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ABSTRACT

In this paperwe usemethodsrom partial differentialequationsin particularmicrolo-
cal analysisandtheory of Fourierintegral operatorsto studyseismicimagingin the
wave-equationapproach Seismicdataare commonlymodeledby a high-frequeng
single scatteringapproximationThis amountsto a linearizationin the mediumcoef-
ficient abouta smoothbackgroundThe discontinuitiesare containedin the medium
perturbationThe wave solutionsin the backgroundnediumadmita geometricalop-
ticsrepresentatiorterewe describehewave propagatiorin the backgroundnedium
by a one-way wave equation.Basedon this we derive the double-square-roaqua-
tion, which s afirst orderpseudodiferentialequation that describeghe continuation
of seismicdatain depth.We considerthe modelingoperator its adjoint andrecon-
structionbasedn this equationlf theraysin the backgroundhatareassociatedvith
thereflectionsdueto the perturbatiorarenowherehorizontal,the singularpart of the
datais describedby the solutionto aninhomogeneouslouble-square-roatquation.
We derive a microlocalreconstructiorequation.The mainresultis a characterization
of the angletransformthat generateshe commonimage point gathers,and a proof
thatthis transformcontainsno artifacts.Finally, pseudodiferentialannihilatorsbased
on the double-square-roaquationare constructedThe double-square-roaquation

approachs usedin seismicdataprocessing.
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1 INTRODUCTION

In reflectionseismologyoneplacegoint sourcesandpointre-
ceiverson the earths surface. The sourcegeneratesacoustic
wavesin the subsuréce,thatarereflectedwherethe medium
propertiesvary discontinuouslyThe recordedreflectionsthat
canbe obseredin the dataareusedto reconstructhesedis-
continuities.

The dataare commonly modeledby a high-frequeng
single scatteringapproximation.This amountsto a lineariza-
tion in the medium coeficient abouta smoothbackground.
The discontinuitiesare containedn the mediumperturbation
(Beylkin, 1985). Thus a linear operatoy the modeling oper
ator, dependingon the backgroundthat mapsthe perturba-
tion to the datais obtained Both the smoothbackgroundand
theperturbatiorarein generaluinknavn andhave to berecon-
structedointly. In this papernwe analyzethis reconstructiorin
thewave-equatiorapproach.

The reconstructionof the perturbationgiven the back-
groundis essentiallydone by applying the adjoint of men-

tioned linear map (seismicimaging). The solutionsin the
backgroundmedium admit a geometricaloptics representa-
tion. Thusthe modelingoperatoris Fourier integral operator
(Rakesh,1988)(for agenerareferenceof Fourierintegral op-
eratorssee[Duistermaat,1996)).If thecompositionof adjoint
andmodelingoperatorsthe normaloperatoyis pseudodfier-
ential, thenthe positionsof the singularitiesof the perturba-
tion arerecoreredby applyingthe adjointto the data,anda
microlocal reconstructiorcan be carried out. Under various
assumptionsn the backgroundconcerningthe presenceof
causticsandthe geometryof the rays, resultsconcerningthe
normaloperatorhave beenobtained(Beylkin, 1985;Hansen,
1991;Nolanand Symes,1997;ten Kroode, Smit and Verdel,
1998; Stolk, 2000a)(section?2).

In theKirchhoff approactanapproximatiorto theadjoint
operatoris constructedhat dependson the backgroundonly
throughtravel times and complex amplitudesthat appearin
thegeometricabpticsapproximation.
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In thesocalledwave-equatiorapproach{Clayton,1978;Claerbout1985;Popwici, 1996)thedataaredownward continued|eading
to datafrom fictitious experimentshelav the surfaceat varying depths.To form the adjointarestrictionis appliedto the dovnward
continueddata(imagingcondition).Using a one-way wave equation(section4) for the propagatiorof wavesin the background,
thedownward continuationis describedy the so calleddouble-square-ro@quation.

Thedatais formally redundantThereexist invertible Fourierintegral operatorshatgenerate setof reconstruction§Stolkand
deHoop,2000)from whichthecommonimagepointgathersaareobtainedUnderBeylkin’ s conditions(Beylkin, 1985),in particular
in theabsencef causticsthis canbedoneby usingdifferentsubset®f thedata.In thepresencef causticthementionedsetcanbe
parameterizetly anglebetweerin- andout-goingraysattheimagepoint. If thebackgroundnediumis correctthereconstructions
in the setshouldbethe same This s a criterionthatis usedin thereconstructiorof the backgroundmigrationvelocity analysis).
The redundang leadsto the existenceof pseudodierential operatorghat annihilatethe singularpart of the data(Stolk andde
Hoop,2000).

In the Kirchhoff approachcommonimagepoint gathersparameterizedby anglecanbe generatedy a generalizedRadon
transform.In the presenceof causticsartifactswere obsered in numericalexamplesin (Brandsbeg-Dahl, 2002.By microlocal
analysisof the Kirchhoff approachthe presencef artifactswasshavn in (Stolk, 2000).In section333 an approachto suppress
theseartifactsis discussed.

In this paper we considerthe modeling,adjointandreconstructiorbasedon the double-square-roatquationapproachThe
double-square-roaquationis a pseudodfierentialequationIf theraysin the backgroundhatareassociatedavith thereflections
dueto theperturbatiorarenowherehorizontal thesingularpartof thedatais describedy thesolutionto aninhomogeneoudouble-
square-rooequation(section5). We derive a microlocalreconstructiorequationin Proposition6.1. The mainresult,Theorem7.1
andProposition7.2, is a characterizatiomf the angletransformthat generateshe commonimagepoint gathersanda proof that
this transformcontainsno artifacts.Annihilatorsbasedon the double-square-ro@quationareconstructedn Corollary8.1.

2 HIGH-FREQUENCY BORN MODELING AND IMAGING

We considerthe scalarwave equationfor acousticwavesin a constandensitymediumin R™. In preparatiorof the lateranalysis,
we distinguishtheverticalcoordinatez € R from thehorizontalcoordinatez: € R"~* andwrite (z, z) € R™. In thesecoordinates
the scalaracoustiowave equationis given by

202 e e
Pu= P= ’ = D2 +D 1
uw=f, ofz,2) " o +; 2, + D7, @)
whereD, = —iZ, D, = —iZ. Theequatioris consideredn atimeinterval ]0, 7.

If ¢ € C*° thesolutionoperatorof (1) propagatesingularitiesalongbicharacteristicsThesearethe solutionsof a Hamilton
systemwith Hamiltoniangiven by the principal symbolof P

P(z,2,€,(,7) = —c(z,2) 71" + [I€]1° + ¢*.
TheHamiltonsystemis givenby

dz,2,t) 9P AE ¢ T) oP @)
N A& ¢, T N Az, zt)

Its solutionswill be parameterizedy initial position(zo, 2o ), take-of directiona € S™~*, frequeng 7 andtime,

x = x(xo0, 20, , T, t)

andsimilarly for z, ¢, &, ¢; 7 is invariantalongthe Hamiltonflow. Herethe evolution parameteis thetime ¢. In section4 we will
changetheevolution parameteto z, andusea similar notationto denotethe bicharacteristicparameterizedly z.
By Duhamels principle,a causakolutionoperatorfor theinhomogeneousquation(1) is givenby

t
u(zx, z,t) = / /G(z‘,z,t — to, %o, 20) f(x0, 20, to) dzodzodto, ?3)
0

whereG is aFourierintegral operatowith canonicatelationthatis essentiallya unionof bicharacteristicdts kernelcanbewritten
asasumof contritutions

G(.’L‘,Z,t,xo,ZO) = Z/N(.) a(i)(m,z,t,xo,zo,Q) exp[i¢(i)(x,z,x0,zo,t, 9)] dg’ (4)
: JRNT

wherethe ¢*) arenon-degeneratehaseunctionsandthea'® suitablesymbols see[Duistermaat]996,chapters].
We adoptthe linearizedscatteringapproximation.The linearizationis in the coeficient ¢ arounda smoothbackgrounceo,
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¢ = co + dc. The perturbationde may containsingularities We assumehatits supportis containedn z > 0. The perturbationn
G attheacquisitionsurfacez = 0 is givenby

0G(r,0,t,s,0) =/

R™—1xR 4

¢
/ G(r,0,t — to, zo, 20) 2¢5 > (20, 20)dc(o, 20)
0

BEOG(iBo, 20, to, 8,0) dtodzodzo, (5)
wherebothr, s € R 1. Thesingularpartof G is obtainedoy substituting(4) into (5). This definesthe datamodelingmap
F = Flco] : dc — RodG,
whereR) is therestrictiondefinedby
Ro : DE(R*™M) 5 DY), w(z, 2, t, %o, 20) — (Rou)(xo, z,t) = u(x,0,t, 2o, 0)

with acquisitionmanifold Y a boundedopensubsebf R**~2 x R, thatcontainsthe rangeof valuesof (s, r,t). Throughoutthe
papers,r € R*~! denotesourceandrecever positionrespectiely. Therestrictionis definedon distributions Dy with wavefront
setscontainedn anopenconicsetT” suchthatT' doesnot containpointsof theform (z, 0, ¢, zo, 0,0, ¢, 0, (o, 0). Sincer # 0 on
WEF(G) therestrictionis well defined.SinceY is boundedandthe wavespropagatewith finite speedwve may assumehatdc is
supportedn aboundedpensubsetX of R"~! x R;. WeassumehatX N {z = 0} = 0.

Assumption 1. (nodirectrays,no grazingrays) Thereareno raysfrom (s, 0) to (r, 0) with travel time ¢ suchthat(s,r,t) € Y.
For all ray pairsconnectingr, 0) via some(z, z) € X to (s, 0) with totaltime ¢ suchthat(s, r, t) € Y, theraysintersectheplane
z = 0 trans\ersallyatr ands.

Theorem 2.1. [Rakesh,1988;ten Kroode, Smit and Verdel,1998] With Assumptionl the map F' is a Fourier integral operator
D'(X) = D'(Y) of order(n — 1)/4 with canonicakelation

{(w(xaZ7B7Tvts)vw(mvzvaaT7tr)7tS+tr7£($7z1ﬂ77—7t5)7£(m7Z=a77—7tr)77—;$=z7§1<)|
tS,tr > 0: z(x,z,ﬁ, Tats) = z(z,z,a,r,tr) = 05 (£7C) = —TC()(J,‘,Z)_I(Q +/3):
(z,z,a,8,7) € subsedf X x (S"™ ") x R\0}. (6)

Assumptionl is microlocal.Onecanidentify the setof points(s, r, ¢, o, p, 7) € T*Y\0 wherethis assumptioris violated.If
thesymboly = (s, r, t, g, p, T) vanisheonaneighborhoof this set,thenthe compositiomy F' of the pseudodierential cutoff
¥ = (s, t,Ds, D, Dy) with F is aFourierintegral operatorasin thetheorem.

We assumehats is asbeforeandin additionvanisheutsideY . To imagethe singularitiesof dc from the datawe consider
theadjoint F*1), which is a Fourierintegral operatoralso.

Assumption 2. [Guillemin, 1985] The projectionof the canonicakelation(6) on T*Y\0 is anembedding.

Since(6) is a canonicalrelationthat projectssubmersiely on the subsuraicevariables(z, z, &, ¢), the projectionof (6) on
T*Y\0isimmersie[H ormander1985b,25.3.6].Thereforeonly theinjectivity in theassumptiomeeddo beverified (tenKroode,
1998).

The following theoremdescribeghe reconstructiorof dc moduloa pseudodiferentialoperatorwith principal symbolthatis
nonzeroat (z, 2, £, ) wheneer thereis a point (s, , t, o, p, 7; 2, 2, &, {) in the canonicalrelation(6) with (s, r,t, 0, p,7) in the
supportof 1) (i.e. wheneer thereis illumination or insonification).

Theorem 2.2. With Assumption2 theoperatorF™ ) F is pseudodflerentialof ordern — 1.

3 GENERALIZED RADON TRANSFORM IN SCATTERING ANGLE

Considerthe projectionof the canonicalelation(6) onthe (z, z, s, r, 7) variables Wherethis projectionis locally diffeomorphic,
thecanonicakelation(6) canbe describedy a phaseunctionof theform

T(T(m)(m: 2y 8, T) - t)

whereT™ is the value of the time variablein (6). Thereis aset{T(™},,c thatdescribeghe canonicalrelationexceptfor a
neighborhoodf the subsebf the canonicalrelationwherementionedprojectionis degenerateEachT™ is definedon a subset
D™ of R3"~2  WedefineF ™ to bea contritutionto F with phasefunctiongivenby (7™ — t), suchthaton a subsebf

(2,2,8,7m)"
the canonicarelationwherethe projectionis nondgenerate is givenmicrolocallyby 3 ., Fim),
We canuse(z, z,£,¢) € T*(R*~! x R4+ )\0 aslocal coordinateson the canonicalrelation (6). In addition, we needto
parameteriz¢éhe subset®f thecanonicakelationgivenby (z, z, £, {) = constantwe denotesuchparametery e. The canonical
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relation(6) wasparameterizetly (z, z, a, 8, 7). Werelate(z, z, £, {, e) by acoordinataransformationo (z, z, a, 8, 7): A suitable
choicewhena # 3 is thescatteringanglesgivenby

e(z,z,a,B) = (arccos(a -B), 2sin(ar:z):£f- ﬂ)/2)> €0, n[xS™ 2. @
Themigrationdip v is definedas
_ a + ﬂ n—1
v(a,B) = 7”014',3” € s" . (8)

Oon D™ thereis amap(z, z, a, 8) — (z, z, s, 7). We definee™ = e(™)(z, z, s, r) asthe compositionof e with theinverseof
this map.Likewise,we definev (™) = v (™) (g, z, s, 7).

We definethe generalizedRadontransformin scatteringangleor the Kirchhoff angletransformvia arestrictionin F* of the
mappinge ™ to aprescribedzaluee, i.e. thedistribution kernelof eachcontritution 7™~ is multiplied by § (e —e ™ (z, z, s, 7).
Its kernelis given by

L(z,z,e,1,8,t) = Z (2r)~ (=1 /A(m)(x,z,s,r, T)em(m)(m’z’e’s’r’t’g’ﬂ drde, 9)
meM
whereA(™ is asymbolfor the m-th contritutionto F, supportecbn D™ and
<I>(m)(a:, z,e,8,1,t,&,T) = T(T(m)(x, z,8,1)—t)+ (c,e — e(m)(x, 2,8,T)).
Here,e is thecotangenvectorcorrespondingoe. Letyr, = ¢ (Ds, D,, D) beapseudodierentialcutoff suchthatiy (e, p, 7) =

0 onaconicneighborhooaf = = 0. ThenStolk (2000)+ 1, L is a Fourierintegral operatomwith canonicakelation

UmEM {(m7 z! e(m) (m7 z! s! r)’ £(m) (x! Z7 87 r! T7 6)7 C(m) (x7 Z7 87 r7 T7 8)7 E;

(m)( (M)(

©,2,8,7,7,€),T) |

(z,2,8,7) € D™ ceR" ! re R\0} (10)

(m)
s, T (2, 2,8,7),p"" (x,2,8,7,7,€),0

where
£(m)(:c,z, 8,7, T,€) = 9,8 = TaxT(m)(x,z, s,r) — (s,@me(m)(m,z, 5,7)), (12)

andlik ewise expressiongor ¢ ™), &™) andp(™.

Let d betheBorn modeleddata.To revealary artifactsgeneratedby L, i.e. singularitiesin Ld at positionsnot corresponding
to anelemenf WF(dc), we considetthecompositionLZ F'. This compositioris equalto the sumof asmoothe-family of pseudod-
ifferentialoperatorsand,in generalanon-microlocalbperatorthe wavefrontsetof which containsno elementswith e = 0 [Stolk,
2000,theorem6.1].

We discusghe practicalconsideration®f the suppressiomnf artifactsgeneratedy L by modificationof transform(9). The
correctway to remove artifactsfrom Ld is by a Fourier cut-off in ¢/||(&, ¢)|| about0. For bandlimiteddata,this is done ap-
proximatelyby local averagingin e at every (x, z). Suchprocedurehasbeenappliedto both syntheticandreal dataexamplesin
Brandsbeag-Dahl,2001.Theartifactswerenotfully suppressedhefollowing modificationof the kernelof L (9) wasapplied,

Ly(z,z,e,m,5t) = »_ (2m) "7 / A (z, 25,7, 1)x(2, 2,0 (2, 2,5,7))

meM

x eié(m)(m,z,e,s,r,t,s,r) deE,

ar(m)
A(xz,z) "
Remark 3.1. The transform L, restricts the wavefront set of operator L. If WF(dc) is contained in
{(z, 2, Maz(z, 2),a:(x,2))) | (x,2,)) € R*™! x Ry x R}, where (az(z, 2), o (, 2)) is a smooth covector field on
R™™! x Ry, thereis a x with a small supportin v suchthat L, generateshe true image. Artif actswith singular direction

(£, ¢ (™)) suchthatthe directionof ‘37(;(72; is outsidethe supportof , aresuppressed.

wherex (z, z, v) is asmoothcutof functiononR™ x S™~!. Obsere thatv(™ is thedirectionof

The main difficulty ariseswhenthe backgroundmediumis not (accurately)known. Without knowledge of the background
mediumthereis no criterionto distinguishartifactsfrom the true image.The approactollowing the double-square-roaquation
to beintroducedbelov doesnotgeneratartifacts.Thisis of particularimportancen thedevelopmentof tomographianethodsfor
reconstructinghe backgroundnedium.
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4 THE ONE-WAY WAVE OR SINGL E-SQUARE-ROOT EQUATION

In this sectionwe discussthe problemof solving the wave equationby evolution in the vertical, z direction. This problemis in
generahotwell posedbut microlocalsolutionscanbe obtained.
Considerthewave equatiorrewritten asa first-ordersystem

% (é) - <—A(m,z(,)Dw,Dt) (1)> (%) + (?c) (12)

whereA(z, z, £, 7) = co(z, 2z) 212 — ||€||2. Microlocally, away from the zeroesof A(x, z, £, 7), this systemcanbe transformed
into diagonalform moduloa smoothingoperator(Taylor, 1975).Thereis afamily of pseudodiierentialoperatomatricesQ(z) =

Q(z, z, D, D;) suchthat, microlocally,
()00 (%) ()-a0 )
(% *iBx(x,2 D, D)) us = fx, (13)

satisfythe one-way wave or single-square-rodiSSR)equations
seeTaylor (1975).The principalsymbolb of the B+ aregivenby b(z, z,£,7) = 1/ A(x, 2,&,7) = 7-\/—15 — 772]|¢||?. For

co(z,z)
(z,t,&, 7) suchthatthe symbol B+ is real,the equationis of hyperbolictype,correspondingmicrolocally)to propagatingvaves.
To describethe associatedbicharacteristicthe HamiltonianP canbeusedaswell as¢ F b(z, z, £, 7). Thesolutionof a one-vay
wave equationdescribeshe propagatiorof singularitiesalongraysin intervalswhere:l:aa—j > 0. Thecasewherethesymbol By is
imaginarycorrespondso eitherevanescenwaves,or wavesthatblow uplike in abackward heatequation.
Thesubprincipabartof the B1. depend®nthe normalizationof Q(z). We choosethis normalizationsuchthat(13)is selfad-
joint microlocallywherethe symbolis real,

u=Qut +Q u_,
fr=+£3iQxf,
whereQ+ = Q+(z) = Q+(x, z, D, D;) arez-familiesof pseudodiierentialoperatorswith principalsymbolsr /2 (CO(;,Z)Q -
igl”) M

At the zeroesof A(z, z, £, 7) the operatorsB4+(z), @+ (z) arenot yet defined.To this end, we regularizethe problemby
replacingA(z, z, &, 7) in (12) by

Co(il?, Z)72T2 - ||€||2 - iT2¢(£C,Z,€, T)v (14)

where¢(z, 2, &, 7) is positve, small, homogeneousf order0 in (¢, 7) andis supportedon a small neighborhoodf the setof
zeroesof A(z, z, €, 7). With this modificationthe operatorsB+, Q+ are z-families of pseudodferential operatorsdefinedon
theentirecotangenspacel "R, ,,\0. With this choiceof signfor the regularizingimaginarytermthereis awell definedsolution
operatorG_(z, zo), zo > z, of theinitial valueproblemfor u_ givenby (13)with f_ = 0, se€[Treves,1980,theoremXI.2.1]. The
adjointG_(z, z0)* describeshepropagatiorfrom z to 2z of (13),regularizedin accordancevith (14), but with oppositesignof the
imaginarypart. TheoperatorG _ is aFourierintegral operatowith complex phasgMelin andSj ostrand 1975;H ormander1985,
chapterXXV; Treves, 1980, chaptersX and Xl). By Duhamels principle a microlocal solution operatorfor the inhomogeneous
equationis givenby

u_(y2) = / " G (2 20)f- (- 20) dzo. (15)

Microlocally —2iQ* (2)G- (2, 2z0)Q-(z0) is equalto the Greens function for singularitiespropagatingalong bicharacteristics
(cf. (2)) with — 3% > ¢, for somee > 0 thatdepend®n ¢o andthesupportof ¢ in (14).

TheoperatoiG_ propagatesingularitiesat (xo, &0, 7, 20) alongthebicharacteristicfor z in anintenal | Z (xo, &o, 7, 20), 20],
whichis themaximalinterval suchthattheregularizedsymbolb is realvalued.As aconsequencthebicharacteristiin thisinterval
is nowherehorizontal. Fromnow on we usez asthe evolution parametefor bicharacteristicsanddenotethemas

(1}(.’1}0, 20 50’ T, Z): 2, t((l?o, 20, §01 T, Z)a 6(.’1}0, 20, €Oa T, Z),
b(m(.’lfo, 20, 50’ T, Z), 2, 5(370, 20, €07 T, Z), T): T)' (16)

Remark 4.1. The symbols of the operators B+(z), @+(z) can be written as an infinite sum of elementary symbols,
>, vi(z, z, T)wi(z, €, T) say thatis rapidly corverging wherethey aresmooth,.e. avay from the setof zeroeof A(z, 2, ¢, 1),
in accordancevith Taylor (1991),equation(2.1.11).The elementarysymbolscorrespondo multiplicationseitherin horizontal
positionspace(w;) or in horizontalwavenumber(Fourier) space(w;). This is exploitedin fastnumericalsolversof (13), see(De
Hoop, Le RousseaandWu, 2000).
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5 MODELING, THE DOUBL E-SQUARE-ROOT EQUATION

We shav thatthe Born modelingoperatorcanbe written, modulosmoothingterms,in termsof the solutionoperatorto thedouble-
square-roo{DSR) equation(21) belov. We assumehatthe raysthat connectsourceandrecever to a scatteringpointin X have
nowvherehorizontaltangentirections.

Assumption 3. (DSR assumption)lif (z,2) € X anda,3 € S™7!, t5,t. > 0 dependingon (z,z,,3) are suchthat
z(z, z,B,7,ts) = z(x, z,a, 7, tx) = 0 and
(z(z, 2, B,7,ts), (2, 2,0, T, tr), ts + ) € Y (cf. (6)), then

0z
E(mﬂzyﬂfryt) < _67t € [O,ts],
0z
E(‘@,Z,Q,T,t) < _E,t € [O,tr],

wheree > 0 wasintroducedbelaw (15).

This assumptioris strongetthanAssumptionl. Thisassumptiors microlocal,and,giventhe backgroundnedium,a pseudodier-
entialcutof canbeappliedto the datato remove microlocallythe partof the datawhereAssumption3 is violated.

Under Assumption3 and the assumptiorthat dc = 0 on a neighborhoof z = 0, the singularpart of the Born datais
unchangedavhenG in (5) is replaceddy
—1iQ* (2, 2, D2, Dt)G-Q—(z, 2, D2, Dy). DefinetheoperatorH (z, zo), z < zo, by

(H(z7 ZO))(S7 r, 1, 80,70, tO) =
/(G— (2, ZO))(S7t —to — tlv 80, 0)(G— (2, ZO))(T, tlv To, 0) dtl (17)
R
Here(G—(z,20))(r,t',r0,0) denoteghedistribution kernelof G_ (z, z0), andsimilarly for H(z, zo). DefinethemapsZi , Z, by

I : D'(R™) = D' (R™ ") u(z, 2) = 8(r — s)u(=E2, 2), (18)

I : D'(R*™ ) = D' (R”) : u(r, s, z) — S(t)u(E2, 2). (19)

Theoperator€F, G_, @ all areof corvolutiontypein thetime variable.lt follows thatthe singularpartof the Born approximated
data(5) is givenby

Féc = / QL O)@ L (OHO, )@ (2)Q— s (=) LDHTT: 5 %6) (-, ) dz, (20)

where Q_ s(z) is shortfor Q_(s, z, Ds, Dy) andsimilarly for Q_ ,(z). Here zmax is the maximumdepthilluminated from
acquisitionmanifoldY giventhebackgroundnediumc,.
Definetheinhomogeneoudouble-square-rodDSR) equationby
£ —iB_(s,z,Ds,D;) —iB_(r,2z,D;,Dy))u = (s,1,t,2). (21)

It follows from thedefinitionof G_ (z, zo) thattheoperatorH (z, zo) is asolutionoperatorfor the Cauchyinitial valueproblemfor
the(regularized)DSRequationThe Bornapproximatedlatais modulosmoothfunctionsequalto the solutionof the DSRequation
atz = 0 with inhomogeneouterm (s, r,t,2) = 1D} (Z2T1 c5%dc)(s, ,t, 2) .
The operatorH (z, z9) propagatesingularitiesalongthe bicharacteristicassociatedvith (21), given by, in the notationof
(16),
(ﬁ(SO, 20,00, T, Z): m(7"07 20, P05 T, z): to + t(S(), 20,00, T, 2:) + t(TO: 205 P03 Ty Z): 2,
£(301 20,00, T, Z), 6(7'0: 20, P05 T, Z)’ T,
(17(80, 20,00, T, Z), m(T'o, 205 L0y T, Z), £(SOJ 20,00, T, Z), 5(7"0, 205 L0y T, Z), T, Z)), (22)
where
(S,T,O',p,’r,z)Zb(s,Z,O',T)+b(T,Z,p,T). (23)

Herez is in anintenal ] Zw; (so, 70, 00, po, T), z0], Which is theintersectionof the one-way intenals associatedvith the source
andrecever bicharacteristics.

6 DOUBLE-SQUARE-ROOT RECONSTRUCTION

The reconstructiorof the perturbationic giventhe backgrounds essentiallydoneby applyingthe adjointof the linear modeling
map (20) discussedn the previous sectionto the datad. (The outcomeis a so-calledseismicimage of the perturbation.)Let
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= F*yF, wherey = 9(s,n,t,D,,D,, D) is a suitablepseudodilerential cutoff asin section2. By Theorem2.1, with
Assumption2, = (=,z, D, D.) isapseudodierentialoperator Thereforeapplyingthe adjoint F*+ to thedatayields

(z’z:D(D:DZ)chF*¢(SiritaD8:DT7Dt)d, (24)

andéc canbereconstructednicrolocallywherethe principalsymbolof  is non-zero.

Assumption3 impliestheinjectivity in Assumption2 andis hencestrongethanAssumption?2 by theremarkbelov Assump-
tion 2. (A point (s, t, 0, p, 7) in theprojectionof onT™*Y'\0 uniquelydeterminegheinitial valuesof a sourceandarecever
one-way bicharacteristicSinceunderAssumption3 travel time increasesnonotonicallywith depth,travel time injectivity could
only beviolatedwithin a planeof fixeddepth.However, by the samemonotonicity the one-way recever bicharacteristiéntersects
eachplaneof fixed depthin at mostonepoint. The sameis true for the one-way sourcebicharacteristic.)Ve presenta reconstruc-
tion formulasimilarto (24) basecdbnthe DSR Born modeling(20). This leadsagain, to reconstructiomoduloa pseudodierential
operatorfor which anexplicit expressioris given.

TheadjointoperatorH (0, z)* propagateshe datadownward andbackwardin time. We considerH (0, z)*d asa function of
(s,m,t,z). TheoperatorH (0, z)* is microlocally a Fourierintegral operatomwith real phaseandcanonicalrelationwhich follows
from (22) with zo = 0, for z in anintenal [0, Zmax (S0, 70, 00, po, T)[

{(w(so, 0, 00,7, 2),2(r0,0, po, 7, 2),to + t(so, 0,00, 7, 2) + t(r0, 0, po, 7, 2), 2,
&(s0,0,00,7,2),&(r0,0, po,7,2),7, (S0,70,00,po, T, 2); S0,T0, to, 5o, Po, ) |
(50,70, 0,00, po, 7) € T*R**7'\0, 2 € [0, Zmax (50,70, 00, po, 7)[}.  (25)
Theadjointof theoperatorZ, (cf. (19))is givenby therestrictionR . definedby
(r,s,t,2) = (R2 )(r,s,2) = (r,8,0,2).

If w=u(s,r,z)then w=( wu)(s,rt)wil bedefinedby

0
u=/ H(0,z)Zou(-, z) dz.
Let ¢ beapseudodferentialcutof in the (s, r, t) variablessupportedn

{(s0,70,%0,00,p0,7) | to €

[07 _t(soa 07 00, T, Zmax(801 70, 00, Po, T)) - t(T‘O, 07 PO, T, Zmax(807 T0,00, L0, T))[}

Theny is aFourierintegral operatowith realphaseTheadjoint * of  follows from theequality

0

0
(¢d7/; H(O,Z)IQ’LL(',Z) dz)(s,r,t) =/ (RZH(O,Z)*’I,[)d, u('vz))(s,r) dz

— 00

andis givenby
i =RaH(0,2) .

Since g—z < 0, t dependsstrictly monotoneon z for each(so, ro, to, 0o, po, 7). The DSR bicharacteristiawith initial values
(s0,70,t0, 00, po, T) henceintersectdhet = 0 hyperplaneat mostonce,andtheintersectionis trans\ersal.Fromthis, it follows
thatthecomposition *# is aFourierintegral operatorswith alocally invertible canonicakelation.

The canonicalrelation maps points (so, o, to, 00, po, 7) in a subsetof the cotangentacquisitionspaceT*R>"~'\0 to
(r, s, 2,0, p, ¢) in asubsebf T*R?"~1\0. Thismapcorvertstime to depth We definethesymbol (s, 7, z, g, p, ¢) asthepull back
of v (so, 70, to, 0o, po, 7) undertheinverseof this map.Startingfrom the Born modeling(20), we find thefollowing reconstruction
proposition.

Proposition 6.1. Therearepseudodferentialoperatorst = &(z, z, D, D, ) of ordern — 1 with principalsymbol

‘I’(-’E,Z,g:oz/lk (x,xaz, %5_61 %€+97<) dea (26)

and (z)= (s,nt,Ds,D,, Dy, z) of order0 with principalsymbol
(s,7,t,0 TZ)_a—(ST‘O' T, %)
IR 7P7 ’ - 67’ L) 7P= I

= co(s,2) " (co(s,2) ™2 =72 [l0l*) T +eo(r, 2) T (colr ) — 7o) T,
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suchthat
®(z,2,Dg,D,)dc
=2R1R2 (2)Q +(2) 7' Q%+ (2) T H(0,2)"Q-,s(0) ' Q-+ (0) "' D *ypd,  (27)
whered = Fdc is the Born modeleddata.

*

Proof. We calculatemicrolocallytheprincipalsymbolof . Thekernelof theoperatorH (0, z) hasmicrolocallyanoscillatory
integral representationwith a phasefunction associatedvith generatingfunction, S = S(z,s,r,t, o, o ) say where o =
(so,70,t0) and g is thecorrespondingotangenvector and{ , }isapartitionof {1,...,2n —1},

H(0,2)( o,s,7,t) = (2r) @n 1T /2

X/A(z,s,r,t, 0, 0 )ei( (28,758, 050 )= 0,0 )g 0,

TheadjointH(0, z)* hasamplitudeA(z, s,r,t, o, o ) andphase-S(z,s,rt, 0, o )+{ o , o ). Hencethekernelof the
compositionH (0, z)* H(0, z) hastheoscillatoryintegral representation

(Zﬂ-)_@n_l)/A(z’slyTlat'z 05, O )A(Z,S,T‘,t, 0, 0 )
x el = (Bsorsts o0t (587t 050 ) dodo .
We expandthe phasen a Taylor seriesaround(s’, r’, t') = (s, r, t) andidentify thegradient

oS
d(s,r,t) (

z,8,1t 0, o ):

(0(2735T7t1 0, 0 )’p(zasar’ty 0, 0 ),T(Z,S,T‘,t, 0, 0 ))
Applying achangeof variables( o , o ) — (o, p, 7), thephaseakestheform
((J: P T)a (S, - 577"’ - t, - t))

Since H(0, 2)* H(0, z) is a pseudodilerential operatorwith symbol1, microlocally in the supportof the cutof v, we conclude
thatthe principalparta of theamplitudeA satisfies

d(o,p,7)
0o, 0)

Thekernelof operator hasanoscillatoryintegral representatiosimilar to theoneof H(0, z),

|a(z,s,r,t, 0, 0 )|=

( o,S,T‘,Z) = (27r)_(2n_1+ )/Q/A(Z,S,T',O, 0, O )ei( (#em0 00007 00 )d 0

*

(we have appliedZ; at 2). It followsthatthe composition , carryingoutananalysissimilar to theonefor H(0, 2)* H(0, z), is
apseudodiferentialoperatormicrolocally Its amplitudehasprincipal part

9¢op) T BopT)

0o,0) 0o, 0)
Forfixed(s,r, o, p, z) themapr — (s, r, o, p, T, z) isinvertibleon asetgivenby || sufficiently large. Thismapwill bedenoted
by ~'= ~I(s,1,20p ). It followsthattheprincipalpartof * is microlocallygivenby

-1

g—T(s,r,a,p, ~s,7,2,0,p,0),2)
Wefinally considerthe compositionof operatorsR, Zi. Its kernelhasan oscillatoryintegral representation,
(2m)~@n D /R2 » (z,3,2,0,p,¢) e @®H=@220000) qpded =
Cry @0 [ [ (e de-a3e+0.0d8e 0T T agag,
uponchangingvariablesof integration,o = %{ —6,p= %g + 6. The domainof the § integral is boundeddependingn (¢, ¢),

since isacutof in (s,r,t,0,p, 7). HenceR1 Z: is apseudodierentialoperatorof ordern — 1 with principal symbol(26).
Applying the abore resultsto the expression(20) for the Born modeleddataleadsto the statemenbof the proposition. []
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Remark 6.2. Notethatin (27)all theoperatorontheright handside,exceptthedownwardcontinuationH , actatdepthz only. On

the contrary the operator®(z, z, D,, D.) ontheleft handsidedependn the Hamiltonianflow associatedavith the background
mediumin the depthintenal [0, z]. In the usual wave-equationimaging algorithmsit is hencestraightforvard to include the

pseudodierential factorson the right handside of (27). To accountfor the operator®(x, z, D, D. ) on the left handsideone
requiresanadditionalray computation.

Remark 6.3. Dependingpnthebackgroundnedium thereconstructiortanalsobedoneusingdataonasubmanifoldy” of Y. Let
R’ betherestrictionof afunctiononY to Y”’, sothatthe forward mapfor this caseis givenby R’ F'. In suitablelocal coordinates
(', ")onY suchthat ” = 0 definesY”, theadjointZ’ of R’ is givenby themap (Z'f)( ', ") = f( ")é( "). Conditions
suchthat F*Z'+'R' F is pseudodilerentialaregivenin NolanandSymes(1997),wherey)’ is a suitablepseudodiferentialcutof.
Reconstructiomoduloa pseudodilerentialoperatoiis donein this caseby first applyingthemapZ’ to thedata,andthenapplying
the previous procedureApplying Z’ to the datasimply meansaddingzeroesvherethereis nodatain Y.

7 THE WAVE-EQUATION ANGLE TRANSFORM

We definethewave-equatiorangletransformA by thefollowing integral of thedownward continueddata,H (0, z)*d,
(A ez )= [ (HOD D@50+ 5 @z )d, 28)
R”—

(cf. RuchaBiondiandSymes,1999),where — x(z, z, )isacompactlysupportectutoff functionthesupportof whichcontains
= 0. Thefirst resultin thefollowing theoremimpliesthat,whenthe correctbackgroundnediumcy is given,A  mapsdatato
a -family of reconstructionsf dc moduloa pseudodierentialoperatorHenceartifact-freeimagesareobtained.

Theorem 7.1. Let Cy beanupperboundfor ¢o. Assumethat

| 1< max < 3C57. (29)

ThenA s aFourierintegral operatorsuchthat A F'is asmooth -family of pseudodierential operatorsn (z, z). Let C1
—2

be anupperboundfor ag‘; . If in additionthefunction +— x(z,z, ) issupportedn B(0, ), where dependsnC; andy,

thenthecanonicakelationof A corresponds$o aninvertible mapfrom a subsebf T*Rf:;i) to asubsebf T*]Rf;’”;l ) thathas
nonemptyintersectiorwith thesetf = 0 (wheref isthe -covector).

Proof. Themapd — H (0, z)*+d is a Fourierintegral operatowith canonicakelationgivenin (25).
TheSchwarzkernelof themapH (0, z)*yd — A  dequals

5z — 2)8( (=)~ 1)5(z — ) x(z, 57— 9)

_ (27r)—n—1/ei( o= FT 4o (r—s)=t)+ (-2 ) dé drdc.

It is a Fourierintegral operatomwith canonicarelationthatis containedn 7*R?" ! y\0 x T*]R%;T,t,z)\o andgivenby

(=2,

{(S;T:Z: ,g,g,(T—S)T;S,T, (T_S)7za§+ Ty3 — TaT1§)|
(8,72, ,&¢,T) € (subsedf )R}, (30)

This canonicalelationcanbeparameterizety thecoordinate®f T*Rﬁgfr,t,z)\o exceptt, thatis (s, r, z, g, p, 7, ¢). Theprojection
of (30)on T*]R?s",r,t,z) \0 is ahypersurécedefinedby

a—p

t= 2T

(r—s) . (31)

The canonical relation of the map d — H(0,2)*yd, consideredas a function of (s,r,t,z), is parameterizedby
(s0, 70, t0, 00, po, T, z). Thecanonicakelation(25) is time translationinvariantandtheline in T*R%S”,T,t,z)\o parameterizedy to
for fixed (so, 70, 00, po, T) intersectehe hypersurdce(31) transersally It follows thatthe compositionof the canonicakelations
(25) and(30) is trans\ersal. The compositionis parameterizety (so, ro, oo, po, 7, 2). It followsthat A is a Fourierintegral
operator

The compositionH (0, z)*+4 F, thatmapséc = dc(z, 2’) to the downward continueddataas a function of (s,r, ¢, 2), is a
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Fourierintegral operatowith canonicakelation

{($($’ z’ﬂo-'77-’ z)’m(x’ z”p’,Tﬂ z),t(x7zI,UI’T, z) +t(x’zl’pl’7-, z)?'z’
£(x, z”o-’,T, z),g(x, zl,p’,T, z)’T’ C;w’zl’al + p’ﬂé‘,) |
(x,7',0,p,(,z) € asubsenf R*", 7 suchthat’ = (x,x,0",p,7,2),

C= (x(z,2,0',7,2),x(x,2,p,7 2),&(x, 2 0 ,7,2),&, 2, p,7,2),7,2)} (32

Thepropagatiorof singularitiesupwardby F anddowvnwardby H (0, z)* is alongthe sameDSRbicharacteristics.
We shav thatthecompositiond  F is aFourierintegral with canonicakelationcontainedn

{(.’I},Z, :E:CJO;]"’Zag:C) | (JJ,Z,&,C) € T*R?ac,z)\oa e] T max; max[}- (33)

Fromthatit followsthatA  Fisa -family of pseudodierentialoperatorsThe projectionof (32)0nT*R%:,T,t,Z) intersectghe
hypersurfce(31) atz' = z, sincethenr — s = 0 andt = 0, leadingto elementsn (33). Sincesingularitiespropagatavith speed
lessthanCo, if (vs,vr,v ,v ,v ,v ,0,v ) isatangentvectorto the DSRbicharacteristicthen——  2Cjy. Thereforeby (29),
thecompositionof (32) with (30) is trans\ersalandcontainsno elementoutside(33).

Theprojectionof the canonicafelationof A ontheseconcbomponenﬂ“*R?;’,;,;)\0 is invertibleif eachDSRbicharacter
istic with initial values(so, 7o, to, o0, po, T), parameterizedby z, intersectshe hypersurfice(31) at mostonceandtrans\ersally
Let (z) denote—— alonga certainDSR bicharacteristiandlet £(z) denotethetime and (z) denotethe valueof r — s. The
elementf the canonicalrelationof A correspondo solutionsof ¢(z) — ( (z), (z)) = 0. To estimatethe derivative of the
left handsidewe obsere that

%% <<

for someey > 0 dependingnthecutoff + (or ¢ in (14)) andonthevalue max. Since

9§ _ 9b _ T dcy

8z [ _ , Oz’
ot — 2|

0z Oz

thereis aboundon ‘Z—Z in termsof C; andon ) (to boundthe squareroot from belaw). It follows thatfor somee; < e
(a—(z) (2)) <e1<e
0z 1o

if || || < C2Cy" for someconstantC» dependingon+ and max. This implies thatthe functionz — #(z) — ( (2), (2))is

monotoneHencetheprojectionof thecanonicalelationof A~ on T*Rfs";i) \0 is invertible.It follows from theabore reasoning

thatthe projectionon T*R?:; ! )\0 is invertible aswell. This establishehelaststatemenof thetheorem. []

To concludethis sectionwe determineat the principal symbollevel, the modificationof (28) thatleadsto microlocalrecon-
struction.

Proposition 7.2. DefineA by

(A d)(z, 2 )=/n71X($’z’ )2(:0(ac,z)3
X ((2)Q7,5(2)71Q" +(2) T H(0,2)"Q-s(0) Q- (0) Dy ) (@ — 5,2+ 5, )d .

Supposéhat x(z,2,0) = 1 and — x(z,z, ) issupportedn B(0, ) (cf. Theorem7.1),thenA s aninvertible Fourier

integral operator Let the symbol = (z,2, ,&,¢,0) (wheref is the -covector)be given by the pull backof + under
the mapfrom T*Rf;‘;l ,\0 to T*R?T"S*i) \0 inducedby the canonicalrelationof A . ThecompositionA Fisa -family of
pseudodflerentialoperatorswith principalsymbol (z,2, ,&¢,0).

Proof. It is suficientto shav thatthemap

60»—>/( (z)H(O,z)*/H(O,z')bIﬁcdz') (x—5,24+5, )d, (34)

microlocally has principal symbol equalto 1. In this proof we will omit the cutoff functionsthat are part of the symbols;the
calculationswill bevalid microlocally onthe supportof a cutof.
Usingan oscillatoryintegral representationf H similar to the onein the proof of Proposition6.1, we find thatthe principal
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contritution to thekernelof this map,asafunctionof (z, z, ;z',2’), canbewrittenas

o oS 09S 0S8
e e [ @og ety 35 )
XA(Z;x_% ax"’% ) 5 0y, O )A(z’)x’5$”0’ 0, 0)
Xe]—(z,m—%,.’c-l-%,,030)+(Z’m’m’0’0’0)d0d0d'

We expandthe phasen a Taylor seriesaround(z’, 2, ) = (z, 2,0) andidentify thegradientat (z, 2, 0),

S
——(Z,CIJ,.'E,O, 0, 0 )=O’(Z,.’E,$,0, 0, 0 )+P(Z,$7$10: 0, 0 )7

or
aS

_E(zix5x70’ 0, 0 )ZC(Z:-T:-”,Oa 0, 0 )a
oS

_a_(zaxax70, 0, 0 )

:—%a(z,x,m,ﬂ, 0, 0 )+%p(z,x,x,0, 0, 0 )+ 7(z,2,2,0, 0, 0 ).
Applying achangeof variables,( o , o ) — (o, p, (), thephaseaakestheform
(o+px—2)+¢(z=2)+(35(p~0), ).
The amplitudefactor AA becomesequalto oneby the calculationsin the proof of Proposition6.1. Upon changingintegration
variablesg = %5 —0,p= %g + 6, the oscillatoryintegral takestheleading-ordeform (microlocally)
(2r)~ (=1 /ei( @me + E=20F s ) qededod .

It follows by integratingthed, variablesthat(34)indeedhasprincipalsymbolequalto 1 microlocally [

8 ANNIHILATORS

It wasobseredin Stolkandde Hoop (2000)thattherearepseudodfierentialoperatorghatannihilatethe datamicrolocally, dueto
thefactthattheinverseproblemis formally overdeterminedOntransformediatad  d, thesearegivenby %, =1,...,n—1
hencethe annihilatorsaregivenby

1o}
0
2n—1

Where(A )~ !isaregularizedinversefor A, thatis amicrolocalinversefor asubsebfT*R(“ )

(4 ylz—A

whereA  isinvertible.
We definetheoperator * thatmapsd to afunction(s, r, z) by

( *d)(s,72) =2co((s +1)/2,2)°
x (Rz (2)QL,s(2)7' Q% (2) T H(0,2)"Q—,4(0) ' Q-+ (0) ™' Dy *d) (s, 1, 2)-
Using (27), we obsenre thattheoperator * actingond = Féc yields
*od= (s,r2,Ds,D,,D,)I16c
(for thedefinitionof  seeremarkabore Proposition6.1). Applying the operator  givenby the multiplicationby » — s to this
equationyields
*vd=[ , (s,7,2,Ds,D;,D,)]Tidc,
i.e. thereis only alower ordercontritution, since(r — s)d(r — s) = 0 andhence Z; = 0 (cf. (18)).
For thesubsein T*]Rf;‘”,;,i) wheretheoperator (s, r,z, Ds, D,, D,) is microlocallyelliptic, the operator
= —[ , (syr,2,Ds,Dx,D,)] (s,7,2,Ds,Dp,D,)""

is anannihilatorof  *1d to all orders.

Corallary 8.1. A pseudodikerentialannihilatorof thedatais givenby

*

Notethat = [co] dependsnthe backgroundnedium.Thesemi-norm|| [co]d|| canbe viewed asthe wave equation
analogof the differentialsemblancdunctional(Symes,1991).
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