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Inverse multiple scattering in the downward
continuation approach: Preface

Alison E. Malcolm and Maarten V. De Hoop

Moses (1956) constructed a series to repre-
sent the quantum scattering potential in terms of
measured reflection coefficents. Razavy (1975) ex-
tended this work to scalar wave scattering. These
two papers show that it is formally possible to rep-
resent both the data as a series in the medium con-
trast (forward series) and the medium contrast as a
series in the data (inverse series). In seismology the
second series has been exploited by several authors
to represent the medium contrast, or reflectors, as
a series in the data. Taking only the first term of
this series leads to the Born approximation. The
analysis of the forward and inverse series in truly
incomplete. For example, in general the series are
not identifiable as Neumann series. Only for very
simple obstacle scattering problems have properties
of the forward series been proven. (There is a much
better developed theory for the Schrédinger equa-
tion.) As a starting point for our approach we use
the generalized Bremmer series as a forward series.
De Hoop (1996) proved that this series is identifi-
able as a Neumann series. The first term of the gen-
eralized Bremmer series models seismic reflection
data in the downward-continuation approach [with
the double-square-root (DSR) equation]. Here, we
develop a theory for inverse multiple scattering us-
ing the third term of a hybrid series derived from
the generalized Bremmer series and the Lippmann-
Schwinger series.

Fokkema and Van den Berg (1993) developed
a rigorous theory for the suppression of surface-
related-multiples. Their approach admits a series
expansion in terms of the reflection data that is
close to the inverse scattering series approach of
Weglein (1997). Weglein (1997; 2003) has also used
these ideas in an attempt to attenuate internal mul-
tiples in 1D along with a restricted class of 2D
velocity models. Ten Kroode (2002) describes in
more detail the theory underlying Weglein’s ap-
proach and highlights some its fundamental limita-
tions. One of the goals in our approach is to remove
some of the limitations explained by Ten Kroode.
For the sake of simplicity, we also focus on con-
tributions from singly and triply scattered waves,

though the extension to higher order is straightfor-
ward.

Weglein and ten Kroode use the Lippmann-
Schwinger series to model triply scattered data. In
that approach, ten Kroode makes the assumption
that each scattering results in a change in direc-
tion between the incoming and outgoing waves.
In other words, he enforces that the first scat-
ter is strictly below the second scatter which is
strictly above the third scatter. To encorporate
this assumption naturally in the formulation of the
problem, we construct a hybrid series between the
Lippmann-Schwinger series and the Bremmer se-
ries. The Bremmer series has the advantage that it
directly splits the wavefield into its up- and down-
going constituents. In addition, the convergence
properties on the Bremmer series (de Hoop, 1996)
justify the truncation of the series after only a few
terms. The Lippmann-Schwinger series alone is not
even assymptotic (though for surface-related mul-
tiples it can be identified as a convergent series).

In his work, ten Kroode (2002) has to make two
essential simplifying assumptions. The first is that
there are no caustics in the wavefield. In our for-
mulation we find it necessary to exclude only turn-
ing rays; this is necessary because the downward-
continuation approach removes horizontally travel-
ing waves. The second assumption is his so-called
traveltime monotonicity assumption. This assump-
tion requires, essentially, that the traveltime in-
crease monotonically with depth. In other words,
if primary energy arrives later in the data it must
have come from a deeper reflector. As ten Kroode
points out in his paper it is not difficult to violate
this assumption.

In the absence of caustics and if the travel-
time monotonicity assumption is valid, the work
presented in the following paper reduces easily to
the results of ten Kroode and thus Weglein. Our im-
plementation is truly different, however, as we use
the DSR equation explicitly. An advantage of using
the DSR approach is that there are no artifacts in
the image domain (de Hoop et al., 2003b). When
there are caustics and the traveltime monotonicity
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assumption is not satisfied, such as in subsalt imag-
ing for example, the theory presented here becomes
important for successful suppression of multiples.
In the absence of the traveltime monotonicity as-
sumption, multiple attenuation requires knowledge
of the velocity model to the depth of the shallowest
scatter. Since it is not in general known at which
depth the shallowest scatter occurs, this means that
the full velocity model is required to model internal
multiples.

Another problem in attenuating multiples is
that multiples and primaries have different sub-
surface illumination properties. This means that
in the removal of multiples, adaptive subtraction
techniques must be employed. We analyze this is-
sue in the paper, but do not present an algorithm
for adaptive subtraction. We are considering tech-
niques to improve adaptive subtraction methods to
enhance the success of the subtraction process.

Another way in which our technique differs
from other multiple attenuation methods is that
we propose subtracting the multiples in the image
domain rather than the data domain. It is easier
to account for illumination issues in common im-
age gathers (CIGs) than it is on the data, because
correctly imaged primary events are flat in CIGs,
making it easier to differentiate between primaries
and multiples. Also, since we have found internal
multiple attenuation to be dependent on the ve-
locity model, attenuating the multiples in the im-
age domain may be more efficient computationally
because the modeling need not be carried to the
surface.

Our final goal with the research presented in
the following paper is to arrive at a scheme whose
terms can be properly estimated as multilinear op-
erators acting on the data. This paper is just a first
step toward that goal.
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ABSTRACT

Imaging with seismic data is typically done in the single-scattering
approximation. We move beyond this assumption to allow for triply
scattered waves in the imaging process. We develop a scattering se-
ries that is a hybrid of the Lippmann-Schwinger scattering series and
the Bremmer coupling series. From the third term of this hybrid series
an approximation of data scattered three times is constructed. From
the inverse hybrid series it is also evident that subtracting an image
constructed from triply scattered data from an image constructed as-
suming singly scattered data results in an image that is third-order in
the data. This is in contrast to the standard first-order approximation.
We discuss both a standard inverse scattering operator and the wave
equation angle transform as possible imaging techniques.

1 INTRODUCTION

In a seismic experiment, the source generates both
compressional and shear waves that travel through
the subsurface reflecting at discontinuities in the
medium properties. These waves are then recorded
at the surface. A collection of such experiments,
recorded as a function of source position, receiver
position, and time make up seismic data. It is gen-
erally assumed in seismic imaging that the recorded
signals have reflected only once between the source
and receiver. The goal of this paper is to move
beyond this assumption to allow for waves which
have scattered three times to be included in seis-
mic imaging. Here, we consider only compressional
waves and back scattering; i.e., sources and re-
ceivers are on the same surface. Although we dis-
cuss only the case of triple scattering, the exten-
sion to any finite odd-order scattering is straight-
forward. Constructing even-order scattered waves
is fundamentally different, for a reflection experi-
ment, because transmission in addition to reflection
must be considered.

We use a series derived from the Lippmann-
Schwinger-Dyson equation; this framework gives us
both a forward and an inverse series representa-
tion. We also make use of the generalized Bremmer
series (de Hoop, 1996), which is a forward series
that splits the wavefield into its up- and down-

going constituents. From these two series, we de-
velop a hybrid between the Lippmann-Schwinger
and Bremmer series. The hybrid series uses the
directional decomposition of the Bremmer series
along with the Lippmann-Schwinger medium de-
composition into a known, smooth reference and
unknown, singular perturbation. This allows us
to trace waves through their up and down scat-
ters while still preserving the contrast source for-
mulation of the Lippmann-Schwinger construction.
From the third term of the forward series, we model
the triply scattered data. The third term of the in-
verse series describes the third-order (in the data)
contribution to the image. We use the volume scat-
tering framework as in Bremmer rather than the
surface scattering model of Lippmann-Schwinger.
We make this choice because de Hoop (2004) has
shown that the downward continuation approach
followed here does not allow the surface-scattering-
based wave-equation Kirchhoff approximation.

In this paper, we discuss first-order inter-
nal multiples, as distinguished from surface-related
multiples. We define a reflection as a scattering in
which the wave changes direction, and transmission
as a scattering in which the wave does not change
direction. From this, we define a primary event
as a wave that contains only one reflection, along
with any number of transmissions. This is distin-
guished from a singly scattered event, which is an
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event with one reflection or transmission. Extend-
ing this, a first-order internal multiple is an event
with three reflections, all below the Earth’s surface,
and no transmissions. A surface-related multiple is
one in which at least one reflection comes from the
Earth’s surface. Fokkema and van den Berg (1993)
developed a rigorous theory for the suppression of
surface multiples, derived from the reciprocity the-
orem in integral form. If assumptions allowing the
construction of data at zero-offset, such as those
given by de Hoop et al. (2003a) are satisfied, then
the theory given by Fokkema and van den Berg
(1993) solves the theoretical surface multiple atten-
uation problem. There is as yet no complete the-
ory for internal multiples; a goal of this paper is
to begin developing such a theory. In this paper,
we consider the reflection seismology application of
this theory. There are other applications, however,
a few of which we mention in the following two
paragraphs.

In earthquake seismology, surface-related mul-
tiples are estimated as part of the receiver function
analysis. Park and Levin (2000) give a method of
estimating surface-related multiples in the trans-
verse and horizontal components of earthquake
data using the multiples seen on the vertical
component. Although they consider only surface-
related multiples they also see signal-generated
noise, which they speculate could be partly gen-
erated by internal multiples (Park & Levin, 2001).
Surface-related multiples in the mantle were ob-
served by Revenaugh and Jordan (1987); they use
these multiples to estimate the attenuation quality
factor, (@ of the upper mantle. In reflection seismol-
ogy, Verschuur and Berkhout (1997) demonstrate
the abilities of their de-multiple theory (Berkhout
& Verschuur, 1997). In this theory, they use a Neu-
mann series expansion technique to predict surface-
related multiples, which can then be subtracted
from the original data set. They also discuss the
extension of their technique to the internal multi-
ples case, with a layer stripping approach.

All these examples involve surface-related mul-
tiples. Here, we are concerned with internal multi-
ples, which have also been exploited in other appli-
cations. In earthquake seismology, Burdick and Or-
cutt (1979) investigate the truncation of the gener-
alized ray sum, which accounts for increasing orders
of internal multiples. They compare this general-
ized ray sum with the reflectivity method for mod-
eling waveforms and mention earth models in which
the inclusion of internal multiples becomes impor-
tant. Revenaugh and Jordan (1987) also observe
internal multiples. From these wave-paths they es-
timate the attenuation of the lower mantle. Reve-
naugh and Jordan (1989) also used both internal

and surface-related multiples to investigate layer-
ing in the mantle. They used waves which have
scattered multiple times between the core-mantle
boundary and the surface, including at least one
scatter from discontinuities in the mantle. This
scatter from discontinuities in the mantle can be
either a surface-related or internal multiple. They
then perform a linear inversion, similar to a Kirch-
hoff migration, on the scattered waveforms to esti-
mate the depth of the discontinuity from which the
wave scattered. In addition, for synthetic aperture
radar (SAR) data Cheney and Borden (2002) de-
rive a theory to relate the singular structure (wave-
front set) of the object to the singular structure
of the data. They do this for three cases: single
scattering, double scattering with two discrete scat-
terers, and for wave-guiding within the object, in
which they find that their results are similar to the
case of three discrete scatterers. The main goal in
their work is to identify objects via their wavefront
sets without constructing an image.

Historically, in reflection seismology, two dis-
tinct methods have been used to attenuate mul-
tiples to obtain an approximation to singly scat-
tered data. The first predicts the triply scattered
data and then subtracts it from the data set. The
second uses differences in event shape in a partic-
ular domain (e.g., the time-space domain or the
frequency-wavenumber domain) to attenuate mul-
tiples through filtering. We first discuss the wave-
theoretic (prediction) approach, and then summa-
rize the signal-processing (filtering) approach. The
work discussed here falls into the first category.

In the wave-theoretic approach, Kennett
(1974; 1979b) used the Thomson-Haskell (Ken-
nett, 1983) method in horizontally layered media
to model synthetic seismograms containing both
surface and internal multiples. He also applied
his theory to suppress surface-related multiples in
plane-layered elastic media (Kennett, 1979a). In
a horizontally layered medium, Aminzadeh used
the Bremmer series to model the seismic wave-
field (Aminzadeh & Mendel, 1980) and construct
filters to remove surface-related multiples (Amin-
zadeh & Mendel, 1981). Fokkema et al. (1994) ex-
tended their work on surface-related multiples to
suppress internal multiples generated at a single
layer in the subsurface, given the medium parame-
ters above the particular layer. Weglein and oth-
ers (Weglein et al., 1997; Weglein et al., 2003)
have used the Lippmann-Schwinger series to model
and process seismic data, including the suppres-
sion of both surface-related and internal multiples.
In ten Kroode (2002) the theory behind this ap-
proach is given in both one and two dimensions.
He extends the work of Weglein et al. to a two-



dimensional subsurface model satisfying two con-
ditions: ten Kroode’s traveltime monotonicity as-
sumption, and the condition that the wavefield does
not contain caustics. The work of Berkhout and
Verschuur (1997) extends, via layer stripping, from
the surface-related multiple case to that of internal
multiples. Jakubowicz (1998) proposes a method
for modeling internal multiples by correlating one
primary reflection with the convolution of two other
primary reflections. When the two assumptions of
ten Kroode are satisfied, our method can be re-
duced to this construction with the addition of a
time-windowing procedure; this is discussed fur-
ther in remark 7.1. Kelamis et al. (2002) use an
approach similar to Jakubowicz, in which the mul-
tiples are constructed from a combination of differ-
ent data sets, both at the surface and in the sub-
surface. Van Borselen (2002), provides another ex-
tension of the surface-related multiple-attenuation
algorithm proposed by Fokkema and van den Berg
(1993) to the case of internal multiples. His method
removes internal multiples by identifying either the
shallowest layer involved in the multiple generation
or a pseudo-boundary through which the multiples
are assumed to have passed. The surface-related
multiple attenuation method is then applied at the
identified layer. In any method that predicts the
internal multiples and subtracts them, an adap-
tive subtraction technique such as that suggested
by Guitton (2004) must be used to compensate for
illumination effects in the predicted multiples.

Many signal-processing methods are also avail-
able for suppressing multiples. The work of Buttkus
(1979), which uses the different apparent stacking
velocities for multiples and primaries, is an exam-
ple of such filtering in the data domain. Sava and
Guitton (2004) show how such techniques can be
applied in the image domain. Symes (1999) pro-
vides a method of velocity analysis that also sup-
presses multiples through a data perturbation ap-
plied to remove events in the data that do not
fit the assumptions used in generating a velocity
model. Another approach, described by Essenre-
iter et al. (2001), uses computer learning to predict
which events in the data are multiples given an ini-
tial set of identified primary and multiple events.

Although we are primarily concerned with the
inverse problem, we discuss also the forward prob-
lem of modeling multiples. Since we are concerned
here with the propagation of singularities, we con-
struct only the most singular part of each term in
the hybrid Lippmann-Schwinger-Bremmer series.
From the third term of this series, we specifically
construct distributions to model triply scattered
data. These modeled data are used in the formu-
lation of the inverse problem. The modeled data
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are needed in our approach since we construct the
inverse problem through the prediction and sub-
traction of the triply scattered data in the image
domain. The theory presented here does not ac-
count for multiple scattering from large numbers
of fine layers. Instead, we assume a finite collection
of scatterers with a separation large compared to
the wavelength.

The work presented here is motivated by that
of Razavy (1975) and Aminzadeh (1981). Razavy
developed a method to estimate the wave veloc-
ity from reflection coefficients, with a series ap-
proach to the inverse problem. Aminzadeh used
a Bremmer series approach to suppress surface-
related multiples. In our hybrid series, we use
the techniques from the generalized Bremmer se-
ries (de Hoop, 1996), although we remain in the
framework of the Lippmann-Schwinger series as
discussed by ten Kroode (2002). In this method-
ology we allow for lateral variation of the back-
ground velocity, as well as the presence of caus-
tics. We require knowledge of the velocity model to
the depth of the shallowest reflector involved in the
triple scattering, and our approach to the suppres-
sion of multiples is applied in the image domain
rather than the data domain. This is preferred as
it allows for compensation of variations in illumi-
nation, which is different for triply scattered waves
than for singly scattered waves. A by-product of
the construction developed here is the prediction
of internal multiples from subsets of the data.

In the next section we describe the techniques
of the directional decomposition used in the Brem-
mer series. In the third section, we describe some of
the details of the construction of one-way Green’s
functions. Following this we describe the contrast-
source method used for the Lippmann-Schwinger
series. In the fifth section, we construct the hy-
brid series. In the sixth section we use the hybrid
series to model data, giving the first of our two
main results in (89). Following this, we describe
the methodology for the inverse series arriving at
our second result, (113). In the final section we il-
lustrate through isochrons how the propagation of
singularities in the construction of triply scattered
data is related to the propagation of singularities
in the single scattering case.

2 DIRECTIONAL DECOMPOSITION

In the Bremmer series formulation, the wavefield is
split into up- and down-going constituents. This is
done by separating the vertical, z, derivative from
the horizontal derivatives, writing the wave equa-
tion as a first-order system in z and then diagonal-
izing the resulting system. We begin with the scalar
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acoustic wave equation

Pu=f,
P(Z, Zz, Dz: az: Dt) =
—c(z,2) D} + 307 DI, - @2,

(1)

where Dy; = —i0;;, Dy = i0: and c(x, z) is the
isotropic velocity function. (See table 1 for a com-
plete list of symbols.) In order to separate the
up- and down-going waves we consider the wave-
equation written as a system of first-order equa-
tions,

0 (ai;) = (—A(z,x?Dm,Dt) (1)> (a%)*(—o f) ,

(2)

where A(z,x,£,7) = ¢(z,2) 272 —||¢||? is the sym-
bol of the transverse Helmholtz operator. In gen-
eral, we use Greek letters for cotangent variables,
which are dual variables of space variables (e.g. 7
is radial frequency, the dual of time, t). The sym-
bol || - || indicates the euclidean norm (length) of a
vector. To simplify the notation in (2), we re-write
it in matrix form

8.D=—AD+ M, (3)

where

u 0 -1
b= (Bzu) » A= (A(z,:c,Dx,Dt) 0 )

and M = (_Of> .

We diagonalize the operator matrix A, which can
be done microlocally*, away from the zeros of
A(z,z,&,7) modulo a smoothing operator. In this
framework, there is a z-family of pseudodifferential
operator matrices Q(z) such that microlocally we
may write,

U= (“+> =Q(2)D

(4)

U—

x= (1) = oo
(5)

In this notation, u4 satisfy the one-way wave equa-
tions

(18: + Q(2)9.Q7(2) + B) U = X, (6)
where I is the identity matrix, introducing

_ ~1,y_ (iBy+ 0
R I L %

*Something is true microlcally if it is true in a neigh-
borhood both in space and direction. See Sjéstrand and
Grigis (1994) for an introduction to microlocal analysis.

where B+ has symbol
bi(z,2,€,7) = £/A(z,2,€,7) = £b(2,,&, 7).
With the conventions used here, u4 represents
downward propagating waves and w_ represents
upward propagating waves. As is standard in geo-
physics, we have chosen the positive z-axis down-
ward. The columns of the Q operator matrix are a
generalization of eigenvectors and thus we are free
to choose their normalization. We choose the verti-
cal power flux normalization (de Hoop, 1996) so as
to make By in (6) self-adjoint (the normalization
changes the sub-principal part of the equation), we
then have

a-3 (@1 i)

@)™ Q- -
Q—l — ( in- Q*— )
IQ_T_I _IQ:I )

where * symbolizes the operator adjoint, and
the principal symbol of of both @Q+ is given by
7_1/2(C(Z,1m)2 - 7'_2||§||2)71/4. From these expres-
sions we find that

u=Q%us +QLu_, and fr =+1iQ+f (9)
The Q+ operators act, in the time variable, as time
convolutions.

Noting that, in the flux normalization, the
term Q7'0.Q in (6) is of lower-order in the singu-
larities, we omit it and introduce the propagators
for the one-way wave equations (6) as

P’

— '
@.+B)L' =15, L = (G+ 0 ) . (10)

0 G-
‘We use primes here because these operators do not
yet have cut-offs applied to remove horizontal prop-
agation. The cut-off procedure is explained in the
following section. We can now write the solution
of (6) as U’ = L' X, using Duhamel’s principle. In
integral form this is

v = [ G i) dao (1)

u_ = /oo G (z,20)f-(20) dzo.

3 THE GREEN FUNCTION

In the previous section, we diagonalized the wave
equation into two first-order equations. To do this,
we implicitly assumed that the diagonal system is
equivalent to the original equation. This is nearly
the case, but the choice of a preferential direction
alters the ability of the system to propagate singu-
larities in directions orthogonal to the preferred di-
rection. Here, we have chosen the vertical direction
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Figure 1. Removing horizontal propagations. The sym-
bol of the cut-off operator % is one up to an angle of 61
and then tapers smoothly to zero at the angle 6. This
removes all propagation at angles larger than 6a.

as the preferential direction and are thus unable to
propagate singularities horizontally. To ensure that
the diagonal system does not propagate singulari-
ties incorrectly, we need to attenuate the horizon-
tally propagating singularities. The details of the
method are given by Stolk and de Hoop (2004a);
we give only a brief description here.

In order to identify horizontal propagation, we
define the phase angle § = arcsin(c(z, z)||7*¢]|),
where ({, £) is the cotangent vector associated with
(2,z) and ¢(z, x) is the velocity. Note that if the an-
gle 6, is less than 7/2 on a ray segment, the vertical
velocity % does not change sign, allowing the pa-
rameterization of the ray segment by z. Thus, for
any ray segment and any given angle 6 < /2, we
can define a maximal interval,

(Zmiﬂd:(zawag: T, 9),Zmax,:lz(z,-’1f,§,7', 6)) ) (12)

for which the propagation away from a particular
point (2, z,£,7) can be parameterized by z. In Fig-
ure 1, the interval (2min,—, Zmax,— ) is illustrated; it
is the maximal interval containing the point (z, z)
such that the angle of the ray with the vertical,
0, does not exceed a given value; in this case that
value is 65.

The angle 8 can be given physical meaning by
looking at the ray picture, as is done in Figure 1.
The wave equation is solved in all of phase space,
however, which means that any restrictions we put
on the wave operator must be done in all of phase
space. To this end we introduce the set

Iy = {(z7x5t7Ca§7T)|
arcsin(c(z, z)||77€|) < 6,¢| < C|7|},

(13)

illustrated in Figure 2, where C is some constant
everywhere larger than ¢(z,z)~!. Finally, we con-
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Figure 2. Illustration of Iy. The shaded region repre-
sents the ray directions in the set. The minimum veloc-
ity in the region is ¢yn and the maximum is e¢maz-

struct the sets

J-(20,0) ={(z,2,t,(,€,7) €I | 77'¢ < 0 and
Zmax,— (2, 2,&,7,60) > 20}, (14)
and
Ji(20,8) = {(z,x,t,(,&,7) €Iy |77¢ > 0 and
Zmax,+ (2,3, €, 7,0) > 20}, (15)

which exclude all parts of phase space in which
singularities propagate horizontally. Figure 1 illus-
trates the set J_(zo,02), considering the shaded
region as excluded from the set. The condition
Zmax,—(2,2,&,7,60) > 2z, along with the implicit
requirement that zZmin,— < 0 ensure that the two
points between which one propagates the wave-
field are within the allowed propagation interval
(Zmin,— s Zmax,— ).

The sets J+ describe the portions of phase
space that must be excluded to remove horizon-
tally propagating singularities. To actually remove
singularities from these regions, we define a pseu-
dodifferential cutoff ¢— 1 = v_ 1(2, 20,2, Dy, Dy)
with symbol satisfying

1/)—,1(2735,517') ~1on J—(z0761)1 (16)
Y- 1(2z,z,€,7) € S outside J_ (20, 82), if 2 — 20 > 4.
(17)

The angle 61 can be freely chosen within the in-
terval (0, 62). Singularities propagating at an angle
less than 0; are unaffected by the cutoff; at angles
greater than 6, the operator is infinitely smooth.
We can then write

Yoau=yY_1Q-u_, (18)

which suppresses the singularities outside of J_.
(We may do the equivalent for the + operators.) We
may now rewrite the operators defined above, with
the singularities outside of J_ (or J4+) suppressed.
For the wave operator, we add a dissipative term
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to P', giving
P=90,+B+C(, (19)

where C is a diagonal operator matrix in which each
entry is first-order homogeneous with non-negative,
real principal symbol. It was shown by Stolk and
de Hoop (2004a) and references therein that the
solution operator L to P is

C(Ge 0\ _ [$4nCh 0
L‘<0+ G,>‘(+0 " ¢7,1G’_>' (20)

From this point onward we will assume that the
above procedure has been followed and thus singu-
larities do not propagate horizontally.

4 SCATTERING: CONTRAST SOURCE

The Bremmer formulation assumes a degree of
smoothness in the velocity model. In the contrast
formulation, the velocity is split into a smooth
background and the singularities (reflectors) in the
model are contained in a separate term. This form
leads to the Lippmann-Schwinger equation. We use
a hybrid of the two; the Lippmann-Schwinger con-
trast source and the Bremmer decomposition into
up- and down-going waves. We begin with the wave
equation in the smooth background and the true
medium respectively

(3 + Ao)Do = M, . +A)D =M, (21)

where the subscript 0 indicates that an operator is
using the smooth background parameters and no
subscript indicates an operator acting on the full
medium. Subtracting the equation in the smooth
background from that in the true medium gives the
contrast formulation

(0. + Ao)sD = —6A D, (22)

where D = §D + Dy and A = A+ Ag. We have (cf.
(4))

0 0
sa= 2y o) 23)
where
0A = —2¢;%0¢D} = —aD;. (24)

We insert the Bremmer formulation into that above
by diagonalizing the Ag-matrix. We apply the
(smooth background) diagonalizing Q operator ma-
trices to transform the system in (22). Using the
diagonalization procedure of section 2 equation (7)
in particular, we find

(8:4B0)dU = —Q(2)0:Q™ ' (2)dU—-Q(2)0A Q™' (2)U,
(25)

recalling, from section 2, the definition of U

U=QD (26)
while,

Uo = QDg (27)
U =QiD. (28)

The Q operator matrix is common in all the trans-
formations. Note that JA will not, in general, be
diagonalized by Q as the Q operators diagonalize A
in the background velocity model only.

Since we have used the flux normalization, the
—Q(2)8.Q*(2)dU term is of lower-order as before;
hence we omit this contribution so that

(8- + Bo)dU = —Q(2)6AQ™ ' (2)U, (29)
where Q(2)6AQ~!(z) is given explicitly as

Q(2)6AQ " (2) =

i ( Q+(2) a Q4 (2)

Qi) aQ(2) \
7\ —0_(3) a Q1(2) ) )D“

—Q-(2) a Q~(z
(30)

In (29), we can make the analogy with (6) where
dU plays the role of U and —Q(z)6AQ " (2)U that
of X, the contrast source.

‘We make the comparison between the elements
of V and the reflection and transmission coefficients
of de Hoop (1996) viz,

V= Q(z)anQ_l(z) =
H e 9ed )y
2\ -@-a@t —@-aQ )7

Si+ S+\ 2
(S+7 Sﬁ)Dt. (31)

Here, S4+ and S__ are interpreted as transmis-
sion operators since they govern scatterings be-
tween singularities traveling in the same direction.
In contrast, Sy— and S_4 are interpreted as re-
flection operators because they govern scatterings
that result in a change of direction; from up-going
to down-going and down-going to up-going respec-
tively. (The the off-diagonal entries in the V opera-
tor matrix are true adjoints of one another whereas
the diagonal entries are adjoints only to principal
parts.)
To simplify the notation, we define

Py=0,+ Bo, (32)

its forward parametrix’,
_(Gy 0
Lo = ( 0 G_> (33)

TThe parametrix of an operator is an asymptotic ap-
proximation to its inverse.



recalling

V =Q(2) 6A Q' (2). (34)
In this notation, (29) reduces to

Py U =-VU, (35)
or

U = —Lo(VU). (36)

The V operator is a multiplication along with
a time derivative, whereas Lo is the forward
parametrix of a partial differential operator. There-
fore the composition VU is a Volterra product.
Writing U = Up + U gives

0U = —Lo(VUy) — Lo(VéU), (37)
or equivalently,
I+ Lo V) U = —Lo(VUp). (38)

In analogy with (24), we introduce V, the matrix
of S+t coefficients, viz,

V(z,2,D:) = (z z)Dj, (39)
which gives
(I 4+ D2Lo V) 6U = —D2Lo(VUD), (40)

where V&U and ‘7U0 are products of distribu-
tions. This is the resolvent equation in our hybrid
Lippmann-Schwinger-Bremmer formulation. (See
(Yoshida, 1995) for details on resolvent equations.)

5 SCATTERING SERIES
5.1 Forward series

Having recognized (40) as a resolvent equation, we
set up the recursion

U =" (—-1)™Un(V), (41)
meN

where

SUL(V) =

DLo(VUo), and 6Um(V) = DLo(VéUm_1(V)).

(42)

This recursion is motivated by the Neumann series.
The expressions in (41) and (42) are not quite in
the form of observables however; data are acquired
only at the Earth’s surface, but the Lo operator
models data arriving at all depth levels. We there-
fore define a restriction operator, R, which restricts
the operator Lo to the acquisition surface, z = 0.
To avoid difficulties with the free boundary at the
surface we will assume that the medium contrast,
contained in V', has its support away from z = 0. In
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addition, (42) is in the diagonal system; to return
to the ‘true’ coordinate system in which we make
observations we must also apply the Q™' operator
to the expression for §U. We thus rewrite (41)

RQ U =) (-
meN

where RQ™'601
RQ™'6U = —D}M

mRQ 16U (V)

= D?MO(VUO) and
V(Uo+ Y (1)U (V)),

meN

(43)

upon introducing the operator My = RQ!Lo. The
composition RL, is transversal provided there are
no grazing rays (Stolk & de Hoop, 2000), which
are already excluded by the i1 cut-off. The com-
position with Q! also does not change the proper-
ties of the composite operator provided we satisfy
the assumption in the generalized Bremmer series
(de Hoop, 1996). Note that the recursion in (43)
gives an expression for the data at the surface in
terms of the unrestricted data from the previous
term; the restriction is applied after the recursion
is constructed.

For the leading-order, single scattering term
we introduce the shorthand notation

F(V) = —D}Mo(VUp).
(44)

di = —RQ 'UL(V) =

Note that d; describes only the singly scattered
part of the data. The operator F' is the usual Born
modeling operator. We can construct a left inverse
to F, by N 'F*, where N = F*F is the normal
operator, which is elliptic pseudodifferential under
the DSR assumption of Stolk and de Hoop (2004a),
and F™ is the adjoint of the modeling operator,
i.e., the imaging/migration operator. This gives the
estimate

Vi= N (d), (45)

of V, via the single scattering inverse.

To compare the Bremmer series formulation
((VIL.1)-(VIL.22) of de Hoop (1996)) to the recur-
sion in (41) we first make the following identifica-
tions. From (VIL.1) and (VII.12) we note that Wy
of (de Hoop, 1996) is equivalent to §U;. From this
formulation we now see that — D7 LoV corresponds
with K of equation (VIL15) in (de Hoop, 1996)
and (41) corresponds to equation (VIL.22). Thus
we have shown that there is a correspondence be-
tween the Bremmer series and the series represen-
tation to the solution of the Lippmann-Schwinger
equation, with the exception that the Bremmer se-
ries contains an m = 0 term associated with waves
that propagate directly downward (without ever re-
flecting) away from the source. We use this hybrid
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Figure 3. Single scattering versus primary reflection. The black dots indicate transmission events.
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Figure 4. Left panel: transmission coefficient. Right panel: vertical transmission coefficient raised to the power n.

formulation to derive operators that model both
‘singly’ and ‘triply’ scattered waves.

By a singly scattered wave, we mean a wave
that has been reflected or transmitted once, such
as that shown on the left in Figure 3. By a pri-
mary reflection we mean any ‘ray-path’ (more ac-
curately wave-path since we use full-wave solutions
rather than ray theory) that has reflected only once
but may have gone through several transmission,
or scatterings where the direction of the wave does
not change. This type of contribution is depicted in
the right panel of Figure 3. Primary reflections have
the same traveltime as singly scattered waves but
the amplitude will be smaller because of the scal-
ing by additional factors of S__ or S, . Figure 4
illustrates just how much smaller this contribution
would be. The same distinction can be made be-
tween first-order internal multiples and triply scat-
tered waves. The diagram on the right of Figure 3
is a triply scattered event, generated by the third
term of the series in (41). The third-order contribu-
tions that we take into account are those for which
each scattering event is a reflection, i.e., after the
scattering the singularities propagate in the oppo-
site direction to that in which they were propagat-
ing before the scattering. We refer to these contri-
butions as first-order internal multiples.

5.2 Inverse scattering series using all the
data

The forward scattering series (43) models the data,
given a representation of the medium in terms of a

smooth background and a contrast. To address the
inverse problem, we return to (40) and write it as
a resolvent equation in terms of the data, d, rather
than the medium contrast, V,

D}Lo(V(Uo — (—8U)) = —oU , (46)
or, returning to observables via the RQ ™! operator,
DiMo(V (U — (—00)) = —d, (47)

where we notice that d = RQ™'6U. We then as-
sume that the medium can be represented in terms
of a series of linear operators acting on the data
viz,

V=3 Vu@0), o, V=3 V), (48)

meN meN

where m indicates the order of V,, in the data, 60U,
given in (41), or d in observables. This series rep-
resentation is suggested for quantum mechanical
problems by Moses (1956), where the analogue of
(48) is his equation (3.12). It is also suggested by
Razavy (1975) for wave problems, in which the ana-
logue of (48) is his equation (33).

Substituting (48) into (41) yields a recursion
for Vm in terms of 6U

§U = —DiLo(Villo) (49)
= —D}Lo(Vals) + DiLo(ViLo(ViUs)) (50)
0 = =D?Lo(Val) + D}Lo(VaLo(Villp))
+D{Lo(ViLo(Va(Up)))
—D{Lo(ViLo(ViLlo(Vilh))), (51)
etc.



Substituting (48) into (43) yields a recursion for
Vm in terms of the true data d

d = —D;Mo(Vily) (52)
0 = —DiMo(V2Uo) + DfMo(ViLo(Vilo))53)
0 = —DtMo(VgUo)+DtM0(V2L0(V1U0))
+D}Mo (Vi Lo(Va(Uo)))
—D{Mo(ViLo(ViLo(Vilh))) , (54)
etc.

Equation (54) can be simpliﬁed using (50), since
DMy (Valo) and D} MO(V1 Lo(VhUo)) are identical
distributions and D}?M
read

DiMo(VaUs) =

0V1 is a linear operator, to

DiMo(VaLo(Vil)) . (55)

Solving these recursions for v gives a solution for
the medium contrast. The first term in the series,
given in (52), models singly scattered data. The
third term, in (54), models first-order internal mul-
tiples as well as other primary events. (The second
term, given in (53), models, among other things,
primary events.) We have the following relation be-

tween the I//\} = I/},(d)

DiMo(Valo) = DiMo(ViLo(ViUo))
—D;Mo(V16U), (56)

DiMo(Vslo) = DiMo(VaLo(ViUo))
—D2Mo(1260) (57)

IMo(Vilo) = —D;Mo(V;-1U). (58)

The general term in the recursion (58) follows be-
cause higher order terms are built from lower-order
terms through the application of additional opera-
tors of the form MgV; to the (j — 4)*"-order terms
to form terms of order j. Thus the sum of terms of
order j will contain sub-series of the form

D?Mo‘/}l(sum of terms of order j — 1 from (49-51)),

DfMoI/}g(sum of terms of order j — 2 from (49-51)),

etc. For j > 2 the sub-series in brackets sum to
zero because of the zero on the left-hand side of
(50). Thus, the only terms of order j remaining in
the series are of the form

D} Mo{/;Uo

and

Df MO‘//\}'—I Lof}l,

from which the general term (58) follows. Note
the similar structure between (58) and (42); (58)
constructs the medium contrast in terms of the

data, while (42) constructs the data in terms of
the medium contrast.
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From these relations, we deduce that the only
inverse operator we need is N ~1F*. Using this we
can write the V-series as

V=N'F'd—N'F (Z Mo ( szSU)) . (59)
meN
We identify the series in the second term as a
correction to the first term, which is the single
scattering inverse. Additionally, N"!F* can be re-
placed with Awg, the wave equation angle trans-
form (Stolk & de Hoop, 2004b), which computes an
image \P‘A/(z, ©,p), where p = 77 "¢ is the horizontal
slowness. An accurate reconstruction of \P‘7(z, z,Dp)
will be independent of p; this property can be ex-
ploited to improve the knowledge of the smooth
background medium. The pseudodifferential oper-
ator ¥ corrects for illumination effects in the re-
construction oi V', we cannot reconstruct a portion
of the image, V(zo, Zo, po), for example, if the data
do not scatter from the point (20, o) with slowness
Do- -
Solving (56) for V; gives

Vo = NTYF*(DEMo(ViLo(Vill))) = DViLoVh .
(60)

This allows us to simplify (55) to

D}Mo(VaUp) = D¢Mo(Vilo(Vilo(Villp))).  (61)

In the above we have nowhere assumed the absence
of caustics in the wavefield. In fact, thus far we have
made only the DSR assumption (Stolk & de Hoop,
2004a) excluding horizontal propagation.

6 MODELING

6.1 Single scattering to double
square-root

The first term in the forward scattering series
given in (41) can be used to construct data in the
Born approximation in accordance with (Stolk &
de Hoop, 2004aequation 3.10). We formulate the
solution only for the upward propagating portion
of §U1, which we denote by du— because we assume
that only waves arriving from below the surface are
recorded. We first determine the form of the down-
going portion of Uy, denoted by w40, which is the
down-going wave excited at the surface and arriv-
ing at the scattering point. With the expression for
f+ in (9) and that for u4+ in (11) we find that
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. 21 ~ ~
u+,0(zl,$1,t1,2:0,80,t30) = %/ dZ() dSo dtsOG.}_(zl,.’L‘l,tl —_ tSO,Zo,So)
— o0 Ry

Q+,§o (Eo)f(éo,50,530,20,80,%0) s (62)

where we will adopt the convention that an integral without bounds is assumed to be an integration over
R2. In general, s represents a source parameter, r represents a receiver parameter, t is a time parameter
and z is depth, regardless of subscripts and superscripts; a complete table of symbols is given in table 8.
The operator G4 propagates between the levels zg and z:, with its action being in the lateral variables so,
and ts,; we will also use the notation G4 (z1,20) for the operator G4 when the lateral positions in which
it acts are unambiguous. We adopt the standard kernel notation that the input variables to an operator
are written to the right of the output variables. We are justified in writing the time dependence G+ as
the difference of elapsed time and initial source time as the wave equation is time translation invariant.
Expression (62) is valid for z; > zo. We note that 2o, so, and t,, are parameters assumed to be known. Here
Q- s(2) is short for Q_(z,s, Ds, D;), suppressing the time dependence as well as the separate integrations
introduced by this pseudodifferential operator. If we assume a point source, we have f(Zo, 80, tso, 20, S0, tsy) =
(30 — 50)8(Z0 — 20)8(Fso — tso)-
Next, we compute c_, the up-going term in the contrast source defined by,

(ij) =VUp=V (ng) . (63)

Using the expression for V in (31), and recalling that u— o = 0 since the source generates no up-going waves,
we obtain an expression for c_, viz,

C— (zl, T, tl) = _%Dt21 Q*,wl (zl)aQi,m (zl)u+,0(zli x1,%1, 20, S0, tso) . (64)
Substituting the expression above for f_ in (11) gives

(o)
5u_,1(Z0,To,tTO,ZO,So,tSO) = _%D?"O /dzl/d$1/ dtq
z R4

G_ ('ZO: To, t""O - tl: 21, wl)Q—,ﬁl (Zl) a’(zl)Q:—,wl (Zl)U-}-,O(Zl, T, tl) 20, S0, tSO) (65)

in the diagonal system without the restriction to the Earth’s surface, zo = 2o = 0. This is the first term in
the series in (41). To return to observables, we apply the RQ ™! operator to obtain

d1(s0,70,try —tsg) =/d§0 dst {%Dfro /dzlfd:cl dtlQ*_,TO (0)G—-(0,7rg,tr, —t1,21,21)
R 0 R,

Q—‘ml (zl) a(zl)Qikl—,ml (Zl) G+(z1: T1,t1 — ESO ) 0: §0)Q+,§0 (0) } f(oa 50: fso ) 0: S0, tSO) - (66)

~~

Si_

This gives the Born modeled data distribution in terms of the G4, the solutions of the single square-root
equation. This is the first term in the series in (43); the expression within the braces, is equivalent to the
operator F(I7) Since a is compactly supported in 21, the integral over z; is actually over a compact set.

In the downward continuation approach to seismic modeling, source and receiver wavefronts are prop-
agated simultaneously upward from the scattering point to the surface. To mimic this, we apply reciprocity
to the expression for F' given in (66) so that we may write it in terms of G_ only. It is possible to do this
only because we have returned to observables. This is because reciprocity holds for the full G operators and
not for the G+ individually. Applying reciprocity gives

(FV)(s0,7o0,try =) = $DF,, [ o o [ s
0 R,
Qi,ro (O)G— (01 To, t”'o —t1, 21, ml)Q—,El (21) G(Zl)Q*,,go (O)G— (0’ So,t1 — ESO: 21, z1)62—13’31(2:1) . (67)

To write (67) in terms of the Green function for the double-square-root equation, there must be integrations
in (z1,t1) for each of the Green functions. To introduce these integrations we introduce two extension
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Figure 5. Notation and conventions.
operators
Er :u(z,z) = 8(r — s)u(z, =£2), (68)
Es :u(z,r,s) — 6(t)u(z,r,s). (69)

These operators map the medium contrast, a, into data. They also apply the adjoint imaging condition,
namely assuring that the two rays meet at the scattering point at time 0. The §-functions allow the splitting
of the single integration joining the two G_ operators into two integrals. This allows the two Green functions
to both act on these data as we expect intuitively; each Green function continues the data from the subsurface
to the surface. This condition is illustrated in Figure 5. With these operators, we re-write (67)

(F‘/})(S(),’I"o,tro _Eso) = %D?TO /dz1 /dsl /dT'l/dto/dt1Q*_‘rO(0)G_(0,’r'o,tro —t1 —to,zl,Tl)Q_,rl(,a)
0 Ry JRy

Q*—,Eo (O)G* (Oa So0,t1 — t~80: 215 81, O)Q—,Sl (zl)(E1E2a)(zla S1,T1, to) . (70)

We note that the two one-way Green’s functions are connected through time convolution. To make this
explicit we change integration variables from ¢; to t' =t — 5, (the underlined expression in (70)), giving

+ Ry
Q% 5, (0)G (0, 30,1, 21,81)Q 5, (0) (BLE2a) (21, 51,71, 80) . (71)
To write (71) in terms of the Green function for the double square-root operator, we first re-arrange terms
giving

(F‘/})(go,ro,tro—fs()) = %D?/dzl /d31 /d’l“1/dto/dt’Q*_,ro(O)G_(O,T‘o,tTo—fSO —t'—to,zl,rl)Q_,rl(zl)
0 R

(F7) (30, 70, trg — Fag) = 2D2Q— o (0)Q" 5, (0) / dz /d31 /dm dto
0 R

+

{ dt'G_ (0,70, trg —ESO —t' - to, z1,71)G=(0, §0,t,,Z1,81)}
R4
Q- i (21)Q= s, (21)(E1E20) (21, 51,71,t0) . (72)

We then introduce the operator H(zo, z1), for z1 > 2o, as

(H(z20,21))(s0,70,t — to,51,71) = | (G—(20,21))(ro,t —t' —to,71)(G- (2, 20))(s0,t',51) dt'. (73)
R4
Using this operator we arrive at the final expression for di, writing H in operator notation

d1($0,7“0,t7-0 —tSO) = /d§0 dfsc {%D?Qi,TO(O)Qi,go (0)/dZ1H(0,Z1)
R 0

+

Qfﬂ"l (zl)Q*,Sl (zl)(ElEQa)(Zly 81,71, to)} f(O, §0, 530,0, 80, tSO) . (74)
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Figure 6. Triple scattering notations and conventions. This illustration assumes that the E operators have not yet
been applied to be clear which variable refers to which leg of the interactions. The time notations are illustrated in

Figure 7.
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Figure 7. Triple scattering notations and conventions: time notations.

This expression is equivalent to (Stolk & de Hoop, 2004a equation 3.10). The two Green functions in this
final modeling operator give it the form of a double-square-root equation (Claerbout, 1985).

6.2 triple scattering to double square-roots

In (74), we show how singly scattered data can be constructed given the medium perturbation. Our ultimate
goal is to construct the medium contrast given data containing both primaries and first-order internal
multiples. To do this, we need a good idea of how the first-order internal multiples are modeled; we compute
them using a method similar to that used to arrive at (74).

Following the diagram in Figure 6, we see that the first scattering of the internal multiple, from so
through s2, 72 to m, is nearly identical to the single scattering case. We cannot use the H operator however,
since the second leg (from r2 to m,) does not reach the surface. Thus, we define

o o]
5u_,1(z1,m,ta,0, So,tsO) = iD?a/dgo dt,go/ dZ2 /d82 /d’l“z/ dt() dth_ (zl,m, ta, — tSO —_ t’ - to,Zz,Tz)
R 21 R

+ + R4
G- (07 507 tly 22, SQ)Q*,TZ (Z2)Q*,32 (Zz) (E1E2(1)(Zz, 82,72, tO)Q*—,é'o (O)f(oi §07 530 ) 07 S0, tSO) ) (75)



Inverse Multiple Scattering 253

where t' = t; — t5, and t, is the total time traveled along the ray (see Figure 7). In (75), we have applied
the R operator to restrict the source to zp = 0, but have not returned to observables as the second leg,
G_(z1,m,tq — s, —t' —to,22,72), does not reach the surface. The field, Ju1 acts as the source of waves for
propagation from mg to ss, through the contrast source formulation used in the single-scattering case. This
gives,

5u+,2(z3,x3,t3,0, So,tsO) = %Dfs dZ1 /dm dta

G+(Z3a z3,t3 — ta, 21, m)Q‘hm(ZI)a(zl)Q*—,m(Zl)éu—:l(zlu m,ta, 0, o, tSO) ) (76)

which acts as a contrast source for the final ray, connecting r3 with 7o,

d3(80,7‘0,t4 tsO)— —lDt4 —To /dZ3 /dngdt4

G, (0, ’I“o, 4 — t3, Z3, .’Eg)Qf,ma (23)(1(2!3)@1,3;3 (23)(5’!1.}_,2(33, I3, t3, 0, S0, tso) 5 (77)

where we have returned to observables through the operator RQ™', introduced in (43). For the above
construction to be valid, it is necessary that the three scattering positions are sufficiently far apart. This
ensures that the wavefront sets of the G+ distribution kernels do not align, making their product well-defined
(Friedlander & Joshi, 1998 proposition 11.2.3).

We can now apply reciprocity to the G of (76). We do this by substituting the expression for duy o in
(76) into (77), which allows us to use the Q4 operators from both expressions. This gives

d3(80,7“0,t4 tso)— -1 Dt4/ dZ3 /d53/d7‘3 dtg d21 /dms /dmr dta

Qt,,«o (O)G_ (0, To,t4 — t3, Z3, T3)Q_,7n3 (23 | Q,,ms (Z1)G_ (21,ms,t3 — tg,,z,g,Sa)Q_,ss (23) ‘
(Ela)(z37337T3)Qi,mr(zl)(E1a)(z17m87m7")5u—,1(zlam’l‘vtavoa307t30); (78)

we have also introduced the extension operator E1, to split each of the m and z3 integrations into two. The
portion of the expression that has changed through reciprocity is in the box.

The insertion of the relation G(za,Za,t,25,%s) = Q- z,(2a)G=(2a,Ta,t, 25, 2s)Q— 2z, (25) into (78),
where G is the Green’s function for the double square-root equation, shows the correspondence of (78)
with expression (8) in (ten Kroode, 2002).

Noting that t3 is independent of t,, we can interchange their order of integration, which allows us to
change integration variables from ¢3 to t3 = t3 — t, and introduce the E> operator at the third scatter. This
results in

ds(So,T‘o,t4 tSO) = — 1 Dt /dZ3 /d83 /d’rs dtso dta dzl /dms /me dta

Q ,TO(O)G (0 ’I“(),t4 t —t t30,Z3,T'3)Q_ rs(z;g)Q_,ms (Zl)G (zl,ms,tg,zg,s;;)Q_ 33(Z3)
Q- i, (21)(E1E2a)(2s, 83,73, t30) (E1a) (21, ms, my)du_ 1 (21, mr, 0, 0, S0,ts0) ,  (79)

which is a modeling operator for triply scattered waves. We have not yet introduced the E» operator at
the ms, m, scattering point as it is not clear in which G the time ¢,,0 should be placed. It will become
necessary in what follows. In ten Kroode (2002), equation (8) is the Lippmann-Schwinger equivalent of (79);
ten Kroode’s equation is valid for wave propagation in a medium of up to 2 dimensions without caustics.

Thus far, we have constructed an operator (79) that is tri-linear in the medium contrast a. From a
practical viewpoint, however, it is advantageous to construct an operator that acts on the data, as this
is known, rather than the medium contrast. To this end, we reformulate (79) so that all the G operators
communicate with the surface, because data are collected at the surface zop = 0. This is similar to the
layer stripping approach proposed by Fokkema (1994) to extend the work of Berkhout and Verschuur for
surface multiples (Berkhout & Verschuur, 1997; Verschuur & Berkhout, 1997) to the internal multiple case.
In order to write (79) in terms of the data we first extend the two legs meeting at (21, ms, m,) to the surface
(see Figure 8). To do this, we make use of the semi-group property: G_(z,2")G_(¢',2") = G_(z,2"). The
extension to the surface must be done twice, once for the path from so through z> to m, and once for the
path from ms through z3 to ro. Following this, we perform some simplifications to enable us to write (79)
in terms of the H operators.



2564 Malcolm € De Hoop

22

zZ3

S3 T3

Figure 8. Triple scattering notations and conventions. This illustration assumes that the E operators have already
been applied.

We first return to (75), rewriting it as

du_ 1(z1,Mr, 4,0, 80,ts0) = %Df /dé'o/ dtso/dZQ/dSQ /drz/dtofdt'/dm;
+

G~ (zla m"‘atmi‘a 0, m;)G* (0: m;.,ta + tm; —tz — t' — to, 22, TZ)
G_(0,30,t, 22, 82) Qs (22)Q— 5, (22) (E1E2a)(22, 82,72, 10)Q" 5,(0) (0, 50, %s,0, s0,s0),  (80)

where o +%,, is the time required to travel from the source at 5o to the pseudo-receiver at m.., as illustrated
in Figure 7. Since t' is independent of the other variables we bring this integration to the inside so that the
two G_ operators may be replaced by the H operator giving,

o0
du_ 1(21,my,ta,0, s0,ts) = +D;, /déo/ dfso/dzg dm;, | dt
Ry z

R4
G* (z1, m,, tn 5 0, mr)/d32/dr2 dtoH 0,50, M), ta 4+t r —to — tsy, 22, S2,T2)
Q—,m(32)Q—,sz(z2)(E1E2a)(zz,82,T2,t0)Qi,50(0)f(0,goafso,O,So,tso)- (81)

Next, we apply the same procedure to (79)

d3($0,7“0,t4 tsO)— —lDt /dZ3 /dS3 /dT‘g dt30 dt3/dz1 /dms /dmr dta

Q" 1o (0)G_(0,70,ts —ta — ts, —t5 — tso,ZS,TS)Q—,rg(zs)
Qo) A Qb G a1, 1 g 0G0, s g 23,5)
Q—,33 (33)Q*—,mr (zl)(E1E2a)(z3: 83, T3, t30)(E1a)(z1a mg, mT)‘Su*,l (zla My, ta, 01 S0, tso) ) (82)

where t,,; is defined by analogy to t,,: (see Figure 7). Since GZ does not depend on the same variables as
the propagator preceding it, we interchange their order. Now, we change variables from t3 to t3 = t5 +t,,
interchanging the t5 and e, integrations giving

d3(80,7‘0,t4 tsO) = ——Dt /dZ3 /d83 /d’l”s dt3o dzl /dms /me/dta dm/dtmls dt'3'
R R,

Q ,ro(O)G (Zl,ms, mls 0 mS)G (0 T'(),t4 ta—t3+tml —t30,23,1"3) _,73(23)Q*,,m5(2:1)G_(0,m;,t’é,23,33)
Q- ,55(23)Q m, (21)(E1E2a)(23, 83,73, t30) (E10) (21, ms, My )0u— 1 (21, My, a, 0, S0, s0) - (83)
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We now substitute the H operator for the two G_ operators, interchanging the order of integration to obtain

ds(so,ro,ta —tsy) = —lDt4 Z ol /dz;;/dzl /dms /me/ dta/dm's/dtmrs
Ry R,

Q_ mg Zl Q_ mr(zl)G (Zl,m870707msvtm’s)
/ds;:, /dr3 dtggH 0,ml,ro,ts — tq + — 130,23, 53, 73)Q— 55(23)Q— r5(23)

(Era)(z1,ms, my)(E1E2a)(zs, 3,73, t30)0u— 1(21, My, ta — tsy,0,50) .  (84)

In (84), the G term in du_,; does not depend on any of the variables in the operators preceding it. Thus,
we may interchange operators to combine the two G~ terms. We do this, as well as changing the order of
integration to move the ¢, integral inside the ¢,,; one and also introduce E, giving

d3(80,’l"0,t4—t50)— DtQ, 70 0) /dSo/ dtsO/dZ;g/le/dZQ
Ry 21
/dms /me/ dtmo/dm /dm dtm: (E1E2a)(z1,ms, My, timg)

QL 1, (21)QL 1, (21)GZ (21, Mis, tnt. — iy, 0, M )G (z1,mr,tm;,0,m;){ dt,
Ry

/d33 /draf dtsoH(0,my, o, ta — ta + tor — t30, 23, 53, 73)Q— a5 (23) Q= s (23)

(E1E2a)(Z3,53,T3,t30) /dSQ/drz dtoH(O So,mr,ta-i-t ! —tsO —t0,22,82,7"2)

Q—,"‘2 (32)Q—1S2 (Zz)(E1E2a)(22, 82,72, to) } Q*—,Eo (O)f(oa §0: ESO ) 0: 80, tSO) . (85)

In (85), the expression in braces is a convolution in time. Because of this, we may shift time variables
between the two H operators. To do this we change time variables from #, to t, = ta + ¢, —ts,. We then
introduce the distribution w,

w(Eo,m;,t,m's,ro;zz,zg) =/dtb /de /d83 dt3oH(0,m;,’l"o,t—tb—t30,Z3,83,T'3)

Q7 ,83 (Zs)Qf TS(Zg)(ElEza)(z:’,,S3,’I“3,t30) /d82 /dT‘2 dtoH(O So,m,,tb to,Zz,SQ,T2)

Q75 (22)Q 55 (22) (E1 E2a)(22, 52, 72, t0), (86)

where we may allow the lower bound on the #; integral to extend to 0, rather than ¢,,; because ty > ¢y
by definition. To overlay the operator w with the expression in braces in (85) we need only make the
identification t = t4 +ty + 1t — tso- By changing the lower bound of the z3 integral in (85) to 21 and the
upper bound of the z; integral to co we may define

o0 o0
W(z1;§g,m'r,t,m'8,ro) z/d23/d22 w(§0,m;,t,m;,ro;22,23). (87)
1

In the definition of w, we now see the emergence of a new time variable ¢,/ = t,,r +t,,/ in the expression
for ¢. To introduce this variable, we return to (85) and change variables from t,,; to t.

d3(80,’l"0,t4—t50) = l—lﬁDfQi,ro(O) /dgo/ dtsO/dZ1 /dms /dm,n dtmo dm /dm dt dtm’r

(E1E2(l)(2§1, ms, My, tmO)Qi,ms (Z1)Qi,mr (Z1)G, (21, ms, tmr — tm;‘ - tmo, 0, ms)G, (21, m,, mhs 0, m;)
W(zl; 50’ mlri m;a To, ta + tm’ - ESO)Q*—,é'o (O)f(oa §0, 530,0, S0, tSO) - (88)

The two G operators in (88) along with the integration in ¢, are nearly in the form of the H operator.
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We can extend the integration in ¢,,s to 0o as tn: >t results in a negative time in the first G~ ,
which is then 0 by the causality of the Green’s function. This allows us to introduce the H operator,

ds(so,’r‘o,t4—t30) = l—lﬁDtﬁQ*_’rO(O) /d§0/ dtsO/dZ1 { /dms /dmr dtmo E1E2a)(z1,ms,mr,tm0)

/dmls dm{r/ dtm’Qi,ms (Zl)Q*—,mr (Zl)H* (Zlv Ms, Mr, Ty — tmo, 07 mfsa m;‘)
Ry

W(zl; 50, m;‘a ty +tm — ESO: m{sa TO) } Q*—,éo (O)f(oa 50, fsoaoa 50, tSO) - (89)

In (89), we recognize the expression in braces as an inner product in the (mg, m,, tmo) variables.

7 INVERSE SCATTERING
7.1 single scattering — summary

Stolk and de Hoop (2004b) give a method construct an image of the subsurface from singly scattered data.
The construction involves the depth-to-time conversion operator, K, defined as

K:am / " H(0, 2)(Ba) (2, to)dz (90)
0

Stolk and de Hoop (2004a; 2004b) denote this operator as K; K is an invertible Fourier integral operator.
Upon substitution of f(0, §0,t~30, 0, s0,tsy) = 0(50 — so)é(fso —tg,) in (74), we see that the singly scattered
data can be written in terms of this K operator, the advantage of which is that K is invertible. Performing
this substitution gives

di(s0,70,t) = 1DIQ% 4 (0)Q . (0)KQ— 1+, (21)Q—s, (21)(Era) (21, 51,71) - (91)

Seismic data are reflected from reflectors much deeper than the depth of sources and receivers. Thus, we
are in the far-field of the source, justifying the point source assumption.

To construct an image of the subsurface, we will take the adjoint of the K and E; operators. Thus, we
introduce R» and R;

h(za 8 ’l“) = (th)(za w) = h(za Zz, w)
as the transpose of E> and Fi, and note that RyH™*(0,2) = K*(0,2). We introduce the pseudodifferential
operator, = = K* K, the ‘normal operator’, which corrects for the amplitude errors made in using the adjoint

rather than the inverse in the imaging. Its symbol is given in (Stolk & de Hoop, 2004bLemma 2.1) and is
(recalling that E here is E in (Stolk & de Hoop, 2004b))

’ (93)
T=0-1(z,5,7,(,0,p)

1 1
(co<z,s)2b<z,s,a, N T otz p, T))

where co is the background velocity, (¢, o, p) are the cotangent variables associated with (z,s,r), and O is
the frequency to vertical wavenumber map 7 — ¢ = O(z, s,7,(, 0, p,7) (Stolk & de Hoop, 2004aLemma 4.1).
From this we find that the inverse of the modeling operator can be written as

@(2,2, Dz, D2)a(z) = B1Q—o(2) Qo () 'S RaH(0,2)Q 0y (0) Q7,0 (0) D2 (V7). (94)

~~

J

The operator ®(z,z,D,, D,), which is also a pseudodifferential operator, corrects for illumination effects.
Its symbol is 1 where there is illumination and zero elsewhere. In fact, the analysis requires that we replace
the data, di, with ¥y di, where 1y is a cut-off function which is zero near the boundary of the acquisition
surface, Y. Further details of these cut-off operators can be found in (Stolk & de Hoop, 2004b).

In the single scattering approximation, the data in (74) are used as an approximation of the data d, in
(52). To reconstruct V3 we must apply the above inverse to these model data. This gives an estimate for the
a distribution,

{a1)(z,2) = ®(z,z,D,, Dy)a, (95)
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Figure 9. Illustration of the four operators used to construct the final modeling operator. Notice that R and H act
at different surface points.

which is, as expected, simply an amplitude change, or ‘non-stationary’ filter applied to the original medium
contrast. We use the (-) notation to indicate that this is an estimate of a rather than its true value, the
subscript 1 indicates that this estimate is obtained through the single scattering approximation. From this
estimate of a, we obtain an estimate of the matrix V; using (31).

7.2 triple scattering

In the framework of the series expansion in (59), we require only the single scattering inverse to estimate
the third order contribution to V: we write the first and third terms of (59) as

(a1) + (as) = N"'F*d — N™'F*(D{Mo(ViLo(VA6T))). (96)

We will use the operator, J, on the right hand side in (94) in place of N~1F* to estimate this inverse. The
inverse series, (59) is a sum of terms of different order in the data, with the first term being first-order in
the data and the third term third-order in the data. In the modeling formula, (89), the data are written as a
trilinear operator on the medium contrast, a, as in the forward series (43). To estimate as we need to write
DfMo(f}l L0(1716U )), for which an expression was constructed in section 6.2, as a trilinear operator acting
on the data. We then apply the single scattering inverse to this expression to estimate as, from which we
can compute V.

To write d3 in terms of the data, we insert the instantaneous point source into (89) as in the single
scattering case. This gives

ds(s0,70,t4 — tsy) = I—I(SD?Q’L,TO (O)Q*_,SO(O)/dzl /dms /dmr dtmo(ElEza)(zl,ms,mr,tmg)/dm's/dm;
0 Ry

dt,, Q*—,m, (Z1)Q*_,mr (Z1)I{’k (21, ms, Myt — tmo, 0, m;, m',)W(zl; S0, m',,t4 + t — tSO,m;, ro). (97)
R4
There are three equivalent ways in which one could proceed to write (89) in terms of the data only. First,
one could replace each of the a terms with J applied to the data, giving a trilinear operator acting on the
data. Second, one can re-arrange terms to introduce d directly in place of the a term at both z» and z3, and
use J to write the a term at z; in terms of the data. Third, one can rearrange terms to write all three a
directly in terms of d. We will go through the second method in detail.
We make use of the relationship

W (21380, My, ta + tyyr — tsg, M, 7o) =
16D7Q~ 4 (0) Q% 1, (0) QL 1y, (0) 7' Q% Ly (0) 7 / dty di (21; m}, 70, tabtym —ts—tso)di (215 80, M0, 1)
Rt

(98)

between the W operator and the singly scattered data (given in (74)) to write ds in terms of two data sets
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and the medium contrast at one point. In (98), we have introduced

di(21;8, 1t —ts) = %DfQ’i,r(O)Q’i,s(O)/dzH(O,Z)Q—,T(z)Q—,s(z)(ElEza)(z,s,r,to)7 (99)
z1

as the subset of the singly scattered data with reflection below the level z;. Assuming the traveltime mono-
tonicity assumption as done by ten Kroode (2002), would allow the restriction in 21 to be translated to a
restriction on the time ¢ — ¢,. If this assumption is not satisfied one could generate d; = di — D(a), where

(D(a))(z1, 8,7, t) = D7 Q. (0)Q~ (0) /Ozdle(O,z)Q—,r(Z)Q—,s(z)(ElEz(a))(z,s,T, to) , (100)

is the data modeled from an estimate, {(a), of the medium contrast down to the depth z;.
By inserting the expression for W in (98) into the modeling formula, (89) we arrive at an expression
for ds in terms of the singly scattered data as well as the medium contrast at z1,

o0
ds(So,T‘o,t4 — tSO) = Df/dzl /dms /dmr dtmo(E1E2a)(Z1,ms,mr,tmo)
0 R,

/dm's/dm',/ At QL 1, (21)Q% . (1) H™ (21, Mg, Myt — timo, 0, ml,m,)
R4

Q*—,m’s (0)_1Q*_,m; (0)_1 dty di(z1; m;, T0,t4 4ty — ts — tsg)d1(21; S0, m;, ty). (101)
R4
To write (101) explicitly in terms of the data only we require an expression for the medium contrast,
(E1E2a)(z1, ms, My, tmo) in terms of the data. We use the estimate, {a1), given in (95).

Thus far we have assumed that we have singly scattered data. In reality, we record data, d, which
contain all orders of events. Comparing equations (44) and (52) we observe that the recorded data, d, are a
first-order approximation of the singly scattered data, di. We can then define d = d1 —D{a1). The quantity
D(a1) is computed by composing a migration, to compute (a1), with a demigration. It is necessary to go
through this procedure because the ‘data’ D must scatter off of reflectors at depths above z;; the only way
to know if data satisfy this assumption is to model them from such depths.

Performing the above two steps, we obtain an approximation, (ds), for ds,

(ds) (50,70, ta — tag) = D? / dz /dms /me / Atm0Es Q- (21) Qe (21) ™
0 R

{E_IR“: /dmg /dm? Rdtmo H" (21, ms, M, t,0— t-’,O, mg,mg)Q*_’mg (0)_1Q*—,m9 (0)"'D;?d(m2, m?, t,.0) }
+
/dm's dm,, 5 At QL 1, (21)QL . (21)H™ (21, Mg, My, trnr — tmo, 0, m, my.)
+
Q*—,m's (0)_1Q*_,mlr (0)_1 /R dtp d(Z1; m;,’l“o,t4 +t — 1ty — tSO)d(Zl; So,m;,tb) . (102)
+

The above formulation depends on the smooth background velocity model only from the surface, z = 0, to
the first scattering point at z;.

The form of (102) is similar to that of an inner product in the variables (ms, My, tmo). We will make
use of this fact and the notion of adjoint to rewrite (102) as

(ds)(s0,70,t4 — tsg) =/dm;/dm; dt, /dz1 /dms /dmr/ dtmoH (0, my, mip, oyt — tmo, 21, Ms, My ) B2
Ry 0 Ry

Qe (1)@= (1)@, (21) Qo (21) { = R fam fam? [ dtye
R4
H” (zli Mg, My, tmo_ t',: 07 mga mg)Q*—,mg (0)_1Q*—,m2 (0)_1d(m2a m?a tmo) }

Q% (0)7'Q o (0071 [ dty d(21;mi, 70, ta + ty — ts —tao)d(21; S0, My, 1), (103)
R4
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which simplifies to
(d3)(s0,r0,ta—ts) :/dmg/dm;/ dt fdzl /dms /dmr/dtmoH (0,mly, mi o tmO,Zl,ms,mr)EQEilRQ’tl
R 0
/dms /dm/dtmOH z17m87m7‘7tm0_t'aoamgymg)Q*—,mg(O) Q—,mo(o) (msamgytmo)
R

QL (0)71'Q% 1y (0)_1/ dty d(z1;my,T0,ta + tnr — ty — tsg)d(21; 50, My, 1) . (104)
R4

We define

dy(z1,s,1,t) = D; Q" ,(0)Q~ , /dsl/drl/dto
Ry
H(0,s,r,t —to,21,51,71)Q 51 (21)Q— r, (21)(E1E20a) (21, 51,71,t0);  (105)

we use the notation d’ because it is close to the derivative with respect to z1 of d. The quantity d’ is not one
that can be measured, because one cannot tell directly from which depth the data come. To compute d’,
the expression in (94) must be substituted for a to write it in terms of what can be measured, d. Because
of this, we can write (102) in terms of this d’ ‘data’ set

ds(s0,70,t4 — tsy) = /dz1 dm's/dmlr At Q™ s (0)71Qt,mlr(0)71d'1(z1,m's,m',,tm/)
0 R,

Q% ., (0)71'Q s (0)71/ dty di(z1;my, 70, b4 + b — by — tsg)di1 (215 50, My, t) . (106)
Ry

We have nearly succeeded in writing D} M0(171 Lo(f/\] 0U)) in terms of the data d. We find, however that we
cannot write (106) in terms of the actual data because of the z; dependence of each of the three ‘data’ sets.

Remark 7.1. If we ignore the z; dependence of d in (104), the composition
/dzl /dms /me dtmoH(O mh, Myt — tmo, 21, Ms, Mp ) E2E27 ' Ro H* (21, ms, Mr, t0,0,m2, m2)

gives microlocally,
d(mly —m2)d(ml — m)d(ty — t0) -

Then, (104) can be written as
() (50,05 ta = tag) ~ [, [, [ Q" 1oy O Q" g O) ol it )
Ry

Q*—,m{s (0)71Qi,m’r (0)71 / dtp d(m;a ro,ta +tm —ts — tsO)d(S(), m;: tb) ) (107)
R4

with the approximation d = d;.

Remark 7.2. The approach presented here is a generalization of the Weglein-ten Kroode approach (Weglein
et al., 1997; Weglein et al., 2003; ten Kroode, 2002). To demonstrate this, we specifically compare (104) in
this paper with (120) of (ten Kroode, 2002). To do this it is first necessary to establish a correspondence
between our notation and ten Kroode’s notation. The easiest way to do this is to compare Figure 8 of this
paper with Figure 4 of (ten Kroode, 2002). We then identify the ¢1 variable of ten Kroode with the ¢
variable here, the ¢t variable of ten Kroode with t,,» and the t3 variable with ¢4 + ¢,,» — t,. Then we note
that ¢; — t2 + t3, which would be the time argument of di™ in (117) of ten Kroode, is equal to ¢4 here. This
establishes the correspondence between the time dependence of the final result, (120) in ten Kroode, with
(104) here.

To make the correspondence between the pseudo-data d here and the integration bounds on (117) of
ten Kroode we observe that Z5 of ten Kroode is a time parameterization of the scattering depth denoted
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Figure 10. Applying the single scattering inverse to triply scattered data results in the mis-positioning of the imaging
point on z4 rather than z2, z1 and z3.

here by z1. Thus, as is done in ten Kroode, under the travel-time monotonicity assumption?, we can replace
the restrictions on the depth of the scattering points in the definition of d with the restriction t, > ¢,,» on
the ¢, integration. Using this we can replace d with d in (104), allowing us to perform the composition as
in remark 7.1, which brings it into correspondence with (120) of ten Kroode.

Ten Kroode performs stationary phase analysis in three sets of variables, corresponding to the position
of each of the scattering points. From this he finds that the ray from (in the notation used here) 72 to m,
(s3 to m}) must follow the same path as that from 75 to m, (s3 to ms). In the formulation described here
this condition is automatically applied through the semi-group property used to extend the modeled data
from the scattering point at z; to the surface.

We do not expect the amplitudes of (104) here and (120) of (ten Kroode, 2002) to be the same since
here we use the wavefield continuation approach and ten Kroode uses the Kirchhoff common shot approach.

To this point, we have constructed an expression for Mo(ViLo(V16U)). Computing the inverse requires
one more step however; the application of the single-scattering inverse, J. To do this we introduce a new
depth level, z4, which is the point at which the triply scattered data will be incorrectly imaged if single
scattering is assumed (see Figure 10). The application of J to {ds) gives

(aa)(24,.’1,‘4) = _RlQ—,&l (z4)7IQ—,T4(Z4)71571H*(01 80570y t4 — tso, 24, 341T4)

ta

" 1k 1 sp ro ta—tsg
Qo (0)7'Q" 1, (0) 7' D7 (ds) (7, 7, ). (108)
As can be expected, this expression is not close to the true medium contrast at (24, z4) since J is the single
scattering inverse and thus will not correctly treat multiply scattered waves. Returning to (96) we see that

the term V5 has the opposite sign to VA Equation (108) is meant to remove the erroneous contribution to
{a) made by imaging all the data as though they had scattered only once as is done in the construction of

(a1).

{Ten Kroode’s travel-time monotonicity assumption states that the traveltime for a ray leaving a position (z,z) in
direction « arrives later than a ray leaving position (2/,z) in direction o whenever z > z’. He assumes this to hold
for all x and «a and gives an example of the violation of this assumption.
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7.3 Inverse series in angle gathers

The J operator discussed above computes an image of the subsurface given seismic data at the surface. There
is more information available in seismic data than it exploits, however. For example, studying amplitude
variations with scattering angle (the angle between the incoming and outgoing rays at the scattering point)
an image, which is averaged over angle, is not sufficient. In addition, the imaging operator depends on the
background velocity model, which is not in general known. One way of estimating this model is to look at
the data as a function of angle at the scattering point, called an angle gather. With the correct velocity
model, these angle gathers are independent of angle.

To construct these angle gathers, we use the wave-equation angle transform, Awg, as described by Stolk
and de Hoop (2004b). Here, in place of Awg we use the notation Awg, where

(Awed)(z,2,p) =7 'RsZ 'Q_:(2) 'Q-+(2) "H(0,2)*Q" ,,(0) Q" ,,(0) 'D,*d, (109)

with p the slowness vector. We define 3, as the pseudodifferential operator compensating for amplitude
effects. Its symbol is derived in Proposition 3.2 of (Stolk & de Hoop, 2004b). We also introduce R3, through

Ro : g(snt) = (Rog)(eap) = [ glsa— oot Bph)x(zn,h) dh (10)
Rn—
where h = 5% and x is a pseudodifferential cutoff with compact support containing the point A = 0. Note

that R3 is a restriction operator, its properties are described by Stolk and de Hoop (2004b); it takes the
place of R; and Ry used previously. Applying the Awg operator to data results in a family of images,
parameterized by p. In this construction, the data (Awgd)(z,z, p) are independent of the parameter p under
a number of assumptions. One of these assumptions is that the data consist of only primary events. First-
order internal multiples will violate these assumptions and thus will give contributions to (Awgd)(z, z, p)
that do depend on the parameter p.

In the series solution for V', we can use the angle transform to construct a series of solution families,
dependent on the parameter p. From the singly scattered term (74), we get the reconstruction for a1

(a1 ))(z,2,p) = (Awr d)(z,2,p), (111)

where we use the notation {(-)) to denote an estimate obtained through the angle transform. We know that
this can be written as

Ywe(z,¢,p, D2, D:,0)(a) = Awrd, (112)

(Stolk & de Hoop, 2004b) where ¥wg is the composition of all of the pseudodifferential operators in (94),
transformed via pullback into the angle coordinates.

The third-order contribution comes from (ds}. Applying the wave-equation angle transform in place of
the inverse from (94), we arrive at the following analogue of (108)

(as)(z,2,p) = (Awe (d3))(z, z,p) (113)

Again, {a3))(z, z,p) should not be interpreted as a true medium contrast, but rather as a correction term
to {a1)). Recalling from (48) that Vi and V3 have opposite sign, our best estimate of a comes from

(@) = (a1)) — {as). (114)

Although it is possible to subtract the two angle gathers, ((a1)) and (as)), (114) does not necessarily give
a good estimate of a. This is because, although (112) assures us that ((a1)) is a pseudodifferential operator
applied to the true medium contrast, we have no such assurance for {(as)). To alleviate this problem, we
define a new operator, Ui g(z, z,p, Dy, D, 0), which accounts for amplitude and illumination effects in the
estimate {(a3)). We then difference the two estimates via

{a) = (a1 — Twe{as), (115)

.. . /. .
where we anticipate accounting for ¥’ in an adaptive manner.

8 DISCUSSION

The following flowcharts illustrate two different possible methods of computing the final estimate {a) or
{a)), from the observed data. Each step shows the quantity computed and the equation used to compute
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it; quantities at the tail of arrows are used to compute the quantity at the head of the arrow. (For example
d:(100) — (ds):(101) indicates that d is estimated with (100) and is then used in (101) to estimate (d3).)
In each step we substitute the recorded data d for the single scattered data di; this approximation is not
stated explicitly in several of the referenced equations.

The first method,

d: (100)
/ pV
{a1)): (111) or {a1): (94) p (d3): (106) — {(a3)): (108) or{as): (113) ,

d': (105)

computes both d and d’ from the estimate, {(a1) or {a1)). It is this method that reduces, under the traveltime
monotonicity condition, to a velocity independent method.
The second method,

{a1): (111) or {a1): (94) — d: (100) — (ds): (101) — ({as): (108) or {as): (113)
T
{a1): (111) or ’
(a1): (94)

requires the computation of d only, along with an additional downward continuation of the two d ‘data’
sets in (101). Although this method is not as directly tied to the data itself, it avoids computing d’ at each
depth level. The downward continuation of the d data can be done using the relation

%D?H*(zlao) AﬁZH(O: z)Q,,,(Z)Q,,s(z)(ElEza)(z,s,r, tO) =

1p? / AzH (21, 2)Q- 1 (2)@— o (2) (1 Era) (2, 5,7, t0) , (116)

to allow the downward continuation to be done on the data d rather than on d.
Once an estimate of (ds) is obtained, either of the following subtractions complete the procedure

{a) = (a1 — (as3)
(@) = (a) - (ag) ’

The quantity (a1) or (ai1)) is estimated as part of the usual seismic imaging procedure. The procedure
discussed here requires an additional imaging step to compute (a3} or {(as)} from (ds). For this estimate, d
must be computed. This requires an upward continuation to the surface at each depth step. This procedure
identifies portions of the data which scatter above the depth z;, so that they can be removed. If the
velocity model is such that the traveltime monotonicity assumption of ten Kroode (2002) is valid the
upward continuation may be replaced by a simple time-windowing procedure.

Figures 11(a) and (b) illustrate the construction of the third-order data, (d3), from three singly scattered
data points. In the construction of {{as3)), these data contribute to the single scattering isochron with the
same source position, receiver position and total traveltime (dashed curve), rather than the three partial
time single scattering isochrons (solid curves). The estimate {(a1)) also puts a contribution from these rays
onto the dashed isochron. The subtraction of {{as)) from {(a1)}, removes this incorrect contribution. In (c),
a set of rays with identical source-receiver positions and slopes is shown. In our theory, these kinematically
analogous contributions (Hron, 1972) will not pose a problem; the subtraction, {as)) — {(@1)) will result in
an amplitude correction. The event shown in (d), is not accounted for by our theory. The event shown is a
doubly scattered event, and thus will contribute to a2, which is not estimated here. Events like this make an
important contribution to seismic data, especially near salt. However, the contribution from the majority of
doubly scattered events is lost to the interior of the Earth. Such contributions are therefore more important
for transmission experiments than reflection experiments like those studied here.

In Figure 12, the triple scattering isochron is shown. This isochron represents all points in the subsurface
which could contribute to a particular point in the triply scattered data. In (a), points from the first scattering
point at (22, s2,72) are shown; the points in (b) are from the third scatter at (zs, s3,73). These two plots are
mirror images of one another as expected from reciprocity. The points shown in (c), mark the position of the
central scattering event at (21, ms,m,). In (c), the points do not cluster on lines like those in (a) and (b).
This scattered distribution of points fills the interior of the corresponding single scattering isochron (dashed
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Figure 11. Two different situations contributing to the third-order term are shown in (a) and (b). The three solid
curves are isochrons corresponding to the three singly scattered data points contributing to a third-order scattering
event. The dashed curve is the corresponding single-scattering isochron (i.e. the same source and receiver positions
and travel time as the triply scattered event assuming single scattering). The solid ray is the true travel path and the
dashed rays illustrate the additional travel used to write the triply scattered data in terms of three single scatters.
In (c) we show a triple scattering contribution difficult to distinguish from a singly scattered event (dash-dot ray),
in data space, since the surface positions and initial slopes are the same. In (d), a contribution that violates our
assumptions is shown; this is a doubly scattered event that would be recorded at the surface.
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Figure 12. Triple scattering isochron. In (a), only the points from the (23, s2,72) are shown. In (b), only the points
from the (z3, $2,72) scattering point are shown. In (c), the (z1,ms, m,) scattering points are shown, although only
1/50 of the number of points in the other plots are shown here. The dashed line is the same single-scattering isochron
shown in Figure 11.

line). Thus we observe that while singly scattered data at a single source, receiver, and time sample the
subsurface along an ellipse, triply scattered data at the same source, receiver, and time sample the entire
interior of the same ellipse.

The algorithm described above requires knowledge of the velocity model to the depth z: of the up-
to-down scatter. This knowledge is necessary to compute d, when the traveltime monotonicity assumption
is not valid. In addition, an adaptive subtraction technique is required to compensate for differences in
illumintation between the singly and triply scattered data. In other words, a technique must be developed
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to subtract ((as)) from {a1)) in a way that is robust to differences in the subsurface sampling between the
singly and triply scattered waves.
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Table 1. table of symbols

symbol in or near meaning
P (1) wave operator
u (1) particle displacement
f (1) source
c(z,x) (1) velocity at position z and depth z
A(z,z,&,7) (2) principal symbol of transverse Helmholtz operator
D= ( a?u) (4) field
A (4) second order system operator matrix
M = (_0 f) (4) source vector
U (5) up- and down-going wave vector
Ug, U— (5) down- and up-going displacements respectively
X (5) up- and down-going source vector
f+, f- (5) down- and up-going source respectively
Q (5),(8) diagonalization matrix for the A-matrix
B (6) wave operator matrix in diagonal (first order) system
B4, B_ (7) down- and up-going wave operators respectively
bt (7) principle symbols of the one-way operators
Q+, Q- (8) entries in the Q-matrix Q+ = B;lﬂ
- (8) operator adjoint
g quantity without dissipative term
P’ (10) one-way wave operator (without dissipative term)
r (10) parametrix of system of one-way equations
(without dissipative term)
G\, G (10) down- and up-going propagators respectively
0 = arcsin(c(z, z)||7~¢]|) 12 angle between the vertical and the ray
7,&,¢ 12 cotangent variables associated with t,z, z,
respectively
(Zmin,+> Zmax,+) 12 maximal interval in which ray can be
parameterized by z
01,02 Figure 1 specific values of 8 for pseudodifferential cutoff
Iy (13), Figure 2  set of phase space
C (13) constant everywhere larger than ¢(z,z)~!
J+(20,0) (15) set of phase space excluding

horizontal propagation
P_1 (16) pseudodifferential cutoff
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symbol in or near meaning
C (19) dissipative term
L,G+,P (19) same as above with dissipatitive term
excluding horizontal propagation
0 operator in the background medium
- difference between operator in true and background media
a=2c; 35c (24) medium contrast
\%4 (34) contrast source
S+,+ (34) reflection/transmission operators; elements of the V' matrix
1% (38) V without the D?
R (43) restriction operator
Mo = RQ Lo (43) parametrix of one-way equation restricted to acquisition
surface and returned to the original second order system
d1 (44) single-scattered data
F (44) single scattering modeling operator
Vim (V=46P) (48) contrast operator of order m in the data
N (45) normal operator
d (48) data
dut j (62) wavefield after j scatters going in the + direction
tso (62) source time
- (62) variables of integration over source parameters
2j (62) 4t datum (see Figure 6)
S5, Tj (62) 4t source/receiver (see Figure 6)
zj (62) lateral position at j*® datum, generally z; = s; = 1,
c+ (64) components of contrast source
tro (65) total single scattering traveltime
t1 (65) start time of single-scattering receiver ray
E,, E> (69) wave coupling operators
to (70) zero time at contrast for single scattering, at z2 in triple scattering
t! (71) convolution variable
H (73) Green’s function convolution operator
ta (75) Figure 7 time from so through s2,72 to m,
Mg, My (76) lateral position of upward scatter (see Figure 6)
t3 (76) Figure 7 tq plus time from my,ms to s3,73
t4 (77) Figure 7 total time on triple-scattered ray
th (79) convolutional variable, equal to time from mg, m, to s3,73
t3o (79) zero time at contrast at z3
tmo (79),(88) zero time at contrast at z1
tn, (80) Figure 7  time from m! to m,
tnt, (82) Figure 7 time from m/, to ms
ty (83) convolutional variable, time from m} to s3,r3
th =ta +tm (85) Figure 7 time from so through s2,72 to m/,
w (86) convolution of two ‘data’ sets
w (87) integral of w with respect to z2 and z3
tmt = tmt +tme (88) Figure 7 time from m/, through mg, m, to m/,
K (90) downward continuation forward modelling operator
Ry (91) restriction operator, inverse of F1 o
Z, ¢y and ®(z,x,D,, Dy) (94) pseudodifferntial operators to correct for
amplitude affects
() (95) estimate of quantity, for a using traditional inverse
di(z1;s,1,t) (99) single-scattered data with scatters only
below the z; level
(D{a))(z1,s,7,t) (99) data with scatters only above the z1 level

102
102
102
104
109
110
110
110
110
111
112

(
(
(
(
(
(
(
(
(
(
(
(112

)
)
)
)
)
)
)
)
)
)
)
)

R2 operator acting in the ¢’ variable

surface points for imaging at 2;

time from mg through ms, m, to m?

single scattered data without integration over z;
wave equation angle transform

jacobian

operator to map (z,s,r,t) to (z,z,p)

half-offset

pseudodifferential cutoff about h =0

estimate of medium contrast using angle transform
composition of pseudodifferential operators
slowness vector



