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ABSTRA CT

Building accurate interval velocity models is critically important for seismic
imaging and AVO (amplitude variation with o�set) analysis.Here,we adapt the
so-called\PP+PS=SS" method to develop an exact technique for constructing
the interval traveltime-o�set function in a dipping anisotropic (target) layer
beneatha horizontally layeredoverburden. Whereasthe overburden is alsosup-
posedto have a horizontal symmetry plane, there are no restrictions on the type
of anisotropy in the target layer.
It should be emphasizedthat the presented algorithm is entirely data-driven
and does not require knowledge of the velocity �eld anywhere in the model.
Other important advantages of our method compared to the generalizedDix
equations include the abilit y to handle laterally heterogeneoustarget layers,
long-o�set data and mode-converted waves. Numerical tests con�rm the high
accuracy of the algorithm in computing the interval traveltimes of both PP-
and PS-wavesin a transverselyisotropic layer with a tilted symmetry axis (TTI
medium) beneath an anisotropic overburden.
In combination with existing inversion techniques for homogeneousTTI me-
dia, the layer stripping of PP and PS data can be used to estimate the inter-
val parameters of TTI formations in such important exploration areasas the
Canadian Foothills. Other potential applications of our methodology are in the
dip-moveout inversionfor the key time-processingparameter � and in the exact
computation of the interval long-spread(nonhyperbolic) moveout that provides
valuable information for anisotropic velocity analysis.
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1 INTR ODUCTION

Velocity analysis based on re
ection moveout is rou-
tinely used for estimating subsurfacevelocity �elds and
imaging target re
ectors. However, re
ection traveltime
in general and normal-moveout (NMO) velocity in par-
ticular represent e�ectiv e quantities that are in
uenced
by the medium properties along the entire raypath of
the re
ected wave. Interval parameter estimation for
purp osesof prestack and poststack migration requires
application of layer-stripping (e.g., Dix, 1955;Liu, 1997;
Grechka and Tsvankin, 2000; Sarkar and Tsvankin,

2004) or tomographic (e.g., Stork, 1991; Pech et al.,
2002a,b) methods. Layer parameters are also neededfor
the inversion of the AVO (amplitude variation with o�-
set) response, lithology discrimination and fracture de-
tection using seismic data, etc.

In horizontally layered, isotropic media, the NMO
velocity of re
ected waves is equal to the root-mean-
square (rms) of the interval velocities. This simple rela-
tionship, �rst discussedby Dix (1955), makesit possible
to obtain the velocity in any layer using only the NMO
velocities for the re
ections from the top and bottom of
this layer. A more general version of the Dix equation
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for isotropic layered models with dipping interfaces was
derived by Shah (1971).

If the medium is transversely isotropic with a ver-
tical symmetry axis (VTI) and laterally homogeneous,
NMO velocity is still equal to the rms of the inter-
val NMO velocities (Hake et al., 1984; Tsvankin and
Thomsen, 1994). Note, however, that since the inter-
val NMO velocity is distorted by anisotropic parame-
ters, application of the Dix equation does not yield the
true interval vertical velocities, which causes mis-ties
in time-to-depth conversion (e.g., Tsvankin, 2001). For
wide-azimuth, pure-mode (nonconverted) data acquired
above a stack of horizontal, arbitrarily anisotropic lay-
ers, the exact NMO velocity can be obtained by the Dix-
type averaging of the interval NMO ellipses(Grechka et
al., 1999). On the whole, as long as the model is later-
ally homogeneous,the interval NMO velocity or NMO
ellipse can still be obtained using just the moveout of
the re
ection events from the top and bottom of the
layer of interest.

As shown by Alkhalifah and Tsvankin (1995) and
Tsvankin (2001), the Dix equation remains valid even
for re
ections from dipping interfacesin anisotropic me-
dia, if the CMP (common-midp oint) line is con�ned to
a vertical symmetry plane and the overburden is later-
ally homogeneous.The 3D extension of this result to
the NMO ellipses of dipping events is given by Grechka
et al. (1999). The main di�erence between these gen-
eralized Dix-t ype equations and the conventional Dix
formula is in the nature of the interval NMO velocity
or the interval NMO ellipse. If the re
ector is dipping,
the NMO velocity in each layer no longer corresponds
to any physical interface and has to be computed for a
non-horizontal (imaginary) re
ector orthogonal to the
slownessvector of the zero-o�set ray in this layer.

Although this requirement does not poseproblems
in forward modeling, it causesserious di�culties in in-
terval parameter estimation becauserecordedre
ections
from the overburden yield only the NMO velocities for
horizontal interfaces. Therefore, velocity-analysis algo-
rithms based on the generalized Dix equations involve
interval parameter estimation for the whole overburden.
When the medium is anisotropic, the Dix-t ype layer
stripping of NMO velocities or ellipses usually requires
both horizontal and dipping events for each depth inter-
val in the overburden (Alkhalifah and Tsvankin, 1995;
Grechka and Tsvankin, 2000).

Another principal limitation of the generalizedDix
equations and other algorithms operating with NMO
velocity is the assumption of symmetric re
ection move-
out (i.e., the traveltime has to stay the same when the
source and receiver are interchanged). While this as-
sumption is always satis�ed for pure (non-converted)
modes, the moveout of converted PS- or SP-waves is
symmetric only in laterally homogeneousmedia with a
horizontal plane of symmetry. Dewangan and Tsvankin
(2004a,b) showed that the asymmetric moveout of PS-

waves in TI media with a tilted symmetry axis (TTI)
provides critically important information for anisotropic
parameter estimation. Their inversion algorithm, how-
ever, is developed for a single horizontal or dipping TTI
layer and cannot be applied to layered media using ex-
isting Dix-t ype formalism.

Finally , the Dix-t ype equations are derived for
NMO velocities that describe only conventional-spread
moveout for the maximum o�set-to-depth ratio not
much larger than unit y. Similar averaging expressions
for long-o�set data involve the quartic moveout co-
e�cien t and are limited to horizontally layered, az-
imuthally isotropic models (e.g., Tsvankin and Thom-
sen, 1994; Alkhalifah, 1997).

Here, we present a technique for computing the
exact interval traveltimes and and o�sets of pure-
mode and converted waves re
ected from a dipping in-
terface overlain by a horizontally layered overburden.
Our approach is based on the so-called \PP+PS=SS"
method originally designed for generating pure-mode
SS re
ection data from PP- and PS-waves (Grechka
and Tsvankin, 2002b; Grechka and Dewangan, 2003).
In contrast to the Dix-t ype equations, the algorithm
does not require any information about the velocity or
anisotropic parameters of the overburden and can be
applied to long-o�set data. The accuracy of the esti-
mated interval moveouts for both PP- and PS-waves
is veri�ed by numerical testing on layered transversely
isotropic models with the depth-varying tilt of the sym-
metry axis.

2 LA YER STRIPPING FOR PURE
REFLECTION MODES

Let us consider pure (non-converted) re
ected waves in
an anisotropic medium comprised of a stack of horizon-
tal layers above a dipping re
ector. To make the prob-
lem two-dimensional, the acquisition line is assumedto
be con�ned to the dip plane of the re
ector that should
coincide with a vertical symmetry plane in all layers.
Therefore, the incidence plane represents a symmetry
plane for the model as a whole (Figure 1).

The layer immediately above the dipping interface
can be arbitrarily heterogeneouswith only one restric-
tion on the type of anisotropy: the dip plane has to be a
plane of symmetry. The horizontal layers in the overbur-
den, however, are assumedto be laterally homogeneous
with a horizontal symmetry plane. Under theseassump-
tions, any re
ection point at the bottom of the overbur-
den (e.g., points T and R in Figure 1) coincideswith the
common midp oint for the corresponding source-receiver
pair, and the traveltimes along the upgoing and down-
going segments of the re
ected ray are equal to each
other.

If lateral heterogeneity above the re
ector is neg-
ligible, the NMO velocity from the dipping interface is
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Figure 1. 2D ray diagram of the layer-stripping algorithm
designed to �nd the interval tra veltimes and source/receiver
coordinates in the layer immediately above the dipping re-

ector. Points T and R are located at the bottom of the
horizontally layered overburden; each layer in the overbur-
den is assumed to have a horizontal symmetry plane. The
re
ections from the dipping interface (x (1) T QR x (2) ) and
the bottom of the overburden (x (1) T x (3) ) share the same
downgoing leg (x (1) T ). The upgoing leg of the dipping event
(R x (2) ) coincides with a leg of another overburden re
ection,
x (2) R x (4) .

given by the following Dix-t ype equation (Alkhalifah
and Tsvankin, 1995; Tsvankin, 2001):

V 2
nmo (N ) =

1
t0

NX

i =1

�
V ( i )

nmo (p)
� 2

t ( i )
0 (p) ; (1)

where N is the number of layers, t0 is the zero-o�set
traveltime, t ( i )

0 is the interval traveltime along the zero-
o�set ray in layer i , and V ( i )

nmo is the interval NMO ve-
locity. The di�erence betweenequation (1) and the con-
ventional Dix formula is in the meaning of the interval
NMO velocity; it has to be computed for an imaginary
re
ector orthogonal to the slownessvector of the zero-
o�set ray in each layer. Therefore, determination of the
interval NMO velocity in layer N from equation (1) in-
volvescomputing NMO velocities from non-existent dip-
ping interfaces in the overburden. While this operation
is trivial for isotropic media (if the ray parameter is
known), in the presenceof anisotropy it requires an es-
timate of the relevant medium parameters in the whole
overburden (Alkhalifah and Tsvankin, 1995).

2.1 La yer-stripping algorithm

Here, we show how a variation of the \PP+PS=SS"
method (Grechka and Tsvankin, 2002b; Grechka and
Dewangan, 2003) can be used to obtain the exact inter-
val traveltime-o�set function in the layer immediately
above the target dipping re
ector. The idea is to com-
bine the re
ections from the dipping interface and the

bottom of the overburden in such a way that they share
the sameray segments in the overburden (Figure 1).

Suppose the dipping event was excited at loca-
tion x (1) and recorded at location x (2) (or vice versa),
and the re
ection from the bottom of the overburden
was acquired for a su�cien tly wide range of source-
receiver o�sets. Following the methodology of Grechka
and Tsvankin (2002b), we form a common-receiver
gather of the dipping event at point x (2) and deter-
mine the time slope on this gather at point x (1) . Since
the slownessvector is equal to the gradient of the trav-
elime surface, the estimated time slope coincides with
the ray parameter (horizontal slowness)of the re
ection
x (1) TQR x (2) at the source location x (1) . We then use
the same algorithm to evaluate the time slopes of the
overburden re
ections excited at x (1) and recorded at
di�eren t locations along the line. For a certain receiver
location x (3) , the time slope (ray parameter) of the over-
burden re
ection from x (1) to x (3) coincides with that
of the dipping event,

@te� (x (1) ; x (2) )
@x (1)

=
@tovr (x (1) ; x (3) )

@x (1)
; (2)

the superscripts \e� " and \o vr" refer to the traveltimes
of the dipping event and the overburden re
ection, re-
spectively. The identical ray parameters mean that the
re
ections x (1) TQR x (2) and x (1) T x (3) share the same
downgoing leg x (1) T in the overburden (Figure 1).

Repeating this procedure at point x (2) and match-
ing the time slopes,

@te� (x (2) ; x (1) )
@x (2)

=
@tovr (x (2) ; x (4) )

@x (2)
; (3)

we �nd the overburden re
ection x (2) R x (4) that has the
sameleg R x (2) as the dipping event x (1) TQR x (2) .

Since the overburden is laterally homogeneousand
has a horizontal symmetry plane, the raypath of any
pure-mode wave re
ected from the bottom of the over-
burden is symmetric with respect to the re
ection point.
Therefore, the interval traveltime in the layer above the
dipping re
ector can be expressedas

t in t (T; R) = te� (x (1) ; x (2) )

�
1
2

�
tovr (x (2) ; x (4) ) + tovr (x (1) ; x (3) )

�
: (4)

The symmetry of the re
ection raypath in the overbur-
den also implies that the interval traveltime is obtained
for the \source-receiver" pair [T; R] with the horizontal
coordinates

T =

�
x (1) + x (3)

�

2
; R =

�
x (2) + x (4)

�

2
: (5)

Essentially , the algorithm outlined above per-
forms kinematic downward contin uation of the wave�eld
through a laterally homogeneousoverburden. As in the
PP+PS=SS method, this contin uation procedure does
not require knowledge of the velocity model and is not
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Figure 2. Transversely isotropic model used to test the
layer-stripping algorithm for pure modes. The �rst layer has
a vertical symmetry axis (VTI medium) and the following pa-
rameters: the symmetry-direction P-wave velocit y VP 0 = 2
km/s, the symmetry-direction S-wave velocit y VS 0 = 1 km/s,
the thic kness z = 0:25 km, and Thomsen anisotrop y param-
eters � = 0:2 and � = 0:1. The second layer is also VTI with
VP 0 = 4 km/s, VS 0 = 2 km/s, z = 0:25 km, � = 0:15, and
� = 0:05; the third layer is dipping TTI with the symme-
try axis tilted at � = 25� , the dip of the bottom � = 10� ,
VP 0 = 4 km/s, VS 0 = 2 km/s, z = 0:5 km, � = 0:25, and
� = � 0:05. The Thomsen parameters in the TTI layer are
de�ned with respect to the symmetry axis (Dewangan and
Tsvankin, 2004a,b).

restricted to isotropic media. Also, in contrast to the
Dix-t ype equation (1), our algorithm can be applied
to long-o�set data and can handle a laterally hetero-
geneoustarget layer.

2.2 Numerical example

The layer-stripping algorithm was tested on PP-wave
re
ection data from the layered TI model in Figure 2.
The traveltimes from the dipping re
ector and the bot-
tom of the overburden were computed by anisotropic
ray tracing with a shot spacing of 25 m and a receiver
spacing of 100 m (Figure 3). To conform with the 2D
assumptions of the algorithm, the incidence plane co-
incides with the dip plane of the re
ector and contains
the symmetry axis of the TTI layer.

In our implementation of the layer stripping we
follow the version of the PP+PS=SS method devel-
oped by Grechka and Dewangan (2003) and Dewan-
gan and Tsvankin (2004a,b). For a given pair of points
[x (3) ; x (4) ], this algorithm searches for the coordinates
x (1) and x (2) that minimize the interval traveltime in
equation (4). This procedure was shown to produce
the same results as the methodology based on re
ec-
tion slopes discussedabove (Dewangan and Tsvankin,
2004a,b). Substitution of the estimated coordinates x (1)

and x (2) into equations (4) and (5) yields the interval
traveltime in the target layer for the source and re-
ceiver located at points T and R. Although the depth of
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Figure 3. CMP gathers of the PP-w ave re
ections from
the bottom of the second layer (mark ed \o verburden") and
the dipping re
ector (\e�ectiv e") for the model in Figure 2.
The tra veltimes were generated by an anisotropic ray-tracing
code.

the top of the target layer is unknown, the goal of the
layer stripping is achieved by obtaining the horizontal
source/receiver coordinates neededto construct the in-
terval traveltime function.

By repeating the above procedure to cover the
whole recorded range of the source-receiver o�sets
for the dipping event, we compute the interval PP-
wave traveltime for a number of the corresponding
source/receiver pairs. These pairs do not necessarily
form a common-midpoint (CMP), common-shot, or
common-receiver gather and need to be sorted to an-
alyze the interval traveltime in any desired con�gura-
tion. This represents a complication compared with the
PP+PS=SS method, in which the type of the output
gather can be speci�ed in advance.

To verify the accuracy of the layer stripping, we
computed the interval PP-wave traveltime in the dip-
ping layer and the corresponding source/receiver coor-
dinates using ray tracing. The agreement between our
method and the ray-tracing results is excellent (Fig-
ures 4 and 5). This and other synthetic tests we per-
formed for a representativ e set of layered TI models
con�rm that the layer-stripping algorithm is exact and
can be applied for large source-receiver o�sets.

3 LA YER STRIPPING FOR
MODE-CONVER TED W AVES

3.1 La yer-stripping algorithm

In contrast to the generalized Dix equations, our layer-
stripping algorithm can be easily adapted for mode-
converted (PS or SP) waves. Using the samemodel as-
sumptions as those in the previous section, we consider
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Figure 4. Source and receiver coordinates at the top of the
target layer obtained for the model in Figure 2 for a range of
surface points [x (3) ; x (4) ]. Here and in Figure 5 the triangles
are the output of the layer-stripping algorithm; the solid line
marks the results of ray tracing.
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Figure 5. Interval PP-w ave tra veltime in the target layer
as a function of o�set for the source/receiver pairs from Fig-
ure 4.

the PS-wave converted at a dipping re
ector overlaid
by a stack of horizontal layers with a horizontal sym-
metry plane (Figure 6). Since the upgoing leg of the
PS mode represents a shear wave, the algorithm has
to operate with both PP- and SS-waves re
ected from
the bottom of the overburden. In the absenceof shear-
wave excitation, the needed SS traveltimes (tovr

S S
) can

be obtained by applying the PP+PS=SS method to the
PP and PS data re
ection data (Grechka and Tsvankin,
2002b; Grechka and Dewangan, 2003).

As in the previous section, we consider the re
ec-
tion raypath x (1) TQR x (2) from the dipping interface,

x(3) x(4)

Q

R

x x(1) (2)

S

S
P

PP S

T

Figure 6. 2D ray diagram of the layer-stripping algorithm
for PS-waves. The model is the same as that in Figure 1,
with the overburden (the section above points T and R)
composed of laterally homogeneous layers with a horizontal
symmetry plane. The PS re
ection from the dipping inter-
face (x (1) T QR x (2) ) and the PP re
ection from the bottom
of the overburden (x (1) T x (3) ) share the same downgoing leg
(x (1) T ). The upgoing leg of the dipping PS event (R x (2) ) co-
incides with a leg of the overburden SS re
ection x (2) R x (4) .

but now the downgoing leg represents a P-wave, while
the upgoing leg is an S-wave (Figure 6). By matching
the time slopesat point x (1) , we identify the overburden
PP-wave re
ection x (1) T x (3) that shares the segment
x (1) T with the dipping PS event. The same procedure
at point x (2) yields the re
ected SS-wave x (4) R x (2) that
has the sameshear-wave segment R x (2) asthe PS-wave.
Then the source/receiver coordinates T and R for the
PS-wave propagating in the target layer can be found
from equation (5), while the interval PS-wave traveltime
can be expressedas

t in t
P S

(T; R) = te�
P S

(x (1) ; x (2) )

�
1
2

�
tovr

P P
(x (1) ; x (3) ) + tovr

S S
(x (2) ; x (4) )

�
: (6)

Our implementation of this layer-stripping algorithm
for PS-waves is similar to that described above for PP-
waves.

Figure 7 shows ray-traced CMP gathers of the tar-
get PS event and the pure-mode re
ections from the
bottom of the overburden for the model in Figure 2.
Note the the PS-wave moveout is asymmetric (i.e., the
traveltime doesnot stay the samewhen the source and
receiver positions are interchanged) because of com-
bined in
uence of the re
ector dip (� = 10� ) and the tilt
of the symmetry axis (� = 25� ). This moveout asymme-
try , however, is handled by our layer-stripping method
that relies only on the symmetry of the re
ection ray-
paths of the pure-mode re
ections in the overburden.

The layer-stripp ed interval PS traveltimes and the
corresponding source/receiver coordinates are close to
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Figure 7. CMP gathers of re
ected waves for the model in
Figure 2 computed by anisotropic ray tracing. The PS-wave
is converted at the dipping interface, while the PP- and SS-
waves are re
ected from the bottom of the overburden.
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Figure 8. Source and receiver coordinates of the PS-wave at
the top of the target layer obtained for the model in Figure 2.
Here and in Figure 9 the triangles are the output of the layer-
stripping algorithm applied to the data in Figure 7; the solid
line marks the results of ray tracing.

the exact values computed by ray tracing (Figures 8
and 9). The minor deviations from the ray-tracing re-
sults are caused by interpolation errors related to the
�nite source and receiver sampling. The PS-wave trav-
eltime function for the target layer, supplemented by
the interval PP- and PS-wave moveouts, can serve as
the input to the inversion algorithm of Dewangan and
Tsvankin (2004b) designed to estimate the parameters
of dipping TTI layers.
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Figure 9. Interval PS-wave tra veltime in the target layer asa
function of o�set for the source/receiver pairs from Figure 8.

4 DISCUSSION AND CONCLUSIONS

The principle of the PP+PS=SS method of Grechka and
Tsvankin (2002b) and Grechka and Dewangan (2003)
can beusedto carry out exact layer stripping for dipping
events in anisotropic media. The main assumptions of
the algorithm intro duced here are that the overburden
is laterally homogeneousand has a horizontal symmetry
plane (i.e., up-down symmetry) in each layer. The tar-
get layer above the dipping re
ector, however, is allowed
to be laterally heterogeneouswithout up-down symme-
try , although the incidence plane has to coincide with a
vertical symmetry plane for the whole model.

Under these assumptions, simple operations with
re
ection traveltimes can be used to identify the over-
burden events that have the same up- and downgoing
legs as the re
ection from the dipping interface. This
allows us to perform kinematic downward contin uation
of the wave�eld and obtain the interval traveltime-o�set
function without knowledge of the medium parameters.
Numerical examples for layered transversely isotropic
media with a vertical and tilted symmetry axis con�rm
that the algorithm givesexact results for both pure and
converted modes. Although the testing was limited to
PP- and PS-waves, the methodology can be also used
for layer-stripping of SS and SP re
ections excited by
shear sources.

In contrast to the existing layer-stripping tech-
niques that employ the generalized Dix equation, our
algorithm is not restricted to the hyperbolic portion of
the moveout curve. Therefore, it can yield exact long-
o�set interval traveltimes of both horizontal and dip-
ping events in symmetry planes of anisotropic media.
Note that existing layer-stripping methods for long-
spread data are derived for the quartic moveout coef-
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�cien t in layer-cake models and cannot handle re
ector
dip (Tsvankin, 2001).

The 2D algorithm discussedhere can be extended
to wide-azimuth data using the 3D version of the
PP+PS=SS method outlined by Grechka and Tsvankin
(2002b) and Grechka and Dewangan (2003). It should
be mentioned, however, that our methodology operates
with individual traveltimes, which makes it more com-
plicated and computer-in tensive than the Dix-t ype layer
stripping. Hence,if the velocity model of the overburden
is known and only conventional-spread P-wave data are
available, it is more e�cien t to apply the generalized
Dix equations of Alkhalifah and Tsvankin (1995) and
Grechka et al. (1999).

An important application of the above results is
in velocity analysis for tilted TI layers using multicom-
ponent (PP and PS) data. Dewangan and Tsvankin
(2004a,b) showed that the asymmetry attributes of PS-
waves, combined with pure-mode moveout signatures,
can provide su�cien t information for parameter estima-
tion in a homogeneousTTI medium. The layer-stripping
algorithm intro duced here can help to implement their
inversion technique for realistic vertically heterogeneous
models with a strati�ed overburden above the dipping
target TTI layer.

Our method can also help to overcome the limita-
tions of the generalizedDix equation in the dip-moveout
inversion for the time-pro cessing parameter � in VTI
media. Because of the need to compute the interval
NMO velocities in the overburden for non-existent re-

ectors, Dix-t ype algorithms designedto estimate � us-
ing dipping events have to rely on the presenceof both
horizontal and dipping interfaces in each layer (Alkhal-
ifah and Tsvankin, 1995;Tsvankin, 2001). This require-
ment, which is often di�cult to satisfy in practice, can
be removed by replacing the generalized Dix equation
with our velocity-independent layer-stripping technique.
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