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1 INTRODUCTION

ABSTRACT

Provided the velocity of the medium is known and the the medium does not
allow different reflectors to have identical surface seismic measurements that
persist under small perturbations of the medium, map migration achieves a
one-to-one mapping from surface seismic data to the subsurface seismic im-
age by using the slopes in addition to the location (and time) of the events in
the data. In this paper we present 3D pre-stack map time-migration in closed
form for P-waves in homogeneous isotropic and qP-waves in VTI media, and
discuss the condition for applicability of pre-stack map depth-migration and
demigration in the presence of caustics. As far as pre-stack time-demigration
is concerned, we present closed-form expressions for the mapping in isotropic
homogeneous media, while for homogeneous VTT media we derive a system of
four nonlinear equations with four unknowns that needs to be solved numer-
ically. In addition we present closed-form expressions for both pre-stack map
time-migration and demigration in the common-offset domain for homogeneous
isotropic media that use only the slopes in the common-offset domain as opposed
to slopes in both the common-shot and common-receiver (or equivalently the
common-offset and common-midpoint) domain. All time-migration and demi-
gration equations presented can be used in media with mild lateral and vertical
velocity variations, provided the velocity is replaced with the local RMS ve-
locity. The expressions for pre-stack map time-migration in VTI homogeneous
media can be used for anisotropic parameter estimation (i.e., the anellipticity
parameter 7)) in the context of time-migration velocity analysis.

Key words: pre-stack map migration, closed-form, homogeneous, VTI, canon-
ical relation, caustics

in the data, and thus uses the information given by the
reflection slopes in common-shot or common-receiver

The kinematics and geometry of seismic migration can
be described in terms of surfaces of equal traveltime,
i.e., isochrons. Migration encompasses the integration
of signal processed data along diffraction surfaces cor-
responding to these isochrons. In terms of linear filter
theory, the image in constant media is a convolution of
the impulse response of the migration operator shaped
in accordance with the isochrons. This approach uses
the positions, traveltimes, and amplitudes of the events

gathers only implicitly.

In the high-frequency approximation, seismic waves
(or singularities) propagate along rays through the sub-
surface. Provided the velocity in the earth is known,
reflection slopes in the data determine the directions of
rays at the recording surface (or the singular direction
of the wavefront set of the recorded wavefield). There-
fore, once the traveltime and the slopes at the source
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and receiver are known along with the velocity, the lo-
cation and local dip of a reflector in the subsurface (i.e.,
singularity) can in principle be determined with the
aid of ray-tracing (Cerveny, 2000). The determination
of the reflector position and orientation from the times
and slopes of a reflection in the data at the source and
receiver locations is generally referred to as map mi-
gration. In a mathematical context, provided that the
velocity is known and the medium does not allow dif-
ferent reflectors to have identical surface seismic mea-
surements that persist under small perturbations of the
medium, the use of the slope information in map mi-
gration results in a one-to-one mapping from the un-
migrated quantities associated with a reflection in the
data to the migrated quantities associated with a reflec-
tor. Collecting the migrated and unmigrated quantities
in a ‘table’, leads to the notion of canonical relation.
Here we aim to elucidate that pre-stack map depth-
migration is closely related to the canonical relation
of the single scattering modeling or imaging operators
in complex media. Guillemin (1985), ten Kroode et al.
(1998), de Hoop & Brandsberg-Dahl (2000), and Stolk &
de Hoop (2002b) have shown that that imaging artefacts
(or imaging phantoms) are avoided if the projection of
this canonical relation on the unmigrated quantities is
one-to-one. We explain this, and make clear that this
condition provides the applicability condition that al-
lows map depth-migration in the presence of caustics.
The concept of map migration is certainly not new.
Weber (1955) gives an early account of map migration,
wherein the zero-offset 3D map migration equations are
derived for a constant-velocity medium and arbitrary
recording surface. Independently Graeser et al. (1957)
and Haas & Viallix (1976) derive the position of a re-
flector in 3D from zero-offset data using straight rays
by using the slope information. In an early attempt at
the use of numerical ray-tracing, Musgrave (1961) uses
the slope information to calculate wavefront charts and
migration lists, and Sattlegger (1964) derives a series ex-
pansion for the coordinates of the raypath. Both meth-
ods assume vertically-varying velocity media and can be
used for 3D migration of zero-offset data. Reilly (1991)
and Whitcombe & Carroll (1994) present successful ap-
plications of map migration using post-stack field data.
Map migration has been used for velocity estima-
tion in several different approaches (e.g., Gjoystdal &
Ursin (1981), Gray & Golden (1983), and Maher et
al. (1987)). To improve horizon-based velocity model
building, map migration has been used in seismic event-
picking schemes consisting of map migration, followed
by picking, map demigration, and remigration in the
updated velocity model. The initial map-migration step
in such a scheme attempts to reduce mispositioning
of the velocity picks. The idea to use map migration
for velocity analysis stems from the sensitivity of pre-
stack map migration to errors in the migration veloc-
ity, as pointed out by Sattlegger et al.(1980). Sword

(1987p.22) develops a controlled directional reception
(CDR) tomographic inversion technique, first suggested
by Harlan & Burridge (1983), to find interval velocities
from pre-stack seismic data. In that method the slopes
(or horizontal slownesses) are picked automatically us-
ing the CDR picking technique — slant-stack over a
short range of offsets with subsequent picking — devel-
oped in the former Soviet Union [e.g., Zavalishin (1981)
and Riabinkin (1991)] but first introduced by (Rieber,
1936) and later reintroduced by Hermont (1979). Sub-
sequently the estimates of the ray parameters are used
to trace rays through the initial estimate of the veloc-
ity model, and a depth is found wherein the sum of
the traveltime along the downgoing (source) and upgo-
ing (receiver) rays equals the observed traveltime. Then,
at this depth, the horizontal distance between the end-
points of two rays in the subsurface is minimized using
a modified Gauss-Newton method to yield the velocity
model.

Recently Iversen & Gjoystdal (1996) performed
2D map migration in arbitrarily complex media us-
ing a layer-stripping approach similar to that of Gray
& Golden (1983) to achieve simultaneous inversion of
velocity and reflector structure; they later extended
this method for 2D anisotropic media (Iversen et al.,
2000). Their linearized inversion scheme, which mini-
mizes the projected difference along the reflector normal
between events from different offsets, uses derivatives of
reflection-point coordinates with respect to model pa-
rameters as introduced by van Trier (1990) rather than
derivatives of traveltimes with respect to model param-
eters as used in classical tomographic inversion [e.g.,
Bishop et al. (1985)]. Such an approach allows for more
consistent event picking because reflectors can be iden-
tified in a geological structure. In addition, an initial
imaging step generally improves the signal-to-noise ratio
allowing for more accurate event picking. Finally, Bil-
lette & Lambare (1998) most recently reiterated the im-
portance of slope information in macro-velocity model
estimation while validating that precision in measured
slopes, traveltimes, and positions in seismic reflection
data is sufficient to recover velocity fields using stereoto-
mography.

The outline of this paper is as follows. First, we de-
velop closed-form expressions for the geometry of pre-
stack map time-migration and demigration in 3D for
a homogeneous isotropic medium. These equations as-
sume, in addition to the velocity (as is common in seis-
mic imaging), that only the location and the slopes
in unmigrated common-offset gathers are known. This
is in contrast to the migration equations in 2D pre-
sented by Sword (1987p.22), which also require the slope
within the common-midpoint gathers ( or, laternatively,
the slopes in the common-source and common-receiver
gathers). Time migration, which uses the assumption of
a homogeneous model and the root-mean-square (RMS)
velocity remains in large use in practice. In this context
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Figure 1. Geometry defining the DSR equation.

our expressions have current applicability, provided the constant velocity in them is replaced by the local RMS
velocity. To complement the work of Alkhalifah & Tsvankin (1995) and Alkhalifah (1996) on velocity analysis in
transversely isotropic media, we derive closed-form expressions for 3D pre-stack map time-migration for qP waves in
VTI media and present a system of four nonlinear equations with four unknowns for the demigration problem, which
needs to be solved numerically. These map migration expressions can be used for anisotropic parameter estimation
(i-e., the anellipticity parameter 1) in the context of time-migration velocity analysis. We then proceed to explain
the applicability of map depth-migration in the presence of caustics, and revisit pre-stack map time-migration in
homogeneous isotropic media to show that the pre-stack map time-migration and demigration equations define the
canonical relation of the single scattering modeling and imaging operators in such media. For practical issues such
as slope estimation, accuracy and stability of the algorithm, and sampling and grid distortion, we refer to existing
literature [e.g., Kleyn (1977) and Maher & Hadley (1985)].

2 ISOTROPIC HOMOGENEOUS MEDIA
2.1 The DSR equation for common-offset and common-azimuth

To illustrate the concept of map migration, we derive explicit 3D pre-stack map migration and demigration equations
for isotropic homogeneous media. We assume that preprocessing has already compensated data for any topography
on the acquisition surface, and deal with only the kinematics of migration. The results, however, could be extended
to take geometrical spreading effects into account. For media with mild lateral and vertical velocity variations, these
equations can be used provided the velocity is replaced with the local RMS velocity.

For 2D pre-stack map time-migration, Sword (1987p.22) derived closed-form expressions for the migrated location
and reflector dip using the horizontal slownesses at both the source and the receiver. Since the velocity for the isotropic
case does not depend on the angle, however, the actual angles at the source and the receiver given by the horizontal
slownesses need not be known. We derive closed-form expressions for pre-stack map time-migration and demigration
in 3D, using only the slopes in common-offset gathers, which prove it unnecessary to use both horizontal slownesses.
These expressions provide a practical advantage over existing closed-form solutions that use both slownesses, since
only one slope needs to be measured instead of two. Such a reduction, unfortunately, no longer holds in heterogeneous
or anisotropic media.
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The double square root (DSR) equation, governing traveltime in a homogeneous medium, in 3D is given by

2
tu - 1 \/(51},_%771—hSinOé)2+(gu—gm—hcosa)2+ <UtTm>
v
2 (1)
~ ~ - ~ VEm
—|—\/(xu—xm+hsina)2+(yu—ym+hcosa)2—|—(T) ,

where Z, and g, are the common-midpoint (CMP) coordinates, Z,, and ¥, are the reflection-point coordinates, tm,
is the two-way migrated traveltime, « is the acquisition azimuth measured positive in the direction of the positive =
axis, v is the velocity, and h is the half-offset (see Figure 1). Rotating the positive g direction to the source-to-receiver
direction, the DSR equation becomes

=l \/<xu—xm>2+<yu—ym—h>2+ () + \/m e o1+ (M) ) )

v

To find xu, Yu, tu, p;, and pY from T, Yu,tu, Py, and p%, where py’¥Y and pi’?Y are the horizontal slownesses of the
unmigrated reflection in the rotated and unrotated coordinate systems, respectively, we calculate

To cosa sina 0 0 0 Tu
Yu —sina cosa O 0 0 Yu
te | = 0 0 1 0 0 te | - (3)
Dy 0 0 0 cosa —sina [
Py 0 0 0 sina cos a Y

To be consistent with the general treatment of time-migration using common-midpoint coordinates and offset,
we derive our results in this reference frame. Since we align the positive y-axis with the source-receiver direction, we
develop our equations in the common-offset, common-azimuth domain. In the remaining text we assume the velocity
to be known and equal to the RMS velocity; i.e. we develop the pre-stack map migration and demigration equations
and their solutions in the context of time-migration. Table 1 summarizes our notation throughout the remaining text.

2.2 Pre-stack common-offset migration

Equation (2) has three unknowns — Zm, ym, and t.,. We obtain two additional equations by calculating the partial

derivatives of ¢,, with respect to x, and y, while keeping the reflector location and offset constant, i.e., pi = %gfc“:
and p¥ = %%:
T 1 Ly — Tm Ty — Tm
Pu = % 2 2 tom ) 2 + 2 2 tom ) 2 ’ (4)
vo_ = 5
P =5 (5)

2 + 2
V@ —2m) + G —ym = 1)+ (22)> @ —2) + G~y + 1)+ ()

where the horizontal slownesses p.’Y can be measured. With these additional equations we arrive at a system of three
equations with three unknowns. To derive equations (4) and (5) we used the property that on the pre-stack migration
isochrone, defined by the DSR equation, g;’;” = % = 0 for constant h.

Solving equations (2), (4), and (5) for Zm, ym and ¢, results in

2,
Tm = Ly — v pQutu (1 - Ai) 9 (6)
Uty 2 A

[N

tm

2 { (%) (1 - ) - (E) . (ﬂlhA) (s (poh)? — 12+ (@) 1- (vpzAuf])} C®
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Table 1. Summary of notation.

parameter  Description

T,Y, 2 horizontal location =z and y, and depth z
t two-way traveltime
h half-offset
v group velocity
14 phase velocity
P group angle
[% phase angle
pTY horizontal slowness in x or y direction
a acquisition azimuth (measured anti-clockwise with positive y-axis
u, m subscripts denoting migrated (m) and unmigrated (u) variables
s,r subscripts denoting source (s) and receiver (r)
bz,y reflector dip angle with horizontal in = or y direction
Vpo,so vertical phase velocity qP and qSV waves respectively

Vnmo(0)  zero-dip NMO velocity

[, dip covector
€0 Thomson parameters
n anellipticity parameter
¥ azimuth angle of slowness vector with positive z-axis measured clock-wise
(s,7), (sin~s, sin ;)
(s,7)g (sinfs,sin6,.)
in which
1 64 (phh)*
A=Ay (PY,0u,h) = ———— |Ou [1— /1 - ——F |, 9
( ) 2V/2pYh 0z 9)
with
y o (2p\" 1 2n\* 2
Ou =0ttt =ti+ () = —2(5 (1—(%)) 7 (10)
v 2 v

where the signs of the roots are chosen such that migration moves energy up-dip. The local dip of the reflector py;Y =

%6(?,;”),,,1 can be found by calculating the partial derivatives %7 % of equation (2), using that %:ﬁ = % =
for constant h, and using equations (6)-(8) for Zm, ym and t,,. This yields
pEy = po¥t [Aw = 1] [Au 4 1]

" “ [Aw — 1] + |Aw + 1]

{8 0o (8 (45 (- (2) (o))}

Equations (6)-(8) and (11) thus are explicit and exact expressions that determine the migrated reflector coordi-
nates (Tm, Ym, tm, P, Do) from the specular reflection coordinates (Tu, Yu, tu, pi, %), given h. The 2D case is readily
obtained by setting ., = ., = 0 and p},, = pi, = 0, which reduces equations (7), (8) and (11) to the 2D equivalent

expressions. Note that equations (6)-(8) and (11) do not use the offset horizontal slowness pp = %%’5};‘, This means
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that, in practice, only pS and p¥ need to be estimated, and the slope in a common-midpoint gather can be ignored.
Usually expressions or algorithms for map migration use the slopes in both the common-offset and midpoint gathers,
or, alternatively, the slopes in source and receiver gathers.

2.3 Zero-offset migration

Equations (6)-(8) and (11) are strictly valid when h # 0 and p¥ # 0. For small h or p}, i.e.,

64(pYh)*
g o, -
we use a first-order Taylor expansion for A, such that
2p¥ h
A, = == 13
Vo. 1)
Substituting this approximation for A, into equations (6)-(8) gives
2, x 2
v Pty 4 (pth)
m N Ty — 1-— , 14
v ‘ 2 ( 0. (14)
(vtu)® Pl
m N Yy — ——— 15
y y 2/0. (15)
1
t2 2 h 2 1 ’Utupy 2 2 2 2h 2 1 2 2
m ~ 2= (1—(vpl)”) — | — — | — wh)” — — ] |1—- = (2upipY 1
t { -0t - (1) v g (M) (semr - (2 o ol ) b (0)
gt n poy, [ 12PER = VO] 250 + VO] an
" " 12pth — VOu| + [2pth + VO, |
1
t2 2 h 2 Utupy 2 2h 1 2 2
Oy 1— (vpy)”) — | — — 8 (pth)® — 2 1— — (2upypih
x{ <4( (wr)?) ())+< D) (i~ 2+ (2) |1 - oo upipti)
For the special case when h = 0, these equations reduce to their zero-offset (or post-stack) counterparts, i.e.,
2 x
v puty
m = u T T A 18
x x 2 (18)
v put
Ym = Yo o (19)
tm - tum ) (20)
P
= (21)

T,y —
b Ji-vp
where we have defined
pu =1/ (P%)* + (ph)? . (22)

Setting xm = x, = 0 and pi, = p;, = 0 gives the expressions in 2D.

2.4 Pre-stack common-offset demigration

The demigration equations for x, and y, can be found by first solving equation (2) for ¢,, and evaluating the partial
derivatives gtm and at’” . Using the resulting expressions for z,, and y, in equation (2) then give the explicit expression
for t,,. To find the slopes ps, and p¥, we then simply substitute the expressions for ., Y., and ¢, in equations (4) and




Pre-stack map time-maigration in VTI media 7

(5). The resulting equations are

2, x
Ty = Xm+ Y pgltm s (23)
2.y tm
4h2 2phhtm
P \ A — 1] A + 1
pu? = = = , (26)
4_h2 R 2pY Wt
2 A
in which
Yy
Ao = Aon (P, O, ) = b 7 (27)
y 2
o (1 )1+ 16%’;"1) )
with
Om = Om(tm, p¥) = tm (1 + 0% [(07)° + (P})?]) - (28)

Equations (23)-(26) determine the specular reflection (%u,Yu,tu,ps,ps) from the migrated reflector
(Zms Ymy tm, P, Do ). Note that pr;¥ can be estimated from the dip of the imaged reflector using that

v Otm
20(z,y),,
where ¢4, is the reflector dip angle with the horizontal in the z- or y-direction (measured positive clockwise). Again,
the 2D case follows by setting z,, = z, = 0 and p}, = p5. = 0.

tan ¢y = = vpn’ (29)

2.5 Zero-offset demigration

The demigration mapping given by equations (23)-(26) indeed reduces to its zero-offset counterpart if h = 0. The
resulting expressions are

2 x
Tu = Tm+ Y pgltm , (30)
2y
v pmt’m
Yu = Ymt—o—, (31)
Y
T,y DPm
DPu = ay————— ) 33
V1 +v2p2, (33)
where

pm =/ (P5)? + (pin)? (34)

With x,, = x, = 0 and p5, = p;, = 0 these expressions reduce to the 2D case.

3 TANSVERSELY ISOTROPIC MEDIA WITH A VERTICAL SYMMETRY AXIS
3.1 The DSR equation for common-offset and common-azimuth

Consider the case of homogeneous transversely isotropic media with a vertical symmetry axis (VTI). In general, the
group velocity vector is perpendicular to the slowness surface, whereas the slowness vector is perpendicular to the
wavefront. In transversely isotropic (TI) media, the group velocity depends only on the phase angle 6 with the axis
of rotational symmetry, and for P (and qSV) waves is given by (Tsvankin, 2001p.29)

v=V(0) 1+(%%> : (35)
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where v is the group velocity, and V' is the phase velocity. The group angle v in such media is given by

V(0) do
The group angle 1 is defined as the angle of the ray with the rotational symmetry axis, and the phase angle 6 is the

angle of the normal to the wavefront with the symmetry axis. Since the group velocity points in the direction of the
ray, the DSR equation for a homogeneous VTI medium is given by

V@ =20 + s —ya)* + 20 )@= 200)* + (0 — ym)* + 22,
= T ) (37)

Vs Ur

where v, » are the group velocities (which depend on the phase angles) along the source and receiver legs, respectively.
Note that the positive y-direction here is in the source-receiver direction, and the coordinate system is right-handed
as before.

3.2 Parametrization

For general transversely isotropic (TT) media, the phase velocity for qP waves using the parameterization introduced
by Thomsen (1986) is given by (Tsvankin, 2001p.22)

.2 2 _ )
V(a) :VPO 1+€Sin29—£ 1— \/(1+ 265.1;1 9) _ 2(6 5}511’1 29 7 (38)

2

where Vpy is the phase velocity for the qP wave at 0 =0, f =1 — %Qﬂl with Vso the phase velocity of the qSV wave
P

at § = 0, and € and § are the Thomsen anisotropy parameters. Taking the derivative with respect to the phase angle

0 gives

%es?
2 (1+ s )68\/1—82—2(6—6)8\/1—582—486
v _ Vi ; i

es\/ 1 — 52+

do — V(0) 2\2 8(c_8) 2 (13 ’
\/(Hzf)_g( e

where s = sin . Note that we have 0 < 6 < 7/2, since rays cannot turn in homogeneous media.

The P-wave phase velocity, however, depends only weakly on the vertical shear-wave velocity Vso [e.g., Tsvankin
(1996) and Alkhalifah (1998); a precise analysis is contained in Schoenberg & de Hoop (2000)], such that influence of
Vso in all kinematic problems involving P-waves can be ignored. Because in this paper we are only dealing with the
geometry of map migration, we can for most practical purposes set f = 1 in equations (38), (39), and (56); for small
Vpo/Vso ratios a better choice is to use a typical Vpo/Vso ratio. If Vg is known, f can be calculated and subsequently
used in equations (38), (39) and (56) to find the phase velocity, its derivative, and the phase angle.

Alkhalifah and Tsvankin (1995) showed that the time-signatures (e.g., reflection move-out, DMO, and time-
migration operators) of qP-waves in homogeneous VTI media are characterized mainly by the zero-dip normal-
moveout (NMO) velocity Vno(0) = Vpov/1+ 2§ and the anellipticity parameter n = (¢ — d)/(1 + 2J), with an
almost negligible influence of Vpg. Using these expressions for n and Viaro(0), equations (38) and (39) can be
rewritten in terms of 7, Viaro(0), and Vpo. Since in practice Viaro(0) is estimated from move-out velocity analysis,
the expressions we derive for map migration in VTI media can be used to estimate the anellipticity parameter 7,
by using the slope information of one event at two (or more) different offsets and calculating the migrated times for
these offsets for an assumed value of 7 (given arbitrary Vpo). The correct value of 1 (and Vaaro(0) should yield the
same migrated time for all offsets, since the data have one common reflection point.

(39)

3.3 Pre-stack or finite-offset migration

For VTI (and isotropic) media, all vertical planes are medium mirror symmetry planes. Both vertical planes, the
one defined by the source position and the reflector position, and the one defined by the receiver position and the
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Figure 2. Definition of ~s, - as the angles of the horizontal projections of the slowness vectors with the positive z-axis.

reflector position, thus also are symmetry planes. Throughout the remainder, we refer to these planes as the source
and receiver planes (see Figure 1). In the source plane,

R o i e w0

Zm

while in the receiver plane, we have

tan ¢, = V(e =)+ e =) : (41)

Zm

where 1, , are the group angles at the source and receiver, and zm = Vpotm /2 is the migrated depth. The horizontal
slownesses satisfy the relation

per = (12)
where we defined

Ver = V(bs,), (43)
por = A/ (p2.)"+ () (44)

with pg"¥ denoting the horizontal slownesses at the source or receiver in the x or y direction, and 6, the phase angle
at the source or receiver. Then, using equation (42) in equation (36) and substituting the result in equations (40)
and (41), we get

_ Verpsr 1 dV
\/(l‘s,r - xm)Q + (yS,T - ym)2 1-V; rps r V; T s,T (45)
= per ﬂ |
V 1-— Vs%rpz,r d0 s,7
Here dd—‘g . ,is the derivative of the phase velocity with respect to the phase angle § with the vertical symmetry axis,

)

evaluated at the phase angle at the source (6) or receiver (6,).
Using equation (45) in (37) then results in an expression for the migrated time

-1

P L L . (46)

Vo VS(JI—VEps Ps del) Vr (vl—Vr2pr pr de\)

Then, defining ~s,» as the angles of the horizontal projection of the slowness vector at the source and receiver with
the positive z-axis (see Figure 2), we find

Ys.r = Ym _ Pir (47)
\/(mu - mm)Q + (ys,r - ym)2 Poyr

sin ys,» =
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Then, using equation (45) and (46) in equation (47) gives

[ 1 dVv dVv
tu gr Vs’r -1 — l_V’I‘QS %s_ TS "1
Ps, ( ’ M Vs%'rpg,'r do s,r) ( <P br do

1 dv 1 —— d
— 1—-V2p2 —p, — - 1—-V32p2 —p, —
( $Ps = Ps g ’) T <\/ DPr— P

1%
Ve r

) . (48)

Ym = Ys,r —
dé

Note the order of the subscripts s,r and r, s.
To find z,, we first calculate (see Figure 2)

1 _1dV

VZp2,  db

1 dv 1 —— dv
J— —VV2p2 _ - i —_VV2p2 _ -
Vr < 1 V; Ps Ds d0 ‘5) + ‘/s (\/1 V’r Pr Dr d0

tup:’r (‘/s,r +

Tm = Ts,r —

COS Ys,r = Lo — Tm = Do (49)
\/(ms,r - Im)Q + (ys,'r - ym)2 ps,'r
Then, using equations (45) and (46) in this expression, gives
— dv
1_‘/7‘25 72“5_ TS T 1.
S T) (\/ ’ p ' p , d0 T 5)
. ) . (50)
Again note the order of the subscripts s,r and r,s. Thus, equations (46), (48), and (50) are closed-form expressions
for the migrated location. Setting x,, = z, = 0 and p% = p; = 0 gives the expressions in 2D.

To find the reflector dip covector &, (i.e., the wave-vector associated with the reflector in the image), we use
that the slowness vectors ps,» at the source and receiver locations obey Snell’s law upon reflection at the reflector.
Since we define the slowness vectors to point in the negative z-direction (i.e., upwards), we have
Em =& + & = wps +wpr, (51)

where w is the angular frequency, and &, are the wave-vectors associated with the source and receiver rays (see
Figure 1). The slowness vectors at the source and receiver are given by

_ps,r
Y
por=| ot : (52)
2
‘/527« ps,r
Therefore, the dip covector &, is given by
—(ps +p7)
— (! +
m=w - (12’ P )1 . (53)
\/‘/52 —Ps + V_r2 — Pr
To translate &, to the migrated horizontal slowness components p;¥, we use that (defining v y)
_£TY VPO 8tm
—Vpy = —— =tang,y = — =—— = Vpopy?, 54
Vey é-fn H¢ N P) a(:r7y)m POp ( )

where ;Y% are the components of the dip covector, and ¢, is again the reflector dip with the horizontal in the z-

or y-direction (measured positive clockwise). By using equation (53) in (54) it follows that

s +pr?

i i ’
veo (7 7+ 7z %)

Again, setting ., = x,, = 0 and p§ = py = 0 gives the 2D expressions.

(55)

Ty
Pm =
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3.4 Finding the phase angles

Equations (38) and (39) can be used to calculate the phase velocity and its derivative if the angle 0, and thus s = sin 0,
is known. To find s, we need to solve equation (42) for s, using equation (38) for the phase velocity. This gives

i fie 41— f) (1 —2ePs, —2P2, f (= 6)) E
(f —=2+2P;, (= 6f))*

i 957“: Ps'r 2 — _2P5r —5 , 56
infor = 3 Porl(2 = J) = 2Por (e~ 6] %P 3P B (56)
where

PS,T = pi,rvlgo ) (57)

with ps,r defined in equation (44).

Therefore, given Vpo and the anisotropic parameters € and § (or 1 and Vyaro(0)), we can use equation (56) with
the measured ps,~ to calculate the phase angles 0, . The resulting values can then be used in equations (38) and (39)
to find the phase velocity and its derivative at both the source and receiver location.

Note that if the horizontal slowness is used to parametrize for the phase velocity and its derivative, we need
not solve for the phase angles. To find the phase velocity as a function of the horizontal slowness, we simply replace
sin 0s,» with Vs »psr in equation (38) and solve for Vs .. In Appendix A, we give the resulting expressions for the
phase velocity and its derivative as functions of the horizontal slowness are given, using that f = 1 for most practical
purposes.

3.5 Zero-offset migration

By setting pY = piY = plY and 05 = 0, = 0, the pre-stack map migration equations reduce to their zero-offset
counterparts. Doing this for equations (46), (48), (50), (53), and (55) gives

_ VOt oY dv
b = Vpo < L= V2(0)pii = pu ae |, ’ (58)
_ V2(0)pLvt.  V(0)pEUt. 1 av
—pu
Y
€ = 2w lp“ , (60)
_ 2
V(0)pa? o)

P’ =
Vpoy/1—=V2(0)p7
where p, is defined in equation (22). Again, when we set z,, = ., = 0 and pj, = p;, = 0, the 2D expressions follow

. . dV . . .
from their 3D counterparts. Note that by setting ¥ 0 and replacing V(0) and Vpo with v, these expressions for

VTI media reduce to their counterparts for isotropic media.

3.6 Pre-stack or finite-offset demigration

For the demigration problem, we assume the migrated location (Zm,Yym,2zm) and migrated dips ¢z, are given. To
find the unmigrated midpoint location, we need to find the phase angles with the (vertical) symmetry axis and the
azimuths of the rays from both the source and the receiver to the reflection point. If we know the angles with the
symmetry axis, we can use equations (38), (39), and (42) to find the phase velocity, its derivative and psr. The
projections pg’Y are then calculated using

p:,r = _Sgn(yﬂv)psﬂ“ 1- (S,T)i ) (62)
pg,T = pSyT (87 T)A/ ) (63)
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with (s, T)w = sin~s,r the azimuth angles s, defined in Figure 2, and v, defined in equation (54). The unmigrated
location then follows from solving equations (46), (48), and (50) for tu, Y., and x,, using the values for the phase
velocity, its derivative, and pg7Y.

To find the azimuth angles, v, and the angles with the vertical symmetry axis, 05, we use the offset and
azimuth information, and the dips ¢,y Or vz y = —tan ¢z,y; see equation (54). Since in the rotated coordinate system
(the positive y-axis in the source-receiver direction) the projection onto the z-axis of the rays connecting the source
and the reflector equals that connecting the receiver and the reflector, we must have

gt VL85 dV Vi-rg dv
. o Ve do .

) (Te +

Ve df
o= /1 =2 64
sg dV ™ —— 19 dV ’ (64)

Tz S0 4V —z_ e &V
Vi TV Ao Vi=rg V. do |

1—s2

where (s,7), = sin 6., with 6, , the phase angles.

Note that since 0 < 0s,» < 7/2 and 0 < 7s,» < 27, we have 0 < (s,7), < 1 and —1 < (s,r), < 1. Because the
azimuth angles vary between 0 and 27, we need to keep track of the sign of coss,-. In our rotated coordinate system,
the sign of v, determines the sign of cos~s,. Therefore, for demigration,

cos¥s,r = —sgn(vz)y/1 — (s,r)i . (65)

This explains the form of equation (62).
Furthermore, the difference of the projections onto the y-axis should equal the offset 2h, i.e.,

V1—r2 dv V1—s3 dV

V. do |, s g |, 4h
y — S~ = . (66)
\/1_T2_T_9d_v 1_52_5_9d_v Veotm
6TV, do |, AT

From equation (53) for &, and the definitions of p5*¥ and v, 4, it follows that

Viso/T= 52 + Virgr/T— 12
l/m_sgn(uz)< soy/1- 55+ Vro ] T”), (67)

VT\/1—53+VS\/1—T3

vy = — Visesy + Virery ’ (68)
VT\/l — 52 +VS\/1 —r}

with vz, defined in equation (54).

Equation (64) and equations (66)-(68) are four nonlinear equations with four unknowns: (s,r), and (s,r),.
Attempts to eliminate, for example, rg, s, and 7, to get one equation in sy lead to a high order polynomial equation
in s¢. Therefore, to find the unknown angles, a numerical scheme such as Gauss-Newton (Dennis, 1977) or Levenberg-
Marquardt (Moré, 1977) can be used, with the isotropic solution as initial value. It goes beyond the purpose of this
paper, however, to treat the details of the proper choice of numerical scheme. In Appendix A, we show that the system
of equation ( (64) and equations (66)-(68) can be rewritten into a somewhat simpler system using the horizontal
slowness instead of the phase angles, under the assumption that for most practical purposes we can set f = 1. Note
that for the 2D problem, (s,7)., = 0 and —1 < (s,7), < 1, so equations (66) and (68) form a set of two nonlinear
equations with two unknowns, (s,r),.

3.7 Zero-offset demigration

For zero-offset demigration the source and receiver coincide, which means that the phase angle with the vertical
symmetry axis equals the dip of the reflector. Since in the demigration problem this dip is known, we know the
phase angle and thus the group angle. Therefore, once the position and orientation of the reflector are known, we can
calculate the unmigrated location. From equation (61) we directly find

T,
Veopn?

V() 1+ VEp2

(69)

Yy _
Pu” =
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with pn, defined in equation (34). From this expression we find

2 Vgopgn
2 , 70
P T VRO) L+ VR (70)
which, when used in equation (58), gives
tm/T+ VD2
ty = . 71
Vo) 4y i
Veo U™ 0|,
Then, using equations (58), (69), and (70) in equation (59), gives
Vet (V) + 5 ] )
Veopm do |,
(@,9), = (@,y),, + - (72)

d
2 (V(@) — Vpropm

al,

do

v
Note that by setting v 0 and replacing V(0) and Vpo with the constant velocity v, the equations for zero-offset

demigration in VTI media reduce to their isotropic equivalents. Also, setting =, = x, = 0 and pj, = p;, = 0 gives
the expressions in 2D.
To find the angle 0, we use that the reflector dip equals the phase angle for zero-offset:

0 = arctan \/vZ + v2 . (73)

The calculated value of 6 can subsequently be used in equation (38) and (39) (with f = 1 or some realistic estimate
of f) to find the phase velocity and its derivative.

4 THE APPLICABILITY OF MAP DEPTH-MIGRATION IN THE PRESENCE OF CAUSTICS

The closed-form expressions derived for map time-migration in homogeneous isotropic and VTI media thus far
explicitly show that the mapping from the surface measurements (i.e., source and receiver positions, traveltimes and
slopes) to the subsurface (i.e., reflector position and orientation), or vice-versa, is one-to-one for such media. In this
section we explain that this mapping remains one-to-one for arbitrary complex media in which caustics can develop,
provided that the medium does not allow different reflectors to have identical surface seismic measurements that
persist under small perturbations of the medium [this is the Bolker condition (Guillemin, 1985)]. This section thus
treats map depth-migration as opposed to map time-migration which has been treated up to this point. If we assume
large frequency, in arbitrary complex media the relation between the reflections measured at the surface and the
reflectors in the subsurface is governed by ray-tracing. We capture this relation schematically with the symbol A.
Since also we assume single-scattering only, this relation is by definition the canonical relation of the single scattering
modeling or imaging operators that relates the surface seismic measurements to the subsurface reflectors. Throughout
the remainder we will refer to this relation as the canonical relation.

4.1 Canonical relation

The canonical relation is formed by collecting the unmigrated and migrated quantities in a table, viz.

A: {(331517:1::}7tuvagzwpﬁ7w;mm7€m)}7 (74)
——
reflection reflector

where :c];’r = (®s,r, Ys,r) are the source and receiver locations, ¢, = ts+t, is the two-way traveltime, p];,r = (p5pY.)
are the horizontal slownesses at the sources and receivers, €y = (Zm,Ym,2m) is the reflector subsurface position,
&,, is the dip covector (i.e. the wave-vector associated with the reflector), and w is the angular frequency; here h
denotes horizontal components only. In general media, this table is evaluated with the aid of ray-tracing equations.
Writing the solution to the ray-tracing equations, subject to initial conditions (xo,&,) at time 0, in the general form
(z(x0, &y, t), (w0, &y, 1)), the canonical relation becomes, for a horizontal surface,

A= {(wh(s),wh(r),tu,éh(s),fh(r),w;wm,fm) such that [z(s) = 0,2(r) = 0]} . (75)
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where we defined s = (xm, €., ts), 7 = (Tm, &,, ), and " = (&, &,). This symbolically represents a table evaluated
through upward ray-tracing from the reflector at location ., with normal direction along §,,, towards the source
and receiver in the directions &, and &, respectively, such that £, + &, =§,,.

Defining u = (s, Ys, Tr, Yr, tu) and v = (wps, wp?, wpy, wpl,w), (u,v) is a surface seismic measurement charac-
terized by the source and receiver locations, two-way traveltime, and slopes in common source and receiver gathers;
this vector is an element of phase space U — a mathematical precise notation would be that (u,v) € T"Y\0 when
u is contained in a set Y; with our notation we sacrifice mathematical precision to gain physical clarity. Similarly,
defining m = z,, and p = £, we see that the vector (m, p) is a subsurface reflector defined by its subsurface
location and orientation; it is an element of phase space M. Let my now denote the projection of A on U and 7
denote the projection of A on M so that

A

ﬂ'M/ \ﬂ'U
M U

These projections extract, respectively, the surface seismic measurements (u,v) and the subsurface reflectors (m, u)
from the canonical relation, i.e., the table evaluated using ray-tracing. Guillemin (1985), in his paper on the generalized
Radon transform, introduced the Bolker condition on the canonical relation, which in simple terms states that the
medium does not allow different reflectors to have identical surface seismic measurements that persist in being identical
under small perturbations of the medium. This means that, under these conditions, only one subsurface reflector in
the table can relate to a particular surface seismic measurement. In our application this reduces to the condition that
7 : A — 7wy (A) is one-to-one. But then we can introduce the mapping

mvomy i (u,v) = (m,p),

which is precisely map depth-migration: the traveltimes and slopes at the source and receiver determine the reflector
location and orientation. The Bolker condition is thus the condition of applicability of map depth migration in complex
media (i.e., in the presence of caustics).

We can always use (m, p) as the first four (2D) or six (3D) local coordinates on A (Stolk & De Hoop, 2002a).
To find the surface seismic measurements from a subsurface reflector through map depth-demigration, however, we
need to specifiy the scattering angle and azimuth at the reflector. By parameterizing the subsets {(m, n)} = const
on A we can introduce these coordinates and denote them as e. In the absence of caustics, e can be chosen to be
acquisition offset and azimuth (as was done above in the section on pre-stack map time-demigration in homogeneous
VTI media). Map depth-demigration then follows from the mapping

(m,p,e) — (u,v) for given e.

4.2 The isotropic problem revisited

To make explicit the connection between the closed-form expressions for pre-stack map time-migration and demigra-
tion derived in the previous sections and the canonical relation, we revisit the isotropic case. We next show that for
this case, the map time-migration and demigration equations define the canonical relation.

Since we derived all expressions for map time-migration in the rotated coordinate system with the y-axis posi-
tive in the source-receiver direction, these expressions implicitly assume common azimuth. Subjecting the canonical
relation in equation (74) to the restriction z, = zs = x, it attains the form

A/ = {(:ru7 y57 yT7 tu: w(p:sc + p:)v ng, ng, W, Q?m, €m)} (76)
For isotropic homogeneous media, the equations for the migrated location in the canonical relation follow directly

. . . adv . L
from the equations for homogeneous VTI media by setting — = 0 and Vs = V;. = Vpo = v. Under this restriction,

equations (46), (48) and (50) thus determine &m = (Tm, Ym, Vtm/2) for isotropic homogeneous media. Because the
expressions for the reflector dip in homogeneous VTI media do not contain the derivative of the phase velocity, the
equations for the dip covector &, in the canonical relation (76) are given by equation (53), with Vs =V, = v.

To find the remaining parameters of the canonical relation, we need to find v, ¥s,, tu, and pg’¥ for homogeneous

. . . . dV . . .
isotropic media. By setting i 0 and V5 = V. = v in equations (64), (66)-(68), we get the system of equations
that need to be solved to find the scattering angles 6, , and azimuths 7, , at the reflector. The resulting system of

equations and its solution are given in appendix B. Once we find (s, 7), = (sin0s,sin0r) and (s,r), = (sins, sinyr),
we calculate the source and receiver locations (Zu, ys,r), two-way traveltime ¢., and the horizontal slownesses pg'Y
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from simple geometry considerations. This gives

Ot (s,7)g1/1— (S’T)i

Ty = Ts,r = Tm + Sgn(Vz)_ ’ (77)
2 2
1- (57 7‘)9
Vlm (Sv T) (87 T)
Ys,r = Ym + T’\/79 5 (78)
1- (57 7‘)3
ty = tm\/l—s§+tm\/1—rg, (79)
T (87 T)Q
Por = (87),—=, (80)
i, = sga(u)y/1— (s,r2 20 (1)

For homogeneous isotropic media, therefore, our map time-migration and demigration equations define the canonical
relation of the single scattering modeling or imaging operators in such media.

5 DISCUSSION

We have presented closed-form 3D pre-stack map time-migration expressions for qP-waves in homogeneous isotropic
and VTI media. Our equations for the isotropic case do not need the slope in the common-midpoint domain (i.e.,
pr); only the slope in the common-offset domain needs to be determined. This provides an additional advantage
over methods where both p, and p; (or equivalently both ps and p,, the slopes at the source and receiver position)
are required, especially since estimating slopes can be cumbersome in the presence of noise. All the derived pre-
stack expressions reduce to their zero-offset equivalents. Since map migration is currently used primarily for velocity
estimation, and since such methods are typically iterative, our closed-form expressions for pre-stack map time-
migration in homogeneous isotropic and VTI media allow for a significant speed-up of existing velocity-inversion
algorithms that use map migration in such media. In addition, our expressions for pre-stack map time-migration in
homogeneous VTI media can be used to determine the anellipticity parameter n for such media in a time-migration
velocity analysis context. Note that for media with mild lateral and vertical velocity variations, our equations can be
used provided the velocity is replaced by the local RMS velocity.

Not surprising, our closed-form expressions for pre-stack map time-migration and demigration in homogeneous
isotropic and VTI media, exemplify that, for such media, the mapping from the surface seismic measurements (i.e.,
the source and receiver locations, two-way traveltime, and slopes in common source and receiver gathers) to the
subsurface reflectors (i.e., location and orientation), is one-to-one. We have explained that this mapping remains
one-to-one for pre-stack map depth-migration in arbitrary complex media in which caustics can develop, provided the
medium does not allow different reflectors to have identical surface seismic measurements that persist under small
perturbations of the medium [this is the Bolker condition (Guillemin, 1985)]. This condition is thus the condition
of applicability of pre-stack map depth-migration in the presence of caustics. In addition, we have shown that for
homogeneous isotropic media, our pre-stack map time-migration and demigration expressions define the canonical
relation of the single scattering modeling or imaging operators.

Map migration and demigration provide a mapping between the wavefront sets of seismic data and the medium
perturbations. The tangential directions to the wavefronts recorded at the acquisition surface directly give us the
directions locally in which the data are smooth; imaging these wavefronts gives the directions in which the medium
perturbations are smooth. For the purpose of data and image compression, the highest compression rate will be
accomplished in the smooth directions, i.e., along the wavefronts. Since map migration provides a one-to-one mapping
from the singular directions in the data (i.e., the directions normal to the wavefronts) to the singularites in the image
(i-e., the normals to the reflectors), one can thus think of map migration and demigration as mappings between
optimal compression directions.
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APPENDIX A: FROM PHASE ANGLE TO HORIZONTAL SLOWNESS WHEN Vso =0

The slowness surface for qP-waves is convex, which in combination with a VTI medium, assures that the only branch
points occur at § = +7/2. In homogeneous media, these branch-points are never reached, since turning waves do
not occur in such media. Thus, for qP-waves in such media we can parametrize the phase velocity and its derivative
uniquely in terms of the horizontal slowness p.

Substituting sin§ = pV in equation (38) and solving for V, leads to

14 2p2V3, (6 —¢)
= Al
V(p) ‘/PO\/1 — 2p2VI§06 ¥ 2p4VIgO (5 — 6) ) ( )

where we used Vso = 0 (i.e., f = 1) and that the kinematics of qP-waves in anisotropic media are independent of Vsg

within the limits of seismic accuracy (Alkhalifah, 1998). The derivative ‘2—‘; is then

d_V _ 2pV1§06 _ 4p3VP§O (5 — E) — 4[)5‘/130 (5 — 6)2 (A?)
dp (1-2pVE3ge + 24 Vo (6 — €)™ T+ 2pVE, (65— ©)
Note that both expressions can be readily rewritten in terms of 7, Vaaro(0), and Vpo.
Using these expressions, we can write the vertical slowness ¢ = 1/1/V?2 — p? as
1—p2V3 (142
1 p PO( + E) (A3)

T Vel T+ 2p2V2, (06— )

or in terms of 1, Vamo(0), and Vpg [see also Alkhalifah (1998equation A-10)],

1 p2V32 0

qg=— 1— 2NA;/O( ) , (A4)
1=2p*Viro(0)n

In order to calculate the group angle, equation (36), we use the chain rule,

v _dvdp
d0 ~ dp df -

Using p = sin 0/V this becomes

dv dav dav

A e N S Y v av iy A
do (dp pv)/(v+pdp) (46)
Then, using this expression in equation (36) we find

bonp = PVpo (1 4 26) (A7)

(1+2p°V3, (06— €)*? VT=pVE, (T +2¢)

or in terms of 7, Vo (0) and Vpo,

(A5)

_ PfoMo(O)
tany = P, 372 — . (A8)
Vo (1 —2p Vi mo (0)n) \/1 —p*Vimo (0) (1 + 2n)

Using the simplified expressions (A4) and (A8) for the group angle and vertical slowness in equations (64) and
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(66)-(68) then leads to the following system of equations for pre-stack map demigration in homogeneous VTI media,

p'r\/l_r’?/ psx/l—sgf

= . (A9)
(1- QUP%VJ%]WO (0))3/2 \/1 - p%VJ%Mo (0) (1 +2n) (1- 277P§V1%]\4O (0))3/2 \/1 - P?VJ%MO (0) (1 +2n)
2
VN]’Y/? (0)tmrypr = 4h+ (A10)
(1- QWP%VJ%MO (0)) \/1 - p%VJ%J\JO (0) (1 +2n)
VJ%MO (0)tmsyps
(1 =2np2V3 0 (0))3/2 \/1 — P2V o (0) (14 2n)
) Vi sv/1 — 82 /1 — 12
sgn(ve)Veo (psy/T =3 + pr/T=13) - (A11)
1 P2V o (0) +.01— PrVitrno(0)
1- 277P§VJ%MO (0) 1- 277P72~V1%Mo (0)
VPO (S'\/ps + T’YpT) — _Vy . (A12)

11— 203V vo S 1- 20pEVzao(0)

Note, that for the 2D problem we have (s,r), = 0 and —1 < Vs,ps,» <1, and that equations (A10) and (A12) then
form a nonlinear system of two equations with two unknowns, viz. ps,,.

\/1 P?VJ%MO(O) (0) + \/1 P?VJ%MO(O)

APPENDIX B: SOLVING FOR SCATTERING ANGLES AND AZIMUTHS FOR PRE-STACK
DEMIGRATION IN HOMOGENEOUS ISOTROPIC MEDIA

To find the scattering angles 05, (see Figure 1) and azimuths ~s, (see Figure 2) for pre-stack demigration in
homogeneous isotropic media, we set i 0 and V; =V, = v in equations (64), (66)-(68). The resulting system of

equations is

— J1_g2_Te i _ 25
0 = 1 TW\/I—rg 1 swm, (B1)

ﬂ = T "o — S 50 (BQ)
'Utm ,\/\/1—7"2 ,\/\/1—85 ’
Ve = sg(ve) <8N1—S%+TW1—T% (B3)
‘ ‘ V1—s24+/1—1r2 ’

89S~ + ToT
v o= - | =T (B4)
\/1—89+ 1—-rg

where (s,7), = (sinfs,sin0r) and (s,r), = (sinvs,sin~y,) are unknown. (From these equations it is clear that the
pathological cases (s,7), = 1, i.e. 90 degree dipping reflectors, are not included in this system of equations, and that
by choosing 0 < 0 < 7/2 we exclude these impractical cases.) In appendix C it is shown that this system of equations
reduces to a quadratic equation in sg. The 2D problem is in this appendix treated as a special case of the 3D problem.

Once sg is found, we need to solve for the remaining parameters rg and (s, T)w' To find r¢ we first use equation
(B4) in (B2) to eliminate ror, to give

4h vyy/1 — s2 1 1
——— =y —+ A ) 29 + S90S 5 + > . (B5)
1—r; \/1—59 \/1—7’9

Then, to eliminate s, we use equation (C3) and subsequently solve for ry to give

2
ro— 1_(hvtm\/sg—u%(l—sg)—\/l—sg[uyhvtm—&—A]) . (B6)

4h? 4 2uyhvtm + A
where we defined

2,2 2
_ Uty 2, 2 59
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Once (s,7), are found, we solve equation (B5) for s, to get

— ——( 4h
Wi <uy\/1—s§+\/1—r§ (m +l/y>)
56 (VI=s3+vI-73)
provided sg # 0. Finally, using equation (B4) in (B2) to eliminate s,s¢ and solving for r-, we find
m(\/l—sg(#—lhj>—yy\/l—7’s>
Ty = £ —m — ’ (Bg)
o (VI=s3+vI=73)

provided rg # 0.

; (B8)

Sy =

APPENDIX C: THE QUADRATIC EQUATION IN S; FOR PRE-STACK DEMIGRATION IN
HOMOGENEOUS ISOTROPIC MEDIA

To find sg, we first use equations (B2) and (B4) to eliminate rgr.. Then we eliminate sg,/1 — s2 from equations (B1)
and (B3), and combine the results to give an equation with only sg, sy and r:

2 2 2 2
Ve Utm SpS SoUtm S90S
< 5 ) {uyq/l—sg—&—sesﬂ,} =(1-12) {4h2+2hvtm <Vy+ 13{93) + ( 5 > (1@—4—17_152) }.(Cl)

0

In order to get 72 as a function of sp and s, we use equations (B1) and (B2) to eliminate the term r¢/,/1 — r2, and
subsequently solve for r%. This gives

2
(2nyT=57 + 25yt )

- s .
4h? (1 — 2) + 2hsgSyVtm/1 — 52 + (Segtm>

Before we substitute this expression for r2 into equation (C1), we first eliminate ro,/T — 72 from equations (B1) and
(B3), and solve for s2, which gives

r

(C2)

2

53:1+y3_z—§, (C3)
where sg # 0. Then, using equations (C2) and (C3) in (C1), gives

(1-s3) {h*[B(1—s5) —4v7] +2hvya} = @ {(Bl(1+2v2)s5 — (1+v)ss— vi] —vi} (C4)
where we defined

o = ZEeou), (C5)
B o= (1+v2+u))°. (C6)

Equation (C4) is a quadratic equation in s3 that can be solved for sy to give

207 (8 = 203) + 2wy (£ 7) + [B(252)" (1+ 23) F ay

to ) ’
28 <h2+(1+yg) (UTM) )
with
2
75\/4h2u§+ﬁ2<vt7m> . (C8)

The proper root in equation (C7) can be found through substitution in the original system of equations (B1)-(B4).

S =

(C7)
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SPECIAL CASES

In 2D, the system of equations (B1)-(B4) reduces to two equations with two unknowns:
4
re g _ A (C9)
Vi-r2  J1-82 Ulm

So + To
_ —, C10
(\/1—834- 1—1"3) Y (10)

with —1 < (s,7), < 1. In order to solve this system for the unknowns (s, r),, we first rewrite equation (C9) to get

[ rgvtm\/l—sg '
4h\/1 — s3 + soUtm

(C11)

Using this expression in equation (C10) to eliminate /1 — r2 then gives

4hvy (1 — s2
ro = — [ 5o+ ﬂ %) . (C12)
SoUlm + \/1 — 52 (4h + vyvtm)

Then, squaring both sides of this expression, and using the result in equation (C11) to eliminate rj, gives a quadratic
equation in tanfs = 89/\/1 — sg = Tps, Viz.

VyVtmTos + (4hvy + vt (1/5 —1)) 705 + 2h (1/2 —1) —vyvtm =0, (C13)
with roots

_ ! 2y 2h an? | (1+vy)°
Tos = E (1 — I/y) Utm + \/’L}Qt?n + 41/:5 . (014)

Then, by using this expression in equation (C9) we find

2
1 o 2h 4h?  (1+1y)
p=—(1— =+ v C15
7o 2vy (1=w) + Vim \/UQt%L + 4v} (C15)

Therefore, (s,r), are then given by

(s,7), = sin (arctan (7ys, Tor)) - (C16)

The proper roots in equation (C14) and (C15) can be chosen through substitution in the original system of equations
(C9) and (C10). Note that the pathological cases (s,7), = 0 mentioned in the previous subsection, are included in
this solution.

For the special case vy = 0, i.e., the zero dip case, the solution for (s,r), is given simply by

Sp = sin (arctan <_t2h)> = —ry . (C17)
Vim




