmitted waves, B is the
displacemert-stress vector of the incident wave, and U
is the vector of the re ection and transmission coe -
cients of the wavesP, S; and S;:
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Here the superscript denotes the re ected/transmitted
modes according to the following convertion:
Ofincident wave; 1{re ected S;-wave; 2{re ected S;-
wave; 3{re ected P-wave; 4{transmitted S;-wave; 5{
transmitted S;-wave; 6{transmitted P-wave. In equa-
tion (2), g(N) and X (N) are the polarization and
amplitude-normalized traction vectors, respectively, ob-
tained by solving the Christo el equation. Equation (1)
can be solved numerically for U to compute the re ec-
tion/transmission coe cien ts.

1.2 Weak-con trast, weak-anisotrop y
appro ximation

The main goal of using linearized approximations here
is to gain physical insight into the dependenceof the re-
ection coe cien ts on the medium parameters and in-
cidence angle. Following the approach of Vavry cuk and
Pserck (1998) and J lek (2000), we linearize the bound-
ary conditions by assuming a weak contrast in the elas-
tic parameters acrossthe interface and weak anisotropy



in both halfspaces (see Appendix A). A homogeneous
isotropic full spacedivided by a ctitious planar inter-

face is taken as the background medium. The elastic
parameters ajj x| = Cj k1= (density-normalized sti ness

coe cien ts) are expressedas small perturbations  ajj ki

from the background values. The exact boundary con-
ditions [equation (1)] are then linearized in terms of the

small perturbations to nd approximate PS-wave re ec-

tion coe cien ts.

Consider an incident P-wave traveling in the neg-
ative z-direction in the [x; z]-plane; the re ector coin-
cideswith the plane z = 0. The slownessvectors of the
incident, re ected, and transmitted wavesin the back-
ground medium can be written as follows (Figure 1):

p?®@ =p®@ = pd o PP

p’® =p%@ = pd o p

p°® = ot 0 P

p*@ =p% = pd oo PP ®)

The P-wave unit polarization vectors in the
isotropic background are given by

g0(0) - g0(6) - p0(0);
g"® = p™; ®)
where is the P-wave velocity in the background.

1.3 Polarization angle

The SV- and SH-components are obtained by project-
ing the S-wave polarization vector in the background
onto the incidence [x; z] plane and the direction orthog-
onal to it, respectively. In anisotropic media, however,
for the perturbation approach to work, the chosenpo-
larization vectors in the background isotropic medium
(g°@ and g°@ ) should be closeto the actual polariza-
tions (g™ and g?) (Jech and Pserck, 1989). So the
SV and SH-wave polarizations (g5 and g®") in the
background isotropic medium have to be rotated by an
angle called the \p olarization angle," which is de ned
uniquely (except for singular directions), as shown by
Jech and Pserc k (1989). Since the polarization angleis
neither a linear function of the perturbations a; k1 nor
is it necessarilysmall, the presenceof complicates the
computation of the analytic expressionsfor the PS-wave
re ection coe cien ts.

If the polarization angle is known, the polarization
vectors of the S and S3-waves (g°® and g°@) can
be determined by rotating the SV- and SH-wave polar-
ization vectors counter-clockwise by the angle in the
plane perpendicular to the background slownessvector

p°® (Figure 1). Thus, g°@ and g°@ are given by
g®®@ = p¥cos ; sin ; pfcos

g°® = psin ; cos ; pisin @)
where is the S-wave velocity in the background. Equa-
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Figure 1. (a) Conventions used in solving the reec-
tion/transmission problem. The incidence [x; z]-plane con-
tains the interface normal n and the background P-wave
slownessvector p®© . The background S-wave slowness vec-
tors are denoted by p°® = p%2 (reected) and p°® =
p%® (transmitted); and s are the phase angles of the in-
cident P-wave and re ected S-wave. The polarization vector
of the incident P-wave in the background medium is go© ,
while the SV- and SH-wave polarizations vectors are gSV
and gSH | respectively. (b) g°® and g°@ are the chosen
polarization vectors of the re ected S;- and Sp-waves, respec-
tiv ely, in the background medium. These vectors are obtained
by rotating gSV and gS" by the angle (polarization an-
gle) in the plane orthogonal to the slowness vector p°® _ If
the incidence halfspace is isotropic or VTI, = 0 [after Jlek
(2000)].
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tion (7) shows that when the medium is isotropic and

= 0 (Jech and Pserck, 1989), S} reducesto SV and
S? reducesto SH. Similarly, the polarization vectors of
the transmitted S-wavescan be written as

g%® = pScos ; sin ; plcos
g®® = p¥sin ; cos ; pisin (8)
where is the corresponding polarization angle. Since

we are concernedwith the re ected S-wavesonly, com-
putation of is unnecessarybecauseg®® and g°®
are not involved in the linearized re ection coe cien ts
[equation (A11)].

When the incidence halfspace is anisotropic, is
generally nonzero. If the medium is TTI, the polariza-
tion vector of the PS;-wave lies in the plane formed by
the symmetry axis and the PS; slownessvector (i.e., it
is the PSV-wave in the coordinate system in which the
symmetry axis is taken as vertical) while the PS,-wave
would be polarized orthogonal to that plane. (Note that
PS: is not necessarilythe fast PS mode.) Thus, in this
case is the angle between the background SV-wave
polarization vector and the plane formed by p°® and
the symmetry axis of the incident TTl halfspace. Us-
ing simple vector algebra and dropping the cubic and
higher-order terms in sin , we nd

cos L 2g%cos 1sin 1+ 2gcos 1 sin
Ao N 1 1 1
27A g g
+cos 1sin isin® 9)
where
. €cos 1Sin2 ;sin
A S|r'|2 1+ #
g
) .2 1=2
+(cosz 1 sin? 1cog 1)sin
gZ

Here ; and ; arethe tilt (i.e., the angle with the ver-
tical) and azimuth, respectively, of the symmetry axis
of the incidence Tl halfspace,andg = . Although
can be computed from equation (9), its presencecom-
plicates the approximate PS-wavere ection coe cien ts.
Although is independert of the anisotropic parame-
ters (except for the tilt of the symmetry axis), it de-
pends on the incidence angle in a rather complicated
way. For an incident TTI halfspace, 6 0wheneverthe
incidence plane is di eren t from the vertical symmetry-
axis plane (i.e., from the vertical plane that contains the
symmetry axis) of the incidence halfspace.

In general, cannot be linearized in  without as-
suming that sin? 1 is sucien tly large, except for the
special case of normal incidence ( = 0) when  re-
ducesto 1 [equation(9)]. This complication prevents
us from deriving fully linearized oblique-incidence re-
ection coe cien ts for TI media with arbitrary orien-
tation of symmetry axis. For an incident VTI halfspace
(1=0) = 0, and for an incident HTI halfspace
(1=90), canbelinearized in terms of the medium

parameters [equation (9)]. The orientation of the sym-
metry axis of the re ecting Tl halfspace doesnot pose
any problems in the linearization of the re ection coef-
cien ts becauseit doesnot contribute to . Becauseof
the above constraints, linearized PS-wave re ection co-
e cien ts for oblique incidence anglesare given here only
if the incidence halfspaceis isotropic, VTI, HTI, or TTI

with the symmetry axis con ned to the incidence plane.
For oblique incidence of P-wavesin all other models, we
analyze only the exact re ection coe cien ts.

2 NORMAL-INCIDENCE
COEFFICIENT

REFLECTION

The normal-incidence re ection coecient is also
called the \in tercept" in amplitude-v ariation-with-o set
(AVO) analysis. The general linearized equation for
small-angle PS-wave re ection coe cien ts can be writ-
ten as (Thomsen, 2002),

Rps = Rps(0)+ Gsin ; (10)

where Rp s(0) is the normal-incidence re ection coe -
cient and G is the AVO gradient. In this section, we
discuss the normal-incidence re ection coe cien t; the
AVO gradient is analyzed next.

2.1 Isotropic/TTI in terface

Consider the model that includes an incidence isotropic
halfspace overlying a reecting TTI halfspace. The
normal-incidence PS-wave in this caseis polarized in
the symmetry-axis plane of the re ecting halfspace(Fig-
ure 2). In general, the re ected PS-wave can be repre-
serted as the vector sum of the PSV- and PSH-waves.
For normal incidence, however, the incidence plane is
unde ned, and it is convenient to study the PS-wave as
a whole.
The linearized PS-wave normal-incidence re ection

coe cien t is given by

2 .
- g2 1 dVP§2() (12)

4(1 + g) Vp 0;2 d -0

where Vp ., is the P-wave phase velocity in the re ect-
ing halfspace.lt is interesting that the normal-incidence
PS-wave re ection coe cien t is proportional to the rst
derivativ e of the P-wave phasevelocity computed at =
0. Although this derivativ e is supposedto be linearized
to make equation (12) equivalent to equation (11), the
accuracy of the weak-cortrast, weak-anisotropy approx-
imation can beincreasedby using the exact value of this
derivative in equation (12) (Figure 3).

The very existence of the normal-incidence PS re-
ection is causedby the tilt of the symmetry axis away



Figure 2. For an isotropic incidence halfspace overlying a
TTI reecting halfspace, the PS-wave at normal incidence
is polarized (vector g”S) in the symmetry-axis plane. For
oblique incidence, we analyze the two components of the PS-
wave (PSV and PSH) separately.

0.2
0.15 :
S
wn 0 17 'ki:o' ~‘. % 1
o 0 e
o e .
0.05¢ !::p “‘ i
0 ‘ ‘ ‘ ‘
0 20 40 60 80
o
()

Figure 3. Accuracy of the weak-contrast, weak-anisotropy
approximation for the normal-incidence PS-wave re ection
coe cien t. The solid black line is the exact coe cien t for an
isotropic/TTl interface, the dashed black line is computed
using equation (12) with the exact rst derivativ e of the P-
wave phase velocity, and the dash-dotted gray line marks the
fully linearized approximation (11). The parameters of the
incidence isotropic halfspace are Vp.1 = 2:.9 km/s;Vs.1 =
1:5km/s, and 1 = 2gm/cm?3. The parameters of the
reecting TTl halfspace are Vpg.2 = 3:3km/s;Vsp2 =
1:8km/s; » = 22gmlcm?3; , = 0:4; » = 02, » = 0:11,
and 2 =30.
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Figure 4. The normal-incidence PS-wave re ection coe -
cient for an isotropic/TTI interface as a function of tilt »
of the symmetry axis and the parameter 5. The solid lines
mark the exact Rps(0), the dashed lines represernt the lin-
earized approximation (11). The parameters of the incidence
isotropic halfspace are Vp.1 = 2:9 km/s;Vs.1 = 1.5 km/s,
and 1 = 2 gm/cm 3. The parameters of the re ecting TTI
halfspace are Vpo.2 = 3:3km/s;Vsgp2 = 1.8km/s; » =
2:22gmicm3; 5= 0:2; o= 0:11,and , = 30 .

from the vertical and horizontal directions. Therefore,
Rps(0) goesto zero for both VTI ( 2 = 0 ) and HTI
( 2 = 90 ) media; the dependenceon , may have min-
ima and maxima at intermediate tilts. For the model
in Figure 4, Rps(0) attains values as high as 0.1 for
2 = 0:4; in general, the magnitude of Rps(0) in-
creaseswith ». Apart from the anisotropy parameters,
the normal-incidence re ection coe cien t also increases
with g =

The linearized Rp s(0) is closeto the exact value for
models approaching VTl and HTI, but the approxima-
tion deteriorates for higher absolute values of Rps(0)
(Figures 3 and 4). The accuracy of the linearized ex-
pressionsalso decreaseswith g, and the approximation
may break down for soft rocks with high Ve =Vs ratios.

The dependenceof Rp s(0) on the parameters »; »
and ; in Figures 4 and 5 can be explained using ap-
proximation (11). The inuence of , and > on Rps(0)
strongly depends on the tilt » of the symmetry axis
(Figure 6). If the function of > multiplied with , and
2 becomeszero, the corresponding anisotropy parame-
ter makesno contribution to Rps(0). For example, ac-
cording to approximation (11), > should have no in-
uence on the Rps(0) at » = 45, which is con rmed
by the exact Rps(0) in Figure 5. For small tilts ,, »
has a greater in uence on Rps(0) than does », while
for larger 2, » largely determines the value of Rp s(0).
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Figure 5. Exact coecien t Rpg(0) for an isotropic/TTI

interface as a function of the tilt , and the parameter ».
Except for 2 and , = 0:2, the model parameters are the
same as in Figure 4.
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Figure 6. Functions of » multiplied with > (black line) and
2 (gray line) in equation (11). These curves help to explain

the inuence of 2 and , on Rpgs(0) for dierent tilts » in
Figures 4 and 5.

This dependenceof Rps(0) on and is explained by
the behavior of the P-wave phase-welocity function in
Tl media. At small angleswith the symmetry axis, P-
wave velocity is controlled by , while the contribution
of increasestoward the isotropy plane (e.g., Tsvankin,
2001).

2.2 TTUTTI interface

Next, we considerthe normal-incidence PS re ection for
a model in which the incidence halfspaceis also TTI. In
isotropic media, an incident P-wave excites a single con-
verted (PSV) mode becausethe symmetry prohibits the
generation of PSH conversions.When the incidence half-
spaceis anisotropic, the PSre ection splits into the PS;
and PS; modesthat have di eren t normal-incidence re-
ection coe cien ts (Rps,(0) and Rps,(0)) and AVO
gradients. To understand the in uence of the parame-
ters of both halfspaces,we study the linearized approx-
imations for Res, (0) and Rp s, (0).

2.2.1 Sgecial case of aligned symmetry planes

If the azimuth of the symmetry axis is the same above
and below the reector ( 1 = 2), the vertical plane
that contains both symmetry axes represens a plane
of symmetry for the whole model. In this case,the P-
wave at normal incidence excites only one (PS1) wave
polarized in the symmetry-axis plane:

2

_ g ;
Rps,(0) = mf sin2 1cos2 1 (1 1)+ 1]
+5sin2 5[cos2 2 (2 2)+ 209  (13)
_ g 1 dVea()
41+ 9) Veo1 d =0
1 dVe2()
+ — 7 ; 14
Vpo2 d =0 (14)
RPSZ(O) = 0: (15)

The coe cien t Rps, (0) is a function of both tilts ( 1
and ) and all anisotropy parameters except for ; and

2 { the parameters responsible for SH-wave propaga-
tion in TI media.

Rp s, (0) vanisheswhen ead of the halfspacesis ei-
ther VTI or HTI, and the re ector represerts a symme-
try plane for the whole model. The term involving 1; 1,
and i in equation (13) coincidesby absolute value with
that involving 2; 2, and .. Sothe conclusions drawn
above for ; 2, and , (Figure 6) apply to 1; 1, and

1 as well. If both Tl halfspaceshave the same orien-
tation of the symmetry axesand the same parameters

and , Rps, (0) vanishes, even though there may be
a jump in the other parameters across the interface.
This result, however, is valid only in the weak-cortrast,
weak-anisotropy limit.

2.2.2 General TTI/TTI model

Supposethe symmetry axis has an arbitrary orientation
in both halfspaces.Then a P-wave at normal-incidence
excited both PS modes, and the approximate solutions



Figure 7. For an incidence TI halfspace, g°® lies in the
plane formed by the slowness vector and the symmetry axis
(i.e., it would correspond to the SV-wave, if the symmetry
axis were vertical), while g°®@ is perpendicular to this plane
(SH-wave).

for Rps, (0) and Rps,(0) are as follows:

g2

Res, (0) = mf sin2 y1[cos2 1 (1 1)+ 1]
+coy 2 1) sin2 2[cos2 (2 2)+ 2]g (16)
- 92 1 dVP;l()
4(1+ g) Vpo;1 d =0
1 dve() )
+ coy 2 1)VP0;2T L a7)
g2
RPSZ(O) = mfsm( 2 1) sin2 »
[cos2 2( 2 2)+ 2lg (18)
_ 92 . 1 de;z()
= i+ g sin( 2 1)VP0;2 —d . (19

It is clear from the symmetry of the above model
(TTUTTI), that the normal-incidence re ection coef-
cients should depend just on the dierence » 1
which is con rmed by equations (16){(19). Indeed, a si-
multaneous azimuthal rotation of both symmetry axes
can only changethe azimuthal direction of the polariza-
tion vectors of the PS-waves.When the vertical symme-
try planes of the two Tl halfspacescoincide ( 1 = »),
equations (17) and (19) reduce to equations (14) and
(15), respectively. Note that the terms involving the tilt

of the symmetry axis and the anisotropy parameters in
equations (16) and (18) have the sameform asthe cor-
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responding terms for the simpler isotropic/TTI model

examined above.

3 AV O GRADIENTS

The AVO gradients of the split PS-waves can be com-
puted numerically by estimating the best-t initial slope
of the exact re ection coe cien t expressedasa function
of sin . In the linearized weak-anisotropy, weak-cortrast
approximation, the gradient G is obtained explicitly as
the multiplier of sin [equation (10)]. The linearized ap-
proximations for the PS-wave AVO gradients are given
in App endix B.

3.1 Isotropic/TTI in terface

For the isotropic/TTI interface, only the gradient Gps,
contains both isotropic and anisotropic terms, while
Gps, is purely anisotropic [equations (B1) and (B2)].
The expressionfor Gps, reducesto the familiar gradi-
ent for isotropic media (e.g., Nefedkina and Buzlukov,
1999),|f 2= 2= 2= 0.

In the linearized approximation, the re ection co-
e cien ts for isotropic media coincide with the isotropic
terms in the coe cien ts for the isotropic/TTI inter-
face. Numerical testing shows that the AVO gradient
is not signi cantly distorted by the anisotropy for com-
mon values of the vertical-velocity ratio g (Figure 8).
The inuence of the anisotropy in the re ecting halfs-
pace changesprimarily the normal-incidence coe cien t
Rps(0) that goesto zero in the isotropic model. Al-
though the AVO gradients of both PS-wavesvary with
azimuth, their average values are close to those for
isotropic media, and the magnitude of the azimuthal
variations is relativ ely small.

Since the dependenceof the AVO gradients on the
parameters of the re ecting medium is rather compli-
cated, in particular for the PS;-wave [equation (B1)],
we studied the behavior of the exact gradients using
numerical modeling. As was the casefor Rps(0), the
inuence of > on both Gps, and Gps, increaseswith
the tilt 2, while that of > becomessmaller. The contri-
bution of , to both AVO gradients also increaseswith

2.

The PS;-wave vanishes for a re ecting VTI half-
space when the re ected PS-wave is polarized in the
symmetry-axis plane of the incidence medium. There-
fore, the gradient Gps, increasesasthe symmetry axis
deviates from the vertical. Gps, also goesto zerowhen
the symmetry axis is con ned to the incidence plane or
is perpendicular to it.

3.2 TTUTTI interface

The AVO gradients of the PS;- and PS;-waves for a
TTI/TTI interface [equations (B3) and (B4)] are de-
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Figure 8. Exact PS-wave re ection coe cien ts (top row) and AVO gradients (bottom row) for isotropic/isotropic and
isotropic/TTI  interfaces. The velocity and density contrasts for both models are the same: = 0:2gm/icm3;~ =
2:1 gm/cm 3; = 0:3km/s; = 1:65km/s; = 0:4km/s; = 3:1km/s, and g = 1:88. The anisotropy parameters of

the re ecting TTI halfspace are = 0:3; 2 = 0:15; 2 = 0:11,and 2 = 60 .

rived in Appendix B for the special case of the inci-
dence plane containing the symmetry axis of the upper
halfspace. We also presert numerical results for an arbi-
trary orientation of the symmetry axis of the incidence
medium.

In agreement with the linearized approxima-
tions (B3) and (B4), the anisotropy parameters 1 and
1 inuence only Geps, while 1 inuences only Ges,
(Figures 9 and 10). To explain this result valid for an
arbitrary orientation of the symmetry axis of the inci-
dence halfspace, note that the PS;-wave would be the
PSV mode if the symmetry axis were vertical, and the
PS;-wave would be the PSH (transversely polarized)
mode. The P- and SV-wave propagation in Tl media

is governed only by and , while the SH-wave velocity
is controlled by (Tsvankin, 2001).

As shown earlier, when the incidence medium is
isotropic, the gradient Gps, contains both isotropic
and anisotropic terms, while Gp s, is purely anisotropic.
If the incidence halfspace is TTlI with the symmetry
axis not conned to the incidence plane, then there
are no purely isotropic terms in either gradient, as
demonstrated for the special case of the HTI re ect-
ing medium by equations (B5) and (B6). The inu-
ence of the anisotropy in the upper halfspace leads to
a substantial deviation of the gradients computed for
a TTI/TTI interface from those for the corresponding
isotropic model (compare Figures 11 and 8).
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Figure 10. Exact AVO gradient of the PS;-wave for a TTI/TTI

b)
-- gz
0.2 B
O
0.1
0

0 0.1 0.2 0.3 0.4

Anisotropy parameters

interface as a function of the anisotropy parameters in the
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4 DISCUSSION AND CONCLUSIONS

In the absence of lateral heterogeneity, anisotropy is
the most likely reasonfor signi cant PS-wave energy at
zeroand small o sets observed in many multicomp onent
data sets. Here, we analyze the small-angle PS-wave
AV O responsefor the most common type of anisotropy:
transverse isotropy with a tilted symmetry axis (TTI

medium). If the re ector doesnot coincide with a sym-
metry plane in either halfspace, a P-wave at normal

incidence always generatesre ected PS-waves. To ex-
amine the inuence of the anisotropy parameters on
the normal-incidence PS-wave re ection coe cien t and
AVO gradient, we employ linearized analytic solutions
(obtained using weak-cortrast, weak-anisotropy approx-
imations) supported by numerical modeling of the exact
re ection coe cien t.

If the incidence halfspaceis isotropic, the re ected
PS-wave is polarized in the symmetry-axis plane of the
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TTUTTI

3:3km/s;Vs., = 1:.8km/s, and > = 2:2 gm/cm 3. For the
interface, the parameters are Vpg.1 = 2:9 km/s ;Vso.1 = 1:5km/s; 1 = 2 gm/cm 3. 1=202 1=01 1=01 1=

60 ;Vpo.2 = 3:3km/s;Vsp.2 = 1:8 km/s; 2 = 2:2 gm/cm 3 ,=0:3; o= 015, = 0:11; =30 ;and »= 30 .

re ecting TTI medium. The normal-incidence re ection
coe cien t Rps(0) vanisheswhen the re ecting Tl half-
spaceis VTl or HTI, becausein that casethe model
as a whole has a horizontal symmetry plane. The coef-
cient Rps(0) rapidly increasesas the symmetry axis
deviates from both the vertical and horizontal direc-
tions. Closed-form approximations and numerical mod-
eling show that Rps(0) can reach valuescloseto 0.1 for
moderate values of the anisotropy parameters typical
for shale formations. When the tilt , of the symmetry
axis is relativ ely small, the coe cien t Rps(0) is mostly
controlled by », with the contribution of , becoming
dominant for larger valuesof .

When both halfspacesare anisotropic (TTI), a P-
wave at normal incidence excited two split PS-waves
(PS:1 and PS;) with the polarizations governed by
the orientation of the symmetry axis in the incidence
medium. The re ection coe cien ts of both PS-wavesare
functions of the di erence betweenthe azimuths of the
symmetry axes( » 1) and do not depend on either
azimuth individually . The linearized normal-incidence
re ection coe cien t goes to zero when the two halfs-
paces have the same orientation of the symmetry axis
and the same parameters and , even though there
may be a jump in the velocities and densities acrossthe
interface.

We also discussed the azimuthally varying AVO
gradients of PS-wavesresponsible for the small-angle re-
ection response. If the symmetry axis of the incidence
halfspace is conned to the vertical incidence plane
(or if the incidence halfspace is isotropic), the AVO

gradient of the PS;(PSV)-wave includes both purely
isotropic and anisotropic terms, while the PS;(PSH)-
wave AV O gradient is entirely anisotropic. For an arbi-
trary symmetry-axis orientation, however, neither AVO
gradient contains purely isotropic terms since the con-
tributions of the velocity and density contrasts are mul-
tiplied with functions of the symmetry-axis azimuth

1. The AVO gradients are mostly inuenced by the
anisotropy in the incidence medium that causesshear-
wave splitting and pronounced azimuthal variation of
the re ection coe cien ts of both PS-waves.

The linearized approximations developed here not
only provide physical insight into the behavior of the
PS-wave re ection coe cien ts, but can be also used
to quickly evaluate the PS-wave amplitudes for a wide
range of TTI models. Potentially , these analytic expres-
sions can help in the AVO inversion of PP and PS data
for TTI media that can be implemented using the ap-
proach suggestedby J lek (2001) for anisotropic models
with a horizontal symmetry plane.
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APPENDIX A: PERTURBA TION APPR OACH APPLIED TO THE
REFLECTION/TRANSMISSION PR OBLEM

The approximate linearized re ection and transmission coe cien ts are derived by using an isotropic full space as
the referencemedium. A horizontal planar interface (re ector) divides the full spaceinto two halfspaces,which are
perturb ed to obtain two weakly anisotropic media:

ai(j',)<| = aj ) + ai(j',)<| : (A1)
M= 04y M. (A2)
jallli<< kaf k; (A3)
j Wj<< O (A4)

In equation (A4), the index | (I = 1;2) stands for the incidence and re ecting halfspaces, respectively, and ai(j'&l
and © are the density-normalized sti ness coe cien ts and density of the background isotropic medium. Since the
perturbations from the isotropic background in both halfspacesare small, the approximation involves both weak
anisotropy and weak elastic contrast betweenthe halfspaces.Using these approximations, the polarization (p™?) and

slownessvectors (g("?) can be linearized as follows:

g™ g 4 g,
pM) AN 4 (). (A5)
where g™ and p%N) are the polarization and slowness vectors of waves propagating in the background isotropic
medium, and g™’ and p™’ are their linear perturbations. Analytic expressionsfor the perturbations g™’ and
p™) in terms of ai(j'f(l are given in Vavrycuk and Pserck (1998) and Jlek (2000). Substituting these linearized
expressionsinto equation (1) of the main text yields

(C°+ C)U’+ U)=B°+ B: (A6)

Here, C? is the stiness matrix of the background medium and U is the perturbation of the re ection and trans-
mission coe cien ts in the background isotropic medium (U °). As the background is homogeneous,U ° is given by

u= 0 0 0 0 O 1 ': (A7)
Expanding equation (A6) and retaining only the leading terms in small quantities results in the following equation:
u=(c (B C U%; (A8)
where
2
o ¢ g 9 g o)
o & ¢ g’ g g5
@ @ g§3) gg“) 55) ée)
C=8 0 40 O yo YO y© 4 (A9)
1 1 1 1 1 1
X él) X §2) X §3) X 54) X 55) X §6)
X :(31) X :(32) X :(33) X :§4) X 3('5) X :(36)
ir
B = o o o xP; xP o xP o (A10)

Therefore, the perturb ed vector of the re ection/transmission coe cien ts is obtained as
h
— 0y 1
u=(@y* ¢ ¢ o o o o
i
6 0) . 6 0) . 6, (8) .
x®  xP; xP xP; xP o xP (A11)

APPENDIX B: APPR OXIMA TE PS-W AVE AV O GRADIENTS IN TI MEDIA

Here, we presert linearized expressionsfor the PS;- and PS;-wave AVO gradients (Gps, and Gps,) obtained in
the weak-cortrast, weak-anisotropy limit. If the incidence halfspace s isotropic, PS; becomesthe PSV-wave with an
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in-plane polarization, and PS, becomesthe transversely polarized PSH-wave.

s .
GPSV = GF’Sl = 2 (2+ gz 2 sin 2 SIn 2 2
g 2g g
+mf(3+2g)2+(3 2g)cos4d 2( 2  2) (1+29) 2

+2c0s2 2[ 2+ 2( 1+ 2g)cos2 » sin2 2 (s )+ 2]

+4c0s2 2 sin” 2292 2 29 2)Q; (B1)

sin? , sin2
Gpsw = Gps, = —2 =22

g
sin? , sin2
g (29t (1+2gcos220(2 ) 29 (B2)

The AVO gradients for a TTI/TTI interface are given here only for the incidence plane containing the symmetry
axis of the incidence TTI halfspace( 1= 0 ):

_ 2 2+ 9) 2sin®> ,sin® 5 »
Grer = g 29~ g
*eirg! 409 DA 1rgcosdi(s )
8cos2 1 1+ 3> 2+Zg(2 2)+200$22(2+22)
+4 cos2 3 sin® 2f 2+ [29+ ( 1+ 2g)cos2 2]( 2 2)g
+(3 2g)cosd (2 2)0; (B3)
Ges, sin? » s;nz 2 2
2 sin2
%f[29+ ( 1+ 2g)cos2 2]( 2 2) 20! (B4)

If the symmetry axis of the upper halfspace deviates from the incidence plane, fully linearized AVO gradients
can still be derived for the special caseof the incidence HTI medium:

2 cosi1 (2+g cos 1 2sin® ;sin( 2 1) Sin 2 2

Crsi = g 29~ g
+ mf%in2 20s(22 1)f[2g+ ( 1+ 2g)cos2 2]( 2 2) 20
+cos 1[ 81+161+32 2+29(2 2)
+2c0s2 2(2+22) ( 3+29)cosd 2 ( 2 2)]9; (B5)
Grs, = 2 gsin 1, 2+ g)zg_ sin 1 Zsingl 1
. 2sin? ;coy » 1)sin 2 2
g
+ mMsin2 2sin(2 o 1)f[2g+ ( 1+ 2g9)cos2 2]( 2 2) 29

sin 1[32 2+Zg(2 2)+200$22(2+22)
( 3+2g)cosd (2  2)]9: (B6)
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