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ABSTRACT
In thispaperweusemethodsfrom partialdifferentialequations,in particularmicrolo-
cal analysisandtheoryof Fourier integral operators,to studyseismicimagingin the
wave-equationapproach.Seismicdataare commonlymodeledby a high-frequency
singlescatteringapproximation.This amountsto a linearizationin themediumcoef-
ficient abouta smoothbackground.The discontinuitiesarecontainedin the medium
perturbation.Thewave solutionsin thebackgroundmediumadmita geometricalop-
tics representation.Herewedescribethewavepropagationin thebackgroundmedium
by a one-way wave equation.Basedon this we derive the double-square-rootequa-
tion, which is a first orderpseudodifferentialequation,thatdescribesthecontinuation
of seismicdatain depth.We considerthe modelingoperator, its adjoint andrecon-
structionbasedon this equation.If theraysin thebackgroundthatareassociatedwith
thereflectionsdueto theperturbationarenowherehorizontal,thesingularpartof the
datais describedby the solution to an inhomogeneousdouble-square-rootequation.
We derive a microlocalreconstructionequation.Themainresultis a characterization
of the angletransformthat generatesthe commonimagepoint gathers,anda proof
that this transformcontainsno artifacts.Finally, pseudodifferentialannihilatorsbased
on thedouble-square-rootequationareconstructed.Thedouble-square-rootequation
approachis usedin seismicdataprocessing.

Key words: Seismicinversion,microlocalanalysis,double-square-rootequation.

1 INTRODUCTION

In reflectionseismologyoneplacespointsourcesandpoint re-
ceiverson the earth’s surface.The sourcegeneratesacoustic
wavesin thesubsurface,thatarereflectedwherethemedium
propertiesvary discontinuously. Therecordedreflectionsthat
canbeobserved in thedataareusedto reconstructthesedis-
continuities.

The data are commonly modeledby a high-frequency
singlescatteringapproximation.This amountsto a lineariza-
tion in the mediumcoefficient abouta smoothbackground.
Thediscontinuitiesarecontainedin themediumperturbation
(Beylkin, 1985).Thus a linear operator, the modelingoper-
ator, dependingon the background,that mapsthe perturba-
tion to thedatais obtained.Both thesmoothbackgroundand
theperturbationarein generalunknown andhave to berecon-
structedjointly. In thispaperweanalyzethis reconstructionin
thewave-equationapproach.

The reconstructionof the perturbationgiven the back-
ground is essentiallydoneby applying the adjoint of men-

tioned linear map (seismic imaging). The solutions in the
backgroundmediumadmit a geometricaloptics representa-
tion. Thusthe modelingoperatoris Fourier integral operator
(Rakesh,1988)(for ageneralreferenceof Fourierintegralop-
eratorssee[Duistermaat,1996]).If thecompositionof adjoint
andmodelingoperators,thenormaloperator, is pseudodiffer-
ential, thenthe positionsof the singularitiesof the perturba-
tion arerecoveredby applyingthe adjoint to the data,anda
microlocal reconstructioncan be carriedout. Under various
assumptionson the background,concerningthe presenceof
causticsandthe geometryof the rays,resultsconcerningthe
normaloperatorhave beenobtained(Beylkin, 1985;Hansen,
1991;NolanandSymes,1997;tenKroode,Smit andVerdel,
1998;Stolk,2000a)(section2).

In theKirchhoff approachanapproximationto theadjoint
operatoris constructedthat dependson the backgroundonly
throughtravel times and complex amplitudesthat appearin
thegeometricalopticsapproximation.
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In thesocalledwave-equationapproach(Clayton,1978;Claerbout,1985;Popovici, 1996)thedataaredownwardcontinued,leading
to datafrom fictitiousexperimentsbelow thesurfaceatvaryingdepths.To form theadjointa restrictionis appliedto thedownward
continueddata(imagingcondition).Usinga one-way wave equation(section4) for thepropagationof wavesin thebackground,
thedownwardcontinuationis describedby thesocalleddouble-square-rootequation.

Thedatais formally redundant.Thereexist invertibleFourierintegraloperatorsthatgenerateasetof reconstructions(Stolkand
deHoop,2000)from whichthecommonimagepointgathersareobtained.UnderBeylkin’sconditions(Beylkin, 1985),in particular
in theabsenceof caustics,thiscanbedoneby usingdifferentsubsetsof thedata.In thepresenceof causticsthementionedsetcanbe
parameterizedby anglebetweenin- andout-goingraysat theimagepoint. If thebackgroundmediumis correctthereconstructions
in thesetshouldbethesame.This is a criterionthat is usedin thereconstructionof thebackground(migrationvelocity analysis).
The redundancy leadsto the existenceof pseudodifferential operatorsthat annihilatethe singularpart of the data(Stolk andde
Hoop,2000).

In the Kirchhoff approachcommonimagepoint gathersparameterizedby anglecanbe generatedby a generalizedRadon
transform.In the presenceof causticsartifactswereobserved in numericalexamplesin (Brandsberg-Dahl, 2002.By microlocal
analysisof the Kirchhoff approachthe presenceof artifactswasshown in (Stolk, 2000).In section333 an approachto suppress
theseartifactsis discussed.

In this paper, we considerthemodeling,adjointandreconstructionbasedon thedouble-square-rootequationapproach.The
double-square-rootequationis a pseudodifferentialequation.If theraysin thebackgroundthatareassociatedwith thereflections
dueto theperturbationarenowherehorizontal,thesingularpartof thedatais describedby thesolutionto aninhomogeneousdouble-
square-rootequation(section5). We derive a microlocalreconstructionequationin Proposition6.1.Themainresult,Theorem7.1
andProposition7.2, is a characterizationof theangletransformthatgeneratesthecommonimagepoint gathers,anda proof that
this transformcontainsnoartifacts.Annihilatorsbasedon thedouble-square-rootequationareconstructedin Corollary8.1.

2 HIGH-FREQUENCY BORN MODELING AND IMAGING

We considerthescalarwave equationfor acousticwavesin a constantdensitymediumin ��� . In preparationof the lateranalysis,
wedistinguishtheverticalcoordinate�
	�� from thehorizontalcoordinates�
	�� ����� andwrite ����������	�� � . In thesecoordinates
thescalaracousticwave equationis givenby������� � � �"! �����#��� �%$ &&(' $*) �+�,�-.0/ � 1 $243 ) 1 $5 � (1)

where
1 2 �76 i 88 2 � 1 5 �76 i 88 5 . Theequationis consideredin a time interval 9;:+�#<>= .

If
! 	@?BA thesolutionoperatorof (1) propagatessingularitiesalongbicharacteristics.Thesearethesolutionsof a Hamilton

systemwith Hamiltoniangivenby theprincipalsymbolof
�� �����#�C�#D+�FEC��G(� �76H! �����F��� �I$ G $ )�J D J $ ) E $LK

TheHamiltonsystemis givenby& �������C� ' �&NM � & �& �OD+�FEC��G(� � & �ODC�FE+��GI�&NM �76 & �& �������+� ' � K (2)

Its solutionswill beparameterizedby initial position ���(PQ�F�LPL� , take-off direction RS	UTV����� , frequency G andtime
'
,W � W ���IPQ�F�LPX��R*��GC� ' �

andsimilarly for YZ��[\�#]%�F^ ; G is invariantalongtheHamiltonflow. Heretheevolution parameteris thetime
'
. In section4 we will

changetheevolutionparameterto � , anduseasimilar notationto denotethebicharacteristicsparameterizedby � .
By Duhamel’s principle,a causalsolutionoperatorfor theinhomogeneousequation(1) is givenby� �����F�C� ' � � _a`P _cb �����#�C� ' 6 ' PQ�F�IP\�F�LPd� � ���IPQ�e�LPQ� ' Pd�Cf+�IP4fC�\P0f ' P\� (3)

where
b

is aFourierintegraloperatorwith canonicalrelationthatis essentiallyaunionof bicharacteristics.Its kernelcanbewritten
asa sumof contributionsb �����F�C� ' ��� P ��� P � � -(g _�hIiZjlk;m�nIo g;p ���,�F�C� ' ��� P �F� P �eqX��r0s+t,= i u o gvp �������+��� P �F� P � ' �Fqw�x9dfyq+� (4)

wherethe u o gvp arenon-degeneratephasefunctionsandthe
n o g;p

suitablesymbols,see[Duistermaat,1996,chapter5].
We adoptthe linearizedscatteringapproximation.The linearizationis in the coefficient

!
arounda smoothbackground

! P ,
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{ !

maycontainsingularities.We assumethat its supportis containedin ��}~: . Theperturbationinb
at theacquisitionsurface � � : is givenby{ b ���\�F:+� ' �e�X�F:w� ��_ hy���y�F��hI� _|`P b ���\��:+� ' 6 ' PX���IPQ�F�LPd�C� ! �I�P ���IPQ���\PL� { ! ���(PQ�F�LPd� & $`O� b ���IPQ�F�LPX� ' PQ�e�X�F:w�+f ' P4fC�IP0fy�LPQ� (5)

whereboth �Q�e��	�������� . Thesingularpartof
{ b

is obtainedby substituting(4) into (5). This definesthedatamodelingmap�z�~� = ! P 9B� { !����� P { b �
where

� P is therestrictiondefinedby� P�������I�v� $#�X�V� � � ����������� � ���,�F�C� ' ���IPQ�F�LPL� �� � � P � �0���IPQ����� ' � �~� ������:�� ' ���(PQ�F:w�
with acquisitionmanifold � a boundedopensubsetof � $#�+�I$�� � � thatcontainstherangeof valuesof ���X���Q� ' � . Throughoutthe
paper�X����	�� �+�,� denotesourceandreceiver positionrespectively. Therestrictionis definedon distributions � �� with wavefront
setscontainedin anopenconicset � suchthat �� doesnot containpointsof theform ������:�� ' ���IP\�F:+�F:��eEC�F:��eE4PQ�F:X� . Since G|�� : on �¡ � { b � therestrictionis well defined.Since � is boundedandthewavespropagatewith finite speedwe mayassumethat

{ !
is

supportedin aboundedopensubset¢ of � �+��� � � � . Weassumethat ¢¤£¦¥\� � :�§ �~¨ .
Assumption 1. (no direct rays,no grazingrays)Thereareno raysfrom ���X�F:X� to ���\��:X� with travel time

'
suchthat ���X���Q� ' �©	@� .

For all raypairsconnecting���Q�F:X� via some����������	�¢ to ���X�F:X� with total time
'

suchthat ���X���\� ' ��	¦� , theraysintersecttheplane� � : transversallyat � and � .
Theorem 2.1. [Rakesh,1988;ten Kroode,Smit andVerdel,1998] With Assumption1 the map

�
is a Fourier integral operator� � ��¢�� � � � ���
� of order ��ª 6¬« ��­\® with canonicalrelation¯ � W ���,���C�#°±�FGC� '�² �³� W ���,���C��R*�FGC� '#´ �³� '#² ) '#´ ��]%�����F�+�#°*�#GC� '#² �³��]%�����F�+��R��FGC� '�´ �³�#G,µ#�,�F�C�#D+�FE��N¶'#² � '#´ }�:+�yY·���,���C�#°±�FGC� '�² � � YV�������+�FR���GC� '�´ � � :+���ODC��E�� �¸6 G ! PX���,����� �,� ��R ) °Z�³������#�C��R���°±��G(��	 subsetof ¢ � ��T ����� � $ � �º¹\:y» K (6)

Assumption1 is microlocal.Onecanidentify thesetof points ���w�#�Q� ' ��¼%��½I�#GI��	�<B¾³�
¹Q: wherethis assumptionis violated.If
thesymbol ¿ � ¿©���X�#�\� ' ��¼%�#½I��G(� vanishesona neighborhoodof thisset,thenthecomposition¿ � of thepseudodifferentialcutoff¿ � ¿©���X���Q� ' � 1
À � 1
Á � 1 ` � with

�
is aFourierintegral operatorasin thetheorem.

We assumethat ¿ is asbeforeandin additionvanishesoutside� . To imagethesingularitiesof
{ !

from thedatawe consider
theadjoint

� ¾³¿ , which is a Fourierintegraloperatoralso.

Assumption 2. [Guillemin, 1985]Theprojectionof thecanonicalrelation(6) on <�¾4��¹\: is anembedding.

Since(6) is a canonicalrelationthat projectssubmersively on the subsurfacevariables ���,�F�C�#D+�FE�� , the projectionof (6) on< ¾ ��¹Q: is immersive[H ormander, 1985b,25.3.6].Thereforeonly theinjectivity in theassumptionneedsto beverified(tenKroode,
1998).

The following theoremdescribesthereconstructionof
{ !

moduloa pseudodifferentialoperatorwith principalsymbolthat is
nonzeroat �����#�C��D+�FE�� whenever thereis a point ���X���Q� ' ��¼N��½I��G,µ��,���C�#D+�FE�� in thecanonicalrelation(6) with ���X���\� ' ��¼%�#½I��G(� in the
supportof ¿ (i.e.whenever thereis illuminationor insonification).

Theorem 2.2. With Assumption2 theoperator
� ¾ ¿ � is pseudodifferentialof order ª 6|« .

3 GENERALIZED RADON TRANSFORM IN SCATTERING ANGLE

Considertheprojectionof thecanonicalrelation(6) on the �����#�C�e�X���Q�#GI� variables.Wherethis projectionis locally diffeomorphic,
thecanonicalrelation(6) canbedescribedby a phasefunctionof theformG,�O< olÂ p �����F�C�e�X���X� 6 ' �
where < olÂ p is thevalueof the time variablein (6). Thereis a set ¥4< oÃÂ p § ÂÅÄ�Æ thatdescribesthecanonicalrelationexceptfor a
neighborhoodof thesubsetof thecanonicalrelationwherementionedprojectionis degenerate.Each < olÂ p is definedon a subset1 olÂ p

of � ���+�I$o 2XÇ 5dÇ À Ç Á p . We define
� oÃÂ p

to bea contribution to
�

with phasefunctiongivenby G��O< olÂ p 6 ' � , suchthaton a subsetof

thecanonicalrelationwheretheprojectionis nondegenerate
�

is givenmicrolocallyby È ÂÅÄwÆ � olÂ p .
We can use �������C��DC�FEw�U	¸< ¾ �v� �+��� � � � ��¹Q: as local coordinateson the canonicalrelation (6). In addition,we needto

parameterizethesubsetsof thecanonicalrelationgivenby �����#�C��DC��E�� � constant; we denotesuchparametersby É . Thecanonical
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relation(6) wasparameterizedby �������C�#R���°*�#GI� . Werelate �������+�#DC��EC�FÉ\� byacoordinatetransformationto �����F�+��R��#°±�FGI� : A suitable
choicewhen R"�� ° is thescatteringanglesgivenbyÊ �����#�C��R���°Z� �ÌË(ÍLÎFÏ4Ï4ÐXÑ ��R�Ò4°Z�³� 6 R ) °� Ñ�ÓlÔ � Í\ÎFÏ0Ï4ÐXÑ ��RUÒ0°Z��­X�X�wÕ 	N9;:��FÖ*= � T �+�I$\K (7)

Themigrationdip × is definedas ×,��R*��°Z� � R ) °J R ) ° J 	�T �+��� K (8)

On
1 olÂ p

thereis a map �����F�+��R��#°Z� �� �����#�C�e�X���X� . We define Ê olÂ p � Ê olÂ p �������C�F�w�#�w� asthecompositionof Ê with theinverseof
this map.Likewise,we define × olÂ p � × olÂ p �����#�C�e�X���X� .

We definethegeneralizedRadontransformin scatteringangleor theKirchhoff angletransformvia a restrictionin
� ¾ of the

mappingÊ olÂ p to aprescribedvalue É , i.e. thedistributionkernelof eachcontribution
� olÂ p ¾ is multipliedby

{ �ØÉ 6 Ê olÂ p �����#�C�e�X���X��� .
Its kernelis givenby Ù ���,�F�C�FÉw���\�e�X� ' � � -ÂÅÄwÆ ���\Ö�� � o �+���

p _ Ú olÂ p ���,�F�C�e�X���\�#GI��rdÛ Ü jlÝ±m o 2XÇ 5LÇ Þ³Ç À Ç Á Ç ` Ç ß³Ç à p fCGyfCá�� (9)

where
Ú olÂ p

is a symbolfor the â -th contribution to
�

, supportedon
1 olÂ p

, andãÅolÂ p �����F�C�FÉw���w�#�Q� ' ��á���GI� � G��O< olÂ p �����#�C�e�X���X� 6 ' � )~ä á���É 6 Ê olÂ p �����F�+�e�X���w��å K
Here,á is thecotangentvectorcorrespondingto É . Let ¿±æ � ¿±æZ� 1�À � 1
Á � 1 ` � beapseudodifferentialcutoff suchthat ¿Å��¼N��½I��GI� �: on a conicneighborhoodof G � : . ThenStolk (2000) ¿ æ Ù is a Fourierintegral operatorwith canonicalrelationç ÂÅÄwÆ ¥��������C� Ê oÃÂ p �������C�e�X���X�³��] olÂ p ���,�F�C�e�X���\�#GC�FáQ�³��^ olÂ p �����F�C�e�X���\��GC�#áX�³��á�µ�w�#�Q�#< olÂ p �������+�e�X���w�³��è olÂ p �������+�e�X���Q��G+��áQ�³��é olÂ p �������C�F�w�#�Q��G+��áQ�³��GI�±¶�����F�+�e�X���w��	 1¦olÂ p �Cá�	�� �+�,� �+G¦	���¹\:�§ (10)

where ] olÂ p �����F�+�e�X���Q��G+��áQ� � & 2 ãÅolÂ p � G & 2 < olÂ p �������+�e�X���w� 6 ä á�� & 2 Ê oÃÂ p �����#�C�³�X�#�X��å³� (11)

andlikewiseexpressionsfor ^ olÂ p , é olÂ p and è olÂ p .
Let ê betheBorn modeleddata.To revealany artifactsgeneratedby

Ù
, i.e. singularitiesin

Ù ê at positionsnot corresponding
to anelementof

 �¡ � { ! � , weconsiderthecomposition

Ù �
. Thiscompositionis equalto thesumof asmoothÉ -family of pseudod-

if ferentialoperatorsand,in general,a non-microlocaloperatorthewavefrontsetof which containsno elementswith á � : [Stolk,
2000,theorem6.1].

We discussthepracticalconsiderationsof thesuppressionof artifactsgeneratedby

Ù
by modificationof transform(9). The

correctway to remove artifactsfrom

Ù ê is by a Fourier cut-off in áQ­ J �OD+�eE�� J about : . For bandlimiteddata,this is doneap-
proximatelyby local averagingin É at every �����F��� . Suchprocedurehasbeenappliedto both syntheticandrealdataexamplesin
Brandsberg-Dahl,2001.Theartifactswerenot fully suppressed.Thefollowing modificationof thekernelof

Ù
(9) wasapplied,Ù*ë �����F�C�FÉw���Q�e�X� ' � � -ÂÅÄwÆ ���LÖZ� � o �+�,�

p _ Ú olÂ p �����F�C�F�w�#�Q��G(�xì������#�C�F× olÂ p �����#�C�e�X���X��� � rdÛ Ü jlÝ±m o 2XÇ 5dÇ Þ³Ç À Ç Á Ç ` Ç ß³Ç à p f+G(fCá��
whereì������#�C�F×y� is a smoothcutoff functionon � � � T �+��� . Observe that × olÂ p is thedirectionof 8\í jÃÝ±m8 o 2XÇ 5 p .
Remark 3.1. The transform

Ù ë
restricts the wavefront set of operator

Ù
. If

 �¡ � { ! � is contained in¥������F�C� M ��R 2 �����F���³�#R 5 �������������
¶H�����F�+� M �î	ï� ����� � � � � �H§ , where ��R 2 ���������³��R 5 �����#����� is a smooth covector field on���+�,� � � � , there is a ì with a small supportin × such that

Ù*ë
generatesthe true image.Artif actswith singulardirection��] olÂ p �e^ olÂ p � suchthatthedirectionof 8\í jlÝ±m8 o 2XÇ 5 p is outsidethesupportof ì , aresuppressed.

The main difficulty ariseswhenthe backgroundmediumis not (accurately)known. Without knowledgeof the background
mediumthereis no criterionto distinguishartifactsfrom thetrue image.Theapproachfollowing thedouble-square-rootequation
to beintroducedbelow doesnotgenerateartifacts.This is of particularimportancein thedevelopmentof tomographicmethodsfor
reconstructingthebackgroundmedium.
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4 THE ONE-WAY WAVE OR SINGLE-SQUARE-ROOT EQUATION

In this sectionwe discussthe problemof solving the wave equationby evolution in the vertical, � direction.This problemis in
generalnotwell posed,but microlocalsolutionscanbeobtained.

Considerthewave equationrewritten asa first-ordersystem&& � Ë �8\ð8 5 Õ �ñË : «6�Ú �������C� 1 2 � 1 ` �ò: Õ Ë �8Qð8 5 Õ ) Ë :� Õ � (12)

where
Ú �����#�C�#D+��GI� � ! Pw�����F�w� �%$ G $ 6 J D J $ . Microlocally, away from thezeroesof

Ú �����#�C�#D+��GI� , this systemcanbetransformed
into diagonalform moduloa smoothingoperator(Taylor, 1975).Thereis a family of pseudodifferentialoperatormatricesó��Ø�w� �óB�����F�C� 1 2 � 1 ` � suchthat,microlocally,Ë � �� � Õ � óB�Ø��� Ë �8\ð8 5 Õ � Ë � �� � Õ � óB�Ø��� Ë :� Õ �
satisfytheone-way wave or single-square-root(SSR)equationsô 88 5Bõ Ó÷ö©ø �������C� 1 2 � 1 ` �#ù �%øS���\ø � (13)

seeTaylor (1975).Theprincipalsymbol ú of the
ö�ø

aregivenby úX���,���C��D+��GI� �üû Ú �������C�#D+��GI� � GZý �þ � o 2XÇ 5 pvÿ 6 G �I$ J D J $ . For����� ' �#D+��GI� suchthatthesymbol
ö�ø

is real,theequationis of hyperbolictype,corresponding(microlocally)to propagatingwaves.
To describetheassociatedbicharacteristicstheHamiltonian

�
canbeused,aswell as E��aúQ�����F�C�#D+��G(� . Thesolutionof a one-way

waveequationdescribesthepropagationof singularitiesalongraysin intervalswhere õ 8��8\` }¬: . Thecasewherethesymbol
ö ø

is
imaginarycorrespondsto eitherevanescentwaves,or wavesthatblow up like in a backwardheatequation.

Thesubprincipalpartof the
ö ø

dependson thenormalizationof óB�Ø��� . Wechoosethisnormalizationsuchthat(13) is selfad-
joint microlocallywherethesymbolis real, �¦��� ¾� � � ) � ¾ � � � �� ø � õ �$ Ó�� ø � �
where

� ø ��� ø �Ø��� ��� ø �������+� 1 2 � 1 ` � are � -familiesof pseudodifferentialoperatorswith principalsymbolsGN���	�e$ ô �þ � o 2XÇ 5 pvÿ 6G �%$ J D J $ ù �,�	��
 .
At the zeroesof

Ú �������+�#DC�#GI� the operators
ö ø �Ø���³� � ø �Ø�w� arenot yet defined.To this end,we regularizethe problemby

replacing
Ú �����#�C�#D+��GI� in (12)by ! PX�����F��� �I$ G $ 6 J D J $ 6@Ó G $ u·���,���C�#D+��G(�³� (14)

where u·���,���C�#D+��G(� is positive, small, homogeneousof order : in �OD+��GI� andis supportedon a small neighborhoodof the setof
zeroesof

Ú ���,�F�C�#D+��GI� . With this modificationthe operators
ö�ø � �>ø are � -familiesof pseudodifferential operators,definedon

theentirecotangentspace<B¾e��� o 2XÇ ` p ¹Q: . With thischoiceof signfor theregularizingimaginarytermthereis a well definedsolution
operator

b � �Ø�C�F�LPd� , �LP©}¬� , of theinitial valueproblemfor
� � givenby (13)with

� � � : , see[Treves,1980,theoremXI.2.1]. The
adjoint

b � �Ø�C�F�LPd� ¾ describesthepropagationfrom � to �LP of (13),regularizedin accordancewith (14),but with oppositesignof the
imaginarypart.Theoperator

b � is aFourierintegraloperatorwith complex phase(Melin andSj ostrand,1975;H ormander, 1985,
chapterXXV; Treves,1980,chaptersX andXI). By Duhamel’s principle a microlocalsolutionoperatorfor the inhomogeneous
equationis givenby � � �#Òl�e��� � _ 5�%A b � �Ø�C���\P4� � � �#Òl�F�LPL�+fC�\P K (15)

Microlocally
6 �$ Ó�� ¾ � �Ø��� b � �Ø�C�F� P � � � �Ø� P � is equalto the Green’s function for singularitiespropagatingalongbicharacteristics

(cf. (2)) with
6 8��8\` }�
 , for some
H}¬: thatdependson

! P andthesupportof u in (14).
Theoperator

b � propagatessingularitiesat ���IP\�#DLPQ��G+�F�LPL� alongthebicharacteristicsfor � in aninterval 9��B���IPX�#DLPQ�FG+�F�LPd�³�F�LP³9 ,
whichis themaximalinterval suchthattheregularizedsymbol ú is realvalued.As aconsequencethebicharacteristicin this interval
is nowherehorizontal.Fromnow on we use� astheevolution parameterfor bicharacteristics,anddenotethemas� W ��� P �F� P ��D P �#GC�F���³���C��[\��� P �F� P �#D P ��GC�F�w�³��]%��� P �e� P �#D P ��GC�e���³� úX� W ��� P �e� P �#D P ��G+�e���³�F�C�#]N��� P �F� P �#D P �#GC�F���³�#GI�³�#G(� K (16)

Remark 4.1. The symbols of the operators
ö�ø �Ø���³� �>ø �Ø��� can be written as an infinite sum of elementarysymbols,È Ag / � � g �����F�+��GI��� g �Ø�C��DC��G(� say, thatis rapidlyconverging wherethey aresmooth,i.e.awayfrom thesetof zeroesof

Ú �������C��DC��G(� ,
in accordancewith Taylor (1991),equation(2.1.11).The elementarysymbolscorrespondto multiplicationseither in horizontal
positionspace( �

g
) or in horizontalwavenumber(Fourier)space( �

g
). This is exploited in fastnumericalsolversof (13), see(De

Hoop,Le RousseauandWu, 2000).
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5 MODELING, THE DOUBLE-SQUARE-ROOT EQUATION

Weshow thattheBornmodelingoperatorcanbewritten,modulosmoothingterms,in termsof thesolutionoperatorto thedouble-
square-root(DSR)equation(21) below. We assumethat theraysthatconnectsourceandreceiver to a scatteringpoint in ¢ have
nowherehorizontaltangentdirections.

Assumption 3. (DSR assumption)If ��������� 	ï¢ and R*�#° 	 TV�+�,� , '#² � '�´ } : dependingon �����#�C��R���°Z� are such thatYV�����F�+�#°*�#GC� '#² � � YZ���,�F�C��R��#GC� '�´ � � : and� W �����#�C��°*�#GC� ' ² �³� W �����#�C�FR���G+� ' ´ �³� ' ² ) ' ´ ��	¦� (cf. (6)), then& Y&(' ���,���C�#°±�FGC� ' ��� 6 
d� ' 	@= :�� '�² 9Ø�& Y&(' �������+��R��FGC� ' ��� 6 
d� ' 	@= :�� '�´ 9Ø�
where 
H}¬: wasintroducedbelow (15).

Thisassumptionis strongerthanAssumption1. Thisassumptionis microlocal,and,giventhebackgroundmedium,apseudodiffer-
entialcutoff canbeappliedto thedatato remove microlocallythepartof thedatawhereAssumption3 is violated.

UnderAssumption3 and the assumptionthat
{ !U� : on a neighborhoodof � � : , the singularpart of the Born datais

unchangedwhen
b

in (5) is replacedby6 �$ Ó�� ¾ � ���,�F�C� 1 2 � 1 ` � b � � � �����F�C� 1 2 � 1 ` � . Definetheoperator�S�Ø�C�F� P �³�F���¬� P , by���S�Ø�C�F�LPd���0���X�#�\� ' �e�dPQ�#�LPX� ' Pd� � _�h � b � �Ø�C�F�LPd���0���X� ' 6 ' P 6 ' �Ø�e�dPQ�F:X�0� b � �Ø�C�F�LPd���0���\� ' �����LPX��:w�Cf ' � K (17)

Here � b � �Ø�C�F� P ���0���\� ' � ��� P ��:w� denotesthedistributionkernelof
b � �Ø�C�F� P � , andsimilarly for �S�Ø�+�F� P � . Definethemaps� � ��� $ by

� � �X���x�v� � � � ���x�v� $#����� ��� � �����#��� �� { ��� 6 �L� � � Á � À$ �F�w�³� (18)

� $ �X� � �v� $#����� � � � � �v� $#� ��� � ���Q�F�w����� �� { � ' � � � Á � À$ �F��� K (19)

Theoperators
b � b � � � � all areof convolution typein thetimevariable.It follows thatthesingularpartof theBornapproximated

data(5) is givenby � { !�� _ 5����	�P � ¾ � Ç À �Ø:X� � ¾ � Ç Á �Ø:w���S�Ø:��F��� � � Ç À �Ø��� � � Ç Á �Ø��� �$ 1 $` � � $ � � ! �I�P { ! �0�#Òl�F����fy� K (20)

where
� � Ç À �Ø��� is short for

� � ���X�#�C� 1
À � 1 ` � and similarly for
� � Ç Á �Ø�w� . Here ��!#"�$ is the maximumdepth illuminated from

acquisitionmanifold � giventhebackgroundmedium
! P .

Definetheinhomogeneousdouble-square-root(DSR)equationby� 88 5 6�Ó÷ö � ���w���C� 1
À � 1 ` � 6�Ó÷ö � ���Q�F�C� 1
Á � 1 ` ��� ���&% ���w���Q� ' �F��� K (21)

It followsfrom thedefinitionof
b � �Ø�C�F�LPd� thattheoperator�S�Ø�C�F�LPd� is asolutionoperatorfor theCauchyinitial valueproblemfor

the(regularized)DSRequation.TheBornapproximateddatais modulosmoothfunctionsequalto thesolutionof theDSRequation
at � � : with inhomogeneousterm

% ���X���\� ' ����� � �$ 1 $` � � $ � � ! �(�P { ! �0���X���Q� ' �F��� .The operator�S�Ø�+��� P � propagatessingularitiesalongthe bicharacteristicsassociatedwith (21), given by, in the notationof
(16),� W ��� P ��� P �#¼ P ��G+�e���³� W ��� P �F� P �#½ P ��GC�F�w�³� ' P ) [\��� P �F� P ��¼ P ��GC�F�w� ) [Q��� P �F� P ��½ P ��G+�F���³�F�C�]%��� P �F� P ��¼ P ��GC�F�w�³��]%��� P �F� P �#½ P ��G+�F���³��G+�' � W ���dPX�F�LPQ�#¼IPX��GC�����³� W ���LPQ�F�LPQ�#½+PX�#GC�F���³�#]N���dPQ���\PX�#¼IPQ��G+�e���³��]%���LPQ�F�LPQ�#½+PX�#GC�F���³�#GC�F�����³� (22)

where ' ���w�#�Q�#¼%��½I�#G+�e��� � úX���X�F�C��¼%��G(� ) úX���\�F�C�#½I��GI� K (23)

Here � is in an interval 9�� ! Û ( ���dPQ�#�LPX��¼IPQ�#½+PX�#GI�³���LP³9 , which is the intersectionof theone-way intervals associatedwith thesource
andreceiver bicharacteristics.

6 DOUBLE-SQUARE-ROOT RECONSTRUCTION

Thereconstructionof theperturbation
{ !

giventhebackgroundis essentiallydoneby applyingtheadjointof the linearmodeling
map (20) discussedin the previous sectionto the data ê . (The outcomeis a so-calledseismicimageof the perturbation.)Let
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) � � � ¾ ¿ � , where ¿ � ¿Å���X���Q� ' � 1 À � 1 Á � 1 ` � is a suitablepseudodifferential cutoff as in section2. By Theorem2.1, with
Assumption2,

) ��) �����F�+� 1 2 � 1 5 � is a pseudodifferentialoperator. Thereforeapplyingtheadjoint
� ¾³¿ to thedatayields) �����F�+� 1 2 � 1 5 � { !º� � ¾ ¿Å���w�#�Q� ' � 1 À � 1 Á � 1 ` ��ê(� (24)

and
{ !

canbereconstructedmicrolocallywheretheprincipalsymbolof
)

is non-zero.
Assumption3 impliestheinjectivity in Assumption2 andis hencestrongerthanAssumption2 by theremarkbelow Assump-

tion 2. (A point ���X���Q� ' ��¼N��½I��GI� in theprojectionof * on <B¾³�
¹Q: uniquelydeterminestheinitial valuesof a sourceanda receiver
one-way bicharacteristic.SinceunderAssumption3 travel time increasesmonotonicallywith depth,travel time injectivity could
only beviolatedwithin aplaneof fixeddepth.However, by thesamemonotonicity, theone-way receiver bicharacteristicintersects
eachplaneof fixeddepthin at mostonepoint.Thesameis truefor theone-way sourcebicharacteristic.)We presenta reconstruc-
tion formulasimilar to (24)basedontheDSRBornmodeling(20).This leads,again,to reconstructionmoduloapseudodifferential
operatorfor whichanexplicit expressionis given.

Theadjointoperator�S�Ø:��F���F¾ propagatesthedatadownwardandbackward in time.We consider�S�Ø:��F���F¾0ê asa functionof���X���\� ' �F�w� . Theoperator�S�Ø:+�F�w�F¾ is microlocallya Fourier integral operatorwith realphaseandcanonicalrelationwhich follows
from (22)with � P � : , for � in aninterval = :+�+�,!#"�$C��� P ��� P ��¼ P �#½ P �#GI�0=¯ � W ���dPQ��:+�F¼IPQ�#GC�F���³� W ���LP\�F:+��½+PQ�#GC�F���³� ' P ) [\���dPQ�F:+�#¼IPX��GC����� ) [\���LPQ�F:+��½+P\��GC�F�w�³�F�C�]%��� P �F:+�F¼ P �FGC�F���³�#]N��� P �F:+��½ P �#GC�F���³�#GC� ' ��� P �#� P ��¼ P �#½ P ��GC�F�w�³µe� P ��� P � ' P �F¼ P �#½ P ��GI�N¶���dPX���LPQ� ' PQ��¼(PX�#½+PQ��G(��	�< ¾ � $#����� ¹Q:+�e�
	@= :+�+� !#"�$ ���dPQ���LP\��¼IPX�#½+PQ�#GI�0=÷» K (25)

Theadjointof theoperator� $ (cf. (19)) is givenby therestriction
� $ definedby% ���\�F�X� ' ����� �� � � $ % �0���Q�#�X�F��� �&% ���Q���w��:+�e��� K

If
���"� ���X���\�F��� then - ��� ��- � �0���X���Q� ' � will bedefinedby

- ��� _ P�%A �S�Ø:+�F�w�.� $ � �#Òl�F�w�Cfy� K
Let ¿ bea pseudodifferentialcutoff in the ���X���Q� ' � variablessupportedin¯ ���LP\�F�LPQ� ' P\��¼IPX�#½+PQ�#GI�%¶ ' P�	 = :+� 6 [\���dPQ�F:+�F¼(PQ�FGC��� !#"�$ ���LP\���LPQ��¼IPX��½+PQ��GI��� 6 [Q���LP\�F:+��½+PQ�#GC��� !#"�$ ���dPQ�F�LP\��¼IPQ��½+PQ�#GI���0=÷» K
Then ¿/- is a Fourierintegral operatorwith realphase.Theadjoint - ¾ of - follows from theequalityä ¿�ê(� _ P�IA �S�Ø:+�����.� $ � �#Òl�e���+fC��å o À Ç Á Ç ` p ��_ P�%A ä � $ �S�Ø:+�F��� ¾ ¿*ê(� � �#Òl�F����å o À Ç Á p fy�
andis givenby

- ¾ ¿ �"� $ �S�Ø:+����� ¾ ¿ K
Since 8�08 5 � : , [ dependsstrictly monotoneon � for each ��� P ��� P � ' P �F¼ P �#½ P �FGI� . The DSR bicharacteristicwith initial values���dPX���LPQ� ' PQ�F¼IP\�#½+PQ��G(� henceintersectsthe

' � : hyperplaneat mostonce,andthe intersectionis transversal.Fromthis, it follows
thatthecomposition- ¾ ¿ is aFourierintegral operatorswith a locally invertiblecanonicalrelation.

The canonicalrelation mapspoints ��� P �#� P � ' P �#¼ P �#½ P ��G(� in a subsetof the cotangentacquisitionspace < ¾ � $#�+��� ¹Q: to���\�e�X�F�C��¼%�#½I�FE�� in asubsetof < ¾ � $#�+�,� ¹Q: . Thismapconvertstimeto depth.Wedefinethesymbol 1
���X�#�\�F�C��¼%��½I��E�� asthepull back
of ¿Å���LP\���LPQ� ' PX��¼IPQ�#½+P\�FGI� undertheinverseof thismap.Startingfrom theBornmodeling(20),wefind thefollowing reconstruction
proposition.

Proposition 6.1. Therearepseudodifferentialoperators
ã|� ã �����F�+� 1 2 � 1 5 � of order ª 6|« with principalsymbolã �����F�+�#DC��E�� � _�h �w�y� 1
���,�#���F�+� �$ D 6 q+� �$ D ) q+��E��CfCq+� (26)

and 2º�Ø��� � 2º���X���\� ' � 1�À � 1�Á � 1 ` �F��� of order : with principalsymbol

2H���X���\� ' �#¼N�#½I�#GC�F��� �43333
& '& G ���X���\�#¼%��½I��GC�F�w� 3333�~! P ���X�F��� �%$ � ! P ���X�F��� �I$ 6 G �I$ J ¼ J $ � �,�	�³$ ) ! P ���\�F��� �%$ � ! P ���Q�#��� �%$ 6 G �%$ J ½ J $ � �,�	�³$ �
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suchthatã �����F�C� 1 2 � 1 5 � { ! � � ! �P � � � $ 2º�Ø��� � ¾ � Ç À �Ø��� ��� � ¾ � Ç Á �Ø��� �,� �S�Ø:+�F�w� ¾ � � Ç À �Ø:X� ��� � � Ç Á �Ø:w� �,� 1 �%$` ¿�ê(� (27)

whereê ��� { ! is theBornmodeleddata.

Proof. Wecalculatemicrolocallytheprincipalsymbolof - ¾ - . Thekernelof theoperator�S�Ø:+�F�w� hasmicrolocallyanoscillatory
integral representationwith a phasefunction associatedwith generatingfunction, T � T��Ø�C�e�X���\� ' ��5wP�6X��7XP98(� say, where 5XP ����dPX���LPQ� ' Pd� and 7wP is thecorrespondingcotangentvector, and ¥�:(�+;Z§ is apartitionof ¥ « � K4K0K �e�Lª 6|« § ,

�S�Ø:+�F���0�<5 P �e�X���\� ' � � ���\Ö�� � o $#�����x�#= 6 =
p
�e$ � _¤Ú �Ø�C�e�X�#�\� ' ��5wPQ��7XP98(��rdÛ o�>yo 5LÇ À Ç Á Ç ` Ç ? ��@ Ç A ��B p �DC A ��B Ç ? ��BFE

p fG7wP98I�
Theadjoint �S�Ø:+�F��� ¾ hasamplitude

Ú �Ø�C���X���Q� ' ��5wP\��7wP98(� andphase
6 T��Ø�C�F�X���\� ' ��5wP�6X��7XP98(� )~ä 7wP98N��5wP98yå . Hence,thekernelof the

composition�S�Ø:������ ¾ �S�Ø:��F��� hastheoscillatoryintegral representation���\Ö�� � o $#����� p _ Ú �Ø�C��� � �F� � � ' � ��5 P ��7 P98 � Ú �Ø�+�e�X���Q� ' ��5 P ��7 P98 � � rdÛ H � >(o 5LÇ À�I Ç Á+I Ç ` I Ç ? ��@ Ç A ��B p � >(o 5LÇ À Ç Á Ç ` Ç ? ��@ Ç A ��B p J fK5XP�6dfK7XP98 K
We expandthephasein a Taylorseriesaround ��� � ��� � � ' � � � ���X���Q� ' � andidentify thegradient6 & T& ���X���Q� ' � �Ø�C�e�X���\� ' ��5wP�6w��7XP98(� � ��¼*�Ø�C���X���Q� ' ��5 P�6 �97 P98 �³�#½%�Ø�+�e�X���Q� ' ��5 P�6 ��7 P98 �³�#G��Ø�C�e�X���\� ' ��5 P�6 ��7 P98 ��� K
Applying a changeof variables,�<5XP�6X��7wP98(� �� ��¼N�#½I�#GI� , thephasetakestheformä ��¼%�#½I��G(�³�4���4� 6 �w�#�Q� 6 �Q� ' � 6 ' ��å K
Since �S�Ø:��F��� ¾ �S�Ø:+�#��� is a pseudodifferentialoperatorwith symbol

«
, microlocally in the supportof the cutoff ¿ , we conclude

thattheprincipalpart
n

of theamplitude
Ú

satisfies¶ n �Ø�C�e�X���\� ' ��5 P ��7 P98 �4¶ � 3333
& ��¼%�#½I��G(�& �<5 P�6 ��7 P98 � 3333

�	�e$ K
Thekernelof operator- hasanoscillatoryintegral representationsimilar to theoneof �S�Ø:+�F�w� ,

-S�<5wPX�F�w�#�Q�F��� � ���\Ö�� � o $#�+���x�#= 6 =
p
�e$ _¤Ú �Ø�C���w�#�Q�F:��95wPQ��7XP98(��rdÛ o�>yo 5LÇ À Ç Á Ç P Ç ? ��@ Ç A ��B p �LC A ��B Ç ? ��BFE

p fG7wP98
(wehaveapplied� $ at � ). It followsthatthecomposition- ¾M- , carryingoutananalysissimilar to theonefor �S�Ø:+�F�w�F¾M�S�Ø:������ , is
a pseudodifferentialoperator, microlocally. Its amplitudehasprincipalpart

3333
& �ØEC��¼%��½C�& �<5 P�6 �97 P98 � 3333

��� 3333
& ��¼%�#½I��G(�& �<5 P�6 ��7 P98 � 3333 K

For fixed ���X���\��¼N��½I�F��� themap G ��N' ���X���Q�#¼N�#½I�#GC�F��� is invertibleonasetgivenby ¶ GZ¶ sufficiently large.Thismapwill bedenoted
by

' ��� ��' �,�L���w���Q�F�+��¼N��½I�FE�� . It follows thattheprincipalpartof - ¾O- is microlocallygivenby

3333
& '& G ���X���\��¼%�#½I� ' �,� ���X���Q���C��¼%�#½I�FE��³�F�w� 3333 ��� K

Wefinally considerthecompositionof operators
� � 1/� � . Its kernelhasanoscillatoryintegral representation,���\Ö�� � o $#����� p _�h ÿ ���y� 1
���������F�C��¼%�#½I�FEw�+rdÛ C o 2XÇ 2XÇ 5 p � o 2 I Ç 2 I Ç 5 I p Ç oQP Ç RdÇ S p E f+½+f+¼�fCE ����\Ö�� � o $#����� p _ hy� _ h(�w�y� 1
���,�#���F�+� �$ D 6 q+� �$ D ) q+��E��CfCq·r4Û o C o 2 � 2 I p Ç T E �UC o 5 � 5 I p Ç S E p f+DXfyEC�

uponchangingvariablesof integration, ¼ � �$ D 6 q , ½ � �$ D ) q . Thedomainof the q integral is boundeddependingon �ODC��E�� ,
since 1 is acutoff in ���w�#�Q� ' ��¼N��½I��GI� . Hence

� � 1/� � is a pseudodifferentialoperatorof order ª 6|« with principalsymbol(26).
Applying theabove resultsto theexpression(20) for theBornmodeleddataleadsto thestatementof theproposition.
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Remark 6.2. Notethatin (27)all theoperatorsontheright handside,exceptthedownwardcontinuation� , actatdepth� only. On
thecontrary, theoperator

ã �����F�C� 1 2 � 1 5 � on theleft handsidedependson theHamiltonianflow associatedwith thebackground
mediumin the depth interval = :+�e�\9 . In the usualwave-equationimaging algorithmsit is hencestraightforward to include the
pseudodifferential factorson the right handsideof (27). To accountfor the operator

ã �������C� 1 2 � 1 5 � on the left handsideone
requiresanadditionalray computation.

Remark 6.3. Dependingonthebackgroundmedium,thereconstructioncanalsobedoneusingdataonasubmanifold� � of � . Let� � betherestrictionof a functionon � to � � , sothattheforwardmapfor this caseis givenby
� � � . In suitablelocal coordinates�<5 � ��5 � � � on � suchthat 5 � � � : defines� � , the adjoint � � of

� � is given by the map � � � � �0�<5 � ��5 � � � � � �<5 � � { �<5 � � � . Conditions
suchthat

� ¾ � � ¿ � � � � is pseudodifferentialaregivenin NolanandSymes(1997),where¿ � is a suitablepseudodifferentialcutoff.
Reconstructionmoduloapseudodifferentialoperatoris donein thiscaseby first applyingthemap� � to thedata,andthenapplying
thepreviousprocedure.Applying � � to thedatasimplymeansaddingzeroeswherethereis nodatain � .

7 THE WAVE-EQUATION ANGLE TRANSFORM

We definethewave-equationangletransform
Ú�VXW

by thefollowing integral of thedownwardcontinueddata,�S�Ø:��F���F¾0ê ,� Ú�VXW ê+�0�������+�<Y%� ��_ hy���y� ���S�Ø:��F��� ¾ ¿�ê+�0��� 6[Z $ ��� ) Z $ �.Y]\I��ì����,���C�9\(�Cf^\N� (28)

(cf. Rucha,Biondi andSymes,1999),where\ �� ì*�����F�C��\I� is acompactlysupportedcutoff functionthesupportof whichcontains\ � : . Thefirst resultin thefollowing theoremimpliesthat,whenthecorrectbackgroundmedium
! P is given,

Ú_VXW
mapsdatato

a Y -family of reconstructionsof
{ !

moduloapseudodifferentialoperator. Henceartifact-freeimagesareobtained.

Theorem 7.1. Let ?�P beanupperboundfor
! P . Assumethat¶ YZ¶`�aY !#"�$ � �$ ? �,�P K (29)

Then
Ú VXW

is a Fourier integral operatorsuchthat
Ú VXW �

is a smoothY -family of pseudodifferentialoperatorsin �������w� . Let ? �
beanupperboundfor 8 þ � ÿ�8 2 . If in additionthefunction \ �� ì������#�C�9\I� is supportedin

ö �Ø:��9bB� , where b dependson ? � and ¿ ,
thenthecanonicalrelationof

Ú_V�W
correspondsto aninvertiblemapfrom a subsetof <B¾e� $#�+�,�o À Ç Á Ç ` p to a subsetof <B¾F� $#�����o 2XÇ 5LÇ c p thathas

nonemptyintersectionwith theset q � : (whereq is the Y -covector).

Proof. Themap ê �� �S�Ø:������F¾0¿�ê is a Fourierintegral operatorwith canonicalrelationgivenin (25).
TheSchwarzkernelof themap �S�Ø:+�F��� ¾ ¿*ê �� Ú VXW ê equals{ ��� 6 À � Á$ � { �QYZ��� 6 �L� 6 ' � { �Ø� 6 �X�v�+ì����,���C��� 6 �L� � ���LÖZ� �(�+��� _ rdÛ o C T0Ç 2 � À � Á$ E � à o c o Á � À p � ` p � S o 5 � 5 I pvp f�D±fCGºfCE K

It is a Fourierintegraloperatorwith canonicalrelationthatis containedin <�¾F� $#�+�,�o 2XÇ 5dÇ c p ¹\: � <�¾e��$#�o À Ç Á Ç ` Ç 5 p ¹\: andgivenby¥�� À � Á$ �F�C�<Y���DC�FE+�d��� 6 �L��G,µF�X���\�<YZ��� 6 �L�³�F�C� T $ ) Y(GC� T $ 6 Y(GC�#GC�FE��N¶ ���X���\�F�C�<Y,��D+�FEC�FGI�*	 (subsetof )� 
������ § K (30)

Thiscanonicalrelationcanbeparameterizedby thecoordinatesof < ¾ � $#�o À Ç Á Ç ` Ç 5 p ¹Q: except
'
, thatis ���X���\�F�C��¼%�#½I��G+�FE�� . Theprojection

of (30)on <B¾F��$#�o À Ç Á Ç ` Ç 5 p ¹\: is a hypersurfacedefinedby' �ed ¼ 6 ½�\G �d��� 6 �\�+f K (31)

The canonical relation of the map ê �� �S�Ø:��F��� ¾ ¿�ê , consideredas a function of ���X�#�\� ' �F�w� , is parameterizedby��� P ��� P � ' P �F¼ P �#½ P ��G+�e��� . Thecanonicalrelation(25) is time translationinvariantandtheline in < ¾ � $#�o À Ç Á Ç ` Ç 5 p ¹Q: parameterizedby
' P

for fixed ���dPQ���LPQ�#¼IPX�#½+PQ��G(� intersectsthehypersurface(31) transversally. It follows thatthecompositionof thecanonicalrelations
(25) and(30) is transversal.The compositionis parameterizedby ���dPX���LP\��¼IPX�#½+PQ�#GC�F��� . It follows that

Ú�VXW
is a Fourier integral

operator.
The composition�S�Ø:+�F�w�F¾4¿ � , that maps

{ !
� { ! �����F� � � to the downward continueddataasa function of ���X�#�\� ' ����� , is a
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Fourierintegral operatorwith canonicalrelation¥�� W �����F�X�Ø��¼N���#GC�e���³� W ���,�F�X�Ø�#½����#GC�e���³��[Q�������X���#¼,�Ø�FGC�F�w� ) [\�����F�X�Ø�#½��Ø��GC�e���³���C�]%�����F�Q����¼N�Ø��GC�e���³�#]N���,���X���#½����#GC�F���³�#GC�FECµ#���F�X�Ø��¼N� ) ½��Ø�FEX�O�N¶�����F�X�Ø��¼N���#½��Ø�FEX���F����	 a subsetof � ��� ��G suchthat EQ� ��' ����������¼N���#½��Ø��G+�F�X���³�E ��' � W �����F�X�Ø��¼N����G+�e���³� W �������X����½�����G+�F���³��]N�����#�X���#¼,�Ø�FGC�F�w�³��]%�������X���#½��Ø��GC�F�w�³��GC�F�w�F§ K (32)

Thepropagationof singularitiesupwardby
�

anddownwardby �S�Ø:+�#��� ¾ is alongthesameDSRbicharacteristics.
Weshow thatthecomposition

Ú_V�WC�
is a Fourierintegral with canonicalrelationcontainedin¥������F�+�<Y���D+�FEC��:+µF���F�+�#DC��E��N¶4���,���C�#D+�FE���	�< ¾ � � o 2XÇ 5 p ¹Q:���Y
	%9 6 Y !#"�$ �<Y !#"�$ = § K (33)

Fromthatit follows that
Ú�VXW(�

is a Y -family of pseudodifferentialoperators.Theprojectionof (32)on <�¾³��$#�o À Ç Á Ç ` Ç 5 p intersectsthe
hypersurface(31) at � � � � , sincethen � 6 � � : and

' � : , leadingto elementsin (33).Sincesingularitiespropagatewith speed
lessthan ? P , if � � ² � � ´ � ��g � �ih � � P � � R �e:�� � S � is a tangentvectorto theDSRbicharacteristic,then j9k � j9lj�mon �Q? P . Therefore,by (29),
thecompositionof (32) with (30) is transversalandcontainsno elementsoutside(33).

Theprojectionof thecanonicalrelationof
Ú�VXW

on thesecondcomponent<�¾F� $#�+�,�o À Ç Á Ç ` p ¹\: is invertibleif eachDSRbicharacter-
istic with initial values ��� P �F� P � ' P �#¼ P �#½ P ��G(� , parameterizedby � , intersectsthehypersurface(31) at mostonceandtransversally.
Let pº�Ø�w� denote

P � R$ à alonga certainDSRbicharacteristicandlet [Q�Ø��� denotethe time and q��Ø��� denotethevalueof � 6 � . The
elementsof thecanonicalrelationof

Ú�VXW
correspondto solutionsof [\�Ø��� 6 ä pH�Ø���³��qH�Ø�w��å � : . To estimatethederivative of the

left handsideweobserve that & [& � 6 ä pH�Ø���³� & q& � �Ø�w��år� 6 
FP
for some
eP�}¬: dependingon thecutoff ¿ (or u in (14))andon thevalueY !#"�$ . Since& ]& � � & ú& � �¸6 Gý ! �I$P 6 G �%$ J D J $ & ! �%$P& � �
thereis a boundon 8 p8 5 in termsof ? � andon ¿ (to boundthesquareroot from below). It follows thatfor some
 � �&
 P

3333
ä & p& � �Ø���³��qº�Ø����å 3333 ��
 � ��
FP

if
J \ J �¤? $ ? �,�� for someconstant? $ dependingon ¿ and Y]!#"�$ . This implies that the function � �� [\�Ø��� 6 ä p��Ø���³��qº�Ø����å is

monotone.Hencetheprojectionof thecanonicalrelationof
Ú�VXW

on <�¾F� $#�+�,�o À Ç Á Ç ` p ¹\: is invertible.It followsfrom theabovereasoning

thattheprojectionon <�¾e� $#�����o 2XÇ 5LÇ c p ¹\: is invertibleaswell. Thisestablishesthelaststatementof thetheorem.

To concludethis sectionwe determine,at theprincipalsymbollevel, themodificationof (28) that leadsto microlocalrecon-
struction.

Proposition 7.2. Define sÚ VXW
by�GsÚ�VXW ê+�0�������+�<Y%� ��_�hy���y� ì��������C�9\I��� ! Pw�����F�w� �� ô 2º�Ø��� � ¾ � Ç À �Ø��� ��� � ¾ � Ç Á �Ø��� �,� �S�Ø:+�F�w� ¾ � � Ç À �Ø:X� ��� � � Ç Á �Ø:w� �,� 1 �%$` ¿�ê�ùw��� 6 Z $ ��� ) Z $ �<Yt\I�+fK\ K

Supposethat ì������F�+�F:w� �Ì« and \ �� ì*�������C��\(� is supportedin
ö �Ø:+�9bB� (cf. Theorem7.1), then sÚ_V�W

is an invertible Fourier
integral operator. Let thesymbol 1 VXW � 1 VXW �������+�<Y��#D+�FEC�FqX� (where q is the Y -covector)begivenby thepull backof ¿ under
themapfrom <�¾F� $#�+�,�o 2XÇ 5dÇ c p ¹Q: to <�¾F� $#�+�,�o Á Ç À Ç ` p ¹\: inducedby thecanonicalrelationof

Ú VXW
. Thecomposition sÚ V�W �

is a Y -family of
pseudodifferentialoperatorswith principalsymbol 1 VXW �������C�.Y��#D+�FEC�F:X� .
Proof. It is sufficient to show thatthemap{ !H�� _ Ë 2º�Ø�����S�Ø:+�#��� ¾ _ �S�Ø:+�#� � �.� $ � � { ! fC� � Õ ��� 6 Z $ �F� ) Z $ �.Y]\I�CfK\,� (34)

microlocally hasprincipal symbol equalto
«
. In this proof we will omit the cutoff functionsthat are part of the symbols;the

calculationswill bevalid microlocallyon thesupportof a cutoff.
Usinganoscillatoryintegral representationof � similar to theonein theproof of Proposition6.1,we find that theprincipal
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contribution to thekernelof this map,asa functionof ���,�F�C�<Y�µ#� � ��� � � , canbewrittenas���\Ö�� � o $#����� p _ 2H��� 6 �$ \,��� ) �$ \,�<Y]\,� 6 & T& � � 6 & T& � � 6 & T&(' �e���� Ú �Ø�C��� 6 �$ \,�#� ) �$ \,�<Yt\,��5 P ��7 P98 � Ú �Ø�X�Ø���(�Ø���(�Ø�F:+�95 P ��7 P98 �� r Û�H � >yo 5LÇ 2 � �$ Z Ç 2 � �$ Z Ç c Z Ç ? �	@ Ç A ��B p � >yo 5 I Ç 2 I Ç 2 I Ç P Ç ? ��@ Ç A ��B p J fK5 P�6 fK7 P98 fK\ K
We expandthephasein a Taylorseriesaround ��� � �F� � �9\I� � �����F�+�F:w� andidentify thegradientat �������C��:w� ,6 & T& � �Ø�C���,�#���F:��95wP�6X��7XP98(� � ¼*�Ø�C�#���#����:+�95wP�6X��7wP98(� ) ½%�Ø�+�#�����,��:+�95XP�6X�97wP98C�³�6 & T& � �Ø�C���,�#���F:��95 P�6 ��7 P98 � � Ey�Ø�C�����#����:��95 P�6 �97 P98 �³�6 & T& \ �Ø�C���,�#���F:��95 P�6 ��7 P98 ��76 �$ ¼*�Ø�C�#�������#:+�95wP�6X�97XP98y� ) �$ ½%�Ø�+�����#�,�F:+�95XP�6X��7wP98(� ) Y(G��Ø�C�x�����,�F:+��5XP�6w��7wP98(� K
Applying a changeof variables,�<5XP�6X��7wP98(� �� ��¼N�#½I��E�� , thephasetakestheformä ¼ ) ½I��� 6 �(�Oå ) Ey�Ø� 6 �Q��� )~ä �$ �O½ 6 ¼Z�³�9\(å K
The amplitudefactor 2 ÚÅÚ becomesequalto oneby thecalculationsin theproof of Proposition6.1.Upon changingintegration
variables,¼ � �$ D 6 q+��½ � �$ D ) q , theoscillatoryintegral takestheleading-orderform (microlocally)���\Ö�� � o $#����� p _ rdÛ o C T³Ç 2 � 2 I E � S o 5 � 5 I p �#C u Ç Z E

p f+DXfyEwfCqXfK\ K
It follows by integratingthe q���\ variablesthat(34) indeedhasprincipalsymbolequalto

«
microlocally.

8 ANNIHILATORS

It wasobservedin StolkanddeHoop(2000)thattherearepseudodifferentialoperatorsthatannihilatethedatamicrolocally, dueto
thefactthattheinverseproblemis formally overdetermined.Ontransformeddata sÚ VXW ê , thesearegivenby 88 c k , v �7« � K0K4K �#ª 6U«
hencetheannihilatorsaregivenby ä sÚ V�W å �,� && Y g sÚ VXW �
Where

ä sÚ VXW å �,� is a regularizedinversefor sÚ V�W
, thatis amicrolocalinversefor asubsetof < ¾ � $#�+�,�o 2XÇ 5dÇ c p where sÚ VXW

is invertible.

Wedefinetheoperator s- ¾ thatmapsê to a function ���X���Q�F�w� by�Gs- ¾ ê+�0���X�#�\�F��� � � ! Pw����� ) �w��­Q���e��� � � ô � $ 2º�Ø��� � ¾ � Ç À �Ø��� ��� � ¾ � Ç Á �Ø��� �,� �S�Ø:+�F�w� ¾ � � Ç À �Ø:X� ��� � � Ç Á �Ø:w� �,� 1 �%$` ê ù ���X���Q�#��� K
Using(27),we observe thattheoperator s- ¾ actingon ê �~� { ! yields

s- ¾ ¿*ê � 1
���X�#�\�F�C� 1 À � 1 Á � 1 5 �.� � { !
(for thedefinitionof 1 seeremarkabove Proposition6.1).Applying theoperatorw givenby themultiplicationby � 6 � to this
equationyields

wxs- ¾ ¿*ê � = w ��1
���X���Q���C� 1
À � 1
Á � 1 5 �x99� � { ! �
i.e. thereis only a lower ordercontribution,since ��� 6 �L� { ��� 6 �L� � : andhencewy� � � : (cf. (18)).

For thesubsetin <B¾e� $#�+�,�o À Ç Á Ç 5 p wheretheoperator1
���X���\���C� 1 À � 1 Á � 1 5 � is microlocallyelliptic, theoperatorzw � � w 6 = w �+1
���X�#�Q���C� 1 À � 1 Á � 1 5 �x9.1
���X���\���C� 1 À � 1 Á � 1 5 � �,�
is anannihilatorof s- ¾4¿�ê to all orders.

Corollary 8.1. A pseudodifferentialannihilatorof thedatais givenby{ � - zw|s- ¾XK
Note that

{ �}{ = ! P 9 dependson thebackgroundmedium.Thesemi-norm
J { = ! P 9÷ê J canbeviewedasthewave equation

analogof thedifferentialsemblancefunctional(Symes,1991).



268 C.C. Stolk & M.V. de Hoop

ACKNOWLEDGMENTS

TheauthorsthankTheMathematicalSciencesResearchInstitutefor partialsupport,throughNSFgrantDMS-9810361.They also
thankthe membersof the institute,andin particularGuntherUhlmann,for providing a very stimulatingenvironmentduring the
InverseProblemsprogramin Fall 2001.

REFERENCES

G. Beylkin, Imagingof discontinuitiesin theinversescatteringproblemby inversionof a causalgeneralizedRadontransform,J. Math.Phys.,26
(1985),pp.99-108.

S. Brandsberg-Dahl,M. V. deHoop,andB. Ursin, Focusingin dip andAVA compensationon scattering-angle/azimuth commonimagegathers,
Geophysics,2002, In print.

J.F. Claerbout,ImagingtheEarth’s Interior, BlackwellScientificPublications,Oxford,1985.
R. W. Clayton,Commonmidpointmigration,TechnicalReportSEP-14,StanfordUniversity, 1978.
M. V. deHoop,J. H. Le Rousseau,andR.-S.Wu, Generalizationof the phase-screenapproximationfor the scatteringof acousticwaves, Wave

Motion, 31 (2000),pp.43-70.
J.J.Duistermaat,FourierIntegral Operators,Birkhäuser, Boston,MA, 1996.
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