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ABSTRACT

In this paperwe derive 2.5-D high frequeng modellingandimaging-inversionformu-
las of seismicre ection datain the Born approximationin anisotropicelasticmedia.
The?2.5-Dapproactencompasse®D wave scatteringneasured acommonazimuth
acquisitiongeometrysubjectto 2-D dimensionakcomputationsinderappropriateas-
sumptionsThelowestpossiblesymmetryof themediumin thisapproachin principle,
is monoclinic,while the mediummustbetranslationallyinvariantin the normaldirec-
tion to the associatedymmetryplane.In the presenceof caustics artifactsmay be
generatedy the imaging-irversionproceduresWe shawv thatin the 2.5-D approach
theanalysisof artifactsin the 2-D symmetryplaneimpliesthe correspondingnalysis
in 3-D in the framawork of the commonazimuthacquisitiongeometry An interest-
ing aspectof our resultsis the occurrenceof out-of-planegeometricalspreadingn
the least-squareszmoval of the contrastsourceradiationpatternson the data.We -
nally introducethe 2.5-D transformthat generatesommonimage-pointgathersThis
transformyieldsanef cient, thoughin generalapproximateool for migrationveloc-
ity analysisin anisotropicmedia.A real oceanbottomseismicdataexamplefrom the
North Seausingthederivedformulas,is given.

Key words: Re ection seismology seismic modelling, inversion, ray theory
anisotropy.
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Figure 2. Parallell slicesof the mediumin the direction of the most
dominantchange.
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In this paperwe derive generalsingle scattering2.5-D mod-
elling and imaging-irversionformulasin anisotropicelastic
mediaundemreciseassumptionsThelowestpossiblesymme-
try of themediumin thisapproachin principle,is monoclinic,
while the mediummustbe translationallyinvariantin the di-
rectionnormalto the associategymmetryplane.All results
areputin the context of commonazimuth(CA) migrationas
discussedfor example,by de Hoopetal (2002).If the Earth
variesin mostlytwo directionsarepresentate planecontain-
ing thesedirectionswill suf®ce in describingthe subsuréce;
the2.5-Dframevork appliesapproximately(it is exactif there
areonly two directionsof change).This enablesa fastcom-
putationalway, througha slicewise approachto re ectionto-
mographyFurther it simpli®esthe ability to monitorthereg-
ularizationof this kind of tomographyFigure 1 shavs arep-
resentatie slicein thedirectionof thedominantchangewhile
Figure2 shavs severalparallelsuchslicesin amediumwith a
smoothout-of-planebehaior.

Goldin (1986)andCenery (1981)consideredhenotion
of 3-D wave propagationn 2-D media,the2-D mediumbeing
containedn the mentionedplane Bleistein(1986)introduced

matrix usedin re ectiontomography the notion of 2.5-D in seismicapplicationswhen restricting

by differentialsemblance

backgroundnediumparameters
statisticalregularizationparameter

Superscripts and indicatesourceandrecever respectiely.

theattentionto wavesthattravel andscattetin this planealone
consistentvith the CA acquisitiongeometnyif suchgeometry
is alignedwith the plane,but exhibit 3-D geometricakpread-
ing. He consideredthe acousticwave equationand derived
modellingandKirchoff migrationformulasfor this case Sev-
eralauthorshave sinceconsidered®.5-D Kirchhoff migration
in isotropic elasticmedia(Tygel et al. 1998; Dellinger et al
2000). Geoltrain (1989) extendedthe approachto Kirchhoff



migrationin trans\erselyisotropicmediawith a vertical sym-
metryaxis.

The imaging-irversionresultsin this paperare derived
usingtheinversegeneralizedRadontransform(GRT) (Miller,
OristaglioandBeylkin 1987)andusingnaturalcoordinatest
eachsubsuracepoint to be imaged,namelyscatteringangle
and migration dip. Sollid and Ursin (2003) derived a 2.5-D
migration formula, using the GRT, in trans\erselyisotropic
media. A review of 2-D and 2.5-D inversion and migration
is foundin (FossandUrsin 2003).Using the aforementioned
choiceof coordinatesemaovesthe useof a Beylkin determi-
nant (de Hoop, Spencerand Burridge 1999). Additionally,
this choice unravels causticsthat may occurin an inhomo-
geneousnediumgiving rise to multivaluedtravel time func-
tions. In the presenceof causticsstrictly speakingthe GRT
shouldbedevelopedwith Maslor Greensfunctions However,
de Hoop and Brandsbeg-Dahl (2000) carried out an analy-
sis that shawved that as long as there are no causticsoccur
ring at the sourceor recever positions,througha stationary
phaseargument,the Maslov formulation reducesto a GRT
baseduponthe geometricaray approximationGRA) for the
Greens functions.Following this obseration,we emplo/ the
GRA Greens functionin our development.The formulasde-
rived in this paperare applicablein the presenceof multi-
pathingandcausticaunderassumptionshatwill beclari®ed.

The high frequeng linearizedinversion,given a smooth
backgroundnedium,yields the mostsingularpart of the un-
known mediumcontrastandis developedin the framework of
pseudodfierential and Fourier integral operatorgFIOs), see
e.g.Duistermaaf1996).Thiswasdonein theacousticcaseby
Rakesh(1988),Hansen(1991)andin theanisotropicelastic.

In the presenceof caustics,in the CA geometryimag-
ing artifactsmay occur;for the acousticcase seeNolan and
Symes( 1997).An artifactis de®nedasa falseeventin the
imagethat is not containedin the medium contrast,i.e. an
imagere ectorthatis not there.Theinversionis artifact-free
underthe so-calledBolker condition(Guillemin 1985).When
this conditionis violated,the imageresultingfrom the inver-
sion procedurewill containartifactswe have coinedartifacts
of type 1. The transformationof seismicdatainto common-
image point gathers baseduponthe GRT, canbe viewed as
introducinga restrictionto a ®xed scatteringanglein thein-
versionformula (Brandsbeg-Dahl et al. 2003b).This restric-
tion in the presenceof causticswill give rise to artifacts of
type2 (for an exhaustve analysisof theseartifacts,seeStolk
(2002)).Brandsbeg-Dahl et al (2003b)suppresseducharti-
factsby a procedurecalledfocusingin dip by selectingcontri-
butionsto the imaging-irversionintegral from isochronedy
anisochrone®lter.

The outline of the paperis asfollows. In section2, we
introducethe notationandthe fundamentabssumptiongper
taining to 2.5-D. We also shawv by an example that, due to
theanisotrop, anadditionalassumptioris requiredto restrict
the raysto travel in-plane,comparedto Bleistein (1986). A
detaileddescriptionof all aspectsof the 2.5-D Born single
scatteringmodelling formulais given. The derivation of this
formula canbe found in the AppendixA; it is basedon ap-
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proximatingthe out-of-planeintegral of the 3-D Born mod-
elling formula by the methodof stationaryphase(Bleistein
1986) given that thereare no out-of-planecaustics We give
a descriptionof which elasticparametergan be determined
in the 2.5-D frameawork of CA data.A moredetaileddescrip-
tion of the parametrizatiorand resolutionof the smoothand
perturbedpartsof the mediumin this contet is givenby Foss
and Ursin (2003). Additionally, we give the preciseassump-
tionssubjectto which our 2.5-D modellingis well de®nedand
shav how it pertainsto the CA acquisitiongeometry Section
3 containghedetailedguidethroughourinversionprocedure,
whichis ananalogueo leastsquaresnversion.Theinversion
follows closelythatof de Hoop andBrandsbeg-Dahl (2000).
We shaw thatthe 2-D Bolker conditionpertainingto the sym-
metry planeimplies the lik ewise conditionin 3-D subjectto
therestrictionto CA. First,we constructheadjoint(imaging)
operatorof the2.5-D modellingoperatorSecondyve evaluate
thenormaloperatorandidentify its “inverse'up to leadingor-
der. Third, we composehis “inverse'with mentionedadjoint
to ®ndthe2.5-Dinversionoperator(For “inverse',oneshould
readparametrix,which is the inversemodulo smoothingop-
erators.)Theactualinversionresult,for themostsingularpart
of the mediumcontrast,is given in subsectior3.2 asan in-
verseby GRT in naturalcoordinatesin section4 we present
the 2.5-D transformatiorof the datato common-imagepoint
gathersSection5 shavs resultsusingthe formulasderivedin
this paperappliedto real oceanbottom cable (OBC) seismic
datafrom the North Sea.We concludewith a discussionon
futureapplications.

2 MODELLING
2.1 Greensfunctionsin a smoothly varying medium

The geometricalray approximation(GRA) to the Greens
functionsis a causal shortperiodapproximatesolutionto the
elasticwave equationjn thefrequeng domaingiven by

@
where is angularfrequeng andthe position vectoris de-
noted by , and are density

andthestiffnesstensorrespectiely. TheKroneclerdelta,

givesthe sourceterm on the right-handsidein the canonical
directions,operatve atthe sourcepoint, , throughthedelta
function . Thesummatiorcorventionapplieshereandin the
following. The Greens function is a sum over the different
wave modeswhereeachtermis of theform

! @
in which is thetravel time alongthe ray connecting
with . (We do not explicitly indicatethe modeof propa-
gation;we treatthe modesof propagatiorseparately  and
arecomponent®f the unit polarizationvectorsat the end-

points of the ray, wherethe superscript indicatesthat this
polarizationvectoris associateavith theray originatingat
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This corventionwill be usedin the following: superscripts and indicatethe associatiorof a variablewith eithera sourceor a
receverpoint, and ,respectiely. is theamplitude which becomesomple« in the presenc®f causticsandcanbe
writtenin theform (Ceneny 2001)

®)

Here, and are the phasevelocitiesat and , respectiely, in the direction of the ray connectingthese points.
is therelative geometricabpreadingactorgivenby

4)

where and arelocal surfacecoordinateson the wave front at the points and , respectiely. is the KMAH
index andcountsthe causticghattheray encounterbetween and ; it accountdor the phaseshiftsthis causesThe subtleties
concerninghe computatiorof thisindex in the presencef anisotroy for the quasisheawavesareelucidatedn (Klimes 1997).

We areconcernedvith 2.5-D modelling,andimaging-irversionof elasticwavesin anisotropicmediain the Born approxima-
tion. To justify the 2.5-D approachwe needto invoke appropriateassumptionsTwo of the assumptionpertainsto restrictingthe
ray geometryto the -planein themodelling,the ®rst being:

Assumption 1. (Symmetries)
a) Themediumis invariantin the out-of-planedirection( ).
b) The -planeof propagationis a planeof mirror symmetry

Thetranslationalnvarianceof assumptiori a) guaranteethatthe out-of-planewvave slovnesss constantAssumptionl b) ensures
thatthe wave front is symmetricaboutthe symmetryplane.The lowestpossibleanisotropicsymmetryis thenmonoclinicwhich
hasonly oneplaneof mirror symmetry

Dueto thesymmetrywe maychooseoneof thewave front coordinateso coincidewith theout-of-planedirection,say .
The ®rst wave front coordinatesay , is chosenin-plane.Thus,in the 2.5-D approachdueto assumptiorl b)), —— and

are equalfunctionsin and hence . In thosewave front coordinatesthe relative
geometricabpreadingnatrix in equation(5) becomes diagonalmatrix,

5)
where and arethein-planeandout-of-planerelative geometricabpreadingactors respectiely. This struc-
tureimpliesthattherelative geometricabpreadingn equation(3) factorsinto anin-planeandanout-of-planecomponent,

(6)

Note that the argumentin equation(5) for the splitting of the in-planeand out-of-planespreadings not dependenbn the actual
constant/alueof

2.2 Scatteringin the Born approximation

The2.5-DBorn modellingformulais derivedfrom the 3-D Born modellingformulaby a stationaryphaseargumentintegratingout
theout-of-planecoordinatefollowing Bleistein(1986).The domainin the symmetryplanein which the 2-D scatteringakesplace
is denotedby . Fromnow on, let .

The stationaryphaseargumentinvolvesthe stationaritycondition (Appendix,equation(A3))

@)

where and are the slownessvectorsassociatedvith the sourceray andthe recever ray,

respectiely. We wish to restrictour attentionto raysthatonly travel in-plane.However, the stationaryphaseargumentin equation
(7) admitsout-of-planecontributions.A simpleexamplethatsatis®egquation(7),using equalaconstantfor gS\*qSV scattering
(q' standsfor “quasi'in the following) is illustratedin Figure4. The mediumis trans\erselyisotropicwith a vertical symmetry
axis( -axis).By controllingtheThomsemarameters, and (Thomsenl986),we maychangeheshapeof theslovnesssurface
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Figure 3. Triplication of the recordedwave ®eld with travel time functionsper branchdenoted and . Dotted planeindicatesa
commonshotgather

smoothlyasshavn on the right of the ®gure for threedifferentdepthsin the modelusedin the ray tracingon the left. All axes
aregivenin meters.The groupvelocity vector , is perpendiculato the slovnesssurfaceandgovernsthe directionof the ray.
This is indicatedwith the surfacenormalto the slownesssurface, . As suggestedn the ®gure, we may changesmoothlythe
directionof theenepy velocity, sendingheraysout of the planeandbackagainwhile keeping  ®xed (implicationof assumption
1 a)). Two raysareshotat a small positive andnegative anglewith the -axisin the out-of-planedirection( ) from

. They travel in the -planeandintersectatthe point with incominganglesfollowing
Snell'slaw andsatisfyingequation(7). We notethattheanisotropy in this exampleallows triplicationsonthe symmetryaxis,which
is unusuain a sedimentargequencsetting.

We admitin-planescatteringeventsonly, by imposing:

Assumption 2. (Seismicphaserestriction) Only seismiceventswith at leastoneray, or leg, associatedvith a wavetypethat
pertainsto a corvex slownessurfaceare consideed.

If oneof theray legsis associateavith a corvex slownesssurface,the only solutionto equation(7) is . Dueto the
symmetryin assumptiorl b) this alsomeansthat . This follows because on a corvex slovness
surfacewill inducegroupvelocity vectorspointingout of the plane(the middle slovnesssurfaceon theright of Figure4 illustrates
this). The group vectorssendseismicenegy away from the planenever to return.In particular P waves always have a corvex
slownesssurface(Musgrave 1970);hence gP-gPandgP-qSVscatteringeventsalwayssatisfyassumptior?.
Themediumparameterarerepresentetdly a sumof a smoothpart, and , andasingularperturbation,  and

8
Note thatboththe smoothpartandthe perturbatiorarerestrictedin accordancevith assumptioria) andb) makingthere ectors
partsof the cylindrical surfaces(seeFigurel1). In the Born approximationthe wavestravel in the smoothpart of the mediumand
arescatteredff the perturbationonce.In the imaging-irversionproblemthe smoothmediumis assumedo be known. It is the
mediumperturbationwe will invert for. The multicomponentlatacollectedin a seismicexperiment, , underthe conditionof
a smoothbackgroundwill be,in this approximationthe asymptoticpart of the modellingformula. The subscriptandicatethat

is the -componenbf the recordedwave ®eld dueto a bodyforcein the -direction.The data(scatteredvave ®eld) can

be modelledby an operator actingon the mediumperturbation(seeAppendixA for a detailedderivation, where is the
time-Fouriertransformof thedata )

‘ dd (9
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Figure 4. Exampleof raystravelling out-of-planethatarein the stationarypoint setequation(7)

Here, is thetwo-way travel time given by
(10)

(Notethatthe modellingequationis valid up to leadingordersincewe insertecthe GRA amplitudesn theoscillatoryintegral
representationfor the Greens functions.)We consider . Restricting further to smoothsourceand recever
lines forming the manifold , we introducethe 2-D acquisitionmanifold , Where
is time. The signi®canceof the superscript on is in the caseof multivaluednes®f two-way travel time in the presence
of causticsIn thatcase labelsthe branchesf the two-way travel time and is the collectionof them. The set
describeghe two-way travel timesfor all branchesEach is de®nedon a subset of , i.e. a particularsubsetof
acquisitionandscatteringpoints . In agenericinhomogeneoumedium,causticswill form. Figure3 shavs anexample
of multivaluednessa triplication in the recordedwave ®eld, the dottedplaneindicatinghow this is recordedor a single source.
The branchesare assigneda numberto separatéhemindicatedon the travel time functions . We will omit this
indexing of the branchedor clarity of notationuntil the distinctionbecomesmportantagain(seethe discussioron artifacts).The
sumover thedifferenttravel time branchesn equation(9) will thusbe suppressedndassumedmplicit in thefollowing.

The amplitudes, and , arethe GRA amplitudes(seeequation(5)) with only the in-planegeometrical

spreadindactor , for example

11)
Thetwo-way out-of-planegeometricakpreadings given by
12)
Theout-of-planegeometricabpreading  for thesourceray, for example,canbe expresseds
—d (13)

wherethe integral is alongthe ray parametrizedy travel time connecting with . Theintegrand tendsto avalueas
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both tendto zero(in accordancevith the2.5-Dapproachwhere , ). Closedform expressiongor theintegrand
for isotropic, trans\erselyisotropicand orthorhombicmediacanbe found in Ettrich et al. (2002),equationg15), (19) and(22),
respectiely. Themediumperturbationsrecollectedin the matrix andtheradiationpatternsequialentlyin

They will bede®nedn the next subsection.

Remark 1. We restrict our analysisto the part of phasespacewhele out-of-planecausticsdo not occur Thuswe muteevents
associatedvith raysformingout-of-planecausticyseeRemarkd in theappendix).
2.2.1 Mediumperturbationsandradiation patterns

Sinceby assumptiori, the mediumis restrictedto monoclinicor highersymmetry thereareat most13 stiffnessparameterplus
densityasindependentinknavn distributions.The stiffnesstensoris givenby (if the -planeis the symmetryplane):

(14)

Themediumperturbationsrecollectedin the matrix for monoclinicanisotroy (Burridgeetal. 1998)

(15)

where and arelocal phasevelocitiesaveragedover all phaseangles.Theseare introducedfor computationapurposesso
thatthe matrix hascomponent®f similar magnitude(Burridgeet al. 1998).We restrictthe indicesof to the13independent
component®f the stiffnesstensor(cf. (12)). With highersymmetry suchasisotropy, the matrix reducesaccordingly(Beylkin and
Burridge1990).Theradiationpatternmatrix is de®nedsimilarly asthe matrix (Burridgeetal. 1998)

(16)

wheretheindicesfollow thoseof the stiffnessmatrix in the orderingde®nedby the matrix or innerproduct

in the modellingequation(9). Sincethe out-of-planeslowvnesswill be zero, , we seefrom equation(16) thatthe
contrikution vanishesif in . In view of assumptiond and 2, having , the polarizationsof qP and
gSV wavessatisfy . Thusthe parametersve caninvert for from gP-gPandgP-qSVscatteringarethe 7 parametersut of

the 14 independenbnesin a monoclinicmedium, anddensity ( , andhencethe
contrikbutionsfor in arezero).Thekinematicaspectgor amonoclinichackgroundnediumaregovernedby the same
partitioningof parameter¢ChapmarandPratt1992;FossandUrsin 2003).

Remark 2. In imaging, the smoothbadkgroundmediumis given,and hencethe relevantamplitudescan be computedn the low-
estpossiblesymmetryadmittedby the 2.5-D frameavork: monoclinic.However, for inversion and re ection tomayraphy having
observationgestrictedto the plane underconsideation, only parametes associatedwith this plane can be estimatedHencethe
lowestpossiblesymmetrys transveselyisotropic with a symmetryaxisin theplane Dueto therotationalsymmetnpof themedium,
parametes neededn out-of-planeamplitudecalculationsare foundfromin-planepropagation (Ettrich etal 2002;equation(19)).

2.3 The modelling operator in commonazimuth

The3-D Bornmodellingoperatohasbeenshavn to bea Fourierintegral operator(FIO) underthemild conditionsthatthereareno
directraysbetweerthesourceandtherecever reachinghe mediumperturbatior(i.e. raysthathave scattereaff a subsurécepoint
overanangle ) andno grazingrays(i.e. raysthatreachthe acquisitionsurfacetangentiallyto the surface)(Rakesh1988;Hansen
1991).The 3-D modellingoperatomwith commonazimuth(CA) acquisitiongeometry(Biondi andPalacharlal996)is alsoan FIO
undersimilar conditions(Nolan and Symes1997; de Hoop et al 2003).2.5-D implies CA (but not the otherway) aligning our
symmetryplanewith the acquisitiongeometryi.e. . We concludethatthe 2.5-D modellingoperator(9) hasthe properties
of aFlO, andhasthefollowing canonicakelation(superscript indicatesthatthisis a canonicarelationin two spacedimensions
coincidingwith the symmetryplane)

17



52 S.K.Foss,M.V. deHoop& B. Ursin

wS

Figure 5. Coordinatesystems.

Thecanonicafelationis atablethatdescribeshow re ectorsnducere ectionggeometrically The canonicakelationis intimately

connectedo raytracingin phasespacgBillette andLambag 1998). and arethetake-off directionsof theraysorigi-

natingatthescatteringoint andaregivenby theunit phasevectors and

(seeFigure5). is an appropriatelychosensubsetof ( is the unit circle). On the canonicalrelation (17)

hasthe interpretationof wave vector (the Fourier dual of

). Given a take-off direction or at a scatteringpoint , raysaretracedto an acquisitionline giving uniqueintersec-

tion points or aswell asslowvnessvectors;theseslovnessvectorsare projectedonto the

aforementione@cquisitionline resultinginto , , from which , arederived.

Remark 3. The3-D CABornscatteringopemtor yieldsthefollowing canonicalrelation (compae with the2.5-D Bornmodelling
opemtor abovein equation(17))

(18)

whee are containedn the Born modelling3-D canonicalrelation
which is the counterpartof  in threespacedimensionge.g. Stolkandde Hoop (2002)).Notethat is here a geneal two-
way traveltimefunctionin order to sepaateit fromtheonein equation(10) which is limited to a plane Dueto thetranslational
invarianceof themediumassumptioria), theindividual and are preservedHenceat the scatteringpoint ,in
which and attaintheirvaluesatthesourceandthereceiverrespectivelyThisequalitycanalsobewrittenas
In view, again, of theinvariancein the out-of-planedirectionthe 2-componenbf any re ector dips mustvanish.Hence glvena
souceandareceiveray sud that ,hospeculare ectionwill returnto theacquisitionmanifold.Thisis alsocon rmed
by the stationaryphaseargumentunderlyingthe 2.5-D analysis,seeequation(7).

Themodellingoperatormapsthe mediumperturbatiorto thedata
(19)

3 2.5-DIMA GING —-INVERSION

In this sectionwe developtheinversionfor the mediumparametersollectedin the matrix in equation(15). Theinversioncan
be viewed asan analogudao matrix least-squaregversion.In this context, we introducethe adjoint, , of the forward operator
theso-calledmaging opeiator, andapplyit to equation(9),

(20)

where is shorthandfor the data(indicesare suppressedseethe discussiorbelav). The compositionof the imagingwith the

forwardoperatomgivesusthenormalopeitor, . Theoperator imagese ectorgroperlyif is apseudodier-

entialoperato(StolkanddeHoop2002).Here is apseudodifierentialcutof (‘taperednute') to ensurehatthemild conditionsof

subsectior?.3, makingthe modellingoperatoran FlO, aresatis®edIn thefollowing we will referto asthenormaloperator
where is assumedmplicitly.



Linearized2.5-Dparameter 53

Assumption3. The projection of the canonical relation of the 2.5-D modelling opertor on the acquisition variables
( ) is one-to-one

This assumptions consistentvith a 2-D Bolker condition(Guillemin 1985),for the acousticcaseseeTenKroodeetal. (1998).1t
meangthat ( ) determinea scatteringpoint andassociatedvave vector , uniquelyandsmoothly This
conditionensureghatthe normaloperatoris anelliptic pseudodierentialoperatorHencethe procedureof imagingthe modelled
data,equation(20), doesnotgeneratae ectorghatwerenotthereto begin with, i.e. thatarenot presenin

Since s elliptic andpseudodikerentialwe canconstructits parametrix,denotedby . Thebracletsindicatethatthis
is apseudanverse Following theanalogueof least-squareisversion,anestimateof the mediumperturbatiorin equation(15) can
berecoseredfrom thecomposition

(21)

where isthedata.lf assumptior8 is violatedwe generatartifacts(discussedh theintroduction).A lessrestrictive conditionand
adiscussiorof theimplied artifactscanbefoundin deHoopandBrandsbeg-Dahl (2000)andStolk (2000).
In view of Remark3, assumptior8 (or the 2-D Bolker condition)in the symmetryplaneimplies the 3-D CA Bolker con-
dition. This condition encompassethat for ary point in , i.e., for an intersectingpair of sourceand recever rays, given
, thereis only one thatexplainsthere ection.

3.1 The adjoint scattering (imaging) and the normal operators

In this subsectionywe evaluatetheadjoint  of themodellingoperator anddeduceheleadingordercontritutionto the normal
operator for whichwe canderive a parametrixWe will write the actionof the normaloperatorasa pseudodierentialoperatoy
i.e. asintegralsover andits Fourierdual ,thewave vector Theinverseof theintegrandthusobtained(theintegrandyieldsthe
so-calledsymbolof the normaloperator)generateshe “inverse'of the normaloperatorup to leadingorder

We let the acquisitioncoordinatede de®nedon thetwo acquisitionlinesin the symmetryplane, and  for sourcesand
recevers,respectrely. By thereciprocitytheorenof thetime-correlatiortypefoundin deHoopanddeHoop (2000)the adjointor
imagingoperator  canbewritten

i dd d d (22

where s the frequeng and indicatesthe adjointaswell ascomple conjugation.The polarizationvectorsassociatedvith
the scatteringoff thepoint  aredenotechy and to distinguishthemfrom the polarizationvectorsdueto
the scatteringoff  asin equation(9). Note thatthereis a summationover the differentindicesof the data in theintegrand
of the adjoint, following the summationcorvention. Hencethe notationof ~ actingon all the datadenotedby . Note alsothat

Composingthe imaging operatorwith the modelling operator(having useda pseudodierential cutoff for whenit fails to
satisfyassumptior8) givesusthe normaloperatorThe from themodellingequation(9) is insertednto the above expression
toyield

‘ i ddd dd d (23

If assumptior8 is satis®edit is indeedanelliptic pseudodierentialoperator Theintegral over yieldsa deltafunction

so we can collapsethe integral over  and set . Invoking a Taylor expansionabout  for the two-way travel time
yields,dueto thefactthathigherorderderivativesgive smoothercontritutionsto the amplitude(Hérmander1 985a)

throughexpansionof the exponential,

(24)
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Inserting(24) in the phasefunction of thenormaloperatolryields

‘ ddd d (25

The mostdominantcontrikution to the oscillatoryintegral (25) occurswhen and  arenearone anothermakingup a small
neighbourhooaf support(Beylkin 1985).Additionally, theamplitudespolarizationvectorsandthe radiationpatternssary slowly
comparedo ary otherpartof theintegrand.We maythenassumeéhatthey areconstanin a smallneighbourhooaf . Sincethe
polarizationvectorsarenormalizedwe obtain

i ddd d (26

3.1.1 Subsurfaceoorinates
We chooseo work with coordinateglirectly attheimagingpoint  andintroducethe changeof variables
(27)

where and  arethe phasedirectionsassociatedvith the rays connectingthe image point andthe sourceandrecever, re-
spectvely (seeFigure5). Theright implicationis alsotrue, but in the caseof multipathingper branchonly (seesubsectior2.2).
This transformatiorremovesthe useof the Beylkin determinan{de Hoop, Spencetand Burridge 1999). 1t alsounfolds caustics
(de Hoop and Brandsbeg-Dahl 2000) throughwell-de®nedmappingsfrom the scatteringpoint to the acquisitionmanifold. The
domainsof integrationthenbecome

for given (28)

Here and aretwo unitcirclesin the symmetryplanefor the sourcesandrecevers,respectrely. We introducethe extended
Jacobian

(29)

andchangethe coordinateghroughthe mappingin equation(27) in all relevantplacesin thefollowing. The in-planegeometrical
spreadingof andthe Jacobiarcanceleachotherup to projectionfactors.Using the expressionfor the extendedJacobiann
equation(26) yields

i ddd d (30)

In accordancevith thereasoningn subsectior8.1we write equation(30) asanintegralover andits Fourierdual ,
i.e. in the form of a pseudodierential operator We introducea new frequeng . Then , Where
is themigrationdip andis a function of . With the appropriatesubstitutiorthis yields

i ddd d (31)
De®ning

(32)
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resultsin the simpli®edexpression

‘ ddd d (33)

3.1.2 Migrationdip, scatteringangleandtheleadingorder contribution

We changevariablesagain,from the phaseanglesto scatteringangle , whichis theanglebetween and , andthemigration
dip (seeFigure5). Thescatteringanglefollowsto be

(34)
To be ableto integrateover the migrationdip, thereis assumedo be no scatteringover sothat and is
de®nedWe have

(39)

In 2.5-Dthis mappingexistsbothways;thereis nointegrationover theazimuth(deHoopandBrandsheg-Dahl2000). Thedomains
of integrationcannow bewrittenas

for given (36)

Changingall relevant coordinatesunderthe mappingin equation(35) and collectingthe integration over the scatteringangle
yields

d i ddd 37)
We introducethe squarematrix (of thedimensionalityof )
- d
(38)
wherethesecondermis thesameasthe®rstbutwith  replacedoy . Thisenablesusto rewrite equation(37) with positive
only as
— i ddd (39)

This hasnow explicitly the form of a pseudodierential operatomwith integrationover andits dual throughtheidenti®cation

. Werecognizeheretheleadingordersymbol, ,of . Notethedifferencesvhencomparedvith the3-D
casefoundin de Hoop and Brandsbeag-Dahl (2000): the out-of-planegeometricakpreading  naturallyappearsn the leading
order symbol of the normal operatorin equation(38) combinedwith the radiationpatterns.Also the power of hasbeen
modi®edin accordancevith the stationaryphasecalculationin 2.5-D.

3.2 Least-Squarmesinversion

To leadingorder theinversenormaloperatorcomposedvith the normaloperatoifrom the lastsubsectiorshouldyield theidentity.
The departurdrom theidentitity is dueto takingthe generalizednverseof andsmoothercontritutionsto the normaloperatorWe

denotehegeneralizednverseof by . Theresolutionis controlledby . Generahnalysisof theresolutionis given
by deHoopetal (1999)andfor the 2.5-D caseby FossandUrsin (2003).
Notethat

_ i d d (40)
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In view of limited illuminations,thesupportof  will beboundedvhile . Equation(40) becomes band-limited

deltafunction, (Bleistein1984).Thekernelof theparametrixof  (we denotethekernelof as ) isfoundto be
_ i d d (41)

Note thatoneof the variablesis placedwith the integrationvariablessince yield polar coordinatesn -spaceThe

compositionof this kernelandthe kernelof thenormaloperatothenbecomes
d lower orderterms (42)
Wereplace with intheimagingoperaton(22). Thereal partof the compositionis symmetricin ~ while theimaginarypart

is odd anddisappearsTheintegrationover  thenbecome®ne-sideddy takingthereal partandmultiplying by 2 (de Hoopand
Brandsbeag-Dahl2000).Usingequation(21) the least-squaresstimateof the mediumperturbatiorbecomes

i i (43)

We have introducedthe time-Fourier transform of the data, . We proceedby Taylor expanding
about asin equation(24). By the sameargumentasaroundequation(26), is assumedo becloseto asthis

yieldsthelargestcontritutionto the oscillatoryintegral. Theamplitudefactorsandtheradiationpatternsareslowly varyingandcan

beconsideredonstantn asmallneighbourhooaf . Thismeanghatwe maysubstitute for for slowly varyingcomponents,

We obsenre thattheintegrationover now becomes deltafunction,
(45)
since . Usingthat andtheresultin equation(44),theintegrationover and  collapsego
S d d d i
! (46)

Taking outof thegeneralizednverseandmakingthe appropriatechangeyields

S d d d

! (47)
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(Equation(47)is in factadirectmanifestatiorof the compositionof a pseudodierentialoperatowith a FIO (Treves1980,Section
6.1.ChaptewVIll)). Thesurfacecoordinates and arechangedo thephaselirectionsatthescatteringpointasin relation(27).
Usingequation(29) and(32), the appropriatelacobiarcanbe expresseds

(48)
Insertingtheresultin equation(47) yieldsthe estimateof the mediumperturbation

d
i

S d d

! (49)

We obsere in the denominatothe out-of-planegeometricakpreadingwhich alsoexistsin the expressiorfor  (equation(38)).
Changingthevariablesfrom phaseanglesto scatteringangle andmigrationdip asin (35)yields

d

S dd :

i (50)

wherewe have left the phasedirectionsin the argumentof the in-planeamplitudesto distinguishthem. The Jacobianinsidethe
integralcanbefoundin (Burridgeetal. 1998).Theintegral over migrationdip makesthisaninverseby generalizedRadortransform
(GRT).

4 TRANSFORMATION INT O ANGLE GATHERS

When constructingangle gatherswe ®x the scatteringangle, , andintegrate over the migrationdip, . The restrictioncan
introduceartifactsin the anglegatherswhenthe mediumis inhomogeneou§.e. in the presencef caustics)dueto multipathing
in therecordedvave-®eld.Theseartifactsaredifferentfrom the artifactsdueto thefailure of assumptior8. Theseartifactsarenot
presenin theinversionby equation(50) sincethey stackdestructvely (Stolk andde Hoop2002).

Sincetherestrictionto a ®xed scatteringanglemeanghatwe no longerstackover all the data,but ratherover subsetof the
datathatchangewith imagepoint andscatteringangle,we reintroduce and  asthevariablesof integration. Thisrequiresthe

notion of brancheof the two-way travel time (seeequation(10)). We de®ne  as (cf. (34)-(35))composedvith
theinverseof map(27), associatinghe scatteringanglewith the acquisitioncoordinates . We de®nethe “angle' transform
(the GRYT) via arestrictionof theimagingoperator  in equation(22) to ®xedangle , where indexesthetravel
time branch.We reintroducethe sumover the differenttravel time branchesuppressedinceequation(9). Thuswe multiply the
kernelof  in equation(22) by a deltafunction, . Thekernelof , denotedby , canbewritten asanoscillatory

integral (afterachangeof to )

i d d (51

Here istheFourierdualof thescatteringangle (StolkanddeHoop2002)and
(52)
The artifacts of the restriction can be evaluatedby consideringthe composition , a -family of operatorseachmember

of which resembleghe normal operator The artifactsin the angle gatherscan be recognizedby their ‘move-out' in angle.
A multi-dimensional®Iter in the Fourier domain (see equation(51)) can be appliedto remove the artifacts associatedvith
. Brandsbegg-Dahletal. (2003b)suppressethe artifactsby so-calledfocusingin dip.

By proceedingas suggestedabore using the appropriatechangesof variablesleadingup to equation(50), the angle depen-
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Figure 6. Imagecreatedasa linear combinationof invertedparametergrom equation(50) usingPP-scatteringvent of the North Sea(OBC) data
set.

dentparameteestimategusedto construccommon-imag@oint gathersjaregivenby

_— d d.
i
! (53)
Note that we againhave suppressethe summationof the travel time branchesThe factor is anaveragein of the
radiationpatterns. thenactsasa least-squareflS) removal of the radiationpatterns.This is hencea LS-AVA-
compensate@garameteestimate Since,upon®ltering, shouldonly dependsmoothlyon  if the correctbackground

mediumis used,the detectionof smoothnesgan be usedas a criterion for velocity analysis.Brandsbeg-Dahl et al. (2003a)
followed suchanangletomographiapproactio determinehe backgroundnedium.

5 EXAMPLE

Herewe give anexampleusingrealdatafrom the North Sea.The datasetis acquiredusingoceanbottomcable(OBC) acquisition.
We usedatafrom a singleoceanbottomcablemakingtheintersectiorof a presumedgymmetryplaneandthe ocearbottom.
Usingequation(50) we performanisotropicinversionconsidering?P-scatteringventsandanisotropicbackgroundnedium.
This yields information on the threeindependenparameterperturbations and in equation(15). An imageis
createdasa linear combinationof theseparametergjiven in Figure 6. The geologyvariesmostly in the imaging planemaking
this anaccurate?.5-D problemunderour assumptiond and2. However, at depthsgreatetthan3000metersthe 2.5-D framewvork
deterioratesBy this we meanthat the geologyalso variessigni®cantlyin the out-of-planedirection sendingenegy out of the
computationaplane.Hence suf®cientinformationon there ectorshereis simply not containedn our data(the singleacquisition
cabledataset). Thetop partof Figure7 is a high resolutiondetail from Figure6, with surfacepositionfrom to and
depthfrom to . TheV-shapén thelower partof theimageis adistinctgeologicalfeaturebelievedto beeitheraslump
fault or anerosive channeldeposit.As a slumpfaulttheleft partof the V-shapehasdroppedandnew layershave depositecbn the
slopecreated The lower part of the ®gureis a schematiadrawing of the featureasan erosive channelwherewaterhasdug into
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Figure 7. Top ®gureis a high resolutionimageof detailfrom Figure6. Theimageshaws a possibleslumpfault or erosve channeldeposit.Their
dominantfeaturesarecapturedn this 2-D slice. Thebottom®gureis a schematiaraving of theimageasanerosie channedeposit.

the horizontallayerandnewv materialhasdepositedaterleaving a slight curve in the layer, the V-shapeBoth of thesegeological
featureshave a slowly varying behaior in onedirection.Giventhatour computationaplaneis intersectingat theright angle,the
main featuresare describedby this slice and the smoothlyvarying behaior arein the out-of-planedirection. Hencethe 2.5-D
frameawork applieswith decentaccuragy.

Figure8 shavs LS-AVA-compensatedommon-imag@ointgatherdor PP-andPS-scatteringvents respectiely, createdhsa
combinatiorof theparameterfrom equation(53) atsurfaceposition . Thecombinationsrechoserastheappropriate
acoustidmpedancesi,e. P-wave impedancdor the PP-gatheandS-wave impedancdor the PS-gatherThe vertical scaleis from

to in depth.Following convention,both common-imaggoint gathersareplottedasfunctionsof incoming P-wave
anglerangingfrom to degreesNotethatthezeroanglecontrikution of the PS-gatheis setto zeroasthisis notde®ned Only
asubsebf there ectorsarecomparablen depthbetweenPP-andPS-gathersyet with very differentstrengthin amplitudesAs
mentionedthe imagingis donein anisotropicsmoothbackgroundnedium,yet the mediumis anisotropic.The anisotroy hasa
strongeffect on the travel timesandthusthe depths.This canexplain why certainre ectorswhencomparingthe two common-
imagepoint gathers seemto be at differentdepths.Note thatthe amplitudebehaior is closeto constantwith angle.Hence for
this rangeof scatteringanglesthe LS-AVA-compensation equation(53) suppressethe amplitudebehaior. Thisis importantin
angletomographythroughthe useof “differentialsemblance(Brandsbeg-Dahlet al. 2003a).It is clearfrom this example,thata
joint treatmenbf (q)P and(qg)Svelocitiesbecomesecessarin re ectiontomography

6 DISCUSSION

This paperpresentghe generalform of 2.5-D modeling,imaging-irversionand AVA-compensateéngletransformformulasin
anisotropicelasticmediaundernecessarandsuf®cient assumptionsThe resultsextendthoseof Bleistein(1986)to the casef
multipathingandanisotropicelasticity Assumptionl restrictsusto a monoclinicmediumasthe lowestpossiblesymmetry How-
ever, undertheadditionof assumptior2, the wave propagatioris restrictedto the plane.Any symmetriedower thanatrans\ersely
isotropicmediumwith the symmetryaxis containedn the planeof consideratiorhave to be excludedfor the purposeof inversion
andre ectiontomography

In the presencef causticsartifactsmay be generatedy the imaging-irversionproceduresSubjectto the Bolker condition
suchartifactsareavoided.We have madethe obserationthatthe 2-D Bolker conditionin the symmetryplaneimplies the Bolker
conditionin threedimensionsn theframawvork of the commonazimuthacquisitiongeometryArtif actsin thecommonimage-point
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Figure 8. LS-AVA-compensatedommon-imagepoint gathersfor PP-and PS\tscatteringrespectiely at surface position in Figure6

createdusing equation(53). The depthrangeis from to . Both common-imagepoint gathersare plotted as functionsof incoming
P-wave anglefrom to degrees.

gathersarealsocontrolledby the ray geometryin the symmetryplaneonly andcanthusbe ®lteredout by 2-D considerationsAn
interestingaspecof our resultsis the appearancef out-of-planecontritutions,by the geometricakpreadingcontainecdhaturally
in theleast-squaresemoval of theradiationpatternsintuitively this canbeunderstoodstheremoval of the stationarycontrikbution
to theradiationpatterndrom the out-of-planegeometricabpreading.

The primary applicationsof our 2.5-D formulation are a slicewise approachto (i) time-lapseseismics,and (ii) re ection
tomography We elaborateon the secondapplication.The new least-square#\VA-compensatedransformof seismicdatainto
common-imagepoint gathersin anisotropicmediaenablesa slicewise approachto migration velocity analysis.This is a better
compensatiomf the AVA-effectsthanby a pointwiseremoval asfoundin (Brandsbeg-Dahl et al. 2003a).Given a mediumthat
hasits dominantchangein two directionswe may invoke the 2.5-D assumptiongpproximatelyto slicesin the smoothlyvarying
direction as donein the example,section5. We parametrizethe mediumin a ®nite dimensionalsubspacef possiblesmooth
backgroundnodelsby a collectionof slices__ , for all valuesof  underconsiderationywhereeach isthe2-D
parametrizatiorof asliceat . AngletomographyBrandsbeg-Dahletal. 2003a)canbedoneperslice by differentialsemblance
(Symesand Carazzone 991) on AVA-compensatedommon-imagepoint gathersgeneratedy equation(53). We extendthis by
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applyingthe appropriateout-of-plane annihilator'asa Tikhonov regularizerto the mis®t functional

- _ dd

_ d d (54)
where(cf. equation(38))

(55)

All relevant parameter®f equation(55) are calculatedfor in the wavefront set of . _ is a vector of the
parametersf the backgroundnediumgiventhe currentparametrization . in equation(54) is a statisticalquantitycontrolling
the trade-of betweenin-planeand out-of-plane®t (Tenorio2001)and . and arethe partial derivatives with
respecto the scatteringangleandout-of-planecoordinaterespectiely. The LS-AVA-compensatethversionresultfrom equation
(53) is denoted to emphasizehatit is generatedisingthe currentparametrizatiorof the smoothbackground

model,__, for the sliceat out-of-planecoordinate . The minimum of this functionindicatesa smoothbackgroundnodelsuch
thatthe dataarein the rangeof the 2.5-D modellingoperatorIn this way the 2.5-D framework providesa fastcomputationatool
for 3-D tomographyandanincreasedbility to monitorthe regularizationof the searchfor a®tting model.
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APPENDIX A: THE 2.5-DBORN MODELLING FORMULA

The3-D Bornformulais ahighfrequeng approximatiorto the®eld scattereaff themediumperturbatiorat , collectedat

thereceverposition  generatedy asourceat . This®eldis calculateddy substitutinggheappropriateaGRA Greens functions
(2) in theBorn approximationlt givesthat,underassumptiori onthemediumthe -directionof thescattered®eld attherecever
position duetoa -componensourceat writtenasaFourierintegral operatoris

' d
d d (A1)
Themediumperturbation  andtheradiationpatterns are,for thelowestpossiblesymmetry(triclinic), -matricesof the
form asin equationg15) and(16), respectiely. The domainof integrationof the -coordinates, , is de®nedn subsection
2.2.
Upon scaling, , we recognizethe phasevariables . We proceedas in Bleistein (1986) and use the

methodof stationaryphaseto integrateout the out-of-planevariable  in (Al). The one-dimensionastationaryphaseformula
approximatesntegralsof thetype

i d [ i (A2)

for suf®cientlylarge  and ,where isthestationarypoint,suchthat . Inthementionedntegral,
the stationarypointis givenby

(A3)
Due to assumptiond and 2, the only solutionto (A3) is which implies that the stationarypoint is LA

discussioron this is givenin the maintext. Obsere thatthe sumof the slovnessesn equation(A3) alsooccursin the common
azimuthcase gquation(18). The secondderivative of the phasedunctionatthe stationarypointis

(A4)
where and aretheout-of-planegeometricabpreadingactorsde®nedn equation(5) for theraysconnecting
theimagingpoint with thesource andrecever ,respectiely.

Remark 4.
In points,in phasespacewheee either or tendsto zeio thetraveltime functionis not smooth e observe

thisin equation(A4) whele theHessiarof thetraveltimefunctionwill tendtowardsin nity andwill notbede ned. Thisessentially
meansthat the stationaryphaseargumentdoesnot hold. Theintegral over  in equation(Al) remains.Out-of-planecaustics
are thus not allowedfor the stationaryphaseformulato be applicable We restrict the analysisin the following to rayswith no
out-of-planecaustics.

Fromthisit follows that sincethe out-of-planegeometricabpreadings positive. The stationary
phasdormula(A2) thenyieldsfor the integral (in view of Remark4)

‘ d d (A5)

Using equation(6) this equatiorreducego the 2.5-D modellingformula(9) in the maintext (herein thefrequeng domain),

d (A6)
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