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ABSTRACT
In thispaperwederive2.5-Dhigh frequency modellingandimaging-inversionformu-
las of seismicre�ection datain theBorn approximationin anisotropicelasticmedia.
The2.5-Dapproachencompasses3-D wavescatteringmeasuredin acommonazimuth
acquisitiongeometrysubjectto 2-D dimensionalcomputationsunderappropriateas-
sumptions.Thelowestpossiblesymmetryof themediumin thisapproach,in principle,
is monoclinic,while themediummustbetranslationallyinvariantin thenormaldirec-
tion to the associatedsymmetryplane.In the presenceof caustics,artifactsmay be
generatedby the imaging-inversionprocedures.We show that in the2.5-D approach
theanalysisof artifactsin the2-D symmetryplaneimpliesthecorrespondinganalysis
in 3-D in the framework of the commonazimuthacquisitiongeometry. An interest-
ing aspectof our resultsis the occurrenceof out-of-planegeometricalspreadingin
the least-squaresremoval of thecontrastsourceradiationpatternson thedata.We �-
nally introducethe2.5-Dtransformthatgeneratescommonimage-pointgathers.This
transformyieldsanef�cient, thoughin general,approximatetool for migrationveloc-
ity analysisin anisotropicmedia.A realoceanbottomseismicdataexamplefrom the
North Sea,usingthederivedformulas,is given.

Key words: Re�ection seismology, seismic modelling, inversion, ray theory,
anisotropy.
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Figure 1. Cylindrical re¯ectorsand the plane of consideration;
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Figure 2. Parallell slicesof the mediumin the directionof the most
dominantchange.

1 INTR ODUCTION

In this paperwe derive generalsinglescattering2.5-D mod-
elling and imaging-inversion formulas in anisotropicelastic
mediaunderpreciseassumptions.Thelowestpossiblesymme-
try of themediumin thisapproach,in principle,is monoclinic,
while themediummustbe translationallyinvariant in thedi-
rectionnormal to the associatedsymmetryplane.All results
areput in thecontext of commonazimuth(CA) migrationas
discussed,for example,by deHoopet al (2002).If theEarth
variesin mostlytwo directions,arepresentativeplanecontain-
ing thesedirectionswill suf®ce in describingthe subsurface;
the2.5-Dframework appliesapproximately(it is exactif there
areonly two directionsof change).This enablesa fastcom-
putationalway, througha slicewiseapproach,to re¯ectionto-
mography. Further, it simpli®estheability to monitorthereg-
ularizationof this kind of tomography. Figure1 shows a rep-
resentative slicein thedirectionof thedominantchangewhile
Figure2 shows severalparallelsuchslicesin amediumwith a
smoothout-of-planebehavior.

Goldin (1986)and �Cerveńy (1981)consideredthenotion
of 3-D wavepropagationin 2-D media,the2-D mediumbeing
containedin thementionedplane.Bleistein(1986)introduced
the notion of 2.5-D in seismicapplicationswhen restricting
theattentionto wavesthattravel andscatterin thisplanealone
consistentwith theCA acquisitiongeometryif suchgeometry
is alignedwith theplane,but exhibit 3-D geometricalspread-
ing. He consideredthe acousticwave equationand derived
modellingandKirchoff migrationformulasfor this case.Sev-
eralauthorshave sinceconsidered2.5-DKirchhoff migration
in isotropicelasticmedia(Tygel et al. 1998;Dellinger et al
2000).Geoltrain(1989)extendedthe approachto Kirchhoff
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migrationin transverselyisotropicmediawith a verticalsym-
metryaxis.

The imaging-inversionresultsin this paperare derived
usingtheinversegeneralizedRadontransform(GRT) (Miller,
OristaglioandBeylkin 1987)andusingnaturalcoordinatesat
eachsubsurfacepoint to be imaged,namelyscatteringangle
and migration dip. Sollid and Ursin (2003) derived a 2.5-D
migration formula, using the GRT, in transversely isotropic
media.A review of 2-D and 2.5-D inversionand migration
is found in (FossandUrsin 2003).Using theaforementioned
choiceof coordinatesremoves the useof a Beylkin determi-
nant (de Hoop, Spencerand Burridge 1999). Additionally,
this choiceunravels causticsthat may occur in an inhomo-
geneousmediumgiving rise to multivaluedtravel time func-
tions. In the presenceof caustics,strictly speaking,the GRT
shouldbedevelopedwith Maslov Green'sfunctions.However,
de Hoop and Brandsberg-Dahl (2000) carriedout an analy-
sis that showed that as long as thereare no causticsoccur-
ring at the sourceor receiver positions,througha stationary
phaseargument,the Maslov formulation reducesto a GRT
baseduponthegeometricalray approximation(GRA) for the
Green's functions.Following this observation,we employ the
GRA Green's function in our development.The formulasde-
rived in this paperare applicablein the presenceof multi-
pathingandcausticsunderassumptionsthatwill beclari®ed.

Thehigh frequency linearizedinversion,givena smooth
backgroundmedium,yields themostsingularpartof theun-
known mediumcontrastandis developedin theframework of
pseudodifferential and Fourier integral operators(FIOs), see
e.g.Duistermaat(1996).Thiswasdonein theacousticcaseby
Rakesh(1988),Hansen(1991)andin theanisotropicelastic.

In the presenceof caustics,in the CA geometry, imag-
ing artifactsmay occur; for the acousticcase,seeNolan and
Symes( 1997).An artifact is de®nedasa falseevent in the
image that is not containedin the mediumcontrast,i.e. an
imagere¯ectorthat is not there.The inversionis artifact-free
undertheso-calledBolker condition(Guillemin 1985).When
this conditionis violated,the imageresultingfrom the inver-
sionprocedurewill containartifactswe have coinedartifacts
of type 1. The transformationof seismicdatainto common-
imagepoint gathers,basedupon the GRT, canbe viewed as
introducinga restrictionto a ®xed scatteringanglein the in-
versionformula(Brandsberg-Dahlet al. 2003b).This restric-
tion in the presenceof causticswill give rise to artifacts of
type2 (for anexhaustive analysisof theseartifacts,seeStolk
(2002)).Brandsberg-Dahl et al (2003b)suppressedsucharti-
factsby aprocedurecalledfocusingin dip by selectingcontri-
butionsto the imaging-inversionintegral from isochronesby
anisochrone®lter.

The outline of the paperis as follows. In section2, we
introducethe notationandthe fundamentalassumptionsper-
taining to 2.5-D. We also show by an example that, due to
theanisotropy, anadditionalassumptionis requiredto restrict
the rays to travel in-plane,comparedto Bleistein (1986).A
detaileddescriptionof all aspectsof the 2.5-D Born single
scatteringmodelling formula is given. The derivation of this
formula canbe found in the AppendixA; it is basedon ap-

proximatingthe out-of-planeintegral of the 3-D Born mod-
elling formula by the methodof stationaryphase(Bleistein
1986)given that thereareno out-of-planecaustics.We give
a descriptionof which elasticparameterscanbe determined
in the2.5-D framework of CA data.A moredetaileddescrip-
tion of the parametrizationandresolutionof the smoothand
perturbedpartsof themediumin this context is givenby Foss
andUrsin (2003).Additionally, we give the preciseassump-
tionssubjectto whichour2.5-Dmodellingis well de®nedand
show how it pertainsto theCA acquisitiongeometry. Section
3 containsthedetailedguidethroughour inversionprocedure,
which is ananalogueto leastsquaresinversion.Theinversion
follows closelythatof deHoopandBrandsberg-Dahl (2000).
We show thatthe2-D Bolker conditionpertainingto thesym-
metry planeimplies the likewise condition in 3-D subjectto
therestrictionto CA. First,we constructtheadjoint(imaging)
operatorof the2.5-Dmodellingoperator. Second,weevaluate
thenormaloperatorandidentify its `inverse'up to leadingor-
der. Third, we composethis `inverse'with mentionedadjoint
to ®nd the2.5-Dinversionoperator. (For `inverse',oneshould
readparametrix,which is the inversemodulosmoothingop-
erators.)Theactualinversionresult,for themostsingularpart
of the mediumcontrast,is given in subsection3.2 asan in-
verseby GRT in naturalcoordinates.In section4 we present
the 2.5-D transformationof the datato common-imagepoint
gathers.Section5 shows resultsusingtheformulasderivedin
this paperappliedto real oceanbottomcable(OBC) seismic
datafrom the North Sea.We concludewith a discussionon
futureapplications.

2 MODELLING

2.1 Green's functions in a smoothly varying medium

The geometricalray approximation(GRA) to the Green's
functionsis a causal,shortperiodapproximatesolutionto the
elasticwave equation,in thefrequency domaingivenby
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This conventionwill beusedin the following: superscriptsI and J indicatetheassociationof a variablewith eithera sourceor a
receiver point, � � and � � , respectively.
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� is theamplitude,whichbecomescomplex in thepresenceof caustics,andcanbe
written in theform ( �Cerveńy 2001)
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where E

3

and E$�

�

are local surfacecoordinateson the wave front at the points � and � � , respectively. ' ���

�

� �

� is the KMAH
index andcountsthecausticsthattheray encountersbetween� � and � ; it accountsfor thephaseshiftsthis causes.Thesubtleties
concerningthecomputationof this index in thepresenceof anisotropy for thequasishearwavesareelucidatedin (Klime�s1997).

We areconcernedwith 2.5-Dmodelling,andimaging-inversionof elasticwavesin anisotropicmediain theBorn approxima-
tion. To justify the2.5-Dapproachwe needto invoke appropriateassumptions.Two of theassumptionspertainsto restrictingthe
raygeometryto the ��
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��� -planein themodelling,the®rst being:

Assumption 1. (Symmetries)
a) Themediumis invariant in theout-of-planedirection( 
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Thetranslationalinvarianceof assumption1 a)guaranteesthattheout-of-planewaveslownessis constant.Assumption1 b) ensures
that the wave front is symmetricaboutthesymmetryplane.The lowestpossibleanisotropicsymmetryis thenmonoclinicwhich
hasonly oneplaneof mirror symmetry.
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Note that theargumentin equation(5) for thesplitting of the in-planeandout-of-planespreadingis not dependenton theactual
constantvalueof H

� .

2.2 Scattering in the Born approximation

The2.5-DBornmodellingformulais derivedfrom the3-D Bornmodellingformulaby astationaryphaseargumentintegratingout
theout-of-planecoordinate,following Bleistein(1986).Thedomainin thesymmetryplanein which the2-D scatteringtakesplace
is denotedby
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respectively. We wish to restrictour attentionto raysthatonly travel in-plane.However, thestationaryphaseargumentin equation
(7) admitsout-of-planecontributions.A simpleexamplethatsatis®esequation(7),usingH �

� equalaconstant,for qSV-qSVscattering
(`q' standsfor `quasi' in the following) is illustratedin Figure4. Themediumis transverselyisotropicwith a vertical symmetry
axis( 
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Figure 3. Triplication of the recordedwave ®eld with travel time functionsper branchdenoted�
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commonshotgather.

smoothlyasshown on the right of the ®gure for threedifferentdepthsin the modelusedin the ray tracingon the left. All axes
aregiven in meters.The groupvelocity vector,

�

, is perpendicularto the slownesssurfaceandgovernsthe directionof the ray.
This is indicatedwith the surfacenormal to the slownesssurface,
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� . As suggestedin the ®gure,we may changesmoothlythe
directionof theenergy velocity, sendingtheraysoutof theplaneandbackagainwhile keepingH

� ®xed(implicationof assumption
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is unusualin a sedimentarysequencesetting.

Weadmitin-planescatteringeventsonly, by imposing:

Assumption 2. (Seismicphaserestriction) Only seismiceventswith at leastoneray, or leg, associatedwith a wavetypethat
pertainsto a convex slownesssurfaceare considered.
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surfacewill inducegroupvelocityvectorspointingoutof theplane(themiddleslownesssurfaceon theright of Figure4 illustrates
this). The groupvectorssendseismicenergy away from the planenever to return.In particular, P wavesalwayshave a convex
slownesssurface(Musgrave 1970);hence,qP-qPandqP-qSVscatteringeventsalwayssatisfyassumption2.
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Note thatboth thesmoothpartandtheperturbationarerestrictedin accordancewith assumption1a)andb) makingthere¯ectors
partsof thecylindrical surfaces(seeFigure1). In theBorn approximation,thewavestravel in thesmoothpartof themediumand
arescatteredoff the perturbationonce.In the imaging-inversionproblemthe smoothmediumis assumedto be known. It is the
mediumperturbationwe will invert for. Themulticomponentdatacollectedin a seismicexperiment,�

�

�

, undertheconditionof
a smoothbackground,will be, in this approximation,the asymptoticpart of the modellingformula.The subscriptsindicatethat
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be modelledby an operator




actingon the mediumperturbation(seeAppendixA for a detailedderivation, where
	

�

�

is the
time-Fouriertransformof thedata�

�

�

)

�
�

�

���

�

�

�

�

�

�

�

	




#

*

�

.

���

�

�

�

�

�

�

�

���

�
	��




i
�

��������� �

#

�

���

�

�

�

� 
 �

)

*-,/.

���

�

 

A A

���!�

�

�

�

 

A A

���

�

���

�

 

C

���

�
�

�

�

�

�
�

�

"

�

���

�

�

�

�

�

�

�

#

*

�

.

���

���

i �

*

�������

*��

� N

�

N

�

�

.

���

.

#

�

���

�

� d� d�

A (9)



50 S.K.Foss,M.V. deHoop& B. Ursin

Figure 4. Exampleof raystravelling out-of-planethatarein thestationarypoint setequation(7)
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(Notethatthemodellingequationis valid up to leadingordersincewe insertedtheGRA amplitudesin theoscillatoryintegral
representationsfor the Green's functions.)We consider�
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#�� labelsthebranchesof the two-way travel time and � is thecollectionof them.Theset ?
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describesthe two-way travel timesfor all branches.Each
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, i.e. a particularsubsetof
acquisitionandscatteringpoints �����
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� . In agenericinhomogeneousmedium,causticswill form. Figure3 shows anexample
of multivaluedness:a triplication in the recordedwave ®eld, thedottedplaneindicatinghow this is recordedfor a singlesource.
The branchesareassigneda numberto separatethemindicatedon the travel time functions
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. . We will omit this
indexing of thebranchesfor clarity of notationuntil thedistinctionbecomesimportantagain(seethediscussionon artifacts).The
sumover thedifferenttravel time branchesin equation(9) will thusbesuppressedandassumedimplicit in thefollowing.
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spreadingfactor
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Thetwo-way out-of-planegeometricalspreadingis givenby
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Theout-of-planegeometricalspreading
@ C

� for thesourceray, for example,canbeexpressedas
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wherethe integral is alongthe ray parametrizedby travel time
�

connecting�
� with � . The integrand �

�
�

H

� tendsto a valueas
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both �

���

H

� tendto zero(in accordancewith the2.5-Dapproach,whereH

�

	%� , �

�

	%� ). Closedform expressionsfor theintegrand
for isotropic,transverselyisotropicandorthorhombicmediacanbe found in Ettrich et al. (2002),equations(15), (19) and(22),
respectively. Themediumperturbationsarecollectedin thematrix #

*

�

. ���

� andtheradiationpatternsequivalentlyin " �����
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�

� �

� .
They will bede®nedin thenext subsection.

Remark 1. We restrict our analysisto the part of phasespacewhere out-of-planecausticsdo not occur. Thuswe muteevents
associatedwith raysformingout-of-planecaustics(seeRemark4 in theappendix).

2.2.1 Mediumperturbationsandradiationpatterns

Sinceby assumption1, themediumis restrictedto monoclinicor highersymmetry, thereareat most13 stiffnessparametersplus
densityasindependentunknown distributions.Thestiffnesstensoris givenby (if the ��
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��� -planeis thesymmetryplane):
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Themediumperturbationsarecollectedin the 


� �


 matrix for monoclinicanisotropy (Burridgeetal. 1998)
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where ( �

$ and ( �

$ are local phasevelocitiesaveragedover all phaseangles.Theseare introducedfor computationalpurposesso
that thematrix hascomponentsof similar magnitude(Burridgeet al. 1998).We restrictthe indicesof 2

*
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.

� 35476 to the13 independent
componentsof thestiffnesstensor(cf. (12)).With highersymmetry, suchasisotropy, thematrix reducesaccordingly(Beylkin and
Burridge1990).Theradiationpatternmatrix is de®nedsimilarly asthe 
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 matrix (Burridgeetal. 1998)
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wheretheindicesfollow thoseof thestiffnessmatrix in theorderingde®nedby thematrix or innerproduct"
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in the modellingequation(9). Sincethe out-of-planeslownesswill be zero, H1�
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	 � , we seefrom equation(16) that the
contribution vanishesif � ���
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� 37456 . In view of assumptions1 and2, having H9�
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	 � , the polarizationsof qP and
qSV wavessatisfy #
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	 � . Thustheparameterswe caninvert for from qP-qPandqP-qSVscatteringarethe7 parametersout of
the14 independentonesin a monoclinicmedium,2
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� 35476 arezero).Thekinematicaspectsfor amonoclinicbackgroundmediumaregovernedby thesame
partitioningof parameters(ChapmanandPratt1992;FossandUrsin2003).

Remark 2. In imaging, thesmoothbackgroundmediumis given,andhencetherelevantamplitudescanbecomputedin the low-
estpossiblesymmetryadmittedby the 2.5-D framework: monoclinic.However, for inversion and re�ection tomography, having
observationsrestrictedto theplaneunderconsideration, only parameters associatedwith this planecanbeestimated.Hencethe
lowestpossiblesymmetryis transverselyisotropicwith a symmetryaxisin theplane. Dueto therotationalsymmetryof themedium,
parameters neededin out-of-planeamplitudecalculationsare foundfromin-planepropagation(Ettrich etal 2002;equation(19)).

2.3 The modelling operator in commonazimuth

The3-D Bornmodellingoperatorhasbeenshown to beaFourierintegraloperator(FIO) underthemild conditionsthatthereareno
directraysbetweenthesourceandthereceiver reachingthemediumperturbation(i.e. raysthathavescatteredoff asubsurfacepoint
over anangle

�

) andno grazingrays(i.e. raysthatreachtheacquisitionsurfacetangentiallyto thesurface)(Rakesh1988;Hansen
1991).The3-D modellingoperatorwith commonazimuth(CA) acquisitiongeometry(Biondi andPalacharla1996)is alsoanFIO
undersimilar conditions(Nolan andSymes1997;de Hoop et al 2003).2.5-D implies CA (but not the otherway) aligning our
symmetryplanewith theacquisitiongeometry, i.e. 
9�
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 �

� . We concludethatthe2.5-Dmodellingoperator(9) hastheproperties
of a FIO, andhasthefollowing canonicalrelation(superscript� indicatesthatthis is a canonicalrelationin two spacedimensions
coincidingwith thesymmetryplane)
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Figure 5. Coordinatesystems.

Thecanonicalrelationis a tablethatdescribeshow re¯ectorsinducere¯ectionsgeometrically. Thecanonicalrelationis intimately
connectedto raytracingin phasespace(Billette andLambaŕe1998). ) �$���

� and ) � ���

� arethetake-off directionsof theraysorigi-
natingatthescatteringpoint �
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(seeFigure 5). 
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is the unit circle). On the canonicalrelation (17)
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Remark 3. The3-D CABornscatteringoperator yieldsthefollowingcanonicalrelation(compare with the2.5-DBornmodelling
operator abovein equation(17))
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in threespacedimensions(e.g. StolkanddeHoop(2002)).Notethat
�

is here a general two-
waytravel timefunctionin order to separate it fromtheonein equation(10) which is limited to a plane. Dueto thetranslational
invarianceof themedium,assumption1a), theindividual �
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� are preserved.Henceat thescatteringpoint �<�
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In view, again, of the invariancein the out-of-planedirectionthe 2-componentof any re�ector dips mustvanish.Hence, givena
sourceanda receiverraysuch that �

�
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0 �

�

�
�

	 � , nospecularre�ectionwill returnto theacquisitionmanifold.Thisis alsocon�rmed
by thestationaryphaseargumentunderlyingthe2.5-Danalysis,seeequation(7).

Themodellingoperatormapsthemediumperturbationto thedata

��

#

*

�

.��

���

�

A (19)

3 2.5-DIMA GING – INVERSION

In thissection,wedeveloptheinversionfor themediumparameterscollectedin thematrix #
*

�

. in equation(15).Theinversioncan
beviewedasananalogueto matrix least-squaresinversion.In this context, we introducetheadjoint,
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, of the forwardoperator
theso-calledimaging operator, andapplyit to equation(9),
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where � is shorthandfor the data(indicesaresuppressed,seethe discussionbelow). The compositionof the imagingwith the
forwardoperatorgivesusthenormaloperator,
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imagesre¯ectorsproperlyif
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0




is apseudodiffer-
entialoperator(StolkanddeHoop2002).Here

0

is apseudodifferentialcutoff (`taperedmute') to ensurethatthemild conditionsof
subsection2.3,makingthemodellingoperatoranFIO, aresatis®ed.In thefollowing we will referto
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0




asthenormaloperator
1

where
0

is assumedimplicitly.
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Assumption 3. The projection of the canonical relation
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of the 2.5-D modelling operator on the acquisition variables
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This assumptionis consistentwith a 2-D Bolker condition(Guillemin 1985),for theacousticcaseseeTenKroodeet al. (1998).It
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conditionensuresthatthenormaloperatoris anelliptic pseudodifferentialoperator. Hencetheprocedureof imagingthemodelled
data,equation(20),doesnotgeneratere¯ectorsthatwerenot thereto begin with, i.e. thatarenot presentin # *
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is elliptic andpseudodifferentialwe canconstructits parametrix,denotedby �
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. Thebracketsindicatethatthis
is apseudoinverse.Following theanalogueof least-squaresinversion,anestimateof themediumperturbationin equation(15)can
berecoveredfrom thecomposition
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where� is thedata.If assumption3 is violatedwegenerateartifacts(discussedin theintroduction).A lessrestrictiveconditionand
a discussionof theimpliedartifactscanbefoundin deHoopandBrandsberg-Dahl(2000)andStolk (2000).

In view of Remark3, assumption3 (or the 2-D Bolker condition) in the symmetryplaneimplies the 3-D CA Bolker con-
dition. This condition encompassesthat for any point in
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3.1 The adjoint scattering (imaging) and the normal operators

In this subsection,we evaluatetheadjoint
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of themodellingoperator



anddeducetheleadingordercontribution to thenormal
operator
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for which we canderive a parametrix.We will write theactionof thenormaloperatorasa pseudodifferentialoperator,
i.e. asintegralsover � andits Fourierdual
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, thewave vector. Theinverseof theintegrandthusobtained(theintegrandyieldsthe
so-calledsymbolof thenormaloperator)generatesthe`inverse'of thenormaloperatorup to leadingorder.

We let theacquisitioncoordinatesbede®nedon thetwo acquisitionlinesin thesymmetryplane,
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for sourcesand
receivers,respectively. By thereciprocitytheoremof thetime-correlationtypefoundin deHoopanddeHoop(2000)theadjointor
imagingoperator
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where �

� is the frequency and
.

indicatesthe adjoint aswell ascomplex conjugation.The polarizationvectorsassociatedwith
thescatteringoff thepoint �

� aredenotedby #
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� to distinguishthemfrom thepolarizationvectorsdueto
thescatteringoff � asin equation(9). Note that thereis a summationover thedifferentindicesof thedata � �
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in the integrand
of theadjoint, following thesummationconvention.Hencethenotationof
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Composingthe imagingoperatorwith the modellingoperator(having useda pseudodifferential cutoff for when it fails to

satisfyassumption3) givesusthenormaloperator. The � �
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from themodellingequation(9) is insertedinto theabove expression
to yield
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If assumption3 is satis®edit is indeedanelliptic pseudodifferentialoperator. Theintegral over
�

yieldsa deltafunction
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Inserting(24) in thephasefunctionof thenormaloperatoryields
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The mostdominantcontribution to the oscillatory integral (25) occurswhen � and �

� arenearoneanothermakingup a small
neighbourhoodof support(Beylkin 1985).Additionally, theamplitudes,polarizationvectorsandtheradiationpatternsvaryslowly
comparedto any otherpartof theintegrand.We maythenassumethatthey areconstantin a smallneighbourhoodof �

� . Sincethe
polarizationvectorsarenormalizedwe obtain
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3.1.1 Subsurfacecoordinates

We chooseto work with coordinatesdirectlyat theimagingpoint �

� andintroducethechangeof variables
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where )
� and )

� are the phasedirectionsassociatedwith the raysconnectingthe imagepoint andthe sourceandreceiver, re-
spectively (seeFigure5). The right implication is alsotrue,but in thecaseof multipathingperbranchonly (seesubsection2.2).
This transformationremovesthe useof the Beylkin determinant(de Hoop,SpencerandBurridge1999).It alsounfoldscaustics
(de Hoop andBrandsberg-Dahl 2000)throughwell-de®nedmappingsfrom the scatteringpoint to the acquisitionmanifold.The
domainsof integrationthenbecome
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Here �

� and �

� aretwo unit circlesin thesymmetryplanefor thesourcesandreceivers,respectively. We introducetheextended
Jacobian
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andchangethecoordinatesthroughthemappingin equation(27) in all relevantplacesin thefollowing. Thein-planegeometrical
spreadingof
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andthe Jacobiancanceleachotherup to projectionfactors.Using the expressionfor the extendedJacobianin
equation(26) yields
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In accordancewith thereasoningin subsection3.1we write equation(30) asanintegral over � andits Fourierdual
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De®ning
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resultsin thesimpli®edexpression
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3.1.2 Migrationdip, scatteringangleandtheleadingorder contribution

We changevariablesagain,from thephaseanglesto scatteringangle
6

, which is theanglebetween) � and )�� , andthemigration
dip 4
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(seeFigure5). Thescatteringanglefollows to be
6

	

6

� )

�

�

�
�

�

)

�

�

	����������
	 � )

�

�

)

�

� A (34)

To be ableto integrateover the migrationdip, thereis assumedto be no scatteringover
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In 2.5-Dthismappingexistsbothways;thereis nointegrationover theazimuth(deHoopandBrandsberg-Dahl2000).Thedomains
of integrationcannow bewrittenas
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Changingall relevant coordinatesunderthe mappingin equation(35) andcollectingthe integrationover the scatteringangle
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yields
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We introducethesquarematrix (of thedimensionalityof " )
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wherethesecondtermis thesameasthe®rst but with 4
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replacedby � 4

�

. Thisenablesusto rewrite equation(37)with positive
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This hasnow explicitly the form of a pseudodifferentialoperatorwith integrationover � andits dual
*

throughthe identi®cation
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. Notethedifferenceswhencomparedwith the3-D
casefound in de HoopandBrandsberg-Dahl (2000):theout-of-planegeometricalspreading
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naturallyappearsin the leading
order symbol of the normal operatorin equation(38) combinedwith the radiationpatterns.Also the power of �

�

�

� hasbeen
modi®edin accordancewith thestationaryphasecalculationin 2.5-D.

3.2 Least-SquaresInversion

To leadingorder, theinversenormaloperatorcomposedwith thenormaloperatorfrom thelastsubsectionshouldyield theidentity.
Thedeparturefrom theidentitity is dueto takingthegeneralizedinverseof andsmoothercontributionsto thenormaloperator. We
denotethegeneralizedinverseof
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. Theresolutionis controlledby �
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. Generalanalysisof theresolutionis given
by deHoopetal (1999)andfor the2.5-Dcaseby FossandUrsin (2003).
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In view of limited illuminations,thesupportof 


� will beboundedwhile 4
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deltafunction,
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Note that oneof the 


� variablesis placedwith the integrationvariablessince �
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� yield polar coordinatesin
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We replace�

� with � in the imagingoperator(22). Therealpartof thecompositionis symmetricin �

� while the imaginarypart
is oddanddisappears.Theintegrationover �

� thenbecomesone-sidedby takingtherealpartandmultiplying by 2 (deHoopand
Brandsberg-Dahl2000).Usingequation(21) theleast-squaresestimateof themediumperturbationbecomes
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We have introducedthe time-Fourier transform
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We observe thattheintegrationover � now becomesa deltafunction,
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Taking �
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out of thegeneralizedinverseandmakingtheappropriatechangesyields
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(Equation(47) is in factadirectmanifestationof thecompositionof apseudodifferentialoperatorwith aFIO (Treves1980,Section
6.1.ChapterVIII)). Thesurfacecoordinates� � and � � arechangedto thephasedirectionsat thescatteringpointasin relation(27).
Usingequation(29)and(32), theappropriateJacobiancanbeexpressedas
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Insertingtheresultin equation(47)yieldstheestimateof themediumperturbation
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We observe in thedenominatortheout-of-planegeometricalspreading,which alsoexists in theexpressionfor
7

(equation(38)).
Changingthevariablesfrom phaseanglesto scatteringangle
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wherewe have left the phasedirectionsin the argumentof the in-planeamplitudesto distinguishthem.The Jacobianinsidethe
integralcanbefoundin (Burridgeetal. 1998).TheintegralovermigrationdipmakesthisaninversebygeneralizedRadontransform
(GRT).

4 TRANSFORMATION INT O ANGLE GATHERS

When constructinganglegatherswe ®x the scatteringangle,
6

, and integrateover the migration dip, 4

�

. The restrictioncan
introduceartifactsin theanglegatherswhenthemediumis inhomogeneous(i.e. in thepresenceof caustics)dueto multipathing
in therecordedwave-®eld.Theseartifactsaredifferentfrom theartifactsdueto thefailureof assumption3. Theseartifactsarenot
presentin theinversionby equation(50)sincethey stackdestructively (Stolk anddeHoop2002).

Sincetherestrictionto a ®xedscatteringanglemeansthatwe no longerstackover all thedata,but ratherover subsetsof the
datathatchangewith imagepoint andscatteringangle,we reintroduce� � and ��� asthevariablesof integration.This requiresthe
notionof branchesof the two-way travel time (seeequation(10)). We de®ne

6

*

�

. as
6

� )
�

�

�

�

�

)
�

� (cf. (34)-(35))composedwith
the inverseof map(27), associatingthescatteringanglewith theacquisitioncoordinates�

�

�

�
� . We de®nethe`angle' transform

;

(theGRT) via a restrictionof theimagingoperator



.

in equation(22) to ®xedangle
6

*

�

.
	

6

� , where
�

# � indexesthetravel
time branch.We reintroducethesumover thedifferenttravel time branchessuppressedsinceequation(9). Thuswe multiply the
kernelof



.

in equation(22) by a deltafunction,
8

�

6

*

�

. �

6

�

� . Thekernelof
;

, denotedby
<

�

�

, canbewritten asanoscillatory
integral (aftera changeof �

� to � )
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Here � is theFourierdualof thescatteringangle
6

(Stolk anddeHoop2002)and
=
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The artifacts of the restriction can be evaluatedby consideringthe composition
;�


, a
6

� -family of operatorseachmember
of which resemblesthe normal operator. The artifacts in the angle gatherscan be recognizedby their `move-out' in angle.
A multi-dimensional®lter in the Fourier domain (seeequation(51)) can be applied to remove the artifacts associatedwith

�

�

���

�

,��

� . Brandsberg-Dahlet al. (2003b)suppressedtheartifactsby so-calledfocusingin dip.

By proceedingas suggestedabove using the appropriatechangesof variablesleadingup to equation(50), the angle depen-
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Figure 6. Imagecreatedasa linearcombinationof invertedparametersfrom equation(50) usingPP-scatteringeventof theNorth Sea(OBC) data
set.

dentparameterestimates(usedto constructcommon-imagepointgathers)aregivenby

�

#

*

�

.

�����
�

6

�

�

�




�

�

�

�




 �

�

;

�

���

�

�

d4

�

�

� )?�

�

) �

�

�

� 4

�

�

6

�

�

� � �

�

,

d�

�

�
�

� i �

��
 �

5

(

&

���
�

�

4

�

�

6

�

�

�

7

���
�

�

4

�

�

�

�

�

�

�

�

�

�

&

���

�

�

4

�

�

6

�

�

�

�

"
���

�

�

4

�

�

6

�

�

#

�

���
� �

�

�

�

	

�

�

���
�

�

�
�

�

�

�

�

#

�

���
� �

�

�

�

)

*-,/.

���

�

�

 

A A

� )

�

�

�

�

�

 

A A

���

�

�

)

�

�

 

C

���

�

�

4

�

�

6

�

�

.

�

�

i �
�

�

*��

�

�

�
�

�

�

�

.

�

A (53)

Note that we againhave suppressedthe summationof the travel time branches.The factor
7

���

�

�

4

�

� is an averagein
6

of the
radiationpatterns.�

7

���

�

�

4

�

�

�

�

�

thenactsasa least-squares(LS) removal of the radiationpatterns.This is hencea LS-AVA-
compensatedparameterestimate.Since,upon®ltering,

�

#

*

�

.
���

�

�

6

�

� shouldonly dependsmoothlyon
6

� if thecorrectbackground
mediumis used,the detectionof smoothnesscan be usedas a criterion for velocity analysis.Brandsberg-Dahl et al. (2003a)
followedsuchanangletomographicapproachto determinethebackgroundmedium.

5 EXAMPLE

Herewegive anexampleusingrealdatafrom theNorthSea.Thedatasetis acquiredusingoceanbottomcable(OBC)acquisition.
We usedatafrom a singleoceanbottomcablemakingtheintersectionof a presumedsymmetryplaneandtheoceanbottom.

Usingequation(50)weperformanisotropicinversionconsideringPP-scatteringeventsandanisotropicbackgroundmedium.
This yields information on the threeindependentparameterperturbations)

*

�

.

�

2

*

�

.

������� and 2

*

�

.

������� in equation(15). An imageis
createdasa linear combinationof theseparametersgiven in Figure6. The geologyvariesmostly in the imagingplanemaking
this anaccurate2.5-Dproblemunderour assumptions1 and2. However, at depthsgreaterthan3000meters,the2.5-Dframework
deteriorates.By this we meanthat the geologyalsovariessigni®cantly in the out-of-planedirection sendingenergy out of the
computationalplane.Hence,suf®cient informationon there¯ectorshereis simply notcontainedin ourdata(thesingleacquisition
cabledataset).Thetop partof Figure7 is a high resolutiondetail from Figure6, with surfacepositionfrom 


��� � to
�

� � �

� and
depthfrom 


���

� to �




�

�

� . TheV-shapein thelowerpartof theimageis adistinctgeologicalfeaturebelievedto beeitheraslump
fault or anerosive channeldeposit.As a slumpfault theleft partof theV-shapehasdroppedandnew layershave depositedon the
slopecreated.The lower partof the®gureis a schematicdrawing of the featureasanerosive channel,wherewaterhasdug into
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Figure 7. Top ®gureis a high resolutionimageof detail from Figure6. Theimageshows a possibleslumpfault or erosive channeldeposit.Their
dominantfeaturesarecapturedin this 2-D slice.Thebottom®gureis aschematicdrawing of theimageasanerosive channeldeposit.

thehorizontallayerandnew materialhasdepositedlater leaving a slight curve in thelayer, theV-shape.Both of thesegeological
featureshave a slowly varyingbehavior in onedirection.Giventhatour computationalplaneis intersectingat theright angle,the
main featuresaredescribedby this slice and the smoothlyvarying behavior are in the out-of-planedirection.Hencethe 2.5-D
framework applieswith decentaccuracy.

Figure8 showsLS-AVA-compensatedcommon-imagepointgathersfor PP-andPS-scatteringevents,respectively, createdasa
combinationof theparametersfrom equation(53)atsurfaceposition


�

	�


�

���

� . Thecombinationsarechosenastheappropriate
acousticimpedances;i.e.P-wave impedancefor thePP-gatherandS-wave impedancefor thePS-gather. Theverticalscaleis from

�

� �

� to 
 �

� �

� in depth.Following convention,bothcommon-imagepoint gathersareplottedasfunctionsof incomingP-wave
angle,rangingfrom � to 
 � degrees.Notethatthezeroanglecontributionof thePS-gatheris setto zeroasthis is notde®ned.Only
a subsetof there¯ectorsarecomparablein depthbetweenPP-andPS-gathers,yet with very differentstrengthin amplitudes.As
mentioned,the imagingis donein an isotropicsmoothbackgroundmedium,yet themediumis anisotropic.Theanisotropy hasa
strongeffect on the travel timesandthusthe depths.This canexplain why certainre¯ectors,whencomparingthe two common-
imagepoint gathers,seemto be at differentdepths.Note that the amplitudebehavior is closeto constantwith angle.Hence,for
this rangeof scatteringangles,theLS-AVA-compensationin equation(53) suppressestheamplitudebehavior. This is importantin
angletomographythroughtheuseof `differentialsemblance'(Brandsberg-Dahlet al. 2003a).It is clearfrom this example,thata
joint treatmentof (q)Pand(q)Svelocitiesbecomesnecessaryin re¯ectiontomography.

6 DISCUSSION

This paperpresentsthe generalform of 2.5-D modeling,imaging-inversionandAVA-compensatedangletransformformulasin
anisotropicelasticmediaundernecessaryandsuf®cient assumptions.Theresultsextendthoseof Bleistein(1986)to thecasesof
multipathingandanisotropicelasticity. Assumption1 restrictsusto a monoclinicmediumasthelowestpossiblesymmetry. How-
ever, undertheadditionof assumption2, thewave propagationis restrictedto theplane.Any symmetrieslower thana transversely
isotropicmediumwith thesymmetryaxiscontainedin theplaneof considerationhave to beexcludedfor thepurposeof inversion
andre¯ectiontomography.

In thepresenceof caustics,artifactsmaybegeneratedby the imaging-inversionprocedures.Subjectto theBolker condition
suchartifactsareavoided.We have madetheobservation thatthe2-D Bolker conditionin thesymmetryplaneimplies theBolker
conditionin threedimensionsin theframework of thecommonazimuthacquisitiongeometry. Artif actsin thecommonimage-point
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Figure 8. LS-AVA-compensatedcommon-imagepoint gathersfor PP-andPSV-scattering,respectively at surfaceposition
���������

in Figure6
createdusingequation(53). The depthrangeis from �

���

to ��	

���
�

. Both common-imagepoint gathersareplottedas functionsof incoming
P-wave angle,from

�

to �

�

degrees.

gathersarealsocontrolledby theray geometryin thesymmetryplaneonly andcanthusbe®lteredout by 2-D considerations.An
interestingaspectof our resultsis theappearanceof out-of-planecontributions,by thegeometricalspreading,containednaturally
in theleast-squaresremoval of theradiationpatterns.Intuitively thiscanbeunderstoodastheremoval of thestationarycontribution
to theradiationpatternsfrom theout-of-planegeometricalspreading.

The primary applicationsof our 2.5-D formulation are a slicewise approachto (i) time-lapseseismics,and (ii) re¯ection
tomography. We elaborateon the secondapplication.The new least-squaresAVA-compensatedtransformof seismicdatainto
common-imagepoint gathersin anisotropicmediaenablesa slicewise approachto migrationvelocity analysis.This is a better
compensationof theAVA-effectsthanby a pointwiseremoval asfound in (Brandsberg-Dahl et al. 2003a).Given a mediumthat
hasits dominantchangein two directionswe may invoke the2.5-D assumptionsapproximatelyto slicesin thesmoothlyvarying
direction as donein the example,section5. We parametrizethe mediumin a ®nite dimensionalsubspaceof possiblesmooth
backgroundmodelsby acollectionof slices�

	@?

�

��


�
� D , for all valuesof 


� underconsideration,whereeach�

��


�
� is the2-D

parametrizationof a sliceat 


� . Angle tomography(Brandsberg-Dahletal. 2003a)canbedonepersliceby differentialsemblance
(SymesandCarazzone1991)on AVA-compensatedcommon-imagepoint gathersgeneratedby equation(53). We extendthis by
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applyingtheappropriateout-of-planè annihilator'asaTikhonov regularizerto themis®t functional
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where(cf. equation(38))
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All relevant parametersof equation(55) arecalculatedfor 4

�

in the wavefront setof
�

# *

�

. . #<*-,/.
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� � is a vectorof the
parametersof thebackgroundmediumgiventhecurrentparametrization� .

H

in equation(54) is a statisticalquantitycontrolling
the trade-off betweenin-planeandout-of-plane®t (Tenorio2001)and � 	 ��


���




��� .
�

� and
�

�

� arethepartial derivativeswith
respectto thescatteringangleandout-of-planecoordinate,respectively. TheLS-AVA-compensatedinversionresultfrom equation
(53) is denoted

�

# *

�

.

	

�
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��� �
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�




��� to emphasizethat it is generatedusingthe currentparametrizationof the smoothbackground
model, � , for theslice at out-of-planecoordinate


� . Theminimumof this function indicatesa smoothbackgroundmodelsuch
that thedataarein therangeof the2.5-Dmodellingoperator. In this way the2.5-D framework providesa fastcomputationaltool
for 3-D tomographyandanincreasedability to monitortheregularizationof thesearchfor a®tting model.
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APPENDIX A: THE 2.5-DBORN MODELLING FORMULA

The3-D Born formulais ahighfrequency approximationto the®eld scatteredoff themediumperturbationat �

#

� �

�

, collectedat
thereceiver position � � generatedby asourceat ��� . This®eld is calculatedby substitutingtheappropriateGRA Green's functions
(2) in theBornapproximation.It givesthat,underassumption1 onthemedium,the � -directionof thescattered®eldat thereceiver
position � � dueto a � -componentsourceat � � writtenasa Fourierintegral operatoris
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Themediumperturbation#
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. andtheradiationpatterns" are,for thelowestpossiblesymmetry(triclinic), � �

�


 -matricesof the
form asin equations(15)and(16), respectively. Thedomainof integrationof the ��


� �




� � -coordinates,
�

, is de®nedin subsection
2.2.

Upon scaling, 
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, we recognizethe phasevariables ��� 
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� . We proceedas in Bleistein (1986) and use the
methodof stationaryphaseto integrateout the out-of-planevariable 


� in (A1). The one-dimensionalstationaryphaseformula
approximatesintegralsof thetype
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for suf®ciently large
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is thestationarypoint,suchthat
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	%� . In thementionedintegral,
thestationarypoint is givenby
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Due to assumptions1 and2, the only solution to (A3) is H9�
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	 � which implies that the stationarypoint is 
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discussionon this is given in themain text. Observe that thesumof theslownessesin equation(A3) alsooccursin thecommon
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� aretheout-of-planegeometricalspreadingfactorsde®nedin equation(5) for theraysconnecting
theimagingpoint � with thesource� � andreceiver ��� , respectively.

Remark 4.
In points,in phasespace, where either
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� tendsto zero thetravel timefunctionis not smooth.We observe
this in equation(A4)where theHessianof thetraveltimefunctionwill tendtowardsin�nity andwill notbede�ned.Thisessentially
meansthat the stationaryphaseargumentdoesnot hold. The integral over 


� in equation(A1) remains.Out-of-planecaustics
are thusnot allowedfor the stationaryphaseformula to be applicable. We restrict the analysisin the following to rayswith no
out-of-planecaustics.
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phaseformula(A2) thenyieldsfor the 
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Usingequation(6) this equationreducesto the2.5-Dmodellingformula(9) in themaintext (herein thefrequency domain),
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