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ABSTRA CT
One of the main challengesin anisotropic velocity analysis and imaging is reli-
able estimation of both velocity gradients and anisotropic parameters from re-

ection data. Approximating the subsurfaceby a factorized VTI (transversely
isotropic with a vertical symmetry axis) medium provides a convenient way of
building vertically and laterally heterogeneousanisotropic models for prestack
migration. The algorithm for P-wave migration velocity analysis (MVA) intro-
duced here is designedfor 2-D models composed of factorized VTI layers or
blocks with constant vertical and lateral gradients in the vertical velocity VP 0.
The anisotropic MVA method is implemented asan iterativ e two-stepprocedure
that includesprestack depth migration (imaging step) followed by an update of
the medium parameters(velocity-analysis step). The iterations for a particular
block continue until the corresponding re
ection events in image gathers are
su�cien tly 
at. The residual moveout of the migrated events, which is neededto
compute parameter updates, is described by a nonhyperbolic equation governed
by two moveout parametersdetermined from semblance analysis.
For piecewise-factorizedVTI mediatreated here,the residualmoveout of P-wave
events in imagegathersis governedby four e�ectiv e quantities in each block: (1)
the normal-moveout (NMO) velocity Vnmo at a certain point within the block,
(2) the vertical velocity gradient kz , (3) the combination k̂x = kx

p
1 + 2� of

the lateral velocity gradient kx and the anisotropic parameter � , and (4) the
anellipticit y parameter � . We show that all four parameters can be estimated
from the residual moveout for at least two re
ectors within a block and establish
the minimum depth separationbetweenthe re
ectors and the minimum lateral
distanceto becoveredby the imagegathers.Stable inversionfor the parameter �
also requires using either long-spreaddata (with the maximum o�set-to-depth
ratio no less than two) from horizontal interfaces or re
ections from dipping
interfaces.
To �nd the depth scale of the section and build a model for prestack depth
migration using the MVA results, the vertical velocity VP 0 needsto be speci�ed
for atleast a single point in each block. When no borehole information about
VP 0 is available, a well-focusedimage can often be obtained by assumingthat
the vertical-velocity �eld is continuousacrosslayer boundaries.A synthetic test
for a three-layer model with a syncline structure con�rms the accuracy of our
MVA algorithm in estimating the interval parametersVnmo , kz , k̂x , and � and
illustrates the in
uence of errors in the vertical velocity on the image quality.

1 INTR ODUCTION

Most existing velocity-analysis methods for VTI (trans-
versely isotropic with a vertical symmetry axis) media
approximate the subsurfacewith homogeneousor verti-
cally heterogeneouslayersor blocks (e.g., Alkhalifah and
Tsvankin, 1995;Le Stun� and Jeannot, 1998;Tsvankin,
2001;Grechka et al., 2002). Anisotropic layers, however,

are often characterized by non-negligible lateral veloc-
it y gradients that may distort the shape of underlying
re
ectors and cause errors in the anisotropic parame-
ters. Since lateral homogeneity is an inherent assump-
tion in time imaging, whether isotropic or anisotropic, it
is justi�ed to ignore lateral gradients in the time-domain
velocity analysis of P-wavesin VTI media (e.g., Alkhal-
ifah, 1997; Han et al., 2000). In contrast, anisotropic
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depth imaging has to account properly for both vertical
and lateral variations of the velocity �eld.

An analytic correction of normal-moveout (NMO)
ellipsesfor lateral velocity variation in anisotropic media
was developed by Grechka and Tsvankin (1999). Their
method, however, is limited to horizontal layers, small
lateral velocity gradients, and the hyperbolic portion of
re
ection moveout. Also, for purp osesof depth imaging,
we are interested in estimating lateral velocity variation
rather than just removing its in
uence on anisotropic in-
version. The main problem in reconstructing a spatially
varying anisotropic velocity �eld is causedby the trade-
o�s between the velocity gradients, anisotropic param-
eters, and the shapes of the re
ecting interfaces. Even
in isotropic media, some trade-o�s between the veloc-
it y �eld and re
ector shapescannot be resolved even in
isotropic media without a priori information. A practi-
cal way to incorporate vertical and lateral velocity vari-
ations into anisotropic velocity analysis without exces-
sively compromising the uniquenessof the solution is to
adopt the so-calledfactorized anisotropic model in which
the ratios of the sti�ness coe�cien ts (and, therefore, the
anisotropic parameters) are constant.

Here, we consider a model composed of factorized
VTI blocks, where each block is bounded by plane or ir-
regular interfaces.The problem is treated in two dimen-
sions, which implies that the vertical incidence plane
that contains sourcesand receivers should coincide with
the dip plane of the subsurface structure. The vertical
P-wave velocity VP 0 is assumedto vary linearly within
each block, so the vertical (kz ) and lateral (kx ) gra-
dients in VP 0 are constant. The kinematics of P-wave
propagation in each block can be described by �v e pa-
rameters: the velocity VP 0 de�ned at a certain spatial
location, the gradients kz and kx , and Thomsen (1986)
anisotropic parameters � and � . Although it is possible
to intro duce jumps in velocity acrossthe boundaries of
the blocks, this model can be conveniently used to gen-
erate smooth velocity �elds required by many migration
algorithms (in particular, those basedon ray tracing).

Since our goal is to estimate the relevant VTI
parameters and carry out depth imaging for models
with signi�can t lateral and vertical velocity variation
and considerable structural complexity, velocity model
building is conveniently implemented in the prestack
depth-migrated domain (e.g., Stork, 1991; Liu, 1997).
Parameter estimation in the post-migrated domain, usu-
ally referred to as migration velocity analysis (MV A),
consists of two main steps: (1) parameter update de-
signed to minimize the residual moveout of events in the
image gathers, and (2) prestack depth migration that
creates an image of the subsurface using the updated
parameters estimated in step (1). These two steps are
iterated until the events in the image gathers are su�-
ciently 
at. Note that MVA is quite robust in the pres-
ence of random noise becausemigration improves the
signal-to-noise ratio (Gardner et. al., 1974; Liu, 1997).

The parameter-estimation methodology employed
here is based on the results of Sarkar and Tsvankin
(2002), hereafter referred to as Paper I . Although depth
imaging of P-wave data requires knowledge of the �v e
parameters listed above (VP 0 , kz , kx , � , and � ) in each
block, Paper I shows that the moveout of events in image
gathers is governed by the following four combinations
of these parameters:
(1) the NMO velocity at a certain point on the surface
of the factorized layer or block: Vnmo � VP 0

p
1 + 2� ;

(2) the vertical velocity gradient kz ;
(3) the lateral velocity gradient combined with the pa-
rameter � : k̂x = kx

p
1 + 2� ;

(4) the anellipticit y parameter � � (� � � )=(1 + 2� ).
If prestack migration is performed with the correct val-
ues of Vnmo , kz , k̂x , and � , the image gathers for re
ec-
tions from both horizontal and dipping interfaces are

at. To decouple the horizontal gradient kx from the
coe�cien t � and determine the other anisotropic coe�-
cient � , the velocity VP 0 has to be known at a certain
point within the factorized block (Paper I).

The paper starts with a discussionof the minim um
information required to estimate the model parameters
from P-wave moveout data. Then we give a descrip-
tion of the MVA methodology including nonhyperbolic
moveout analysis on image gathers neededto constrain
the anisotropic velocity �eld. The accuracy of the algo-
rithm and its robustnessin the presenceof random noise
are assessedby synthetic tests for a single layer and a
multila yered factorized VTI medium. We also discuss
di�eren t ways to specify the vertical velocity VP 0 and
the in
uence of errors in VP 0 on the inverted values of
the other parameters and on the qualit y of the migrated
image.

2 PARAMETER ESTIMA TION IN A
FA CTORIZED VTI LA YER

Here, we usethe results of Paper I to evaluate the feasi-
bilit y of estimating the parameters of a factorized VTI
layer from P-wave re
ection data. By replacing the ac-
tual factorized v(x; z) model with narrow vertical strips
of factorized v(z) media, Paper I demonstrates that the
moveout of a single horizontal event in an image gather
is governed by the e�ectiv e values of the NMO velocity
and the parameter � :

v2
nmo (x; t0) = V 2(x)(1 + 2� )

e2k z t 0 � 1
2kz t0

; (1)

�̂ (x; t0) =
1
8

�
(1 + 8� ) (e2k z t 0 � 1) kz t0

2(ek z t 0 � 1)2
+ 1

�
; (2)

V (x) � VP 0 + kx x is the vertical P-wave velocity at
the surface, and t0 � t0(x; z) is the zero-o�set time at
location x from a horizontal re
ector at depth z.

If long-o�set data needed to constrain �̂ (Grechka
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and Tsvankin, 1998) have beenacquired, moveout anal-
ysis of a single event can yield estimates of both
vnmo (x; t0) and �̂ (x; t0). Next, supposethat P-wave trav-
eltimes from two horizontal re
ectors su�cien tly sepa-
rated in depth are available. Then the ratio of the NMO
velocities for these two events (vnmo ;1 and vnmo ;2) can
be used to �nd [equation (1)]

v2
nmo ;1(x; t0;1)

v2
nmo ;2(x; t0;2)

=
t0;2 (e2k z t 0; 1 � 1)
t0;1 (e2k z t 0; 2 � 1)

; (3)

where t0;1 and t0;2 are the zero-o�set times for the two
events. According to equation (3), conventional hyper-
bolic moveout analysis of two horizontal events located
in the same factorized block can provide an estimate
of the vertical gradient kz . Knowledge of kz and the
zero-o�set time t0 is su�cien t for obtaining the anellip-
ticit y parameter � from equation (2) applied to one or
both re
ection events. The remaining two key quanti-
ties, Vnmo = VP 0

p
1 + 2� and k̂x = kx

p
1 + 2� , can then

be computed from equation (1), if the e�ectiv e NMO
velocities are determined at two or more locations x.

We conclude that the moveout of horizontal events
at two di�eren t depths and two image locations pro-
vides enough information to estimate the parameters
Vnmo , kz , k̂x , and � . For the special caseof a factorized
v(z) medium with a constant vertical gradient kz , the
moveouts of two horizontal events at a single image lo-
cation can be inverted for the parameters Vnmo , kz , and
� .

As shown in Paper I, re
ection moveout of dipping
events in factorized v(x; z) VTI media is controlled by
the same parameters (Vnmo , kz , k̂x , and � ) as that of
horizontal events. Most importantly , NMO velocity of
events dipping at 25-30� or more is highly sensitive
to the parameter � (Alkhalifah and Tsvankin, 1995;
Tsvankin, 2001), whereas the inversion of nonhyper-
bolic moveout from horizontal re
ectors for � may su�er
from instabilit y (Grechka and Tsvankin, 1998). There-
fore, the inclusion of dipping events in velocity analysis
is helpful in obtaining accurate estimates of � ; also, dip-
dependent re
ection moveout provides additional infor-
mation about the parameters Vnmo , kz , and k̂x .

Still, even if both horizontal and dipping events are
available, the parameters VP 0 , kx , � , and � remain gener-
ally unconstrained by P-wave re
ection traveltimes. In
particular, the vertical velocity VP 0 is neededto de�ne
the depth scale of the VTI model in the migration of
P-wave data. Hence, to build an anisotropic model for
depth imaging, at least one medium parameter must be
known a priori . Unless speci�ed otherwise in the syn-
thetic data examplesdiscussedbelow, the velocity VP 0 is
assumedknown at somelocation on the surface of each
factorized layer. Given this information about VP 0 , we
can usevelocity analysis of P-wave data to estimate the
parameters kz , kx , � , and � .

3 ALGORITHM FOR MIGRA TION
VELOCITY ANAL YSIS

Inversion of seismic data is a nonlinear problem that
can be solved through an iterativ e application of migra-
tion and velocity updating. Migration creates an image
of the subsurfacefor trial values of the medium param-
eters, and then velocity analysis is used to update the
model for the next run of the migration code. This itera-
tiv e procedure, conventionally called migration velocity
analysis (MV A), is contin ued until a certain criterion
(e.g., small residual moveout of events in image gath-
ers) is satis�ed.

Here, we apply anisotropic prestack depth migra-
tion (the migration algorithm is described in detail in
Paper I) and tomographic velocity update to P-wave
data acquired over the subsurface composed of factor-
ized v(x; z) VTI blocks. The iterations are stopped when
the residual moveout for at least two re
ectors in each
factorized block is closeto zero (i.e., the migrated depth
stays the sameto within a speci�ed fraction of the wave-
length for di�eren t o�sets). The overall organization of
our MVA algorithm is similar to that developed by Liu
(1997) for isotropic media, but the VTI model is char-
acterized, for P-waves, by two additional parameters {
� and � .

The tomographic update of the medium parameters
is based entirely on the residual moveout of events in
image gathers. For horizontal re
ectors embedded in a
weakly anisotropic homogeneousVTI medium, the mi-
grated depth zM in image gathers can be written as
(Paper I):

z2
M

(h) � z2
M

(0) + h2V 2
P 0;M

�
1

V 2
nmo ;T

�
1

V 2
nmo ;M

�
+

2h4

h2 + z2
T

�
� M

V 2
nmo ;T

V 2
nmo ;M

� � T

V 2
nmo ;M

V 2
nmo ;T

�
; (4)

where the subscripts T and M denotesthe true and mi-
gration medium parameters, respectively, h is the half-
o�set, and zT is the true zero-o�set depth of the re-

ector. Equation (4) is nonhyperbolic and governed by
two independent parameters { Vnmo and � . The NMO
velocity Vnmo controls the hyperbolic (described by the
h2{term) part of the moveout curve and alsocontributes
to the nonhyperbolic (h4) term, while � in
uences non-
hyperbolic moveout only. A similar closed-form expres-
sion is not available for dipping re
ectors, but both the
hyperbolic and nonhyperbolic portions of the residual
moveout curve for dipping events also depend on Vnmo

and � (Paper I).
As discussed above, the residual moveout of P-

wavesin factorized v(x; z) VTI media is a function of the
parameters Vnmo , kz , k̂x , and � . Although it is di�cult
to expressthe migrated depth zM in laterally heteroge-
neous media analytically in terms of these parameters,
the residual moveout equation can be cast in a form
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similar to that in equation (4):

z2
M

(h) � z2
M

(0) + A h2 + B
2h4

h2 + z2
M

(0)
: (5)

A and B are dimensionlessconstants that describe the
hyperbolic and nonhyperbolic portions of the moveout
curve, respectively. Numerical tests (seebelow) con�rm
that the functional form in equation (5) with �tted co-
e�cien ts A and B provides a good approximation for
P-wave moveout in long-spread image gathers.

To apply equation (5) in velocity analysis, we �rst
pick an approximate value of the zero-o�set re
ector
depth zM (0) on the migrated stacked section. The pa-
rameters A and B are obtained by a 2-D semblance
scanon image gathers at each migrated zero-o�set depth
point. The best-�t combination of A and B that max-
imizes the semblance value is substituted into equa-
tion (5) to describe the residual moveout. It should be
emphasized that the coe�cien ts A and B in our algo-
rithm are not directly inverted for the parameters Vnmo ,
kz , k̂x , and � . Rather, the only role of A and B is in
providing an adequate functional approximation for the
residual moveout.

After estimating the residual moveout in image
gathers, we update the N -element parameter vector �
using the algorithm described in App endix A. The up-
date � � of the parameter vector is obtained by solving
the system of linear equations,

A T A � � = A T b : (6)

Here A is a matrix with M �P rows (P is the total num-
ber of image gathers usedin the velocity analysis and M
is the number of o�sets) and N columns that includes
the derivativ es of the migrated depth with respect to
the medium parameters. The superscript T denotes the
transpose,and b contains the migrated depths that de-
�ne the residual moveout. The full de�nitions of the
matrix A and vector b are given in App endix A.

For all examples described below, each iteration of
the MVA consists of the following four steps:
(1) prestack depth migration with a given estimate of
the medium parameters;
(2) picking along two re
ectors in each VTI block to
delineate the re
ector shapes;
(3) semblance scanning using equation (5) to estimate
A and B for image points along each re
ector;
(4) application of equation (6) to update the medium
parameters in such a way that the variance of the mi-
grated depths as a function of o�set is minimized (see
App endix A for more details about the minimization
procedure).

Steps1{4 are repeated until the magnitude of resid-
ual moveout of events in image gathers becomessu�-
ciently small.
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Figure 1. True image of two re
ectors embedded in a fac-
torized v(x; z) VTI medium with the parameters VP 0 (x =
3 km; z = 0) = 2600 m/s, kz = 0:6 s� 1 , kx = 0:2 s� 1 ,
� = 0:1, and � = � 0:1. The corresponding e�ectiv e parame-
ters are Vnmo (x = 3 km; z = 0) = 2326 m/s, kz = 0:6 s� 1 ,
k̂x = 0:18 s� 1 , and � = 0:25.
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Figure 2. (a) Image of the model from Figure 1 obtained
using a homogeneousisotropic velocit y �eld with VP 0 = 2600
m/s. (b) Semblance contour plot computed from equation (5)
for the shallow re
ector at the surface location 3 km.

4 EXAMPLE WITH A SINGLE
FA CTORIZED LA YER

First, we consider two irregular re
ectors embedded in
a factorized v(x; z) VTI medium with kz > kx > 0
and a positive value of � typical for shale formations
(Figure 1). For the �rst application of prestack depth
migration, we choosea homogeneous,isotropic medium
(VP 0 = 2600m/s, kz = kx = � = � = 0) asthe initial ve-
locity model. The migrated stacked image in Figure 2a
is clearly inferior to the true image in Figure 1. We start
the velocity-updating processby manually picking along
both imaged re
ectors to outline their shapes. Then
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Figure 3. Stacked image after (a) four iterations; (b) eight
iterations.
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Figure 4. Residual moveout in image gathers for both re-

ectors at the surface location 3 km: (a) for the initial model;
(b) after two, (c) four, (d) six, and (e) eight iterations. The
residual moveout is minimized during the velocit y-up dating
process.

equation (5) is used to compute two-parameter sem-
blance scansfor each re
ector and evaluate the residual
moveout in the image gathers.

One such semblance scancomputed for the shallow
re
ector at the surface coordinate 3 km is displayed in
Figure 2b. The values of A and B that correspond to
the maximum semblance coe�cien t in Figure 2b pro-
vide an accurate description of residual moveout at this
location. Although a certain degree of trade-o� exists
between A and B, any pair of values inside the inner-
most semblance contour givesalmost the samevariance
of the migrated depths. Note that the interplay between
A and B is similar to that between the NMO velocity
and parameter � in the inversion of P-wave nonhyper-
bolic re
ection moveout (Grechka and Tsvankin, 1998;
Tsvankin, 2001).
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Figure 5. (a) Stacked image obtained after velocit y anal-
ysis with the wrong value of the vertical velocit y VP 0(x =
3 km; z = 0) = 2000 m/s. The estimated medium parameters
are kz = 0:58 � 0:02 � 1 , kx = 0:15 � 0:0 s� 1 , � = 0:51 � 0:0,
� = 0:17� 0:01. (b) Stacked image for the correct medium pa-
rameters (Figure 1). Since VP 0 in section (a) is smaller than
the true value, both re
ectors are shifted up with respect to
their correct positions in section (b).

For purp osesof velocity analysis, we use the image
gathers at 12 equally spacedsurface locations between
3 km and 4.2 km. The maximum o�set-to-depth ratio
for the selectedimage gathers at the shallow re
ector is
closeto two, which is marginally suitable for estimating
the parameter � . Tigh ter constraints on � are provided
by the NMO velocities of re
ections from the dipping
segments of the shallow re
ector (the dips exceed 30�

in the middle of the section).
After the residual moveout has been evaluated, we

�x the vertical velocity VP 0(x = 3000m; z = 0) = 2600
m/s at the correct value and update the parameters kz ,
kx , � , and � using equation (6). The stacked imagesafter
four (Figure 3a) and eight (Figure 3b) iterations illus-
trate the improvements in the focusing and positioning
of both re
ectors during the velocity update. The mag-
nitude of the residual moveout for both re
ectors de-
creasesas the model parameters converge toward their
actual values (Figure 4). The velocity-updating proce-
dure is stopped after eight iterations becauseevents in
all analyzed image gathers are practically 
at.

The inverted model parameters are closeto the cor-
rect values: kz = 0:58 � 0:02 s� 1 , kx = 0:2 � 0:0 s� 1 ,
� = 0:12 � 0:01, and � = � 0:09 � 0:01. The error
bars were computed by assuming a standard deviation
of � 5 m in picking migrated depths on the selected
image gathers and substituting this picking error into
equation (6) to �nd the corresponding deviations of the
model parameters near the actual solution.

The accurate results of the above test were ob-
tained with the correct value of the vertical velocity at a
given point on the surface of the factorized layer. Next,
we apply the MVA method with an erroneous value of
VP 0(x = 3km; z = 0) = 2000m=s, which is 23% smaller
than the true velocity (2600m/s). The stacked imagesof
both re
ectors obtained after the velocity analysis (Fig-
ure 5a) are well focused, which indicates that the im-
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Figure 6. In
uence of noise on the velocit y analysis and
migration. (a) A shot gather from the dataset in Figure 1
after the addition of Gaussian noise; the signal-to-noise ratio
is 1.5. (b) The image obtained for the noisy dataset.
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Figure 7. In
uence of noise on the velocit y analysis and
migration. (a) The same shot gather as in Figure 6, but with
a more severe noise contamination (signal-to-noise ratio is
1). (b) The image obtained for the noisy dataset.

age gathers have been 
attened. Indeed, although the
estimated medium parameters listed in the caption of
Figure 5 are distorted, the e�ectiv e parameters respon-
sible for the residual moveout are close to their actual
values: Vnmo (x = 3km; z = 0) = 2315 m/s, kz = 0:58
s� 1 , k̂x = 0:17 s� 1 , and � = 0:25.

This result corroborates the analysis of residual
moveout in Paper I and con�rms that our algorithm
converges toward the correct parameters Vnmo , kz , k̂x ,
and � , even if the vertical velocity VP 0 on the surface of
the layer is poorly known. SinceVP 0 assumedin the ve-
locity analysis is too low, however, both re
ectors in
Figure 5a are imaged at depths that are about 23%
smaller than the actual ones in Figure 5b. The depth
distortion also leads to the rotation of the dipping seg-
ments of the re
ecting interfaces, which is discussedin
more detail below.

5 MV A IN THE PRESENCE OF NOISE

To evaluate the in
uence of noise on the estimation of
the medium parameters and the qualit y of imaging, we
added Gaussiannoiseto the data set from Figure 1. The

signal-to-noise ratio, measured as the ratio of the peak
amplitude of the signal to the root-mean-square (rms)
amplitude of the background noise, is about 1.5, and
the frequency bands of the noise and signal are identi-
cal (Figure 6a). The estimates of the medium parame-
ters obtained after the migration velocity analysis with
the correct value of VP 0 at the surface location 3 km
are as follows: kz = 0:56 � 0:04 s� 1 , kx = 0:2 � 0:0
s� 1 , � = 0:12 � 0:02, and � = � 0:09 � 0:02. The error
bars were computed in the same way as those for the
noise-free synthetic example above (Figure 3), but the
depth-picking error for all o�sets and image locations
was assumed to be 15 m instead of 5 m. Clearly, the
noise contamination did not causemeasurableerrors in
the medium parameters or noticeable distortions in the
stacked image (Figure 6b).

Even for the much more severely contaminated
data set in Figure 7, the inverted medium parameters
are close to the actual values: kz = 0:52 � 0:07 s� 1 ,
kx = 0:2� 0:01 s� 1 , � = 0:13� 0:03, and � = � 0:07� 0:03,
Here the error bars were computed under the assump-
tion that the noise increased the depth-picking error to
20 m. (Since the dominant wavelength in this example
was about 80 m, picking errors are unlik ely to exceed20
m, even for a substantial level of noise.) Also, despite the
low signal-to-noise ratio, the migrated stacked section in
Figure 7b has a su�cien tly high qualit y, comparable to
that of the true image in Figure 1.

We conclude that, the migration velocity analysis
employed here givesreliable estimates of the anisotropic
parameters and velocity gradients in the presenceof ran-
dom noise. One aiding factor is that the MVA operates
on migrated data, which have a higher signal-to-noise
ratio than do those of the original records becauseof
partial stacking applied to the data during the migration
step. The semblance (coherency) operator used to eval-
uate the residual moveout on image gathers also con-
tributes to the robustness of the parameter estimation
by suppressingremaining random noise in the migrated
data.

6 SENSITIVITY STUD Y

The above results demonstrate that, in principle, the
residual moveout from two re
ectors in a factorized layer
is su�cien t to estimate the four key parameters Vnmo ,
kz , k̂x , and � . This section is devoted to two important
practical issuesrelated to the implementation of our al-
gorithm. By performing a series of numerical tests, we
establish the minim um depth separation between the
two re
ectors and the minim um lateral spread of the
image gathers (i.e., the di�erence between the largest
and smallest surfacecoordinates of the image locations)
neededfor stable parameter estimation.

Consider two horizontal re
ectors embedded in the
factorized v(x; z) medium with the parameters listed in
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Figure 8. In
uence of the vertical distance d between the
two horizontal re
ectors used in the velocit y analysis on the
absolute error in the vertical gradient kz . The depth of the
shallow re
ector is 1 km; the maxim um o�set is 2 km for
the upper curve and 1.5 km for the lower curve. The model
parameters are VP 0 (x = 3 km; z = 0) = 2600 m/s, kz = 0:6
s� 1 , kx = 0:2 s� 1 , � = 0:2, and � = 0:1.
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Figure 9. In
uence of the distance between the two horizon-
tal re
ectors on the absolute error in the horizontal gradient
kx . The parameters are the same as in Figure 8.
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Figure 10. In
uence of the distance between the two hor-
izontal re
ectors on the absolute error in the parameter � .
The parameters are the same as in Figure 8.
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Figure 11. In
uence of the distance between the two hor-
izontal re
ectors on the absolute error in the parameter � .
The parameters are the same as in Figure 8.
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Figure 12. In
uence of the lateral spread of the image gath-
ers on the absolute error in kx . The re
ector depths are 1 km
and 1.2 km; the other parameters are the same as in Fig-
ure 10. The velocit y analysis is performed on 12 image gath-
ers, each with 20 o�sets.

the caption of Figure 8. The depth of the shallow re-

ector is �xed at 1000 m, while the depth of the second
re
ector varies from 1050 m to 2000 m. Figures 8{9 il-
lustrate the dependence of the error in the estimated
parameters kz , kx , � , and � on the distance betweenthe
re
ectors. The errors in the parameters were computed
from equation (6) assuming that the error in picking
the migrated depths is � 5m. The velocity analysis op-
erated with the residual moveout on 12 image gathers
(with 20 o�sets each) whosehorizontal coordinates span
a distance of 1200 m. For all tests, the vertical velocity
at one location on the surface was held at the correct
value.

For the parameters kz , � and � , the dependenceof
the estimated error on the distance d betweenthe re
ec-
tors has a similar character (Figures 8, 10, and 11). The
error initially decreasesrapidly with increasing d and
then becomesalmost constant as d approaches 500 m.
For a maximum o�set-to-depth ratio (at the shallow re-

ector) of two, the error curves 
atten out for d � 250
m, which is equal to 1/5 of the depth of the bottom re-
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ector. If the maximum o�set-to-depth ratio is 1.5, the
curve 
attens out for a larger depth d � 350 m (� 1/4
of the depth of the bottom re
ector).

This behavior of the error curves is in good agree-
ment with the analysis of the e�ectiv e NMO velocity
and parameter � in Paper I. Accurate estimation fo
the vertical gradient kz , and then the NMO velocity at
the surfaceof the factorized layer, requires a su�cien tly
large di�erence between the NMO velocities of the two
events used in the velocity analysis [seeequation (3)].
In other words, the re
ectors should be su�cien tly sep-
arated in depth to resolve the interval NMO velocity,
which carries information about the gradient kz . An ac-
curate estimate of kz makesit possibleto obtain Vnmo at
the surface and then, using the nonhyperbolic portion
of the moveout curve, the parameter � . The minim um
suitable vertical distance d found here is close to the
minim um layer thicknessconventionally assumedin in-
terval velocity estimation basedon the Dix equation.

In contrast, the error in the horizontal gradient kx

is practically insensitive to variations in the distance be-
tween the two re
ectors (Figure 9) becausethe lateral
spread of the coordinates of the image gathers is kept
constant at 1.2 km. The in
uence of the maximum hor-
izontal distance betweenthe image gathers on the error
in kx is shown in Figure 12. As expected, the gradient
kx becomesbetter constrained with increasing lateral
spread of the image gathers, with the error curve 
at-
tening out for spreadsexceeding300-400m.

Note that the errors in all parameters reduce with
increasing number of o�sets in the image gathers, which
can in
uence the sensitivit y estimates. Although the re-
sults of the error analysis also depend on the anisotropic
coe�cien ts � and � and the velocity gradients, this de-
pendenceis not signi�can t if the velocity update is per-
formed with reasonable constraints on the model pa-
rameters.

7 TEST FOR A MUL TILA YERED MODEL

After performing a seriesof tests for a single factorized
layer, we apply the algorithm to a three-layer model
shown in Figure 13. Each layer contains two re
ecting
interfaces, as requried in our method, with every sec-
ond re
ector serving as the boundary between layers.
The �rst and third layers are vertically heterogeneous
[v(z)] and isotropic, while the second layer is a factor-
ized, laterally heterogeneous[v(x; z)] medium. All inter-
facesare quasi-horizontal, with the largest dips (at the

anks of the syncline) of 10� or less. The model is de-
signed to represent a typical depositional environment
in the Gulf of Mexico, where anisotropic shale layers
(the middle layer in Figure 13) are often embedded be-
tween isotropic sands.

For the velocity analysis we use image gathers lo-
cated along the left 
ank of the syncline with the sur-
face coordinates ranging from 4400 m to 5600 m; the
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Figure 13. True image of a three-layer factorized medium.
Every second re
ector (indicated here with arrows) repre-
sents the bottom of a layer. The parameters of the �rst sub-
surface layer are VP 0(x = 4000m; z = 0 m) = 1500 m/s,
kz = 1:0 s� 1 , and kx = � = � = 0; for the second layer,
VP 0 (x = 4000m; z = 800m) = 2300 m/s, kz = 0:6 s� 1 ,
kx = 0:1 s� 1 , � = 0:1, and � = � 0:1; for the third layer,
VP 0 (x = 4000m; z = 1162m) = 2718 m/s, kz = 0:3 s� 1 ,
and kx = � = � = 0.
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Figure 14. Estimated (� ) and true (?) parameters of the
�rst layer obtained using the correct VP 0(x = 4000m; z =
0 m) = 1500 m/s on the surface.

maximum o�set-to-depth ratio for the image gathers is
close to two. The medium parameters are estimated in
the layer-stripping mode starting at the surface.For the
�rst (top) layer, the vertical velocity is assumedto be
known at a single surface location [VP 0(x = 4000m; z =
0m) = 1500 m/s]. The chosenvalue of VP 0 corresponds
to that for water-bottom sediments; on land, VP 0 at the
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Figure 15. Estimated (� ) and true (?) parameters of the
second layer obtained using the correct VP 0 (x = 4000m; z =
800m) = 2300 m/s at the layer's top.
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Figure 16. Estimated (� ) and true (?) parameters of the
third layer obtained using the correct VP 0 (x = 4000m; z =
1162m) = 2718 m/s at the layer's top.
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Figure 17. Stacked image obtained after prestack depth mi-
gration using the estimated parameters from Figures 14{16.
The vertical velocit y VP 0 at the top of each layer was known.

top of the model may be estimated from near-surface
velocity measurements. Starting with a homogeneous
isotropic model (VP 0 = 1500 m/s) the parameters kz ,
kx , � , and � in the �rst layer, obtained from the migra-
tion velocity analysis with the correct vertical velocity
VP 0(x = 4000m; z = 0m), are close to the true values
(Figure 14).

To estimate the medium parameters in the second
and third layers, we need to �x the vertical velocity at
a certain spatial location in each layer. Three di�eren t
scenariosfor choosing VP 0 in the secondand third layers
are examined below.
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Figure 18. Estimated (� ) and true (?) parameters of the
second layer obtained with an inaccurate value of the vertical
velocit y at the top of the second layer [VP 0(x = 4000m; z =
800m) = 2600 m/s].
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Figure 19. Estimated (� ) and the true (?) parameters of the
third layer obtained with an inaccurate value of the vertical
velocit y at the top of the second layer [VP 0(x = 4000m; z =
800m) = 2600 m/s] but the correct VP 0 (x = 4000m; z =
1208m) = 2732 m/s at the top of the third layer.
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Figure 20. Stacked image obtained after prestack depth mi-
gration using the estimated parameters from Figures 14, 18,
and 19. The vertical velocit y VP 0 at the top of the second
layer was inaccurate.

7.1 VP 0 at the top of each layer is kno wn

Suppose a vertical borehole was drilled at the surface
location 4000 m, and the vertical velocity at the top of
the second and third layers was measured from sonic
logs or check shots. Prestack depth migration with the
estimated parameters of the �rst layer yields the depth
of the top of the second layer at the surface location
4000 m. Using the correct value of the vertical velocity
at this point VP 0(x = 4000m; z = 800m) = 2300 m/s,
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Figure 21. Estimated (� ) and true (?) parameters of the sec-
ond layer obtained assuming that VP 0 is contin uous between
the �rst and second layers at the point (x = 3900m; z =
800m).
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Figure 22. Estimated (� ) and true (?) parameters of
the third layer obtained assuming that VP 0 is contin uous
between the �rst and second layers at the point (x =
3900m; z = 800m) and between the second and third lay-
ers at the point (x = 5937m; z = 1483m).
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Figure 23. Stacked image obtained after prestack depth
migration using the estimated parameters from Figures 14,
21, and 22. The vertical velocit y was assumed to be con-
tin uous between the �rst and second layers at the point
(x = 3900m; z = 800m) and between the second and third
layers at the point (x = 5937m; z = 1483m). True (� ) and
estimated (� ) points of contin uit y are also indicated.

we carry out the velocity analysis for the second layer,
which results in good estimates of all four parameters
(Figure 15). Repeating the sameprocedure for the third
layer with the velocity VP 0(x = 4000m; z = 1162m) =
2718m/s, we obtain the interval parameters closeto the
true values (Figure 16).

The shapesand depths of the re
ectors imaged for
the reconstructed velocity model (Figure 17) closely re-
semble those on the true image (Figure 13). This test
con�rms that migration velocity analysis in layered fac-
torized VTI v(x; z) media can be used to invert for the
the velocity gradients kz and kx and the anisotropic co-
e�cien ts � and � if the vertical velocity is known at a
single point in each layer.

7.2 VP 0 in the second layer is incorrect

Now suppose that the vertical velocity VP 0(x =
4000m; z = 800m) used for the top of the secondlayer

has error (2600 m/s instead of 2300 m/s). Although
this error in VP 0 causesdistortions in the inverted val-
ues of the other parameters (Figure 18), the e�ectiv e
quantities Vnmo (x = 4000m; z = 800m) = 2080 m/s,
kz = 0:56s� 1 , k̂x = 0:09s� 1 , and � = 0:23 do not signif-
icantly di�er from the true values, which corroborates
our results for a single layer (Figure 5). Since the as-
sumed value of VP 0(x = 4000m; z = 800m) is higher
than the correct velocity, the second layer is stretched
in depth by about 13%, and the bottom of the syncline
is imaged at a depth that is 80m too large (Figure 20).
This depth stretch in the secondlayer also causesa tilt
of the syncline's 
anks whose dips in Figure 20 exceed
the true values.

To contin ue the velocity analysis, we �x the vertical
velocity at the imaged top of the third layer at the cor-
rect value. Despite the depth shift of the top of the third
layer, the algorithm yields accurate valuesof all four in-
terval parameters (Figure 19).Becauseof the depth and
dip distortions in the secondlayer, however, the two bot-
tom re
ectors are imaged at somewhat greater depths
and are slightly deformed (Figure 20). In particular, on
the left side of the section the �fth and sixth re
ectors
are no longer horizontal; they have acquired mild dips
to conform to the stretched synclinal structure above.

7.3 VP 0 is con tin uous across the boundaries

If no borehole information is available, one assump-
tion that might be made is that the velocity VP 0 is
a contin uous function of depth at a certain horizon-
tal coordinate. To identify this point of contin uit y at
the boundary between the �rst and second layers, we
examine the moveout along the third and fourth re
ec-
tors (only for o�sets smaller than 1000 m) after migra-
tion with an isotropic homogeneousvelocity �eld in the
second layer. The migration velocity was chosen to be
equal to the estimated velocity at the bottom of the
�rst layer (i.e., at the second re
ector). To select the
point of contin uit y, we pick the surface coordinate with
the smallest residual moveout on the image gathers at
the third and fourth re
ectors. This criterion yielded
x = 3900 m, which is su�cien tly closeto the true point
of contin uit y for the second re
ector (x = 4000 m).
Using the estimated vertical velocity at x = 3900 m
[VP 0(x = 3900m; z = 800m) = 2316 m/s], we estimate
the parameters of the second layer with high accuracy
(Figure 21).

To �nd the point of contin uit y between the second
and third layers, we again perform prestack depth mi-
grations assuming that the third layer is homogeneous
and isotropic. Since the secondlayer is laterally hetero-
geneous,the migration velocities range from 2400 m/s
to 3400m/s. Applying the criterion of minim um residual
moveout for the �fth and the sixth re
ectors, the point
of contin uit y was found at (x = 5937m; z = 1483m),
where the vertical velocity is VP 0 = 2900m/s. Although
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the location (x = 5937m; z = 1483m) is shifted by al-
most 1000 m from the true contin uit y point between
the second and third layers, the results of the velocity
analysis (Figure 22) and imaging (Figure 23) are quite
satisfactory.

In the absenceof borehole data, the assumption of
contin uous vertical velocity provides a practical way to
build an anisotropic heterogeneousmodel for prestack
migration. Depending on the complexity of the model,
however, the point of contin uit y may be estimated with
a substantial lateral shift or may not exist at all. Still,
our tests show that for models without steep dips or
strong lateral heterogeneity, an error in identifying the
point of contin uit y doesnot distort the e�ectiv e param-
eters Vnmo , kz , k̂x , and � . Therefore, the migrated sec-
tion would still be well focused, although the imaged
re
ectors would be subject to a depth stretch.

8 DISCUSSION AND CONCLUSIONS

Appro ximating heterogeneousVTI modelsby factorized
blocks or layerswith linear velocity variation, provides a
convenient way to reconstruct anisotropic velocity �elds
for P-wave prestack imaging. The migration velocity
analysis (MV A) algorithm intro duced hereestimates the
anisotropic parameters and velocity gradients in each
block by minimizing the residual moveout of P-wave re-

ection events in image gathers.

The residual moveout of both horizontal and dip-
ping events in factorized VTI media is governed by four
e�ectiv e parameters { the NMO velocity Vnmo at the
surface of the factorized block, the vertical velocity gra-
dient kz , the quantit y k̂x = kx

p
1 + 2� that contains the

lateral velocity gradient kx and the anisotropic param-
eter � , and the anellipticit y parameter � . Application
of our MVA method con�rms the conclusion of Sarkar
and Tsvankin (2002; Paper I) that stable recovery of
the parameters Vnmo , kz , k̂x , and � requires re
ection
moveout from at least two interfaces within each block
su�cien tly separated in depth.

Numerical tests indicate that the velocity-analysis
algorithm yields robust estimates of the four parame-
ters if the vertical distance between the two interfaces
exceeds1/4 of the depth of the bottom re
ector. For
a speci�c model, which may be typical of the subsur-
face, we also determined the minim um lateral spread in
the image gathers for a stable recovery of the lateral
gradient kx . Another essential condition for stable esti-
mation of the parameter � is either the presenceof dip-
ping interfaces (dips should exceed25� ) or acquisition
of long-spread data from subhorizontal re
ectors pro-
viding maximum o�set-to-depth ratios of at least two.

The residual moveout on image gathers for large
o�set-to-depth ratios was described by a nonhyperbolic
function that dependson two independent moveout pa-
rameters. Although these parameters are not directly
used in the velocity analysis, their best-�t values found

from semblance search give an accurate approximation
for the residual moveout. The MVA is implemented in
an iterativ e fashion, with the residual moveout mini-
mized at each iteration step by solving a system of lin-
ear equations for the parameter updates. Since the pa-
rameter estimation is performed in the post-migrated
domain, the algorithm is robust in the presenceof ran-
dom noise and does not lose accuracy for models with
signi�can t lateral heterogeneity and dipping structures.

The main problem in the application of P-wave ve-
locity analysis for VTI media is that the vertical ve-
locity VP 0 , needed to build velocity models for depth
migration, is generally unconstrained by P-wave re
ec-
tion moveout (Alkhalifah and Tsvankin, 1995; Grechka
et. al., 2002; Tsvankin, 2001). Also, the lateral gradi-
ent kx is always coupled to the anisotropy coe�cien t
� through the parameter k̂x = kx

p
1 + 2� . A priori

knowledge of VP 0 at any single point in the factor-
ized block, however, is su�cien t for estimating the true
lateral gradient kx and, therefore, reconstructing the
spatially varying vertical-v elocity �eld, as well as the
Thomsen anisotropic parameters � and � .

The vertical velocity can often be estimated from
borehole data using either check shots or sonic logs. If
no borehole information is available, a suitable model
for depth imaging can be constructed by assuming that
VP 0 is contin uous across layer boundaries. Then, given
the value of the vertical velocity at a single point on the
surface, the entire velocity model in depth can be esti-
mated from the residual moveout of P-wave re
ection
events. The examples presented in the paper demon-
strate that the assumption of contin uit y of VP 0 o�ers a
practical way to build reasonably accurate anisotropic
velocity models that are particularly suitable for migra-
tion codes that require a smooth velocity �eld. As the
level of structural complexity increases, however, the
migration result becomesmore dependent on the lat-
eral location of the assumedcontin uit y point, and the
adopted contin uous velocity �eld may cause errors in
the �nal image.

For relativ ely simple models with subhorizontal in-
terfaces, the distortions related to an error in the ver-
tical velocity are limited to a depth stretch that can
vary from one layer to another. In the presenceof dip-
ping interfaces, an overstated value of VP 0 causesthe
imaged ones to be larger than the true dips; if VP 0 is
understated, the imaged dips are too small. In multila y-
ered media, a depth stretch for dipping interfaces in the
overburden can distort the shape of the underlying re-

ectors, even if the parameters immediately above these
re
ectors are estimated correctly.

Still, the examplesgiven above show that the move-
out of events in image gathers is not in
uenced by an
incorrect choice of VP 0 , and the migrated image remains
well focused as long as the algorithm yields accurate
valuesof Vnmo , kz , k̂x , and � . This conclusion, however,
may break down if the subsurface contains interfaces
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with signi�can t dip or curvature. Then P-wave re
ec-
tion moveout and, therefore, residual moveout on image
gathers becomedependent on the vertical velocity and
the parameters � and � (Le Stun� et al., 2001; Grechka
et al., 2002). For models of this type, the layer-stripping
approach adopted in our MVA algorithm is not always
adequate becausethe parameters of a given layer may
remain unconstrained in the absenceof re
ection data
from deeper interfaces (Le Stun� et al., 2001).
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APPENDIX A: ALGORITHM FOR
VELOCITY UPD ATE

Following the approach suggestedby Liu (1997), we de-
sign the velocity-updating algorithm to minimize the
variance in the migrated depths of events in image gath-
ers. To simplify a generally nonlinear inverse(minimiza-
tion) problem, we perform the velocity analysis itera-
tiv ely, with a set of linear equations being solved at
each iteration. Below we discussthe velocity update per-
formed at a single (l th ) step of the iterativ e process.

Supposethat prestack migration after the (l � 1)th

iteration of the velocity analysis resulted in the migrated
depths z0(x j ; hk ) (x j is the surface coordinate of the
j th image gather, and hk is the half-o�set). Then the
migrated depths z(x j ; hk ) after the l th iteration can be
represented as a linear perturbation of z0(x j ; hk ):

z(x j ; hk ) = z0(x j ; hk ) + � N
i =1

@z0(x j ; hk )
@� i

� � i ; (A1)

where @z0(x j ; hk )=@� i are the derivativ es of the mi-
grated depths with respect to the medium parameters
� i (i = 1; 2; 3; ::: N ), and � � i = � 0

i � � i are the desired
parameter updates. The goal of the updating procedure
is to estimate � � i and, therefore, �nd the parameters
� 0

i to be used for the migration after the l th iteration.
The variance V of the migrated depths for a single

re
ection event at all o�sets and image gathers is

V = � P
j =1 � M

k =1 [z(x j ; hk ) � ẑ(x j )]2 ; (A2)

where ẑ(x j ) = (1=M ) � M
k =1 z(x j ; hk ) is the average mi-

grated depth of the event at surface coordinate x j , P is
the number of image gathers usedin the velocity update,
and M is the number of o�sets in each image gather.
The minimization at each iteration step is accomplished
by searching for the parameter updates that satisfy the
condition @V=@(� � r ) = 0 (r = 1; 2; 3; ::: N ). Subsitut-
ing equation (A1) in equation (A2), di�eren tiating the
variance with respect to the parameter updates, and
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setting @V=@(� � r ) = 0 yields

� � P
j =1 � M

k =1 � N
i =1 (gj k ;i � ĝj;i )( gj k ;r � ĝj;r )� � i

= � P
j =1 � M

k =1 [z0(x j ; hk ) � ẑ0(x j )]( gj k ;r � ĝj;r ) ; (A3)

where gj k ;r � @z0(x j ; hk )=@� r , gj k ;i � @z0(x j ; hk )=@� i ,
and ĝj;i � (1=M )� M

k =1 gj k ;i ; all derivativ esare evaluated
for the medium parameters � i .

Equation (A3) can be rewritten in matrix form as

A T A � � = A T b ; (A4)

where A is a matrix with M � P rows and N columns
whose elements are gj k ;r � ĝj;r , and b is a vector with
M � P elements de�ned as z0(x j ; hk ) � ẑ0(x j ). A T A is a
square N � N matrix, and the vector A T b has N ele-
ments, so the problem has been reduced to a system of
N linear equations with N unknowns � � . We solve the
system (A4) using a linear conjugate gradient schemeto
obtain � � and the updated parameters � 0 = � � + � .

The derivativ esof the depths z(x j ; hk ) with respect
to the medium parameters � i (and, therefore, the matrix
A ) can be determined from the imaging equations (e.g.,
Liu, 1997; Paper I):

� s (y; h; x; z; ~� ) + � r (y; h; x; z; ~� ) = t(y; h) ; (A5)

@� s (y; h; x; z; ~� )
@y

+
@� r (y; h; x; z; ~� )

@y
=

@t(y; h)
@y

: (A6)

Here y is the common-midpoint location at the surface,
h is the half-o�set, � s is the traveltime from the source
location xs (xs = y + h) to the di�ractor location (x; z)
that was obtained after prestack depth migration with
the medium parameters � i , � r is the traveltime from
the receiver location x r (x r = y � h) to the point (x; z),
and t(y; h) is the observed re
ection traveltime. Note
that y, x, and z depend on the medium parameters � i ,
while h is an independent variable. Becausex is �xed
at the surface location where a particular image gather
is analyzed, however, the derivativ e of x with respect to
� i is set to zero.

Di�eren tiating equation (A5) with respect to � i

gives
�

@� s

@y
+

@� r

@y

�
dy
d� i

+
�

@� s

@z
+

@� r

@z

�
dz
d� i

+
�

@� s

@� i
+

@� r

@� i

�

=
@t
@y

dy
d� i

: (A7)

Taking equation (A6) into account simpli�es equa-
tion (A7) to

�
@� s

@z
+

@� r

@z

�
dz
d� i

= �
@� s

@� i
�

@� r

@� i
; (A8)

or

dz
d� i

= �
�

@� s

@� i
+

@� r

@� i

�
1

qs + qr
; (A9)

where qs = @� s=@z and qr = @� r =@z are the vertical

slownessesevaluated at the di�ractor for the specular
rays connecting the di�ractor with the source and the
receiver, respectively.

To �nd the derivativ esdz=d� i , we perform ray trac-
ing using the prestack-migrated image after the (l � 1)th

iteration. First, the dip of the re
ector neededto de�ne
the specular re
ected rays is estimated by manual pick-
ing on the image. Then, for a given di�raction point
on the re
ector and a �xed source-receiver o�set, the
specular ray is traced through two models, one of which
is de�ned by the parameters � i and the other by pa-
rameters slightly deviating from � i (i.e., � i are slightly
perturb ed). The corresponding perturbation of the trav-
eltime between the source and the di�ractor is divided
by the perturbation in � i to obtain @� s =@� i , while the
samequantit y for the traveltime leg betweenthe di�rac-
tor and the receiver gives @� r =@� i . The slownessesqr

and qs at the di�raction point are part of the output of
the ray-tracing algorithm ( �Cerven�y, 1972).
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