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Introduction

The offset-depth gather (often called the “image gather”)
is obtained after prestack depth migration by represent-

ABSTRACT

Image gathers generated after prestack depth migration are sensitive to the
velocity field and are often used in migration velocity analysis for isotropic
media. Here, we present an analytic and numerical study of P-wave image
gathers in transversely isotropic media with a vertical symmetry axis (VTI) and
establish the conditions for flattening the gathers and positioning them at the
true reflector depth. Application of the weak-anisotropy approximation leads to
concise expressions for image gathers of horizontal events in homogeneous and
factorized v(z) media in terms of the VTI parameters and the vertical velocity
gradient k,. Flattening image gathers for any reflector dip requires accurate
values of the zero-dip NMO velocity at the surface (Vamo), the gradient k., and
the anellipticity coefficient . For a fixed error in V0 and k., the magnitude
of residual moveout on image gathers decreases with dip, while the moveout
caused by an error in 7 reaches its maximum for intermediate (under 90°) dips.
Flat image gathers in VTI media, however, do not guarantee the correct depth
scale of the model because reflector depth depends on the vertical migration
velocity.

For factorized v(z,z) media with a linear velocity variation in the z- and z-
directions, the moveout on image gathers is controlled by four parameter com-
binations: Vyme (£=2=0), k., , and a combination of the horizontal velocity
gradient k, and the Thomsen parameter § (k; v/1 + 26). If too high a value of
any of these four quantities is used in migration, the image gathers curve down
(i.e., depth increases with offset) while a negative error causes the opposite sign
of residual moveout. Lateral heterogeneity tends to increase the sensitivity of
image gathers to the parameter 7, and errors in 7 lead to measurable residual
moveout of horizontal events in v(x,z) media even for offset-to-depth ratios
close to unity.

These results provide a basis for extending to VT media conventional velocity-
analysis methods operating with image gathers. Although P-wave traveltimes
alone cannot be used to separate anisotropy from lateral heterogeneity (i.e., kx
is coupled to ), moveout on image gathers constrains the vertical gradient k..
Hence, it may be possible to build VTI velocity models in depth by supple-
menting reflection data with minimal a priori information, such as the vertical
velocity at the top of the factorized VTI layer.

Key words: image gathers, vertical transverse isotropy, factorized media, P-
waves

ing migrated depth (z) as a function of half-offset (h).
If the velocity model is correct, a reflection event is mi-
grated to the same depth for all source-receiver pairs, and
the corresponding image gather is flat [z(h) = const].
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Errors in the velocity model may cause the migrated
depth to be dependent on offset, which results in residual
moveout on the image gathers. Due to their high sensi-
tivity to the velocity field, image gathers provide both a
simple visual check and a valuable quantitative diagnos-
tic tool for migration velocity analysis. Note, however,
that velocity estimation using image gathers (as well as
any other technique) typically requires a priori informa-
tion to reduce the nonuniqueness inherent in thisi inverse
problem.

Existing work on the application of image gathers in
velocity analysis is largely restricted to isotropic subsur-
face models (e.g., Al-Yahya, 1987; Stork, 1991; Liu, 1995;
Meng, 1999; Zhu et. al., 1998; Brandsberg-Dahl, 2001).
For example, Liu (1995) developed an analytic approach
for inverting the residual moveout on image gathers and
computing corrections (updates) of the velocity model.
However, ubiquitous evidence for the strong influence of
seismic anisotropy on reflection moveout (e.g., Thomsen,
1986; Alkhalifah, 1996; Tsvankin, 2001) suggests that
flattening of image gathers using purely isotropic models
can often lead to erroneous velocity fields and distortions
in migrated sections.

Common problems caused by ignoring anisotropy in
seismic imaging include mis-ties in time-to-depth con-
version, the loss of dipping energy during dip-moveout
(DMO) correction, and mispositioning of migrated dip-
ping events (e.g., Banik, 1984; Alkhalifah et al., 1996;
Tsvankin, 2001). Jaramillo and Larner (1995) studied
anisotropy-induced errors in prestack depth migration
and showed that isotropic migration algorithms can-
not flatten image gathers for a wide range of trans-
versely isotropic (TI) models. Recent field-data obser-
vations by Peng and Steenson (2001) of image gathers
with “hockey-stick” patterns (i.e., with residual move-
out) that cannot be removed by conventional isotropic
methods corroborate Jaramillo and Larner’s (1995) con-
clusions.

Here, we analyze P-wave image gathers for the most
common anisotropic model — transverse isotropy with
a vertical symmetry axis (VTI media). In contrast to
a single scalar velocity responsible for isotropic P-wave
propagation, the kinematic signatures of P-waves in VTI
media are governed by three parameters: the vertical ve-
locity Vpo and Thomsen’s (1986) anisotropic coefficients
€ and § (Tsvankin and Thomsen, 1994; Tsvankin, 2001).
The goal of this work is to study the residual moveout
on image gathers caused by errors in these parameters
and to establish the conditions needed to flatten and cor-
rectly position image gathers in homogeneous and factor-
ized [v(z) and v(z, 2)] VTI media.

The function z(h) that defines an image gather is

obtained by solving the following set of equations:
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where y is the common midpoint, 75 is the traveltime
from the source (xs) to the reflection point (z,z) and
7, is the traveltime from the receiver (x,) to the point
(z,z). Equation (1) suggests that image gathers depend
solely on the traveltimes from the reflection point to the
source and receiver, which implies that flattening an im-
age gather is equivalent to accurately fitting the corre-
sponding reflection traveltimes. However, image gathers
are generated in the depth domain and carry information
about the dependence of migrated depth on the aniso-
tropic parameters and offset. Therefore, distortions of
image gathers computed for an inaccurate anisotropic
model require a separate analysis that cannot be per-
formed on reflection-moveout curves.

Generally, equation (1) does not lend itself to closed-
form expressions, even for isotropic media (Liu, 1995).
Analytic treatment of image gathers is much more in-
volved in anisotropic media because of the velocity vari-
ation with propagation angle and the increased number
of the medium parameters. Hence, most analytic solu-
tions in this paper are based on the weak-anisotropy ap-
proximation linearized with respect to the parameters €
and 4. The linearized equations, which reveal the influ-
ence of the VTI parameters on image gathers, are verified
by performing numerical tests for a representative set of
VTI models.

Algorithms for modeling and prestack depth
migration

The first step in the numerical analysis of image gathers
was to generate synthetic seismograms of P-wave reflec-
tions in homogeneous or factorized VTI media using SU
(Seismic Unix) code susynlufti. To build the traveltime
tables for prestack depth migration, we employed the an-
isotropic ray-tracing algorithm of Alkhalifah (1995). The
traveltimes 7 computed along each ray were then extrap-
olated to adjacent grid points using the paraxial approx-
imation described by Gajewski and Psencik (1987):

7(x) = 7(X) + p&(X).(xx — k)
1
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where x corresponds to the point where we seek to find
the traveltime, x defines the coordinate of the point on
the central ray from which the traveltime is extrapolated,
p is the slowness vector [px(X) = ‘%—Tk‘i ], and Ny (x) =
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matrix of the second traveltime derivatives N;; can be
written as
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where 1 is the takeoff angle at the source (usually de-

noted by 1) and 72 = 7. The slownesses pg(x) and the
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the central ray.

Ny, (3)

derivatives and BBLT’“ can be computed while tracing

However, the derivatives %’;; and %LJ are evaluated
along the wavefront [for a constant 7], which requires
tracing at least one additional (auxiliary) ray. If 1+ A is
the takeoff angle of an auxiliary ray, then the derivatives
with respect to ¢ can be found by linear interpolation

for a fixed traveltime 7:
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The extrapolated traveltimes 7(x) were estimated
by evaluating equations (3) and (4) to compute Ny,
and then substituting N;; into equation (2). The aniso-
tropic ray-tracing algorithm and the time-extrapolation
procedure are incorporated in the new SU code rayt2dan.
The traveltime tables were used in a Kirchhoff prestack
depth migration code originally designed for isotropic
models (sukdmig2d, written by Liu, 1995) to generate
image gathers in VTI media.

Homogeneous VTI media

Due to the difficulty in solving equation (1) for VTT me-
dia, the function z(h) describing an image gather is ob-
tained in Appendix A using the weak-anisotropy approx-
imation. For a horizontal reflector embedded in a homo-
geneous VTI medium, linearization in the parameters €
and § yields
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where the subscript T refers to the true model and M
to the model used for migration, z,,(h) is the migrated
depth for the half-offset h, z, is the true depth of the
zero-offset reflection point, v = Vpo,m/Vpo,r is the ra-
tio of migration and true vertical velocities, Vamo =
Vpov/1 + 24 is the zero-dip normal-moveout (NMO) ve-
locity, and 7 (e —48)/(1 +268) is the Alkhalifah—
Tsvankin (1995) anellipticity parameter responsible for
time processing of P-wave data in VTI media.
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Figure 1. Image gathers for (a) two horizontal reflectors and
(b) two reflectors dipping at 30° embedded in a homoge-
neous VTI medium. The model parameters are Vpg 7 = 2000
m/s, ¢, = 0.1, and d; = —0.1. Prestack depth migra-
tion was performed for a different model that has the cor-
rect Vamo, = Vamo,r = 1789 m/s and 7n,, = n, = 0.25
(Vpo,m = 1789 m/s, €,, = 0.25, and 4,, = 0). In the true
model, the maximum offset-to-depth ratio Tmax/2 = 2hmax/2
is equal to two for the shallow reflector and one for the deep
reflector.

Offset (m) Offset (m)
o 1000 0 000
R A e
sooo-||[[TTTTHTTTTY Il 20T 000] i 3
|
‘ £
1500- | s £ 1500 |
§ HH ; I om “syi M
2000 | 20001

@ (b)

Figure 2. Image gathers for two horizontal reflectors com-
puted for inaccurate values of 7. The true model parameters
and maximum offsets are the same as in Figure 1. Migration
was done with Vimo, M = Vamo,r and (a) n,, — n, = 0.15
(Vpo,m = 1789 m/s, €,, = 0.4, and §,, = 0); (b) n,, — 0y =
—0.15 (Vpo,m = 1789 m/s, €,, = 0.1, and §,, = 0).

Equation (5) shows that the moveout of horizontal
events on an image gather is fully controlled by the pa-
rameters Vamo and 7. If the migration and true values are
identical (Vaimo,m = Vamo,r and n,, = 1, ), the migrated
depth zar(h) [equation (5)] is independent of the offset
h, and the image gather is flat. Although equation (5)
was derived for a horizontal reflector, the correct values
of Vamo and n are sufficient for removing residual move-
out on image gathers of dipping events as well (see the
numerical examples below). This conclusion follows from
the general result of Alkhalifah and Tsvankin (1995) who
proved that P-wave reflection moveout in VTI media
with a laterally homogeneous overburden depends only
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Figure 3. Image gathers for reflectors dipping at (a) 30°
and (b) 45° computed for an overstated value of 7. The true
parameters are Vomo,7 = 1789 m/s and 0, = 0.25 (Vpo,r =
2000 m/s, €, = 0.1, and 6, = —0.1). Migration was done with
the parameters Vimo,m = Vamo,7 = 1789 m/s and 7,, = 0.4
(Vpo,m = 1789 m/s, €, = 0.4, and §,, = 0). In the true
model the image point has a maximum offset-to-depth ratio
of two.
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Figure 4. Image gathers for two horizontal reflectors com-
puted for inaccurate values of the NMO velocity. The true
parameters are the same as in Figure 3: Vymo,r = 1789 m/s
and 7, = 0.25. Migration was done with the correct  and
(a) Vamo,nr = 2000 m/s (Vpo s = 2000 m/s, €,, = 0.25
and d,, = 0); (b) Vamo,rms = 1600 m/s (Vpo,pmr = 1600 m/s,
u = 0.25 and 4,, = 0). In the true model, the maximum
offset-to-depth ratio Tmax/z = 2 for the shallow reflector and
ZTmax/2 = 1 for the deep reflector.

on the zero-offset traveltime, Vimo and 7. Positioning an
image gather at the true depth, however, requires us-
ing the correct vertical velocity (Vpo,m = Vpo,r, which
makes v = 1).

Figure la shows image gathers for two horizontal
reflectors embedded in a homogeneous VTI medium at
depths of 1000 m and 2000 m. The gathers were com-
puted for a model with the true parameters Vamo,r =
Vamo,nm and 7n,, = n;, but intentionally inaccurate val-
ues of the vertical velocity Vpo and the coefficients € and
4. Evidently, setting Vamo and 7 to the correct values
ensures that both image gathers are flat. The same con-
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Figure 5. Image gathers for reflectors dipping at (a) 30° and
(b) 45° computed for an overstated value of Vomo. The true
parameters are the same as in Figure 3: Vomo, 7 = 1789 m/s
and 7, = 0.25. Migration was done with the correct n and
Vamo,m = 2000 m/s (Vpo,ar = 2000 m/s, €,, = 0.25 and
d,; = 0). In the true model the image point has a maximum
offset-to-depth ratio of two.

900

1200

1000

1300

IS

Depth (m)

1100

1400

1200

ditions (Vamo,7 = Vamo,m and n,, = 1, ) are sufficient to
flatten image gathers for dipping reflectors in Figure 1b.

However, since the migration was performed with
the wrong value of Vpg, the migrated depths are scaled
by the factor v = 0.90. In agreement with equation (5),
the depth of the shallow image gather is 900 m instead of
1000 m, and the deep image gather is located at 1800 m
instead of 2000 m.

In equation (5), the parameter 7 contributes only to
the quartic moveout term A*, which is also the case for
the P-wave nonhyperbolic reflection moveout equation
(Alkhalifah and Tsvankin, 1995; Tsvankin, 2001). There-
fore, the influence of 7 is expected to be substantial only
for relatively large offset-to-depth ratios exceeding unity.
Indeed, the error in 7 in Figure 2 (n,, —n, = £0.15) does
not cause a visible residual moveout on the image gather
of the deeper event, for which the maximum offset-to-
depth ratio Tmax/z is equal to unity. In contrast, the
gather of the shallow event (max/z = 2) exhibits sub-
stantial distortions at larger offsets. If the value of 7 is
too high, the migrated depth z increases with offset h
(Figure 2a), while if n is too small, z(h) decreases for
large h (Figure 2b).

For dipping reflectors, the parameter n contributes
to small-offset traveltimes as well because it governs
the dip dependence of NMO velocity (Alkhalifah and
Tsvankin, 1995; Tsvankin, 2001). Figure 3 confirms that
for dipping events (the dips are 30° and 45°) the resid-
ual moveout caused by errors in 7 is not confined to long
offsets. The depth error at the largest offset increases
from 30 m for the horizontal reflector (Figure 2a) to 50
m for the reflector dipping at 30° (Figure 3a), but then
decreases to 35 m for a dip of 45° (Figure 3b); this be-
havior of residual moveout agrees with the prediction

5m



of Jaramillo and Larner (1995). Although the contribu-
tion of 7 to the NMO velocity becomes more significant
with dip, the magnitude of reflection moveout decreases
for steeper reflectors, which explains this dependence of
residual moveout on errors in 7.

The NMO velocity in equation (5) not only con-
trols the quadratic term h? that dominates the moveout
for offsets used in our examples, but also influences the
quartic term h?. Hence, an inaccurate value of Vi in
Figures 4 and 5 (|Vamo,m — Vamo,r| = 200 m/s) leads to
significant residual moveout for the whole offset range.
The depth error at the largest offset reaches 80 m for
a horizontal reflector (Figure 4a) and decreases to 65 m
for the 30° reflector (Figure 5a), and to 45 m for a dip of
45° (Figure 5b). This steady decrease in residual move-
out with dip for a fixed error in Vimo is caused by the
smaller magnitude of reflection moveout and its lower
sensitivity to Vamo for steeper dips. Liu (1995) noticed
this phenomenon for isotropic media, and his analysis
remains qualitatively valid in the presence of anisotropy.

Factorized v(z) VTI medium

Factorized v(z) VTI models have constant values of the
anisotropic parameters and spatially varying vertical ve-
locities of P- and S-waves (e.g., Cerveny, 1989). We con-
sider a subset of factorized VTT models with a linear de-
pendence of the vertical velocity Vpo on the coordinates
z and z. This section is devoted to vertically heteroge-
neous models of this type, in which kinematic signatures
of P-waves are defined by the velocity Vpo at the sur-
face (z = 0), the vertical-velocity gradient k. and the
parameters € and 4.

As discussed in Appendix B, an image gather at the
zero-offset time to can be flattened by using the correct
values of the effective NMO velocity and the effective

parameter 7) given by
[ekz to _ 1] ,
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However, since the vertical velocity in a factorized
v(2) medium changes with depth, flattening an image
gather for a certain depth z, does not ensure that the

same model will flatten gathers for any other depth. To
illustrate this point, consider two horizontal reflectors at
the depths 1000 m and 2000 m embedded in a factor-
ized v(z) medium (Figure 6). To migrate data acquired
over such a model, we use a homogeneous VTI medium
with the parameters chosen in such a way that Vimo for
the homogeneous model is equal to the NMO velocity
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Figure 6. Image gathers for two horizontal reflectors in a
factorized v(z) VTI medium obtained using a homogeneous
migration model with the correct value of n and the NMO
velocity equal to that for the shallow reflector. The true pa-
rameters are Vpor = 2000 m/s, k, 7 = 0.6 1/s, ¢, = 0.1
and 6, = —0.1; the parameters used for the migration are
Vpo,m = 2054 m/s, k,; p =0, €,, = 0.26 and J,, =

I

Figure 7. Image gathers for (a) two horizontal reflectors and
(b) two reflectors dipping at 30° embedded in a factorized
VTI medium. The model parameters are Vpg 7 = 2000 m/s,
k.7 = 06 1/s, ¢, = 0.1 and §,, = —0.1. Prestack depth
migration was performed for a different model that has the
correct Vamo, M = Vamo,7 = 1789 m/s, k, ;s = k.7 = 0.6
1/s, and n,, = n; = 0.25 (Vpo,m = 1789 m/s, k. ;s = 0.6
1/s, €y, = 0.25 and §,, = 0). In the true model, the maximum
offset-to-depth ratio £max/z = 2 for the shallow reflector and
ZTmax/z = 1 for the deep reflector.
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for the shallow reflector, vnmo,r[2,, (0)] = Vnmo,7(1000),
and 7,,[z,,(0)] = 9, (1000) = 0.26. As expected, the im-
age gather for the shallow reflector is flat, but the gather
for the deep reflector exhibits substantial residual move-
out because the NMO velocity and 7 used in migration
are too low for a depth of 2000 m.

To ensure that image gathers are flat for the whole
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Figure 8. Image gathers for two horizontal reflectors com-
puted for inaccurate values of the vertical velocity gradient.
The true parameters are Vpo 7 = 2000 m/s, k, 7 = 0.6 1/s,
€y = 0.1 and §, = —0.1. Migration was done with the cor-
rect Vimo, = Vamo,r and n,, = 7., but distorted val-
ues of k, ar. (a) kyym — ke = 0.15 (Vpo,pr = 1789 m/s,
kz,M = 0.75 l/S, €y = 0.25 and 6M = 0). (b) kz,M — kz,T =
—0.15 (Vpo,nmr = 1789 m/s, k, nr = 0.45 1/s, €,, = 0.25 and
d,, = 0). In the true model, the maximum offset-to-depth ra-
ti0 Zmax/z = 2 for the shallow reflector and Tmax/z = 1 for
the deep reflector.
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Figure 9. Image gathers for reflectors dipping at (a) 30° and
(b) 45° computed for a value of k. overstated by 0.15. The
true parameters are Vpo r = 2000 m/s, k, 7 = 0.6 1/s, €, =
0.1 and 6, = —0.1. Migration was done with the parameters
Vpo,m = 1789 m/s, k, pr = 0.75 1/s, €,, = 0.25 and §,, =
In the true model the image point has a maximum offset-to-
depth ratio of two.

depth range occupied by the reflectors, the effective
NMO velocity and the parameter #j for the migration
and true models should be equal at all zero-offset times
to. Therefore, both the exponential term in equation (6)
and the coefficient in front of it should be preserved in the
migration model, which means that migration should be
done with the correct values of the vertical velocity gra-
dient and the NMO velocity at the surface: k,,»r = k. 7
and Vimo,m = Vpo,m+/1+ 2(5M = Vpo,r/1+ 25T =
Vamo,r. Taking into account that k. » has to be equal
to k. T, the condition #,, = 7, can be satisfied at all ¢o
only if n,, = 1, [see equation (7)].
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We conclude that to flatten gathers of all horizontal
events in a factorized v(z) medium, three conditions need
to be satisfied: (1) Vamo, = Vamo,T, (2) k2. = ka1,
and (3) n,, = n,. Although in principle all three con-
ditions follow from the general result of Alkhalifah and
Tsvankin (1995), the formulation given here for factor-
ized VTI media is new. In particular, we showed that
flattening image gathers for a range of zero-offset times
requires using the correct vertical velocity gradient k..
This implies that velocity analysis on image gathers in
VTI media may be used to constrain not just parameters
7 and Vamo (as expected), but also the gradient k..

Figure 7a confirms that if the parameters Vamo, k=,
and 7 are the same for the migration and true models
(although the Thomsen parameters of those models may
differ), image gathers of horizontal events are flat. More-
over, these three conditions are also sufficient to flatten
image gathers of dipping events (Figure 7b).

The image gather for a horizontal reflector embed-
ded in a factorized v(z) VTI medium can be described
by the following equation (Appendix B):

zlzw (h) =~ sz (0)
A 1 1
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4 2
nmo 0
+ 2 2h ; {AMU L m[2(0)]
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N U?xmo T( T) }

TR )]

Here, z,,(0) = 25,7 = Vpo.m/Vpo,r, and Vpo is the av-
erage vertical velocity above the reflector. Equation (8),

(8)

obtained under the assumption that vertical heterogene-
ity can be neglected on the depth scale of the image
gather, has the same form as the corresponding expres-
sion (5) for homogeneous media. Note that the reflector
depth is scaled by the factor -y, which in heterogeneous
media depends on the ratio of the average vertical ve-
locities in the migration and true models. Indeed, the
depths in Figure 7 are about 10% smaller than those in
the true model (y = 0.9).

Because of the similarity between equations (5)
and (8), the influence of errors in Vimo or 7 on image
gathers in factorized v(z) media resembles that for ho-
mogeneous media. Therefore, here we focus on the sen-
sitivity of image gathers to the gradient k. in factorized
v(z) media. Figure 8 illustrates the distortions of image
gathers of horizontal events resulting from errors in k..
An increase in k. leads to a higher NMO velocity, and the
image gather bends towards larger depths (Figure 8a),
while choosing k. a»r < k. 7 is equivalent to understat-
ing the NMO velocity (Figure 8b). Since an erroneous k.
causes the corresponding error in the vertical velocity to
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Figure 10. Image gathers for (a) two horizontal reflectors
and (b) two reflectors dipping at 30° embedded in a factorized
v(z, 2) VTI medium. In Figures 10-15 the true model param-
eters are Vpo,r = 2000 m/s, k,, 7 = 0.6 1/s, ko7 = 0.2
1/s, €, = 0.1 and §, = —0.1. Prestack depth migration
was performed for a different model that has the correct
Vnmo,M = Vnmo,T = 1789 III/S, kz,M = kz,T = 0.6 l/S,
km,M 1+ 20 = km,T 1+ 26 =0.18 l/S, and My =Ny =
0.25 (Vpons = 1789 m/s, k ag = 0.6 1/s, ky pg = 0.18 1/s,
€y = 0.25 and §,, = 0). In the true model, the maximum
offset-to-depth ratio zmax/2z = 2 for the shallow reflector and
ZTmax/2z = 1 for the deep reflector.

increase with depth, the residual moveout in Figure 8 is
more substantial for the deep gather.

The influence of k; on image gathers of dipping
events is shown in Figure 9. For a fixed error (0.15 1/s)
in k., the residual moveout decreases from 40 m for the
shallow horizontal reflector (Figure 8a) to 35 m for a dip
of 30° to 30 m for a dip of 45°. This dip dependence of
residual moveout is similar to that observed in a homo-
geneous medium for a fixed error in Vimo.-

Factorized v(z,z) VTI medium

Factorized v(z,z) VTI media with linear velocity varia-
tion can be described by five independent parameters:
the vertical velocity Vo = Vpo(0,0) defined at zero
depth and lateral location z = 0, the velocity gradi-
ents k; and k, responsible for the linear variation of Vpo
in the z— and z—directions, respectively, and Thomsen
parameters € and § (for P-waves). In principle, we can
treat a factorized v(z,z) model as being composed of
narrow vertical strips of v(z) factorized media discussed
above. Therefore, it is natural to assume that image
gathers in v(z, z) media will be flat if vamo,m [z, to(z)] =
Unmo,T[Z, to(z)] and 7, [z, to(x)] = A [z, to(x)] not only
for all vertical times to, but also for all coordinates .
The influence of weak lateral velocity variation on
the NMO velocity in horizontally layered anisotropic me-
dia was discussed by Grechka and Tsvankin (1999). They
showed that the NMO ellipse has to be corrected for lat-
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Figure 11. Image gathers for two horizontal reflectors com-
puted for inaccurate values of Vhmo, but correct n,,
ny = 0.25, kz,M = km,T = 0.6 1/S and km,M 1426y =
kg, rvV/1+267 = 0.18 1/s. () Vamo,m — Vamo,r &~ 200 m/s
(Vpo,m = 2000 m/s, k, pr = 0.6 1/s, kg m 0.18 1/s,
€y = 0.25 and 6,, = 0). (b) Vamo,M — Vamo,7 & —200 m/s
(VPO,M = 1600 m/s, kz,M = 0.6 1/S, k;c,M 0.18 l/S,
€,y = 0.25, and §,, = 0). In the true model, the maximum
offset-to-depth ratio max/z = 2 for the shallow reflector and
ZTmax/z = 1 for the deep reflector.
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Figure 12. Image gathers for two horizontal reflectors
computed for inaccurate values of kp+/1+ 2, but correct
Vnmo,M = Vnmo,T = 1789 m/s,kz’M = ’Cz‘T, and M =Ny =
0.25. (a) k,,.,M\/l + 200 — kac,T 14267 = 0.02 (VPO,M =
1789 m/s, kyar = 0.6 1/s, ky,ir = 0.20 1/s, €,, = 0.25,

and JM = 0). (b) km,M 1+ 260 — kz,T 1+ 260 = —0.02
(VPO,M = 1789 m/s, k. = 0.6 l/s, kz,m = 0.16 l/S,
€y = 0.25, and §,, = 0). The gathers are centered at a

location 6000 m away from z = 0. In the true model, the
maximum offset-to-depth ratio Zmax/z = 2 for the shallow
reflector and Zmax/z = 1 for the deep reflector.

eral velocity variation by including a term dependent on
the second derivatives of the vertical velocity with re-
spect to the horizontal coordinates. For P-waves in the
2-D model considered here, the equation of Grechka and
Tsvankin (1999) takes the form

TO(xvz) 82T0($,Z) 9
where Unmo,hom i the NMO velocity in the background
laterally homogeneous medium at the coordinate z, z

-2 —2
'Unmo(xy Z) = Unmo,hom(x’ Z) +
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Figure 13. Image gathers for reflectors dipping at (a) 30° and
(b) 45° computed for a value of kz+/1 + 24 overstated by 0.02,
but correct Vamo,mr = Vamo,r = 1789 m/s, k, pr = ki 1y
and Ny = Ny = 0.25 (Vpo,mr = 1789 m/s, k, pr = 0.6 1/,
kzm = 0.2 1/s, €, = 0.25, and §,, = 0). The gathers are
centered at a location 6000 m away from z = 0. In the true
model the image point has a maximum offset-to-depth ratio
of two.
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Figure 14. Image gathers for two horizontal reflectors com-
puted for inaccurate values of 7, but correct Vimo,ar
Vnmo,T = 1789 m/s, kz,M = kz,T, and km,M 1420
ka:,T 1+ 267. (a) nv — nr = 0.15 (VPO,M = 1789 m/s,
k. n = 0.6 1/s, ky pr = 0.18 1/s, €), = 0.4, and J,, = 0).
(b) M — N = —0.15 (VPO,M = 1789 m/s, kz,M = 0.6 1/S,
kz,ar = 0.18 1/s, €,, = 0.1, and §,, = 0). In the true model,
the maximum offset-to-depth ratio Zmax/z = 2 for the shal-
low reflector and Zmax/2z = 1 for the deep reflector.

is the reflector depth and 7o(z, z) is the one-way zero-
offset reflection traveltime. Since in our model Vpo(z, 2)
[and, for weak lateral velocity variation, 7o(z, 2)] is a lin-
ear function of z, vnmo(z, 2) from equation (9) is simply
equal to the NMO velocity in the background factor-
ized v(z) medium at the lateral location z. Using equa-
tion (B5), the background NMO velocity can be repre-
sented as

V}%o(@(l +24) [e%zthom(m) —1]
2thom($) kz

,» (10)

1)121mo,hom ((L‘) =

where Vpo(z) = Vpo + ko, thom(x) = 25 /Vro(z), and
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Figure 15. Image gathers for reflectors dipping at (a) 30°
and (b) 45° computed for a value of n overstated by 0.15,
but correct Vimo, i = Vamo,r = 1789 m/s, k; » = k, 1,
and km,M 1+26py = km,T 1+ 267 (VPO,M = 1789 l’l’l/S7
ko = 0.6 1/s, kg as = 0.18 1/s, €,, = 0.4, and §,, = 0).
In the true model the image point has a maximum offset-to-
depth ratio of two.

Vpo(z, z) is the average vertical velocity above the re-
flector.

As follows from our results for the v(z) model, Vnmo
of horizontal events are equal to the true NMO velocities
for all vertical times to if the migration is based on the
correct values of the vertical velocity gradient &k, and the
NMO velocity at the surface [Vpo(z)+/1 + 28]. Hence,
k,m should be equal to k. 7, and

(Veo,mr + ko,m ©)/1 4+ 28, =
(Vpo,r + ko7 )/1+ 20, ,

which implies that Vimo,m = Vpo,m+/1+ 26,,
VPO,Tm = Vamo,r and km,Mm
kary/1+26,. Also, because k. = k.1, setting
Ty [2, to(2)] = [z, to(z)] for all zero-offset times and
lateral positions implies that n,, = n,..

(11)

We conclude that flattening all image gathers in a
factorized v(z, z) medium requires satisfying four condi-

tions:
(1) Vnmo,M = Vnmo,T,
(2) kz,M = kz,T,

(3) My =1y, and

ko r+/1+ 20, =ksm+/1+26,,.
The first three conditions coincide with those obtained
for v(z) media, and (4) is an additional constraint on
the horizontal velocity gradient combined with the pa-
rameter §. Thus, while it may be possible to estimate the
vertical gradient k. from image gathers, the individual
values of the horizontal gradient k, and the parameters
Vpo, €, and § cannot be found using P-wave reflection
moveout alone.

As illustrated by Figure 10a, the conditions listed
above indeed ensure that the image gathers of horizon-



tal events are flat, even if the migration is done with er-
roneous model parameters. Although equation (10) was
derived for horizontal reflectors, the same four condi-
tions are sufficient for flattening image gathers of dip-
ping events (Figure 10b). However, because an incorrect
vertical velocity was used, the depths are stretched by
the factor equal to the ratio of the migration [Vpo, u (z)]
and true [Vpo,r(z)] average vertical velocities evaluated
at the CMP coordinate x. For the examples in Figure 10,
the reflector depths are underestimated by about 10%.

To flatten image gathers for a single horizontal
event, Unmo(Z, 2, ) must be equal t0 vamo[z, 2,,(0)] for
all z, but only for one vertical time to. Using a single
event, it is impossible to constrain the vertical veloc-
ity gradient because of the trade-off between k. and the
NMO velocity at the surface. In general, removing the
residual moveout in an image gather at a certain depth
does not guarantee that image gathers at other depths
will be flat, unless independent information about the
vertical gradient is available.

Inaccurate values of Vamo, k=, or kz v/1 + 28 cause
an error in vnmo and residual moveout on image gathers
for the whole offset range. Figures 11-13 show the influ-
ence of errors in Vamo and ky+/1 + 23, while errors in k&,
were analyzed above for v(z) media (Figures 8 and 9).
The image gathers are particularly sensitive to the hori-
zontal velocity gradient k., with an error in k, /1 + 28
of just 0.02 1/s (that translates into an error of 100 m/s
in the vertical velocity) creating a substantial residual
moveout (Figures 12 and 13). As in homogeneous me-
dia, the residual moveout for a fixed error in one of the
three parameters listed above decreases with reflector dip
(e.g., see Figures 12a and 13).

It is noteworthy that the magnitude of residual
moveout caused by a fixed error in Vim, is smaller in fac-
torized media than in homogeneous media for the same
Vpo,m, Vro,T, €345 €, 0,5, and d,. For example, if the
value of Viamo is overstated by 200 m, the residual move-
out for the shallow horizontal reflector embedded in a
homogeneous VTI medium reaches 80 m (Figure 4a). If
the same reflector is embedded in a factorized v(z, z)
VTI medium, the residual moveout is limited to 65 m
(Figure 11b). Therefore, velocity gradients tend to mit-
igate the distortions of image gathers caused by errors
in Vamo. Likewise, the residual moveout for a fixed error
in k, is smaller in a v(z,z) medium than in the corre-
sponding laterally homogeneous v(z) model.

In contrast, the residual moveout associated with er-
rors in 7 is larger for factorized v(z, z) media than for the
corresponding homogeneous medium. If n is distorted by
0.15, the residual moveout increases from 30 m for a ho-
mogeneous medium (Figure 2a) to 40 m for a factorized
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v(z, z) medium (Figure 14a). The dip dependence of the
residual moveout in factorized media for a fixed error in
7 has the same character as in homogeneous media. For
a 0.15 error in 7, the residual increases from 40 m for
a horizontal reflector (Figure 14a) to 60m for a reflector
dipping at 30° (Figure 15a), and then decreases to 50 m
for a 45° dip (Figure 15b).

Discussion and conclusions

In conventional seismic processing for isotropic media,
image gathers proved to be a convenient tool for refining
velocity models as well as for a quick qualitative assess-
ment of the accuracy of velocity analysis. If the medium
is anisotropic, reflection moveout is governed by several
anisotropic parameters, and the interpretation of image
gathers becomes much more complicated. Here, we pre-
sented an analytic and numerical study of P-wave image
gathers in homogeneous and factorized [v(z) and v(z, 2)]
VTI media.

Using the weak-anisotropy approximation, we ob-
tained a simple representation of image gathers of hor-
izontal events for homogeneous VTI media in terms of
the vertical velocity Vpo, the NMO velocity Vamo and the
Alkhalifah-Tsvankin parameter 7. Although the equa-
tion of an image gather is derived in the depth do-
main, its structure is similar to that of the nonhyperbolic
equation for P-wave reflection traveltimes (Tsvankin and
Thomsen, 1994; Alkhalifah and Tsvankin, 1995). The
moveout on image gathers depends on the parameters
Vamo and 7, with the NMO velocity responsible for the
small-offset term and 7 governing the term quartic in off-
set. Therefore, although in principle the correct values of
both Vimo and 7 are needed to flatten a gather, the in-
fluence of 7 becomes substantial only for offset-to-depth
ratios exceeding unity.

In agreement with the general result of Alkhalifah
and Tsvankin (1995), the same conditions (correct val-
ues of Vamo and n) are needed to flatten image gathers of
dipping events, but in the presence of dip  makes a sub-
stantial contribution to the near-offset moveout as well.
The magnitude of residual moveout for a fixed error in
Vamo decreases with dip, while the residuals caused by
an error in 7 reach their maximum value for intermediate
dips (25-35° in our examples). Even if prestack migra-
tion is performed with the correct parameters Viamo and
n and the image gathers are flat and well focused, the
depth is scaled by a “stretching” factor equal to the ratio
of the migration and true vertical velocities.

For factorized v(z) models with a constant vertical
velocity gradient k., the equation for image gathers of
horizontal events has the same form as that in homoge-
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neous media, but it contains the effective vertical and
NMO velocities. Flattening image gathers of events with
any dip in v(z) media requires the correct values of the
NMO velocity at the surface, the coefficient n and the
gradient k.. The influence of errors in k. on the residual
moveout decreases with dip (as is the case for errors in
Vamo) but increases with reflector depth.

Extension of the above results to laterally heteroge-
neous v(x, z) models is based on the NMO equation of
Grechka and Tsvankin (1999) that includes a correction
term dependent on the lateral variation of the vertical
velocity (or vertical traveltime). For a weak linear veloc-
ity dependence on z, the correction term vanishes, and
the NMO velocity is equal to the corresponding value in
the laterally homogeneous background. To equalize the
background NMO velocities for all , migration should
be done with the correct value of the parameter combina-
tion kg v/1 4 23 (ks is the horizontal velocity gradient).

Therefore, moveout on image gathers in v(z,z)
media is controlled by four parameter combinations —
Vrpov1+ 28, 0, k., and k,/1+ 25. A positive error in
any of these quantities causes the image gathers to curve
down (i.e., the depth increases with offset) and a nega-
tive error causes the gathers to curve up. For a fixed
error in Vpov/1 + 4, the residual moveout in v(z, z) me-
dia is smaller than that in the reference homogeneous
model, which indicates that lateral heterogeneity is likely
to hamper the estimation of this parameter from image
gathers. In contrast, the influence of 1 on image gathers
becomes more substantial in the presence of lateral het-
erogeneity, and errors in 7 lead to measurable residual
moveout of horizontal events for offset-to-depth ratios
close to unity.

Estimation of these four key parameter combina-
tions requires using several image gathers at different
depths and lateral positions, which will be discussed in
detail in a sequel paper. Even if all four combinations
have been resolved, separation of lateral velocity varia-
tion from the anisotropic coefficients cannot be accom-
plished without additional information. Indeed, the lat-
eral velocity gradient cannot be decoupled from aniso-
tropy because it contributes to moveout on image gath-
ers only through the factor ks v/1 + 24.

It is important to emphasize, however, that the ver-
tical velocity gradient k. is constrained not only in the
v(z) model, but also in laterally heterogeneous media.
As a result, although the inversion of P-wave data for
the vertical velocity and Thomsen coefficients will suf-
fer from inherent ambiguities, minimal a priori assump-
tions may be sufficient to remove the trade-offs between
the VTI parameters. For example, if the vertical veloc-
ity Vpo is known at any single surface location (which is

quite possible), then the inverted gradient k. can be used
to reconstruct the function Vpo(z) and find the depth
scale of the model. Also, in this case the anisotropic pa-
rameter & can be determined from the NMO velocity
at the surface (Vpoyv/1 + 2J), and, in turn, used to es-
timate the horizontal gradient k, from the combination
k2T + 28. The sequel paper will examine the feasibility
of this parameter-estimation methodology for different
sets of input data and realistic levels of noise.
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APPENDIX A: Image gather for a
horizontal reflector in a homogeneous VTI
medium

Consider a horizontal reflector located at the depth z,
in a VTI medium with the vertical velocity Vpo,r and
Thomsen parameters €, and d, (Figure Al). Suppose
P-wave data acquired over such a model are migrated
with the parameters Vpo,um, €,,, and §,,. Clearly, for a
horizontal reflector the image point does not move later-
ally. Therefore, the reflection traveltimes in the true (¢;)
and migration (t,,) models for the half-offset h can be

written as
VR + 22
t, =+—_T Al
) (A1)
and

T

e = @) “
where Vg 1 is the group velocity at the group angle ¢ in
the true model, and V,,n is the group velocity at the
group angle ¢’ in the model used for migration.
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Under the assumption of weak anisotropy, quadratic and
higher-order terms in the anisotropic coefficients can
be neglected, and the group velocity can be replaced
with the corresponding phase velocity (Thomsen, 1986;
Tsvankin, 2001):

Vor(¢) = Vpor [1 +8,8in’¢ + (e, — 8, )sin*¢]. (A3)
Likewise, for the migration model
Vo (8') = Veo,u [1 4 8,,sin°¢’ + (e, — 6, )sin’¢'].
(A4)

Substituting equations (A3) and (A4) into equa-
tions (Al) and (A2), equating the true and migration
traveltimes (t2. = ¢2,) and linearizing the resulting ex-

pression in the anisotropic coefficients yields

(A + 22)7°[1 — 20,.sin’p — 2(e, — 8, )sin" @]
= (B® +22,)[1 — 20,,sin’¢ — 2(¢,, — d,,)sin’¢],

(A5)
where Y= VPO,M/VP(],T.
Substituting
h2 h2
.2 .2
sin“¢ = m and sin’¢’ = m (A6)
into equation (A5) and solving for z,,, we obtain
ZIQ\/I ~ 72zi +h%(20,, — 1477 —267%)
_ 2(ep — JT).hLl'YZ + 2(ey — 6M)h4. (A7)
h? 4 22 (h% 4+ 22)v?
The coefficient of h? can be represented as
2 2 2 1 1
(26M -1 + T 267 ) ~ _VPO,M (Vnzmo,M B Vnzmo,T>’
(A8)

where Vamo = Vo1 + 2§ = Vpo (1 + §). Similarly, the
coefficient multiplied with [2h*/(h® + 22)] takes the form

2 2
2 (EM — 6M) [nmo,M nmo,T
) —_— ) —
7 (CT T) + 72 (TIM Vano,T e Vr?mo,]\d ’

(A9)

where n = (e — §)/(1 + 20) =~ € — §. Therefore, equa-
tion (A7) can be rewritten in terms of Vamo and 7 as

2 2 2 2v72 1 1
2y RY Zp — h Vpo,M (— -
M T Vnzmo,M Vnzmo,T
h4 2 o 2 T
) nmo, _ nmo, . AlO
+ h2 + Z,?, (nM Vnzmo,T e Vr?mo,M) ( )

APPENDIX B: Image gather in a factorized
v(z) medium

Here, we extend the results of Appendix A to factorized
v(z) VTI media defined by the vertical velocity Vpo,r
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at zero depth, the vertical velocity gradient k. r, and
Thomsen parameters €,. and d,.. The one-way zero-offset
time 7 can be found as the following function of depth
z:

¥ d£

o V(&)

z

T =

/0 Veor +k.r &

1 Veo,r + ke, 1 Z]
= In | ————|. B1
k.1 [ Vpo, T (B1)
Expressing z as a function of 7 yields
= Yeor (err _qy, (B2)

kz,T

Substituting z into the equation Vpor(z) = Vpor +
k., z allows us to represent the vertical velocity as a
function of the zero-offset time:

Vpo(T) =
Then the interval NMO [Vamo(7)] velocity is given by
Vnmo(T) = VPO,T v1+ 25T ekz’T T (B4)

Applying the Dix formula and substituting equa-
tion (B4), we obtain the effective NMO velocity for a
reflector at the depth z,.:

Vpo,T ef=T7, (B3)

2 1 [T,
Unmo,T(To) = T_O Vnmo (T)dTi
0
Vaor(1+26
_ Po,r(1+207) [ezkz,TTO _1] or
271y k21
VEor(1+ 267)
Vnmo, (t0) PO:OT [ekz’Tto —1] , (B5)

where to = 27, is the two-way time.

As shown in Appendix 4B of Tsvankin (2001), the
zero-offset time to, the NMO velocity vnmo, and the pa-
rameter 9, which is defined as

N 1) (1+8n,) [ /to ]
= - Vio@®)dt]| —1
e 8 { nmo T t(]) to
kz,7to _
— % { (1 + 87]T)(6 1)kZ:Tt0 _ 1} 7 (BG)

g(ekz,Tto —1)2
fully determine reflection moveout from horizontal in-

terfaces in v(z) VTI media. Hence, for the purpose
of migrating horizontal events, the true factorized v(z)
medium can be replaced by a homogeneous VTI model
with the vertical velocity equal to the average vertical
velocity (Vo) above the reflector, the NMO velocity
equal t0 Vnmo,T, and the parameter n equal to 7,.. Note
that 9, depends on to, and hence, on the depth z,. For a
migrated image point at the half-offset h, the same sub-
stitutions can be used to replace the factorized v(z) mi-
gration model above the image point with an equivalent

homogeneous model. Therefore, the linearized equation
of an image gather for a factorized v(z) medium can be
adapted from equation (A10) for homogeneous media:

zlzw(h) =~ sz(O)

1
- P VRl (””{vnmo,M[zMw)]
_ ;}
U?xmo,T(zT)
L { M)
h? + 22 | ™ Uﬁmo,T(zT
UﬁmoT(ZT) }

Unmo M[ZM( )]

- 77'1" (B7)
where z,,(0) = vz, ¥ = Vpo,u/Vro,r, Vpo is the aver-
age vertical velocity of the overburden, 7,, = 7j[z,,(h)],
fir = f(zr), and the NMO velocities are computed from
equation (B5). When the migration model is close to the
true model, z,,(h) = z,,(0) for a moderate offset range.
Then equation (B7) can be rewritten as

22 (h) =~ z2,(0)

M

~ 1 1
- KV { - }
roM Urzxmo,M [ZM (0)] /Uﬁmo,T(zT)

9 ht N Ur21mo,M [ZM (O)]
h2+22 |'™

_ L()} (B8)

" 0 mo, 22 (0)]

v121m0,T (ZT

Essentially, equation (B8) is based on the assumption
that the effective quantities for the actual depth z,, (h)
can be replaced with those for z,,(0). Note, however,
that equation (B8) does not involve this approximation
if the image gather is obtained after migration with a ho-
mogeneous VTI medium with the vertical velocity equal
to Vio[z(0)], NMO velocity equal to vamo,a[2(0)], and
equal to 7[z(0)].



