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ABSTRA CT

We comparetwo approadesfor deriving the fact that the Green's function in
an arbitrary inhomogeneousopen system can be obtained by cross-correlating
recordingsof the wave eld at two positions. One approach is basedon physical
argumerts, exploiting the principle of time reversal invariance of the acoustic
wave equation. The other approadc is basedon Rayleigh's reciprocity theorem.
Using a uni ed notation for both approades, we discusstheir similarities and

di erences.
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1 INTR ODUCTION

Sincethe work of Weaver and Lobkis (2001;2001), many
researders have shown theoretically and experimentally

that the cross-correlation of the recordings of a di use

wave eld at two receiver positions yields the Green's
function between these positions. In most casesit is
assumedthat the diuse wave eld consists of normal
modes (with uncorrelated amplitudes) in a closed sys-
tem. Much lessattention has beenpaid to the theory of
Green's function retrieval in arbitrary inhomogeneous
open systems. Nevertheless, the rst result stems from
1968, albeit for one-dimensional media, when Claerbout
(1968) showed that the seismic re ection response of
a horizontally layered earth can be synthesized from
the autocorrelation of its transmission response. Re-
certly we generalized this to 3-D arbitrary inhomoge-
neous media (Wapenaar et al., 2002; Wapenaar, 2003;
Wapenaar, 2004). Using reciprocity theorems of the cor-
relation type, we showed in those papersthat the cross-
correlation of transmission responses obsened at the
earth's free surface, due to uncorrelated noise sources
in the subsurface,yields the full re ection response(i.e.,
the ballistic wave and the coda) of the 3-D inhomoge-
neous subsurface. Weaver and Lobkis (2004) followed
a similar approach for a con guration in which the 3-
D inhomogeneous medium is surrounded by uncorre-
lated sources.Derode et al. (2003a; 2003b) derived ex-
pressionsfor Green's function retrieval in open systems
using physical arguments, exploiting the principle of

seismicinterferometry

time reversal invariance of the acoustic wave equation.
Their approach can be seenas the “physical counter-
part' of our derivations basedon reciprocity. In this let-
ter we compare the physical arguments of Derode et al.
(2003a; 2003b) with our approach based on Rayleigh's
reciprocity theorem (Wapenaar et al., 2002; Wapenaar,
2003; Wapenaar, 2004). Moreover, we indicate the links
with “reversetime migration' and “frequency domain mi-
gration', respectively. We use a uni ed notation, which
facilitates the comparison of both approaches.

2 PHYSICAL AR GUMENTS

In this section we summarize the physical arguments of
Derode et al. (2003a;2003b) for deriving expressionsfor
Green's function retrieval. Consider a losslessarbitrary

inhomogeneousacoustic medium in a homogeneousem-
bedding. In this con guration we de ne two points with

coordinate vectors x4 and xg . Our aim is to show that
the acoustic responseat xg due to an impulsiv e source
at xa [i.e., the Green'sfunction G(xg ;Xa ;t)] canbe ob-
tained by cross-correlating passive measuremerts of the
wave elds at xa and xg due to sourceson a surface S
in the homogeneousembedding. The derivation starts
by considering another physical experiment, hamely an
impulsive source at x5 and receivers at x on S. The
response at one particular point x on S is denoted by
G(x;Xa;t). Imagine that we record this response for
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all x on S, revert the time axis, and feed these time-
reverted functions G(x;xa; t) to sourcesat all x on
S. Huygens' principle states that the wave eld at any
point x° inI S due to these sourceson S is then given by

0, 0, 2
u(x-t)/ G(x;x;t) G(x;xa; t)dox; Q)
I et W
‘propagator' ‘source'
where denotes convolution and / “proportional to'.

According to this equation, G(x%x;t) propagates the
source function G(x;xa; t) from x to x% and the re-
sult is integrated over all sourceson S. Due to the in-
variance of the acoustic wave equation for time-reversal,
the wave eld u(x%t) focussesfor x° = x4 at t = 0.
McMechan (1983) exploited this property in a seismic
imaging method which has become known as reverse
time migration. Derode et al. (2003a; 2003b) give a new
interpretation to equation (1). Sinceu(x® t) focussesfor
x®= xa att = 0, the wave eld u(x%t) for arbitrary

x%and t can be seenas the responseof a virtual source
at xa and t = 0. This virtual sourceresponse, however,
consists of a causal and an anti-causal part, according
to

u(x%t) = G(x°%xa;t) + G(x%xa; 1): @)

This is explained as follows: the wave eld generated
by the anti-causal sourceson S rst propagates to all
x%where it givesan anti-causal contribution, next it fo-
cussesin xa att = 0 and nally it propagates again
to all x° giving the causal contribution. The propaga-
tion paths from x°to xa are the same as those from
xa to x° but are travelled in opposite direction. Com-
bining equations (1) and (2), applying source-receier
reciprocity to G(x;xa; t) in equation (1) and setting

x%= xg yields

Gxeixait) + Glxeixa: 1)/ 3
G(xe:X;t) G(xa;x; t)dx:
S

The right-hand side of equation (3) can be interpreted
as the integral of cross-correlations of obsenations of
wave elds at xg and xa, respectively, due to impulsive
sourcesat x on S; the integration takesplace along the
source coordinate x. The left-hand side is interpreted
as the superposition of the response at xg due to an
impulsive source at xa and its time-reversed version.
Sincethe Green's function G(xg ;Xa;t) is causal,it can
be obtained from the left-hand side of equation (3) by
taking the causal part. The reconstructed Green's func-
tion contains the ballistic wave as well as the coda due
to multiple scattering in the inhomogeneousmedium.

3 RAYLEIGH'S RECIPR OCITY THEOREM

In this section we summarize our derivation based on
Rayleigh's reciprocity theorem (Wapenaar et al., 2002;

Wapenaar, 2003; Wapenaar, 2004). This reciprocity the-
orem relates two independent acoustic states in one and
the samedomain (De Hoop, 1988; Fokkemaand van den
Berg, 1993). Consider an acoustic wave eld, character-
ized by the acoustic pressure p(x;t) and the particle
velocity v; (x;t). We de ne the temporal Fourier trans-
form of as&ace-and time-dependert quantity p(x;t) as
p(x;!') = exp( j!t)p(x;t)dt, where j is the imagi-
nary unit and ! the angular frequency. In the space-
frequency domain the acoustic pressure and particle
velocity in a losslessarbitrary inhomogeneousacoustic
medium obey the equation of motion j! ¢ + @p = 0
and the stress-strain relation j! p+ @& = ¢, where @
is the partial derivative in the x;-direction (Einstein's
summation convention applies for repeated lowercase
subscripts), (x) the massdensity of the medium, (x)
its compressibility and ¢(x;! ) a source distribution in
terms of volume injection rate density. We consider the
‘interaction quantity' @fpat%ie  %ia Pe 9, Where sub-
scripts A and B are used to distinguish two indepen-
dent states. Rayleigh's reciprocity theorem is obtained
by substituting the equation of motion and the stress-
strain relation for states A and B into the interaction
quantit y, integrating the result over a spatial domain
V enclosedby S with outward pointing normal vector
n = (ni1;n2;n3) and applying the theorem of Gauss.
This gives
z |

fPate Oupsgd®x =  fPatie  %ia Pegnid®x: (4)
\Y S

Since the medium is lossless,we can apply the princi-
ple of time-reversal invariance (Bojarksi, 1983). In the
frequency domain time-reversal is replaced by complex
conjugation. Hence,when p and ¢; are a solution of the
equation of motion and the stress-strain relation with
source distribution ¢, then p and ¢ obey the same
equations with sourcedistribution ¢ (the asterisk de-
notes complex conjugation). Making these substitutions
onr state A we obtain

fPale +0apPegd®x =  fPatie + ¥ia Pegnid®x: (5)
Vv S

Next we chooseimpulsive point sourcesin both states,
accordingto Ga (x;!) = (x xa)and @ (x;!)= (x
Xg ), With xa and xg both in V. The wave eld in state
A can thus be expressedin terms of a Green's function,
according to

Pa(x;!) = Gx;xas!); (6)
% (1) = (1 () T@G(XGXa;!); )
where G(x;xa ;! ) obeysthe wave equation
@( @)+ (1%=)6= jl (x xa) ®)

1

with propagation velocity ¢(x) = f (x) (x)g 2; simi-
lar expressionshold for the wave eld in state B. Sub-
stituting these expressionsinto equation (5) and using
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source-receier reciprocity of the Green's functions gives
p<f G(xaixail )g= ©9)

1
T @G(xs ;x;1)6 (xa:x;!)

G(xe;x;1)@G (xa;x;!) nid®x;

where < denotes the real part. Note that the left-
hand side is the Fourier transform of G(xg;Xa;t) +
G(xs:;xa; t); the products @5 G etc. in the right-
hand side correspond to cross-correlations in the time
domain. Expressions like the right-hand side of this
equation have been used by numerous researders (in-
cluding the authors) for seismic migration in the fre-
quency domain. Esmersg/ and Oristaglio (1988) ex-
plained the link with the reversetime migration method,
mentioned in the previous section. What is new (com-
pared with migration) is that equation (9) is formu-
lated in such a way that it gives an exact represena-
tion of the Green's function G(xg;Xa;!) in terms of
cross-correlations of observed wave elds at xg and Xa .
Note that, unlike in the previous section, we have not
assumedthat the medium outside surface S is homo-
geneous.The terms G and @G under the integral rep-
resert responsesof monopole and dipole sourcesat x
on S; the combination of the two correlation products
under the integral ensuresthat waves propagating out-
ward from the sourceson S do not interact with those
propagating inward and vice versa. When a part of S is
a free surface on which the acoustic pressure vanishes,
then the surface integral in equation (5) and hencein
equation (9) need only be evaluated over the remain-
ing part of S. Other modi cations of equation (9), in-
cluding the elastodynamic generalization, are discussed
in (Wapenaar et al., 2002; Wapenaar, 2003; Wapenaar,
2004). Van Manen and Robertsson (2005) proposean ef-
cient modelling scheme, basedon an expressionsimilar
to equation (9).

Next we show with subsequen approximations how
equation (9) simpli es to equation (3). First we assume
that the medium outside S is homogeneous,with con-
stant propagation velocity ¢ and massdensity . In the
high frequency regime, the derivatives of the Green's
functions can be approximated by multiplying ead con-
stituent (direct wave, scattered wave etc.) by | '3 cos ,
where is the angle betweenthe pertinent ray and the
normal on S. The main contributions to the integral in
equation (9) comefrom stationary points on S (Snieder,
2004; Schuster et al., 2004; Wapenaar et al., 2004). At
those points the ray angles for both Green's functions
are identical (seealso the example in the next section).
This implies that the contributions of the two terms un-
der the integral in equation (9) are approximately equal
(but opposite in sign), hence

2<f G(xsixai!)g (10)
2 @B(xs:x:1)G (xaix:! )nidix:

it

If we assumethat S is a spherewith large enoughradius
then all rays are normal to S (i.e., 0), hence
|
2<f G(xg;Xa;!)g % G(xe:x;1 )6 (xa;x;!)d?x:
S

(11)

Transforming both sides of this equation back to the
time domain yields equation (3) (i.e., the result of
Derode et al. (2003a; 2003b)), with proportionalit y fac-
tor 2=c. Finally we consider a variant of our deriva-
tion. The Green's function introduced in equation (8)
is the response of an impulsive point source of volume
injection rate. Let us de ne a new Green's function Gg
obeying the same wave equation, but with the source
in the right-hand side replaced by (X xa), hence
Go = 2G. Following the same derivation as above, we
obtain instead of equation (11)

2j =f Glo(xa;xA;! g (12)

AL Bo(xeixi 1) Golxaix; 1 )dx;

c s
where = denotes the imaginary part. This expression
resenblesthe results of Weaver and Lobkis (Weaver and
Lobkis, 2004) and Snieder (Snieder, 2004), who retrieve
the two-sided Green's function from the time-deriv ative
of cross-correlations.

Note that for the derivation of each of the expres-
sions (3) and (9) (12), we assumed that impulsive
point sourceswere placed on the surface S. This is the
approach taken e.g. by Bakulin and Calvert (2004) in
their experiment on virtual sourceimaging. Our deriva-
tion also holds for uncorrelated noise sources on S
whose source-time function satis es s(x;t) s(x% t)=

(x x9C(t), with C(t) the autocorrelation of the noise.
When the noiseis distributed over the surface,the cross-
correlation of the obsenations at xa and xg leadsto a
double surfaceintegral. The delta function reducesthis
to the single surface integral in the theory preserted
here (Wapenaar et al., 2002; Wapenaar, 2003; Derode,
et al., 2003b; Wapenaar, 2004; Weaver and Lobkis, 2004;
Snieder, 2004). A further discussionis beyond the scope
of this letter.

4 NUMERICAL EXAMPLE

We illustrate equation (10) with a simple example.
We consider a 2-D con guration with a single dirac-
tor at (x1;x3) = (0;600)m in a homogeneousmedium
with propagation velocity ¢ = 2000 m/s, seeFigure 1,
in which C denotes the diractor. Further, we de ne
Xa = ( 500,100)m and xg = (500; 100)m, denoted by
A and B in Figure 1. The surface S is a circle with
its center at the origin and a radius of 800 m. The
solid arrows in Figure 1 denote the Green's function
G(xs;Xa;t). We model the Green's functions in equa-
tion (10) with the Born approximation, which means
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X

Figure 1. Single diractor (C) in a homogeneous model.
The receivers are at A and B. The integration is carried out
along the sources on the surface S. The main contributions
come from the stationary points a-d. The contributions from
stationary points e and f cancel.
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Figure 2. (a) Time domain representation of the integrand
of equation (10). (b) The sum of all traces in (a).

that we consider direct wavesand rst order scattering
only. To be consistert with the Born approximation, in
the cross-correlations we also consider only the zeroth
and rst order terms. Figure 2a shows the time-domain
represertation of the integrand of equation (10) (con-
volvedwith a wavelet with a central frequency of 50 Hz).
Each trace correspondsto a xed sourceposition x on S;
the source position in polar coordinates is (; r = 800).
The sum of all thesetraces (multiplied by rd ) is shovn
in Figure 2b. This result accurately matches the di-
rectly modelled wave eld G(Xxg;Xa;t)+ G(Xg;Xa; t)
(convolved with a wavelet), see Figure 3. The events
labelled "a' and “c' in Figure 2 are the direct and scat-
tered arrivals; the events "b' and “d' are the correspond-
ing anti-causal arrivals. This gure clearly shows that
the main contribution to these events come from Fres-

0.68 0.7 0.72 t 0.74
—_—

Figure 3. Zoomed-in version of event c in Figure 2b. The
solid line is the directly modelled wave eld. The circles rep-
resent the integration result of equation (10) (i.e., the sum
of the traces in Figure 2a). The dashal line represents the
integration result of equation (11).

nel zonesaround the stationary points of the integrand
(Snieder, 2004; Schuster et al., 2004; Wapenaar et al.,
2004). The sourcesat thesestationary points are marked
in Figure 1 with the samelabels. We discussevent “c' in
more detail. The path "'cCB' in Figure 1 represerts the
scattered wave in G(xg;X;t), for x at the stationary
point “c'. The path "cA' represerts the direct wave in
G(xa;X;t). By correlating these two waves, the travel-
time along the path "cA' is subtracted from that along
the path "cCB', leaving the traveltime along the path
"ACB', which corresponds to the traveltime of the scat-
tered wave in G(Xg ;Xa;t). This correlation result is in-
dicated by “c' in Figure 2a and the integral over the
Fresnel zone around this point is event “c' in Figure 2b.
The other events in Figure 2b can be explained in a
similar way. Finally, note that there are two more sta-
tionary points, indicated by “e'and *f' in Figures 1 and
2a, of which the contributions cancel each other.

A similar numerical evaluation of equation (11)
yields the result represerted by the dashed curve in
Figure 3. We obsene that the traveltime of the scat-
tered wave is accurately captured by this equation, but
the amplitude is slightly overestimated. By increasing
the radius of S to 10000 m we obtained a result with
equation (11) that again accurately matchesthe directly
modelled wave eld (not shown).

5 CONCLUSIONS

In the literature seweral derivations have beenproposed
for Green's function retrieval from cross-correlations.
We have shown that the derivation by Derode et al.
(Derode, et al., 2003a; Derode, et al., 2003b), which
is based on physical arguments, leads essetially to
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the same result as our derivation based on Rayleigh's
reciprocity theorem (Wapenaar et al., 2002; Wape-
naar, 2003; Wapenaar, 2004). Moreover, using another
de nition of the Green's function in Rayleigh's reci-
procity theorem, we obtained a represenation in terms
of the time-derivative of cross-correlations, similar as
in Weaver and Lobkis (Weaver and Lobkis, 2004) and
Snieder (Snieder, 2004).
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