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ABSTRACT

Seismic interferometry yields the Green’s function that accounts for wave prop-
agation between receivers by correlating the waves recorded at these receivers.
We present a derivation of this principle based on the method of stationary
phase. Although this derivation is applicable to simple media only, it provides
insight into the physical principle of seismic interferometry. In a homogeneous
medium with one horizontal reflector and without a free surface, the correla-
tion of the waves recorded at two receivers correctly gives both the direct wave
and the single-reflected waves. When more reflectors are present a product of
the single-reflected waves occurs in the cross correlation that leads to spurious
multiples when the waves are excited at the surface only. We give a heuris-
tic argument that these spurious multiples disappear when sources below the
reflectors are included. We also extend the derivation to a smoothly varying

inhomogeneous background medium.
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1 INTRODUCTION

Traditionally, imaging techniques are based on the il-
lumination of an object by a coherent source. In many
applications coherent sources are not available. Seismic
interferometry is a technique in which the Green’s func-
tion that describes the waves that propagate between
two receivers is extracted by computing the correlation
of signals recorded at these two receivers. These signals
may have been excited by either coherent or incoher-
ent sources. The advantages of this technique are that
incoherent noise can be the source of the waves used
for imaging and that one can effectively use a wavefield
that is excited at one of the receivers, even though no
physical source exists at that location.

The first formulation of this technique is due to
Claerbout [1968] , who used the phrase “daylight imag-
ing” because the daylight that we use in our vision also
provides an incoherent illumination of the objects that
we view. His derivation was applicable to layered media.
The emergence of the Green’s function was subsequently
derived for general media using normal-mode theory
[Lobkis and Weaver, 2001]. That derivation is applica-

ble only for finite media that have a discrete frequency
spectrum. This requirement was relaxed in an alterna-
tive derivation based on the representation theorem for
one-way wave propagation [Wapenaar et al., 2004], and
by using the general representation theorem [Weaver
and Lobkis, 2004; Wapenaar, 2004]. Alternative, but
equivalent proofs of the emergence of the Green’s func-
tion have been formulated using the principle of time-
reversed imaging [Derode et al., 2003ab; Bakulin and
Calvert, 2004; Roux and Fink, 2003]. The relationship
between these approaches is shown by Wapenaar et al.
[2004] .

The reconstruction of the Green’s function from
recordings of incoherent signals has been shown obser-
vationally using ultrasound [Weaver and Lbkis, 2001;
Larose et al., 2004; Malcolm et al., 2004]. Seismic inter-
ferometry has been used in helioseismology [Rickett and
Claerbout, 1999; Rickett and Claerbout, 2000], in explo-
ration seismology [Bakulin and Calvert, 2004; Schuster
et al., 2004], in crustal seismology for the retrieval of
the surface wave Green’s function [Campillo and Paul,
2003; Shapiro and Campillo, 2004; Shapiro et al., 2005],
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and for extracting the response of buildings from an in-
coherent excitation [Snieder, 2005].

The mechanism of seismic interferometry can be ex-
plained using the method of stationary phase [Snieder,
2004a). This is not surprising because the stationary
phase approximation is the natural tool to account for
the destructive and constructive interference that forms
the physical basis of seismic interferometry. The deriva-
tion of seismic interferometry with the principle of sta-
tionary phase is approximate, but, as shown by Roux
et al. [2005] , the stationary phase integral can also be
evaluated exactly using elliptical coordinates. This gives
exactly the same final result as the stationary phase ap-
proximation. The derivation of seismic interferometry
based on stationary phase has also been used for waves
in a waveguide [Sabra et al., 2005].

The derivation of stationary phase is applicable for
simple media only where one can easily account for the
different rays that propagate through the media. In this
sense the derivation based on stationary phase is less
general than derivations based on normal modes, rep-
resentation theorems, or time-reversed imaging. Despite
this limitation, the derivation based on stationary phase
is useful because it sheds light on the physics that under-
lies seismic interferometry. The value of this derivation
is mostly didactic, but it also highlights sampling issues
and the generation of spurious multiples.

Here we show that singly reflected waves that prop-
agate between two receivers in the subsurface can cor-
rectly be reproduced by correlating the waves that have
been excited by uncorrelated sources at the surface and
are recorded at the two receivers. We derive this for the
simplest case for a homogeneous medium without a free
surface and flat horizontal reflectors in the subsurface.

In section 2, we derive the general framework for il-
lumination of the subsurface by incoherent sources, and
introduce the employed single-scattering model in sec-
tion 3. In section 4 we show how this leads to the re-
trieval of the direct wave that propagates between the
receivers, and, in section 5, we show that this proce-
dure also correctly leads to the single-reflected wave that
propagates between the receivers. The correlation of the
single-reflected waves leads to a contribution that is pro-
portional to the square of the reflection coefficient. We
show in section 6 that this term is kinematically equiva-
lent to the direct wave that propagates between the re-
ceivers. In section 7 we show a numerical example that
illustrates the role of stationary phase in seismic inter-
ferometry. In section 8, we generalize the derivation to
the case of a layered medium with more than one reflec-
tor, and we show that the product of singly-reflected
waves from different reflectors gives a nonzero contribu-
tion to the cross-correlation. We refer to these terms as
spurious multiples because these terms depend on the
product of reflection coefficients, just like real multiples
do. The spurious multiples, however, have arrival times
that differ from those of real multiples.

2 ILLUMINATING THE SUBSURFACE
FROM SOURCES AT THE SURFACE

Consider the problem wherein many sources at the sur-
face z = 0 illuminate the subsurface. These sources can
be either coherent or incoherent, and the may act either
simultaneously or sequentially. The sources are placed
at locations rs = (z,y,0) and have a source-time signal
Ss(t) that corresponds in the frequency domain to the
complex spectrum Ss(w). The Earth response that is
excited by these sources is recorded at two receivers at
locations r4 = (x4,0,24) and rg = (zB,0, 2B), respec-
tively. Without loss of generality, we align the z-axis of
the employed coordinate system with the horizontal sep-
aration of the sources; hence in this coordinate system
the y-coordinate of both sources vanishes.

The source-time functions Sg(t) may be impulsive,
but they might also correspond to functions with a more
random character, as would be excited by, for example,
traffic noise in a land survey or wave noise at the sea-
surface during a marine survey. In the sequel we assume
that the source time functions for sources at rs and rg/
are uncorrelated when averaged over time and that the
power spectrum of the source time functions is identical:

/(;Tauer Ss(t)SS/(t + T)dt = 653/0(7) ’ (1)

where Tyyer denotes the length of the time-averaging
and C(7) the autocorrelation of the source time func-
tions. The autocorrelation is the Fourier transform of
the power spectrum. Since all sources are assumed to
have the same power spectrum, they have the same au-
tocorrelation as well.

The source-time functions may have a differ-
ent character in different imaging experiments. In
the virtual-source experiments of Bakulin and Calvert
[2004] the shots do not overlap in time. The shots are
recorded and processed one after the other, and the cross
terms between the shots in expression (1) by definition
vanish. The situation is more complicated when truly
incoherent sources illuminate the surface. Consider for
example the seismic noise generated by waves at the
sea-surface. The seismic waves excited at different lo-
cations on average are uncorrelated. Snieder [Snieder,
2004a] has shown that for random sources the ensemble
average of expression (1) vanishes and that, in a single
realization, the ratio of the cross term S # S’ to the
diagonal term S = S’ is given by

|cross terms|
|diagonal terms|

tCO’f'T'
NSO’U,TCEST(ZUET ’ (2)
where Ngources denotes the number of sources and tcorr
is the temporal width of the cross-correlation C(7). This
width is inversely proportional to the bandwidth Af
of the sources. The product of the bandwidth and the
averaging length Toyer is equal to Nfreedom, the number
of degrees of freedom in the data [Landau, 1967; Bucci
and Franceschetti, 1989]. Therefore the ratio of the cross
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Figure 1. The geometry of an imaging experiment with a
source at the surface and two receivers at r 4 and rg. The
mirror image of these receivers in the reflector is indicated
at the locations r 4/ and rpr, respectively.

terms to the diagonal terms in a single realization is
equal to

|cross terms| 1
~

£ Nsources Nfreedom

It follows from expression (2) that for random, in-
coherent, source-time functions the cross terms can be
made arbitrarily small by increasing the length of the
time window over which the averaging is carried out. In
the following we assume that the cross-terms S # S’
can be ignored altogether. In that case, expression (1)
corresponds in the frequency domain to

Ss(w)Ss (w) = dssr [S(W)]* . (4)

3)

|diagonal terms|

This condition of uncorrelated sources was also used by
Wapenaar [2004] , who assumed that the sources are
located in the deep subsurface.

We now consider correlation of the waves recorded
at two receivers for the special case of an acoustic
medium. The waves recorded at the receivers A and B
are given by

ua(w) =3 ¢ Gf"”(rA,rs,w)Ss(w) ,
(5)
uB(w) = ZS Gfu”(r37 1‘570.})55((4}) y

with GT*! the full Green’s function which consists of the
direct wave, primaries, and multiples. In the frequency
domain the temporal correlation of the waves recorded
is given by

Cap(w) =ua(w)up(w) , (6)

where the asterisk denotes the complex conjugate. In-
serting equation (5) in the previous expression gives

Can(w) =Y G (ra,rs)G" (rp,r5)Ss(w) S5 (w) -

S,S’

(7)

z=0 rS:(lei.O)

ra=(Xa,0, Za)

z=D

Figure 2. Definition of the geometric variables in the anal-
ysis of term 1.

Since the sources are uncorrelated, as stated in expres-
sion (4), the cross-terms S # S’ in this double sum
vanish; hence

Cap(w) =Y G (ra,rs)G""" (rp,rs)|S(w)| .

s
(8)
When the sources are densely distributed along the sur-
face, with n sources per unit surface area, the sum over
sources can be replaced by an integration: » o(---) —
n [(---)dz over the surface; this gives

Cap(w) = |S(w)|? n/Gf““(rA7rs)Gf“”*(ers)dacdy :
(9)

with x and y the coordinates of the source at the surface
as shown in figure 1.

3 A SINGLE-SCATTERING MODEL

In order to better understand the physics of seismic in-
terferometry, we illustrate this technique with a model
that consists of a single reflector with plane-wave re-
flection coefficient r that is embedded in a homoge-
neous medium. The Green’s function in the homoge-
neous medium is given by

(10)

with the wavenumber given by k = w/c, ¢ the wave
velocity, and R the distance of propagation. We pre-
sume that there is no free surface, so this model does
not include any multiply reflected waves. As shown in
figure 1, rra denotes the reflection point of the wave
that propagates to ra. The full Green’s function is the
superposition of the direct wave and the single-reflected
wave:

GI*""(ra,rs) =G(ra—rs))
+r G(|Jra — rral + |rrRaA — 1rs]),

G''(rp,rs) =G(rp —rs))
+r G(|lrg —rrB|+ |rrRB —Trs]) -

(11)
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In this expression, we used that the reflected wave is given by the Green’s function that accounts for the propagation
from the source to an image point of the receiver below the reflector. The image points of the receivers A and B are
indicated in figure 1 by ry and r’s, respectively. As shown in that figure, for receiver A the total distance covered by
the reflected wave is [ra —rra| + [rra — rs|.

Inserting equation (11) into expression (9) gives an expression for the correlation, which consists of a sum of four
terms:

Capw) =n IS(w)Iz/G(IrA —1))G(|rz — r|)dzdy

T1

+n |S((.u)|2 r/ G(lra — r|)G" (v — rrB| + |rrRB — r|)dxdy

T2 (12)

+n|S(w)[? r/ G(lra —rral+ |rra — r|)G"(rB — r|)dzdy

T3

+n|S(w)|? 7'2/G(|rA —rRra| + |tra — r|)G*([rB — rRE| + |rRB — r|)d2dyY .

T4

Term 1 (T1) is the correlation of the direct waves that propagate to the two receivers; this term does not depend
on the reflection coefficient. Terms 2 and 3 are proportional to the reflection coefficient r, for this reason they can
be expected to account for the single-reflected waves in the Green’s function that are extracted from the correlation.
Term 4 depends on 72. In the following, we analyze terms 1-4 in order to establish the connection between the
correlation and the Green’s function for this simple wave propagation problem.

4 ANALYSIS OF TERM 1

The derivation shown in this section is similar to that in an earlier analysis [Snieder, 2004a]. Using the lengths L
and Lp, as defined in figure 2, and the Green’s function (10), term 1 can be written as

1 exp (ik (La — Lg)) .
T1 = (4@2/ T dady . (13)

The integrand has an oscillatory character, but as we will see, the integrand has a stationary point. For this reason
we analyze this integral in the stationary phase approximation [Bleistein, 1984; Snieder, 2004b]. Referring to figure
2, the lengths L4, p are given by

Las=/(@—wan) +9"+ 5. (14)

The stationary point of the integrand follows by setting the partial x- and y-derivatives of L = L4 — Lp equal
to zero. For the y-derivative this gives
oL
9 _ v ¥ (15)
0y La L
This derivative vanishes for y = 0; hence the condition of stationarity with respect to y implies that the stationary
source point lies in the vertical plane of the receivers. The stationarity condition with respect to the x-coordinate
gives

oL x—x4 x—2B

B P i =siny, —sinyy, (16)
where the angles 1, and 95 are defined in figure 2. The phase thus is stationary when
Ya=1vYp and y=0. (17)

The stationarity condition ¢ 4, = 1 is illustrated in figure 3; it implies that the stationary source point at the
surface is aligned with the line joining the two receivers. In these figures the receivers are at different depths.
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Note that when the receivers are at the same depth
(za = zB) there is no stationary source position, except
for sources infinitely far away. Any attenuation will sup-
press the contribution of those sources.

Kinematically, expression (13) gives a contribution
at a lag-time that is equal to the time it takes for the
wave to propagate from receiver B to receiver A because
the wave that propagates along the path shown in fig-
ure 3 arrives at receiver A with a time delay |[ra —rg|/c
compared to the wave that arrives at receiver B. It is
nontrivial that the evaluation of the integral in (13)
gives a contribution that is also dynamically equal to the
Green’s function of the waves that propagate between
the receivers A and B. In the following we evaluate the
integral in the stationary phase approximation.

Evaluating the second derivatives of L = L4 — Lp
while using (17) for the stationary point gives

OL _zi _z _zal  zp 1
0z2 L% LY L4 La L% Lp
(18)
1 1
— 2 -
= cos “y <LA LB) ,
and
0L L% Lj 1 1
_2:_;;‘__5:———. (19)
y L3 L} La Lsp
In this example, and the following examples,
0°L/0x0y = 0 at the stationary point, and the

two-dimensional stationary phase integral reduces to
the product of two one-dimensional stationary phase
integrals over the x- and y-coordinates, respectively.

In the following, L4 and Lp are the path lengths
for the stationary source position as shown in figure 3.
Note that in the geometry of figure 3, La > Lp so
that L' — L' < 0. Evaluating the integral (13) in the
stationary phase approximation thus gives

1 exp(ik(La— Lg))
(4m)? LaLp

XefiTr/4 2_7T 1
V ok \/ 1 1

Tl =

cos 2y (5 - H) (20)

; 27 1
—imw/4
Xe —_——,
B/l _ 1
L La

Using the relation k£ = w/c, we can write this expression
as
c exp (ik (La — LB))

T1 =
8m(—iw) cos ¢ Ls—Lg '

(21)

The distance L4 — L is equal to the receiver separation
R shown in figure 3. With expression (10) and including

z=0

z=D

Figure 3. Definition of the geometric variables for the sta-
tionary source position in term 1.

Figure 4. The relation between an element PP’ along the
surface and the corresponding element QQ’ perpendicular to
the receiver line.

the factor n |S(w)|? of expression (12), this gives a total
contribution that is equal to
_nlS@)Pe  G(R)

= 2 cos X T (22)

This means that the contribution of term 1 to the
correlation is, in the frequency domain, proportional to
the Green’s function of the direct wave that propagates
between the receivers. Note that this Green’s function
is multiplied by the source density n at the surface; a
denser source distribution gives a stronger correlation
than does a less dense one. The Green’s function is
also multiplied by the power spectrum [S(w)|* of the
sources. This power spectrum can be measured, and
one can correct for this term. In order to retrieve the
Green’s function from term 1, one needs to multiply
with —iw. Because of the employed Fourier transform,
f(t) = [ F(w)exp(—iwt)dw, this multiplication corre-
sponds to a differentiation in the time domain. This dif-
ferentiation corrects for the integration that is carried
out in the cross-correlation. This need to carry out the
differentiation was also noted in other formulations of
seismic interferometry, e.g., [Lobkis and Weaver, 2001;
Snieder, 2004a; Weaver and Lobkis, 2004].

The term cos® in the denominator is an obliquity
factor that corrects for the fact that the length element
QQ' of figure 4 perpendicular to the ray corresponds to
a line element PP’ along the surface whose lengths that
are related by QQ' = PP’/ cos .

In the virtual-source experiment of Bakulin and
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Calvert [2004], the sources at the surface were placed
in a line. In that case there is no integration over the y-
coordinate, and the latter terms in expression (20) that
come from the y-integration are absent; in that case

o infSwPve [1 1
Tliine = TorT—weosoV s Ia G(R). (23)

Note the presence of the factor ¢ and the term 1/v/—iw.
Correcting for these terms involves a Hilbert trans-
form and a fractional derivative. These correction fac-
tors are common in two-dimensional imaging experi-
ments [Yilmaz, 1987; Bleistein et al., 2001; Haney and
Snieder, 2005]. Without these corrections the recon-
structed Green’s function does not have the proper
phase and frequency dependence. More seriously, in con-
trast to equation (22), expression (23) depends explic-
itly on the distances L4 and Lg. It turns out that when
the derivation leading to expression (23) is repeated us-
ing the Green’s function in two dimensions, an expres-
sion analogous to equation (22) is obtained. The pres-
ence of the fractional derivatives and the lengths L4
and Lp is thus due to a mismatch between the dimen-
sionality of the physical space through which the waves
propagate (3D versus 2D) and the dimensionality of the
source distribution (2D versus 1D). The derivation of
seismic interferometry by Roux and Fink [2003] is based
on wave propagation in three dimensions, while the em-
ployed sources are placed along a line. As shown by the
example of expression (23), this leads to a Green’s func-
tion that is kinematically correct, but whose amplitude
and phase is not.

A complex overburden located between the surface
sources and the receivers in the subsurface acts as a
diffusor of seismic waves because the waves radiated
from a single source arrive at a receiver from various di-
rections resulting from the scattering and multipathing
that has occurred in the overburden. In the experiment
of Bukulin and Calvert [2004] the shots were placed on a
line at the surface, but the complex overburden in their
experiment created multipathing that provided a more
diffuse illumination of their receivers in the subsurface
that helps to focus the waves onto the virtual sources.

The analysis of this section can be generalized for
a heterogeneous medium in which the velocity is suf-
ficiently smooth to warrant the use of ray theory. We
show in appendix A that term 1 is then given by

nIS@)os | G (rara)

T1 =
2 cos —iw

stat. points

where G"*Y(ra,rg) is the ray-geometric Green’s func-
tion for the waves recorded at r4 that are generated by
a point source at rp. The summation in this expression
is over all the stationary source points on the surface
z = 0. These points can be found by tracing rays from
ra to rp and by extending these rays to the surface
z = 0. The angle v is the angle between these rays at

7z=0 rS:(leP)

z=D

'R=(XRr,Yr D)

Figure 5. Definition of the geometric variables in the anal-
ysis of term 3.

the surface and the vertical, while vg is the velocity at
the intersection of these rays with the surface.

5 ANALYSIS OF TERM 3

The analysis of this term could be achieved by apply-
ing the theory of the previous sections to receivers at
the image points r 4, and rg/ of figure 1. Here we show
explicitly that the cross-correlation correctly produces
the single-reflected waves. Using the lengths defined in
figure 5 this term is given by

1 /exp(ik(L1+L2—LB))
(47)? (L1 + L2) L

Before we can analyze this expression we need the co-
ordinates of the reflection point rz because this deter-
mines the lengths L1 and L. The condition that the
reflection angle is equal to angle of incidence gives

T3 = dzdy . (25)

S (D—za)x+ Dzxa
R= 2D — za ’

(26)
(D—24)y
2D —z4

Using this, the lengths Liand Ly are given by

D 2
= (pos) o

2
) y* + D?,

Yr =

(27)
(D
2D — z4
and
D — 2z 2
2 - _ 2
Ly = <2D—ZA) (@ —2a)

D—za\’
= A 24 (D— 2
+<2D_ZA) y*+ (D —z4)",

(28)

while Lp is given by expression (14).
The stationary points of the integral (25) follow
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Figure 6. The angles 01, 02, and 03 and their relation to
the geometric variables for the reflected wave.

from the first partial derivatives of L = L1 + L2 — Lp:
0= _(_ D \(u
o 8y o 2D — ZA L1
(D=2 N (v v
2D — z4 Lo Lp "’
Again, the stationary source position occurs for y = 0;

it is located in the vertical plane of the receivers. The
condition for stationarity in the x-direction is

0_8_L _ D 2 T—TA
T 9x \2D—za L1

+ D —za 2 T—TA\ T—zB
2D — za Lo L

(30)

In order to interpret this last condition geometri-
cally it is useful to relate the ratios in this expression
to the angle of incidence at the reflector. Referring to
figure 6, the following identities hold: cos61 = D/L1,
cosy = (D—2z4a)/La2,and cosO03 = (2D —za)/(L1+ L2).
Since these angles are all equal to the angle of incidence
04 of the reflected wave, we obtain:

D D —za 2D — z4
cosfa = .- L, Ll (31)
Also, since £ —x 4 = L sin 01 + L2 sin 02, and since both
angles are equal to 04,

T—TA
Li+ Ly~
Dividing this expression by the last identity of (31) gives

sinfa = (32)

T—xA

tanfy = ———— .
anva 2D — z4

(33)
Finally, from (31),
D — ZA L2

D _ I = (34)
2D —z4 L1+ Lo’ 2D —24 L1+ L2’

Using expression (34) in (30), and using (32) to elim-

inate © — x4, gives, with the relation (x — zg)/Lp =

z=0

z=D

Figure 7. Definition of the geometric variables for the sta-
tionary source position for the analysis of term 3.

sintg,

oL
0= — =sinf4 —sin . 35
Oz mova Yp (35)
The integrand thus is stationary when the source
position satisfies

0a=1p and y=0. (36)

This condition is depicted in figure 7: waves radiated
from the stationary source position at the surface travel
in a straight line from the source through receiver B via
a specular reflection to receiver A. Just as in the anal-
ysis of term 1, the time delay of this wave recorded at
the two receivers is equal to the time it takes the wave
to travel from receiver B via the reflector to receiver
A. Thus the correlation is kinematically equal to the
Green’s function for the reflected waves. With the fol-
lowing stationary phase evaluation of the integral (25),
we verify that the retrieved Green’s function is also dy-
namically correct.

From expression (27) we get at the stationary point

L. _( D \*D?
Ox2 2D — za L3

< Ly )2 D?* 1 Ly )
=|+——) 57— =-——"5cos°0.
Li+ Lo L1 Ly (Ll + Lz)

(37)
In the second identity we have used expression (34),
while the last identity follows from equation (31). In a
similar way it follows that

9°Ly Ly

_ 2
92~ (Lt L) cos” 0, (38)

and, using (18), we obtain for the curvature of L,

82LB 1 2

W = E cos“ 0 . (39)
In the last expression, we used the stationary phase con-
dition ¢ = 6. Combining these results in the path dif-

ference L = L1 + L2 — L gives

O’L 5 1 1
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Differentiation of (27) gives

921, D 4 )
oy? 2D — z4 (x_IA)

D 2 3
+<2D—zA) D}/Ll.
With expressions (33) and (34) this is equal to
02Ly D\? 1 L \?, o
Using the identity D/L1 = cos 6 this gives
’Ly Ly

(41)

= . 43
dy? (L1 + L2)2 (43)
A similar analysis for Lo gives
2
0°Ls _ Lo (44)

ay? (L1 + L2)*

This gives, for the curvature of L with respect to v,
L 1 1
8y2 o L1+ Lo Lp '

In these expressions it is understood that all lengths are

evaluated at the stationary point.

The stationary phase evaluation of the integral
(25) can now be carried out. Keeping in mind that
(L1 + L2)71 — Lgl < 0, and using the same steps as
in section 4, gives

(45)

T3 =

1 exp(ik(L1+ L2 — LB)) (e,m/4)2
(471-)2 (L1 —+ LQ)LB

L2 (L 1 )1
kcosO \Lg L1+ Lo '
(46)
As shown in figure 7, L1 — Lp = Ri, and L2 = Rs.

With the definition (10) for the Green’s function this
gives after taking the rn |S(w)|® terms into account:

L G(Ri + R2)
2cos 1) —iw ’

2
g PIS@)Pe

(47)

Note the resemblance with expression (22) for the con-
tribution of term 1 that gives the direct wave that prop-
agates between the receiver. Expression (47) shows that
the contribution of term 3 leads to the singly-reflected
wave that propagates from receiver B via the reflector
to receiver A. The same corrections must be applied to
this term as to term 1 as discussed in section 4.

The same analysis can be applied to term 2 of ex-
pression (12), the final result is the complex conjugate
of expression (47) so that

ro— MIS@Pe <G(R1 +R2))* . (48)

2cos —iw

The stationary point now lies at the location on the

220 rs=(x,y,0)

r5=(Xg.0,2g)

ra=(Xa,0, Za) 9
0. .
z=D ! y
'Ra  rB

Figure 8. Definition of the geometric variables in the anal-
ysis of term 4.

surface such that the direct wave from the source to re-
ceiver A propagates along the same path as the wave
that travels from the source to the reflector, and ulti-
mately to receiver B.

The Green’s function in expression (47) is the
causal Green’s function, while its complex conjugate
in equation (48) is the acausal Green’s function. It is
known that seismic interferometry gives the superpo-
sition of the causal and the acausal Green’s function
[Lobkis and Weaver, 2001; Derode et al., 2003a; Mal-
colm et al., 2004; Derode et al., 2003b]. The causal
Green’s function can easily be retrieved from the cross-
correlation either by truncating the cross-correlation for
t < 0, or by averaging the cross-correlation for negative
times and positive times.

6 ANALYSIS OF TERM 4

For the analysis of term 4, we carry out the stationary
phase analysis of the following integral:

1 exp (ikL)
T4— / dudy | 49
(471')2 X Yy ( )
with
L =|rs—rgra|+|rra —rs|
(50)
—|rB —rrB| —|rrRB — Is|
and
X =(ra —rra|+|rra —rs])
(51)

X (lrg —rrB|+|rrB —T5|)

where all variables are defined in figure 8. The stationary
point follows from setting the z- and y-derivatives of
the phase equal to zero. As in the previous sections,
the stationarity condition with respect to y leads to the
condition y = 0; this means again that the stationary
point lies in the vertical plane of the receivers. Using the
same steps that led to expression (35), one finds that the
stationarity condition with respect to z is given by

oL . .
0—8—x—s1r10,4—s1n(9137 (52)
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'R /

Figure 9. Definition of the geometric variables in the anal-
ysis of term 4 for the stationary source position.

where the angles 04 and 0p are defined in figure 8. The
point of stationary phase thus is defined by the condi-
tions

04 =05 and y=0. (53)

This condition of stationary phase corresponds to
the source position shown in figure 9. The stationary
source position launches two waves that, after reflec-
tion at the interface, both propagate along the line that
joins the receivers. Since both reflected waves are pro-
portional to 7, this contribution to the correlation is
proportional to 2. The correlation of the waves shown
in figure 9 is nonzero for a lag-time that is equal to the
time it takes for the waves to propagate between the re-
ceivers. Kinematically, this term can thus be expected
to correspond to the Green’s function of the direct wave
that propagates between the receivers.

In order to carry out the stationary phase analy-
sis, the second derivatives of the phase is needed. These
derivatives follow from the expressions (37), (38), (43)
and (44). Using the lengths defined in figure 9, term 4
is given in the stationary phase approximation by

T4

__1 exp(ik(L1 + Laa — L1 — Lag)) (e*i’“/4)2
(4m)? (L1 + L2a)(L1 + L2B)

2 1 1 -
k cos 0 <L1 +Laa ©n +L23) ‘
(54)
According to the geometry of figure 9, R = Lop — Laa.
With the definition (10) for the Green’s function this
gives, after taking the 72n |S(w)|* terms into account,

ra= M5 <G<R>)* NG

2 cos —iw

Apart from the r2-term and a complex conjugation
of the Green’s function, this term is similar to term 1
as given in expression (22). The r*-term arises because
both of the waves that are reflected upward from the
reflector are proportional to the reflection coefficient.
The fact that this contribution is multiplied with r2
is simply due to the fact that both interfering waves
that contribute to this term are proportional to r. The

complex conjugate appears because the wave arrives at
receiver A before it hits receiver B.

7 A NUMERICAL EXAMPLE

We present a numerical example of the theory. For sim-
plicity we consider the theory in two dimensions. A re-
flector with reflection coefficient » = 0.8 is located at
a depth 1500 m below the surface. This is not a small
reflection coefficient, but since there is only one reflec-
tor and no free surface, this model does not generate
any multiple reflections, regardless of how large the re-
flection coeflicient is. The wave velocity is ¢ = 2000
m/s, and the receivers are located at ra = (0,1000)
m and rp = (300,500) m, respectively. We used noise
sources at the surface with a spacing Az = 20 m., and a
Ricker wavelet with a dominant frequency of 50 Hz for
the power spectrum |S(w)|? of the noise.

The contributions of the sources at the surface to
the terms T1-T4 is shown in the left panel of figure 10,
while the sum over all source positions is shown in the
right panel. The right panel panels shows four distinct
arrivals. The arrivals T1 and T3 are causal, while the ar-
rivals T2 and T4 are acausal. T1 is the strongest arrival,
because it does not depend on the reflection coefficient.
The arrivals T2 and T3 are weaker, because they are
the singly reflected waves, while the arrival T4 is the
weakest because it varies as r2.

Note that each of the arrivals in the right panel
of figure 10 corresponds to a stationary source point in
the left panel of that figure. The nonzero contribution
of these arrivals is solely due to the stationary source
points, the sources placed at other locations give con-
tributions that interfere desctructively.

Figure 11 shows for term T3 a comparison between
the exact waveform, computed with the 2D Green’s
function, that is shown with the solid line, and the term
3 obtained by summing the correlation over the sources
at the surface (shown with crosses). The waveform ob-
tained from seismic interferometry matches the exact
waveform well. Note that the shown waveforms do not
look like a Ricker wavelet; as theory predicts they are
shifted over a phase angle equal to /4.

The left panel of figure 10 shows weak arrivals be-
tween T1 and T4. These weak arrivals are due to end-
point contributions from the sum over the traces on
the left panel of that figure, especially for the end-
points where the arrival time tends to a constant. In
the numerical example we tapered the contribution of
traces near the endpoints of the source region. With-
out this tapering these endpoint contributions are much
stronger. This is of importance for virtual source imag-
ing [Bakulin and Calvert, 2004] because a careless sum-
mation over all source positions may lead to endpoint
contributions that could be confused with waves re-
flected off reflectors in the subsurface.
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Figure 10. Left panel, the contribution of sources at the surface to the terms T1-T4 as a function of the source position z. For
clarity only every fifth source position is shown. Right panel, the sum over all source positions at the surface.

Figure 11. Solid line, the exact arrival for term T3 com-
puted with the 2D Green’s function. The crosses indicate
the sum of the correlation for term T3 over all sources at
the surface. This sum is tapered near the end of the source
region.

8 THE CASE OF MORE THAN ONE
REFLECTOR

Up to this point the analysis has been based on the
assumption of a single reflector in the subsurface. Sup-
pose there are more reflectors at depths D; with re-
flection coefficients r;. Assuming that the wave velocity
remains constant, the second term in each of equations
(11) needs to be replaced by a sum over all reflectors. In
expression (12), the term T1 contains the direct waves
only; this term is not influenced by the presence of more

than one reflector. The terms T2 and T3 in expression
(12) involve the cross term between the direct wave and
the single-reflected waves. Since these terms are linear in
the reflection coefficients, one can retrieve the sum of all
the single reflected waves by summing the terms T2 and
T3 over the different reflectors. This means that in the
presence of more than one reflector, the cross terms T2
and T3 between the direct wave and the single-reflected
waves produce the full set of single reflections.

The term T4 in expression (12) contains the prod-
uct of the single reflected waves. This means that for
more than one reflector this term contains double sum
>+ 7373 (-++). This double sum can be split into the
terms j/ = j and the terms j # j':

Srirp (o) =S+ S ) (56)

53" J J#:3’
Analysis of the first term is identical to that of the term
T4 in section ?7. This means that one can simply sum
expression (55) over all reflectors in the subsurface.

The last contribution that needs to be accounted
for is the contribution of the second sum in the right
hand side of equation (56) to the term T4. We consider
two reflectors at depths Dy and D2 with reflection coef-
ficients r1 and r2, respectively. The derivation holds for
any pair of reflectors. The wave paths associated with
two different reflectors to term T4 is shown in figure 12.
The integrand in the term T4 of expression (12) now
contains a phase term exptkL with

P s T O

where these lengths are defined in figure 12. As before,
the phase is stationary with respect to the y-coordinate
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Figure 12. Definition of the geometric variables for the con-
tribution of term 4 from waves reflected off two different re-
flectors.

Is2 I's1

z=D,

Figure 13. The stationary source points rg1 and rgs for the
correlation of waves reflected from two different reflectors.
The corresponding wave paths to the receivers are shown
with solid and dashed lines, respectively.

when y = 0. The condition that the phase is stationary
with respect to x gives the condition

Ozg—i:SiHOA—SineB7 (58)
where the angles 0 4 and 0 p are defined in figure 12. This
follows from the derivation that led to the first term in
the right hand side of expression (35). The stationary
phase condition for this term therefore gives

04 =0p R y=20. (59)

The stationary phase condition (59) gives two sta-
tionary source points rg; and rs2 at the surface that are
shown in figure 13. The wave paths shown in solid lines
indicates the cross correlation of the waves that propa-
gate along the following trajectories: rg1 — reflector 1
— rp and rg; — reflector 2— r 4, while the wave paths
shown in dashed lines indicate the correlation of the
waves that propagate along the following trajectories:
rso — reflector 1 — r4 and rso — reflector 2 — rp.
These wave paths act as the direct and exchange scat-
tering events in quantum mechanics [Lévy-Leblond and
Balibur, 1990].

z=0 I's1

z=D,

z=D,

YAy A

Figure 14. The stationary source points rg; at the surface
z = 0 and rg,, at the surface z = z,, for the correlation
of waves reflected from two different reflectors. The corre-
sponding wave paths to the receivers are shown with solid
and dashed lines, respectively. The reflection coefficients for
the different reflected waves are indicated.

The difference in the travel time of the waves that
propagate along the two trajectories shown in the solid
lines is not equal to the time it takes to propagate be-
tween the receivers. The stationary phase contributions
that correspond to these cross terms are nonzero. This
implies that the correlation of the waves reflected off dif-
ferent reflectors give stationary phase contributions that
are proportional to r172. These contributions depend on
the product of reflection coefficients, hence the correla-
tion of the single-reflected waves from different reflectors
gives spurious arrivals that dynamically are equivalent
to peg-leg multiples that are reflected once from the free
surface and twice from reflectors in the subsurface, be-
cause the peg-leg surface multiples are also proportional
to rira.

This is a puzzling conclusion, since theory predicts
that the full Green’s function can be retrieved when the
sources are placed on a closed surface that surrounds
the region of interest [Wapenaar et al., 2004; Wapenaar
et al., 2005]. The key point is that in the derivation of
this paper the sources are placed at the upper surface
only. Let us consider what would happen if we also had
sources at a surface z = z,, that is located below the
reflectors as shown in figure 14.

The reflection response and transmission response
of the subsurface are not independent [Claerbout, 1968;
Wapenaar et al., 2004]. This suggests that sources below
the reflectors are essential for the cancellation of the
cross-terms on singly-reflected waves, and we provide a
heuristic argument that this is indeed the case.

Consider the situation in figure 14 where sources
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are present at the surface z = 0 above the reflectors,
and at the surface z = z,, below the reflectors. The
points rs1 and rs,, on these surfaces are the stationary
source points for the cross-terms that correspond to the
path indicated with solid lines and dashed lines, respec-
tively. The waves excited at the surface z = 0 propagate
along the paths shown with solid lines, while the waves
excited below the reflectors propagate along the paths
shown in dashed lines. These wave paths coincide after
their first encounter with reflector 1, hence the contri-
bution of waves radiated from the stationary point; rgi1
and rs.,, to the cross-correlation is nonzero for the same
delay time. The contribution of the waves excited at rgi
is proportional to rire, while the contribution of the
waves excited at rs.m, is equal to —rirs, because the re-
flection coefficient of reflector 1 for a downward reflected
waves is —r1 rather than r1. As shown in the examples
in the previous sections, it does not matter how far the
stationary point is removed from the surface. Therefore,
the stationary points rs1 and rgs,, give contributions to
the cross-correlation that are equal, but have opposite
sign. This means that the sum of the cross terms of the
cross-correlation of these two stationary points gives a
vanishing contribution.

In practical situations the sources are typically lo-
cated at the surface z = 0 only; this is for example the
case in the virtual-source experiment of Bakulin and
Calvert [2004]. In that case the cross terms of waves re-
flected from different reflectors give a non-zero contribu-
tion that is proportional to the product of reflection co-
efficients. These non-zero contributions are proportional
to the product of reflection coefficients. Therefore, vir-
tual source imaging introduces spurious multiples when
the sources cannot be placed on a closed surface.

9 DISCUSSION

Inserting expression (22), (47), (48) and (55) into equa-
tion (12) gives for one reflector the following total con-
tribution to the correlation:

Cap(w) = n|Sw)*e {G(R) L <G(R)>*

2 cos —iw —iw

+7r

G(R: '+R2) 4y (G(Rl fRz))*} .

—w —w

In the presence of more reflectors, one can sum the last
three terms over the different reflectors. The correlation
is a weighted average of the causal and acausal Green’s
function for the direct wave and the singly-reflected
waves. Note that for the direct wave, the acausal Green’s
function is weighted by 2. This is because the contribu-
tion of upgoing waves is 72 times the contribution to the
Green’s function from the downgoing waves. In practi-
cal applications of seismic interferometry in reflection
seismology, this contribution to the direct waves is not

relevant because the primary reflections rather than the
direct waves are used to image the subsurface.

Note that it is arbitrary how the cross-correlation
is defined. When the cross-correlation is defined by
CaB(w) = uj(w)up(w) instead of expression (6) the
roles of the causal and acausal Green’s functions are
interchanged. Since in practice one extracts the causal
Green’s function from the correlation, this arbitrariness
in the definition of the correlation does not matter.

The four terms in expression (60) correspond to the
waves that propagate along the four trajectories shown
in figure 15. The waves in the upper diagrams are the
direct waves that propagate in opposite directions be-
tween the two receivers. The waves in the bottom di-
agrams are the single-reflected waves that propagate
in opposite directions between the receivers. These di-
agrams provide an illustration of why the correlation
leads to the superposition of the causal and acausal
Green’s function.

In the derivation of this paper we did not explicitly
account for the radiation pattern of the point source. It
follows from the figure 15 (and figure A1l for a heteroge-
neous medium) that the paths that render the phase
of the correlation stationary correspond to rays that
propagate in the same direction to the two receivers.
This means that if the source does not radiate energy
isotropically, the two receivers are still illuminated with
the same source strength. Similarly, when the reflection
coefficient depends on the angle of incidence, the sta-
tionary phase approximation selects the reflection angle
at the angle of the reflected wave that propagates be-
tween the receivers A and B, as shown in figure 15.

When more reflectors are present, the contribution
of term 4 is proportional to r;r;;. When only sources
at the surface z = 0 are used, these cross terms lead
to spurious multiples that have the same strength as
peg-leg multiples. These spurious multiples are not re-
moved by algorithms for the removal of surface-related
multiples [Verschuur et al, 1992; van Borselen et al.,
1996; Dragoset and Jericevié¢, 1998] because kinemati-
cally they do not correspond to peg-leg multiples.

The analysis of this paper shows that the Green’s
function is retrieved from the stationary phase con-
tribution from the integration (summation) over all
sources. The sources far from the stationary point
give an oscillatory contribution that averages to zero.
When random noise is used as a source, these source
in general are spread out over the surface. When
man-made sources are used, however, one may limit
these sources to the stationary phase region.

Acknowledgments: We appreciate the comments of
John Stockwell, and Kurang Mehta.
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Figure 15. The wave paths that correspond to the stationary contributions to the correlations for the causal direct wave from
term 1 (upper left panel), the acausal direct wave from term 4 (upper right panel), the acausal reflected wave from term 2
(lower left panel), the causal reflected wave from term 3 (lower left panel).
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APPENDIX A: SEISMIC
INTERFEROMETRY OF THE DIRECT
WAVES IN THE RAY-GEOMETRIC
APPROXIMATION

In this appendix, we show that the arguments used in
this paper for a homogeneous medium can be general-
ized to heterogenous media where the velocity variations
are sufficiently smooth to justify the use of ray theory
for the Green’s function. In order to avoid complications
due to curved reflectors, we analyze only term T1. For
simplicity we assume that the density is constant. The
ray-geometric Green’s function that gives the response
at r1 due to a point source in ry is given by expression
(15) of [Snieder and Chapman, 1998]:

1 Jurexp (iwT12)
4\ vo Vv J12 ’

In this expression v1 = v(r1), 712 is the travel time
for the propagation from rs to ri, and Ji2 is the as-
sociated geometrical-spreading factor. Because of reci-
procity [Snieder and Chapman, 1998], this Green’s func-
tion is also equal to

Gray(rlyl‘z) = (Al)

1 [vg exp (iwT21)

o E U1 \/le ’

Note that the travel time is reciprocal:

G (r1,12) = (A2)

(A3)

Ti2 = T21 ,

z=0 Js

z=D

Figure A1l. The stationary phase condition for term 1 for a
heterogeneous reference medium.

but the geometrical spreading is not [Snieder and Chap-
man, 1998].
Inserting the Green’s function (A2) in term T1 of
expression (12) gives
dxdy ,

1 Vs
= (47)? / \V/vAUB
(A4)

where vg = wv(rs) = v(z,y,0), va = v(ra), and
v = v(rp). By analogy with the situation shown in
figure 3 the stationary points in this integral correspond
to the rays that propagate from the source S through
receiver B to receiver A as shown in figure A1l. By virtue
of reciprocity, these stationary points can be found by
tracing rays from receiver A to receiver B and by con-
tinuing these rays to the surface z = 0. In general there
may be more than one stationary point. In the following
we analyze the contribution of one stationary point, but
in the end one needs to sum over all stationary points. It
may happen, in fact, that the region of stationary phase
does not consist of a finite number of points, but of a
line or surface area. In that case, point A is a caustic
and ray theory breaks down [Berry and Upstill, 1980].
Let the travel time along the ray from A to B to
S be given by 7. The travel time for an adjacent ray
follows from the second-order Taylor expansion in the
ray-centered coordinates q; and g2 that measure the per-
pendicular distance to the ray in two orthogonal direc-
tions. According to expression (50) of Cerveny and Hron
[1980] the travel time along an adjacent ray is given by

exp (iw (Tsa — TsB))
VJsaJse

r=ro+5a-Mq, (45)
with M a matrix of second-order derivatives of the travel
time. In the following it is convenient to replace the in-
tegration over the surface z = 0 in expression (A4) by
an integration over the ray-centered coordinates ¢q1 and
q2. The orientation of these coordinate axes is ambigu-
ous, since any choice of axes perpendicular to the ray
is admissible. In the following we choose the g2-axis to
be aligned with the plane z = 0, as indicated in figure
A2. The other coordinate, ¢1, then measures the dis-
tance to the ray in the orthogonal direction. As shown
in figure A2, the associated gi-axis makes an angle 1
with the horizontal that is equal to the angle between
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Figure A2. Definition of the ray-centered coordinates g1
and q2. The ga-axis lies in the z, y-plane and is perpendicular
to the ray. The angle v is the angle between the ray direction
and the vertical.

the ray and the vertical. An element dg2 corresponds
to an element dy’ in the z,y-plane, while an element
dq1 corresponds to an element dq1 = cosvdz’. We use
primed coordinates since the ray direction is not neces-
sarily aligned with the original z-axis. This means that
a surface element in the surface integral can be related
to a surface element dqidge using

1
cos
This expression can be used to evaluate integral
(A4) in the stationary phase approximation. With Tay-
lor expansion (A5) for the rays from A to S and from B

to .S, this integral in the stationary phase approximation
is given by

dedy = dx'dy’ = dqidgs . (A6)

exp (iw (Tsa — TsB))

VJsadsp

1 Vg

Tl =
(47)? cos ¥ /VAVB

x [exp (Z—wq~ (Msa —Msg)-q ) daidgs .

2
(A7)
The integration over the g-variables gives [Bleistein,
1984]

1 Vs

8w cos Y \/vavg

exp (isgn 7/4)
\/|det (Msa — Msg)|

exp (iw (Tsa — TsB))

VJsadss

T1 =

)

(A8)
where sgn is the number of positive eigenvalues of
Msa — Mgsp minus the number of negative eigenval-
ues. Using the same reasoning as in the derivation of
expression (6.21) of [Snieder and Lomax, 1996], T'1 is
equal to

i Vg exp (iw (Tsa — TsB))

" Srwcosy VVaUB \/JsaJsp det (Msa — Msp)
(A9)

Since the points ra, rp, and rg are located on the

T1

same ray,
TSA —TSB =TAB , (A10)

this is the travel time along the ray that joins the re-
ceivers A and B. This means that T'1 is kinematically
identical to the Green’s function that accounts for the
wave propagation between the receivers A and B. In the
following we show that expression (A9) also accounts
dynamically for this Green’s function by using a deriva-
tion similar to that presented in [Snieder and Lomax,
1996].

According to expression (68) of Cerveny and Hron
[1980], the matrix M is related to the curvature matrix
of the wavefronts by the relation

M= 1k, (A11)
v

Since M is a 2 X 2 matrix this, together with expression
(A10), implies that

_ i vE exp (iwTaB)
8mw cos P \/vavs \/JSAJSB det (Ksa — Ksg) '
(A12)
Following equation (76) of Cerveny and Hron [1980], the
curvature matrix satisfies the following matrix Ricatti
equation:

dKsa 1 dv 2 1
ds v dsKSA Ksa qu7 (A13)

where v = vg, and the matrix V is defined by V;; =
0%v/0q;0q;, and where s is the distance along the ray
from r4 through rp to the surface, as indicated in fig-
ure Al. Using this expression, and the corresponding
expression for Kgp it follows that the difference satis-
fies the following differential equation

d(Ksa —Ksp) 1dv
ds wvds

T1

(Ksa —Ksp)—(Kia — Kip)
(A14)

From this it follows after a lengthy calculation that

2 dv

d
—det (Ksa — K =
et (Ksa sB) -

s det (KSA — KSB)

—(tr Ksa +tr Ksp)det (Ksa — Ksg) ,
(A15)
where ¢r denotes the trace. According to expression (70)
of Snieder and Chapman [1998]
1dJ

trK==21 Al
"R TT s (A16)

Using this expression to eliminate the trace of Kgsa and
Ksp from expression (A15), the result can be integrated
to give

a { JsaJsp det (s — Ksp) } —0, (A7)
ds Vs
or
JsaJsp det (Ksa — Ksp) = const. (A18)

2
Vs
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This expression holds for any point S along the ray in
figure A1l. The constant can be found by evaluating this
expression for a point S along the ray at a small distance
¢ beyond the receiver B, as shown in figure Al, and by
letting this distance go to zero. At a small distance from
receiver B, the medium can be considered to be locally
homogeneous, and the curvature matrix attains its value
for a homogeneous medium:

Kss :‘ (1)/§ (1)/5 . (A19)
In the limit & — 0 these terms dominate the
contributions from Kga in expression (Al8) and
det (Ksa — Ksp) — 1/£2% as &€ — 0. In that limit the ge-
ometrical spreading is given by Jsp = 52, Jsa — JBa,
and vs — vp. Inserting these results in expression (A12)
shows that the constant in that expression is given by
const = Jpa/vh. Inserting this in expression (A18) fi-
nally gives
2

JsaJsp det (KsA — KSB) = Z—gJBA R (A20)
B

or

\/JSAJSB det (KSA — KSB) = :I:Z—Z\/ JBa . (A21)

At this point, the sign in the right hand side is arbitrary.
This last result can be wused to eliminate
det (Ksa — Kgsg) from expression (Al12), giving

T1— +ivg vp exp (IwTAR)
"~ 8rwecosy \ va VJIBa

Following expression (45) of Snieder and Chapman
[1998], the reciprocity property of the geometrical
spreading is given by Jpa = (vB/vA)2 Jap; hence

(A22)

_ ivs va exp (iwTaB)
~ 8rwcosy \ vp v JaB

A comparison with the ray-geometric Green’s function
(A1) gives

T1 (A23)

Fos G (ra,rB)

T1 =
2cos Y —iw

(A24)

After multiplying with the terms n |S(w)|?, this result
can directly be compared with the corresponding ex-
pression (22) for a homogeneous medium. This implies
that the lower sign in expression (A21) must be used.
After taking the source spectrum and the scatterer den-
sity into account, this finally gives equation (24).



