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ABSTRACT

Nonhyperbolic (long-spread) moveout provides essential information for a num-
ber of seismic inversion/processing applications, particularly for parameter es-
timation in anisotropic media. Here, we present an analytic expression for the
quartic moveout coefficient A4 that is responsible for the magnitude of nonhy-
perbolic moveout of pure (non-converted) modes. Our result takes into account
reflection-point dispersal on irregular interfaces and is valid for arbitrarily ani-
sotropic, heterogeneous media. All quantities needed to compute A4 can be
evaluated during the tracing of a single (zero-offset) ray, so long-spread move-
out can be modeled without time-consuming multi-offset, multi-azimuth ray
tracing.

The general equation for the quartic coefficient is used to study azimuthally
varying nonhyperbolic moveout of P-waves in a dipping transversely isotropic
(TI) layer with an arbitrary tilt v of the symmetry axis. Assuming that the
symmetry axis is confined to the dip plane, we employed the weak-anisotropy
approximation to gain insight into the dependence of A4 on the anisotropic
parameters. The linearized expression for A4 is proportional to the anellipticity
coefficient 1 &~ e—4 and does not depend on the individual values of the Thomsen
parameters. On the whole, the magnitude of nonhyperbolic moveout in tilted
TT media above a dipping reflector usually is highest near the reflector strike,
while deviations from hyperbolic moveout on the dip line are substantial only
for mild dips.

The azimuthal variation of the quartic coefficient is governed by the tilt v and
dip ¢ and has a much more complicated character than the NMO ellipse. For
example, in a VTI layer above a reflector with the dip ¢ > 30°, A4 goes to zero
on two lines with different azimuths where it changes sign. If the symmetry
axis is orthogonal to the reflector (this model is typical for thrust-and-fold
belts), the strike-line quartic coefficient is defined by the well-known expression
for a horizontal VTT layer (i.e., it is independent of dip), while dip-line A4 is
proportional to cos* ¢ and rapidly decreases with dip. The high sensitivity of
the quartic moveout coefficient to the parameter 7 and the tilt of the symmetry
axis can be exploited in the inversion of wide-azimuth, long-spread P-wave data
for the parameters of TI media.
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Introduction at least for spreadlengths not exceeding reflector depth.

. . . . However, the presence of heterogeneity (either lateral
In conventional seismic data processing, reflection move- . . .

. . . or vertical) or anisotropy causes deviations from hyper-
out of pure modes is typically assumed to be hyperbolic,
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bolic moveout which sometimes cannot be ignored even
for offsets-to-depth ratios smaller than unity (e.g., Al-
Dajani and Tsvankin, 1998). Insufficient understanding
of nonhyperbolic moveout and practical difficulties in an-
alyzing long-offset data often forces seismic processors
to mute out the nonhyperbolic portion of the moveout
curve. Long-spread moveout, however, has proved useful
in a number of applications, such as anisotropic param-
eter estimation, suppression of multiples and large-angle
AVO analysis.

A detailed overview of existing results on nonhyper-
bolic moveout analysis in anisotropic media can be found
in Tsvankin (2001). Most earlier work on the contribu-
tion of anisotropy to long-spread moveout (e.g., Hake et
al., 1984; Byun and Corrigan, 1990; Muir et al., 1993)
is restricted to transversely isotropic models with a ver-
tical symmetry axis (VTI media). Tsvankin and Thom-
sen (1994) developed a general nonhyperbolic moveout
equation based on the exact normal-moveout (NMO) ve-
locity and the quartic moveout coefficient of the t2(x?)—
function. In contrast to the conventional Taylor series,
the Tsvankin-Thomsen equation converges at offsets ap-
proaching infinity, which ensures its high accuracy in the
intermediate offset range (i.e., for offsets two to three
times the reflector depth) important in reflection seis-
mology. A particularly convenient form of this equation
for P-waves in VTI media was suggested by Alkhalifah
and Tsvankin (1995) (also see Grechka and Tsvankin,
1998a) who showed that P-wave reflection moveout, as
well as other time-domain signatures, is controlled by
just the NMO velocity and the anellipticity coefficient
7 defined as n = (e — §)/(1 + 20); € and § are Thom-
sen (1986) parameters. The equation of Alkhalifah and
Tsvankin (1995) has been widely used for estimating
n from P-wave long-spread traveltimes and build verti-
cally heterogeneous VTI models for time processing (e.g.,
Alkhalifah, 1997; Toldi et al., 1999).

The behavior of nonhyperbolic moveout becomes
much more complicated if the medium is azimuthally
anisotropic. Al-Dajani and Tsvankin (1998) derived the
quartic moveout coefficient for TT media with a horizon-
tal symmetry axis (HTI) and extended the Tsvankin-
Thomsen equation to horizontally layered HTI media.
A different method based on spherical harmonics was
employed by Sayers and Ebrom (1997) to describe long-
spread P-wave moveout in an azimuthally anisotropic
layer. It should be emphasized that all papers listed
above treat laterally homogeneous models with a hori-
zontal symmetry plane, in which the derivation of the
quartic moveout coefficient for pure (non-converted)
modes is simplified by the absence of reflection-point
dispersal on common-midpoint (CMP) gathers. Fomel

(1994) developed a more general approach to the analytic
description of nonhyperbolic moveout that accounts for
reflection-point dispersal at dipping or curved interfaces.
Fomel and Grechka (2001) applied this methodology to
P-wave moveout in heterogeneous VTI media.

Here, we present an analytic description of P-wave
long-spread moveout in TI media with an arbitrary ori-
entation of the symmetry axis. Models with the symme-
try axis tilted away from the vertical (T'TI, or tilted TI
media) are typical for fold-and-thrust belts such as the
Canadian Foothills and sediments near the flanks of salt
domes (Isaac and Lawton, 1999; Tsvankin, 1997, 2001).
Non-vertical symmetry axis creates an azimuthally ani-
sotropic model without a horizontal symmetry plane,
where nonhyperbolic moveout is influenced by reflection-
point dispersal. We present analytic expressions for the
quartic moveout term for both horizontal and dipping
reflectors and study the azimuthal dependence of non-
hyperbolic moveout as a function of reflector dip and
symmetry-axis orientation. Strong azimuthal variations
of nonhyperbolic moveout (e.g., it completely vanishes in
certain azimuthal directions) may be used to constrain
anisotropic parameter-estimation algorithms operating
with wide-azimuth reflection traveltimes.

Analytic description of nonhyperbolic
moveout

Reflection traveltime of pure (non-converted) modes is
conventionally approximated by a Taylor series expan-
sion of the squared traveltime t?, which is often trun-
cated after the quartic term (Taner and Koehler, 1969):

t2=A0+A2X2+A4X4, (1)
where X is the source-receiver offset and
d(t?)
Ao =13, Ay = ,
AX?) |,
1 d d(t?) ]
As= = [ . (2)
2 d(X?) |d(X?) =0

to = t(0) is the squared zero-offset traveltime, and A
is related to the NMO velocity as A = V.%. The first
two terms in equation (1) describe the hyperbolic part
of the moveout curve, while A4 is the quartic coefficient
primarily responsible for nonhyperbolic moveout.

Although the series (1) provides a better approxi-
mation for long-spread moveout than does the conven-
tional hyperbolic equation based on just the NMO ve-
locity, it loses accuracy for offsets reaching 1.5-2 z (z is
the reflector depth). Tsvankin and Thomsen (1994) mod-
ified equation (1) by adding a denominator to the quartic
moveout term to make ¢(X) convergent at X — co:
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where the additional coefficient A depends on the hori-

t? = Ao + A2 X? +

zontal group velocity Vhor,

Ay
ST

hor

(4)

Equation (3) was originally derived for VTI media,
but its generic form makes it suitable for anisotropic
media of any symmetry. For example, Al-Dajani and
Tsvankin (1998) obtained the exact moveout parame-
ters As (Vamo) and Ay for a horizontal HTI layer and
used them to extend equation (3) to azimuthally depen-
dent P-wave moveout in HTT media. While equation (3)
is not always adequate for pure (non-converted) S-waves
(Tsvankin and Thomsen, 1994), it provides a simple and
numerically efficient way for modeling the reflection tra-
veltimes of P-waves and, for relatively simple models,
converted waves (Tsvankin, 2001).

For horizontally layered anisotropic media above the
reflector, the effective NMO velocity (or the effective
Az) in a certain azimuthal direction can be determined
from the generalized Dix formula of Grechka et al. (1999)
that operates with interval NMO ellipses. Grechka and
Tsvankin (2002) extended this Dix-type averaging equa-
tion for NMO ellipses to anisotropic media with arbi-
trary heterogeneous overburden. The velocity Vior used
in equation (4) to define the coefficient A is found by
averaging the interval horizontal velocities (Tsvankin,
2001).

Therefore, the key issue in applying equation (3) is
to derive the corresponding quartic moveout coefficient
Ay4. The dependence of A4 on the medium parameters
also yields valuable analytic insight into the properties
of nonhyperbolic moveout. Below, we give a general rep-
resentation of the coefficient A4 and discuss its behavior
for TI media with arbitrary symmetry-axis orientation.

General expression for the quartic moveout
coefficient

Here, we present an exact expression for the quartic
moveout coefficient in arbitrarily anisotropic, heteroge-
neous media (Figure 1). The derivation, described in de-
tail in Appendix A, is based on expanding the two-way
traveltime in a Taylor series in half-offset and apply-
ing the so-called normal-incidence-point (NIP) theorem
(Chernjak and Gritsenko, 1979; Hubral and Krey, 1980;
Fomel and Grechka, 2001) that helps to relate the Taylor
series coefficients to the spatial derivatives of the zero-
offset traveltime. The general form of the quartic move-
out coefficient A4 can be represented as (Appendix A):
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Figure 1. Reflection traveltimes from an irregular interface
are recorded in a multi-azimuth CMP gather over an arbitrar-
ily anisotropic, heterogeneous medium. The quartic moveout
coefficient A4 varies with the azimuth « of the CMP line. h is
the half-offset vector. The derivation of the quartic coefficient
in Appendix A takes into account reflection-point dispersal.

E 647'0
48 0Yp0Yr OYm OYn

70 %o %o -
16 8z:0yrOym <6$ia$j )
63T0
0z;0ypOyn
1
16 78 Vitno (L) ’

where y defines the CMP location, x defines the reflec-

Ay = LyLiLmLn

LiLmL,Ln

+ (5)

tion point, 79 is the one-way zero-offset traveltime, L is
a unit vector parallel to the CMP line and Vomo(L) is
the NMO velocity on the line L. Since in our case the
traveltime is recorded at the surface, L = [cos @, sin ¢, 0],
where « is the azimuth of the CMP line with respect to
the axis zi.

Equation (5) was obtained without making specific
assumptions about the anisotropy or heterogeneity of the
model; also, it is generally valid for reflectors of irregular
shape. However, our derivation assumes that the one-way
zero-offset traveltime can be differentiated with respect
to the spatial coordinates near the common midpoint,
which is not the case, for example, in shadow zones.
The Taylor series expansion for reflection traveltime may
break down for models with strong lateral velocity varia-
tions (Grechka and Tsvankin, 1998b) and in the vicinity
of caustics. Nonetheless, for sufficiently smooth subsur-
face models commonly used in seismology, equation (5)
can be expected to give an accurate representation of the
quartic moveout coefficient and the magnitude of nonhy-
perbolic moveout.



4 Pech, Tsvankin & Grechka

The form of the azimuthal dependence of the coef-
ficient A4 in equation (5) is governed by the derivatives
of the zero-offset traveltime 7o with respect to the coor-
dinates of the common midpoint and zero-offset reflec-
tion point. For relatively simple models, the traveltime
70 can be expressed explicitly as a function of y and
x, and the derivatives in equation (5) can be evaluated
in closed form. However, if the medium is laterally het-
erogeneous and/or has a low anisotropic symmetry, it is
convenient to express equation (5) in terms of the hori-
zontal slowness component of the zero-offset ray (Cohen,
1998; Grechka et al., 1999). Most importantly, all deriva-
tives in equation (5) can be evaluated using quantities
computed during the tracing of the zero-offset ray.

Quartic coefficient in a homogeneous TTI
layer

While equation (5) is completely general, this paper is
restricted to analysis of nonhyperbolic moveout in a ho-
mogeneous TTI layer overlaying a planar dipping reflec-
tor. Furthermore, we assume that the symmetry axis
is confined to the dip plane of the reflector, which is
typical for dipping TI formations (e.g., shales) in fold-
and-thrust belts (Isaac and Lawton, 1999) or near salt
domes (Tsvankin, 1997). Hyperbolic reflection moveout
and the dependence of NMO velocity on the anisotropic
parameters for this model was discussed by Tsvankin
(1997, 2001) and Grechka and Tsvankin (2000). Follow-
ing Tsvankin (1997), we parameterize the medium by
the symmetry-direction velocities of P-waves (Vpo) and
S-waves (Vso) and Thomsen’s anisotropic coefficients e,
é and -~y specified with respect to the symmetry axis.
In other words, the parameters are defined by the VTI
equations in the rotated coordinate system whose x3-axis
is aligned with the axis of symmetry. The tilt v of the
symmetry axis is considered positive if the axis points
towards the reflector (i.e., if the symmetry axis and the
reflector normal deviate from the vertical in the same
direction).

Since the dip plane of the reflector contains the sym-
metry axis of the overburden, it represents a vertical
symmetry plane for the whole model. Therefore, the dip
and strike directions of the reflector determine “the prin-
cipal axes” of the azimuthally-varying quartic moveout
coeflicient A4. Below, we use equation (5) to study the
functional form of A4 in a TTI layer and its dependence
on the reflector dip and anisotropic parameters.

For a homogeneous medium, the zero-offset travel-
time 79 can be expressed explicitly in terms of the CMP
and reflection-point coordinates (see Appendix B). This
allows us to evaluate the spatial derivatives of 7o and

obtain the coefficient A4 from equation (5). While the
exact equation for the quartic coefficient is suitable for
computational purposes, it does not provide analytic in-
sight into the dependence of A4 on the model parameters.
As demonstrated in Appendix B, significant simplifica-
tion can be achieved by applying the weak-anisotropy
approximation and linearizing equation (5) in the aniso-
tropic parameters.

Although the discussion of the weak-anisotropy re-
sults below is formally limited to P-waves, any kinematic
signature of SV-waves (i.e., of the mode polarized in the
plane formed by the slowness vector and the symmetry
axis) for weak transverse isotropy can be obtained from
the corresponding P-wave signature by making the fol-
lowing substitutions: Vpog — Vg9, § = o, and ¢ — 0
(Tsvankin, 2001). The parameter ¢ = (Vpo/Vso)>(e — 6)
is fully respomsible for SV-wave velocity variations in
weakly anisotropic TT media.

The linearized P-wave quartic moveout coefficient
in a TTI layer can be written as (Appendix B)

2n
AITI ___ 4N
tho Vro

where C = 9/64 is a constant, the function F is defined in

equation (B14), t,, is the two-way zero-offset traveltime,

[F(a, ¢, v) + C1, (6)

a is the azimuth of the CMP line measured from the dip
plane and ¢ is the reflector dip.

Figure 2 shows that the linearized equation (6) is
sufficiently close to the exact quartic coefficient for rel-
atively small values of the anisotropic parameters. The
diamonds in Figure 2 correspond to the coefficient A4
obtained by least-squares fitting of a quartic polynomial
to reflection traveltimes generated by anisotropic ray
tracing. Evidently, equation (6) (solid curve) provides
a good approximation to the best-fit values of A4 for the
full range of azimuths. As demonstrated by Tsvankin
and Thomsen (1994), the weak-anisotropy approxima-
tion may rapidly lose its accuracy with increasing param-
eters € and J. However, equation (6) can still be used for
qualitative analysis of nonhyperbolic moveout in tilted
TI media.

Analysis of the approximate quartic
coefficient

It is clear from equation (6) that regardless of the tilt of
the symmetry axis and reflector dip, the P-wave quartic
moveout for weak transverse isotropy is controlled by a
single anisotropic parameter — the anellipticity coefficient
7. If the medium is elliptical (n = 0), A4 vanishes and
reflection moveout becomes purely hyperbolic. This is a
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Figure 2. Accuracy of the linearized quartic moveout coeffi-
cient for a tilted TI layer. The diamonds mark values of A4
obtained for each azimuth by fitting a quartic polynomial to
the ray-traced t?(z2)-curve on the spreadlength Xmax ~ z,
where z = 1 km is the reflector depth. The solid line is the
weak-anisotropy approximation (6). The model parameters
are Vpg =1 km/s, e = 0.1, § = 0.025, ¢ = 0° and v = 80°.

@ (degrees)

Figure 3. The factor cos(4v — 3¢) plotted as a function of
the tilt v of the symmetry axis and reflector dip ¢.

general result valid for an elliptically anisotropic layer
with any strength of the anisotropy (Uren et al., 1990).

Dip and strike components of A,

Equations (6) and (B14) can be used to find the coef-
ficients A4 in the dip and strike directions. On the dip
line (a = 0°),
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AZEin(d)) = 2n cos® ¢ cos(4v — 39) . (7)

tho Vro
Note that the quartic coefficient is proportional to cos® ¢,
and the magnitude of nonhyperbolic moveout has a gen-
eral decreasing trend with dip [the influence of the term
cos(4v — 3¢) is discussed below]. Equation (7), however,
becomes less accurate for near-vertical reflectors because
for ¢ close to 90° several terms involving anisotropic co-
efficients can no longer be treated as small. Evaluation of
the exact equation (5) shows that unless the symmetry
axis is vertical or horizontal, A4 for a vertical reflector
(¢ = 90°) is relatively small but does not go to zero.

According to equation (7), the quartic moveout co-
efficient (and, therefore, nonhyperbolic moveout as a
whole) vanishes if cos(3¢ —4v) = 0, or (3¢ —4v) = nn /2
(n = £1,43,+5,...). In the special case of VTI media
(v = 0), the quartic coefficient and nonhyperbolic move-
out as a whole vanish for a dip of 30° (see a more detailed
discussion of the VTI model below).

Figure 3 displays the function cos(3¢ — 4v) plotted
for the angles ¢ and v ranging from 0° to 90°. Since the
argument 3¢ —4v is a linear combination of ¢ and v, zero
values of cos(3¢ — 4v) are represented by straight lines.
For instance, the dashed line in Figure 3 corresponds to
3¢ —4v = —m/2, or

v=—"—+ —. (8)

For a fixed reflector dip, cos(3¢ — 4v) goes to zero
for two different values of the tilt v between 0° and 90°,
which is in good agreement with the computations of
analytic (NMO) and finite-spread moveout velocity in
Tsvankin (1995, 2001). Hence, the absence or low mag-
nitude of dip-line nonhyperbolic moveout in nonellipti-
cal (n # 0) TTI media may be used to constrain the
relationship between the reflector dip and the tilt of the
symmetry axis.

Equation (7) is written in terms of reflector dip that
cannot be estimated from surface reflection data unless
the velocity model is known. Therefore, for purposes of
anisotropic parameter estimation, it is more convenient
to rewrite the quartic coefficient as a function of the
horizontal component p of the slowness vector associated
with the zero-offset ray (e.g., Alkhalifah and Tsvankin,
1995). The horizontal slowness component, or the ray
parameter, determines the slope of reflections on zero-
offset (or stacked) sections and can be measured directly
from surface data.

Substituting the ray parameter p = sin¢/V(¢)
[V(¢) is the phase velocity at the dip angle] into equa-
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tion (7) yields

3
AL aip(p) VI O oslzn%l,l,di)(o)]“ [ (y - i)
\/ECOS4V+ ( - %) \/ﬂsin4u], 9)
where
y =D [Vamo (0)]° (10)

and V,5L1(0) is the NMO velocity from a horizontal
reflector. Hence, A4T,r£i1p expressed as a function of p

depends on three parameters: V;LZI(0), 7 and v [or
V.EZT(0), 5 cos4v and 5 sin 4v]. In principle, the quartic

moveout coefficient can be inverted for these parameters,
if accurate estimates of A4T:£i1p are available for three dif-
ferent dips. The high level of structural complexity in
overthrust areas or near salt domes in some cases may be
sufficient for reconstructing the function A;{"ﬂp (p). How-
ever, as discussed by Grechka and Tsvankin (1998a), the
trade-off between the NMO velocity and quartic moveout
coefficient typically leads to a substantial uncertainty in

Ag.

In anisotropic parameter estimation, nonhyperbolic
moveout should be used in combination with the NMO
velocity (e.g., Alkhalifah, 1997; Grechka and Tsvankin,
1998a). The dip-line P-wave NMO velocity for weakly
anisotropic T'TI media was given by Tsvankin (1997,
2001) as a function of dip. Rewriting his result through
the ray parameter p yields

TT1 VTTI (0)
Vamo () = % [1+ fn cosdv — gn sindv], (11)
where

- Y 2

Y

and

— Y 2
g=./— B—Ty+4y"). (13)

T-y
For vertical transverse isotropy (v = 0), equa-

tion (11) reduces to the expression derived by Alkhalifah
and Tsvankin (1995). Evidently, both the dip-line NMO
velocity and the quartic moveout coefficient are fully
governed by the same parameter combinations: Vs (0),
ncos4v, and 7nsin4v. Note, however, that according to
Tsvankin (1997, 2001), the weak-anisotropy approxima-
tion for NMO velocity loses accuracy for the anisotro-
pic coefficients reaching 0.15-0.2, and the exact Vamo be-
comes dependent on the individual values of € and 4.
Next, we analyze the strike component of the quartic

moveout coefficient that can be obtained by substituting
a = 90° into equation (6):

AfShike(9) = =g cos’ (¢ —v). (14)
Po Y Po
Both the dip and strike components of A4 are propor-
tional to 7, but their dependencies on reflector dip ¢
and the symmetry-axis tilt v are entirely different. Equa-
tion (14) shows that AZEtIrike goes to zero only if the
symmetry axis is perpendicular to the reflector normal
(i.e., the symmetry axis is confined to the reflecting
plane). For example, if the reflector is vertical (¢ = 90°),
the strike-line quartic coefficient vanishes for VTI media
(v = 0°). Indeed, for such a model reflected rays are con-
fined to the horizontal (isotropy) plane where velocity is
independent of angle, which makes reflection moveout
for any azimuth purely hyperbolic. On the whole, the
dip and strike components of the quartic coefficient van-
ish for different combinations of v and ¢ and, therefore,
can be effectively combined in the inversion procedure.
If the symmetry axis is orthogonal the reflector (¢ =
V), A} sieike 15 independent of both dip and tilt:

TTI — _ 27

A4,strike - _m . (15)
Equation (15) is well known for the special case of VTI
media and a horizontal reflector, when ¢ = v = 0
(Tsvankin and Thomsen, 1994). Another special case of
interest is that of an HTI layer (v = 90°) and a vertical
reflector (¢ = 90°). Since the strike line for this model is
perpendicular to the symmetry axis, and reflected rays
are horizontal, reflection moveout in the strike direction
is identical to that for a VTI layer above a horizontal
reflector.

The dip-line component of A4 for ¢ = v is propor-
tional to cosv [equation (7)], so it rapidly decreases
with dip, while the strike-line component remains con-
stant. Therefore, nonhyperbolic moveout from dipping
reflectors for this model should be measured close to the
strike direction; a more detailed discussion of the az-
imuthal dependence of A4 is given below.

Azimuthal dependence of A4

Unlike NMO velocity that has a simple elliptical az-
imuthal dependence (Grechka and Tsvankin, 1998b), the
variation of the quartic moveout coefficient with azimuth
has a much more complicated character. The nonlinear
relationship between A4 and the angles ¢, v and « [equa-
tion (6)] leads to multiple zeros of the function A4(a)
whose positions strongly depend on both dip ¢ and tilt
v. Figure 4 displays a polar plot with a typical azimuthal
signature of the quartic coefficient in TTT media. Clearly,
A4 exhibits much more variability compared to the NMO
ellipse, with zeros at azimuths of 38° and 142°. (The
quartic coefficient and moveout signature as a whole have
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Figure 4. Azimuthally-varying quartic moveout coefficient
Ay for a TTI layer computed from equation (6). The polar
radius is equal to the coefficient A4 in the corresponding az-
imuthal direction (the azimuth is measured from the dip plane
marked by the arrow). The reflector dip is ¢ = 15° and the
tilt of the symmetry axis is 40°; the other parameters change
only the scale of the plot (intentionally undefined here).

an azimuthal period of 180°.) The sign of the coefficient
Ay changes from positive near the dip direction (i.e., for
the horizontally oriented lobe) to negative for the other
lobe corresponding to 38° < a < 142°.

Evidently, the azimuthal signature of the quartic
coefficient can provide useful information for anisotro-
pic parameter estimation. In particular, the azimuthal
directions of the CMP lines with vanishing A4 depend
on certain combinations of ¢ and v and can be used to
constrain the orientation of the symmetry axis [equa-
tion (6)]. The variation of the sign of A4 with azimuth
is also sensitive to both ¢ and v.

Symmetry axis orthogonal to the reflector

Because of the complicated structure of equation (6),
here we focus on several special cases of practical im-
portance. Models with the symmetry axis orthogonal to
the reflector (¢ = v) are believed to be typical for fold-
and-thrust belts (e.g., the Canadian Foothills) where the
anisotropy is caused by dipping TI shale layers. For TI
media with ¢ = v, the zero-offset ray is parallel to the
symmetry axis and orthogonal to the reflector, so some
features of reflection moveout are similar to those for
a horizontal VTI layer. For example, Tsvankin (1995,
2001) demonstrated that if ¢ = v, the dip-line NMO

Quartic moveout coefficient 7
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Figure 5. Azimuthally-varying coefficient A4 for a V'TI layer
computed from equation (19). Reflector dip is 30°; the dip
direction is marked by the arrow.

velocity obeys the conventional (isotropic) cosine-of-dip
dependence.

The dip and strike components of the quartic coeffi-
cient for this model were discussed above. To study the
azimuthal dependence of A4, we substitute ¢ = v into
equation (6) to obtain

21

tho Vio

AT p=v) = (1 — sin® v cos? a) 2. (16)
According to equation (16), the quartic coefficient goes
to zero when

|cosal| = (17)

|siny|
Condition (17) can be satisfied only on the dip line
(a = 0°) of a vertical reflector (v = 90°, which implies a
horizontal symmetry axis). Away from the dip line, the
coefficient A4 for a vertical reflector varies as
2 .
AT™p = v =90°) = —# sin? . (18)
Po VPo

Equation (18) shows that A4 rapidly decays with
increasing deviation from the strike direction (a = 90°).
This conclusion remains valid for arbitrary reflector dip,
because the strike component for this model is indepen-
dent of v and « [equation (15)], while the dip component
is proportional to cos® v.
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Figure 6. Same as Figure 5, but the reflector dip is 45°.

Dipping reflector beneath a VTI layer

Setting the tilt v of the symmetry axis in equation (6)
to zero yields the weak-anisotropy approximation for the
quartic coefficient in VTT media:

27 cost ¢

VTI _
Aj =-— 12 v4
PO " PO

(1 — 4 sin” ¢ cos’ a) . (19)
For a vertical reflector (¢ = 90°), A4 vanishes regardless
of the azimuth of the CMP line because reflected rays
are confine to the horizontal isotropy plane where veloc-
ity is constant and moveout is purely hyperbolic. If the
reflector is horizontal (¢ = 0°), the model as a whole
is azimuthally isotropic, and the approximate A4 is de-
termined by the well-known expression (Tsvankin and
Thomsen, 1994; Alkhalifah and Tsvankin, 1995):
A= 07) = i (20)
Po Y Po

A discussion of the exact (i.e., not limited to weak ani-
sotropy) quartic moveout coefficient of both P- and S-
wayves in horizontally layered VTI media can be found in
Tsvankin (2001).

For a dipping reflector, the coefficient A4 vanishes
in azimuthal directions satisfying

1
2sing (21)

|cosa| =

If the dip is equal to 30°, A4 goes to zero only for a
single azimuth a = 0° that corresponds to the dip plane
(Figure 5). This analytic result is in good agreement with
the numerical study of NMO velocity in Tsvankin (1995,
2001) who showed that the P-wave dip-line moveout ap-

150/
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Figure 7. Same as Figure 5, but the reflector dip is 15°.

proaches a hyperbola for reflector dips relatively close to
30°.

For any dip between 30° and 90°, equation (19)
yields two azimuths a (plus two more azimuths different
by £180°) for which A4 = 0. If the dip is equal to 45°,
the quartic coefficient vanishes for azimuth a = +45°
(Figure 6). The sign of A4 is negative near the dip plane
(—45° < a < 45°) and positive near the strike direction
(45° < a < 135°). If the dip is smaller than 30°, equa-
tion (21) does not have a solution, and A4 < 0 for any
azimuth (Figure 7).

Horizontal HTI layer

For a horizontal HTI layer (v = 90° and ¢ = 0°), equa-
tion (6) reduces to
AT = _ﬂj—eﬁo cos’ . (22)
Equation (22) has the same azimuthal dependence
(cos* @) as the exact expression for A4 obtained by Al-
Dajani and Tsvankin (1997). In the equation given by
Al-Dajani and Tsvankin (1997), however, the term mul-
tiplied with cos® @ corresponds to the exact quartic co-
efficient in the plane that contains the symmetry axis
(a = 0°). The quartic coefficient vanishes in the isotropy
plane orthogonal to the symmetry axis (@ = 90°), where
reflection moveout is purely hyperbolic.



Discussion and conclusions

We have presented an exact expression for the quartic
moveout coefficient A4 valid for arbitrarily anisotropic,
heterogeneous media. Unlike most existing methods, our
approach does not require the model to have a horizon-
tal symmetry plane and accounts for reflection-point dis-
persal on dipping or irregular interfaces. Substitution of
the quartic coefficient into the general moveout equation
of Tsvankin and Thomsen (1994) yields a good approx-
imation for nonhyperbolic moveout of P-waves and, in
some cases, mode-converted P.S-waves in anisotropic me-
dia with realistic structural complexity.

It should be emphasized that all quantities needed to
calculate the azimuthally-varying quartic coefficient can
be obtained by tracing a single (zero-offset) ray. Com-
puting the zero-offset ray is also sufficient to construct
the NMO ellipse (i.e., the azimuthally varying NMO ve-
locity) responsible for short-spread moveout (Grechka
et al., 1999; Grechka and Tsvankin, 2002). Therefore,
our results can be used to model azimuthally dependent
long-spread moveout in a computationally efficient way,
without time-consuming multi-offset, multi-azimuth ray
tracing.

The general equation for A4 was applied to study the
properties of P-wave nonhyperbolic moveout in TT me-
dia with arbitrary orientation of the symmetry axis. The
analysis was restricted to a homogeneous TI layer above
a planar horizontal or dipping reflector; it was assumed
that the symmetry axis is confined to the dip plane. To
gain insight into the the dependence of the quartic move-
out coefficient on the model parameters, we simplified
the exact expression by linearizing it in the anisotropic
parameters. The derived weak-anisotropy approximation
is proportional to the anisotropic “time-processing” pa-
rameter 77 & € — J, so the magnitude of nonhyperbolic
moveout increases as the model deviates from elliptical
(e =19).

While the azimuthal dependence of A4 is a rather
complicated function of the reflector dip ¢ and the tilt
v of the symmetry axis, the expressions for the quartic
coeflicients in the “principal” (dip and strike) directions
are relatively simple. In particular, the strike component
of A4 depends solely on the difference between the dip
and tilt rather than on their individual values. The mag-
nitude of the dip component is proportional to cos® ¢,
so it rapidly decreases with ¢. For a fixed dip, the dip-
line quartic coefficient vanishes for two values of the tilt
between 0° and 90°.

It is well known that the azimuthal dependence of
NMO velocity typically has a simple elliptical form. Our
results show that the azimuthal variation of the quartic
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coefficient in tilted TI media may be more complicated,
sometimes with A4 vanishing in several azimuthal direc-
tions. The azimuthal positions of the zeros of the quar-
tic coefficients and the signs of A4 in different azimuthal
sectors are largely governed by the tilt v and reflector
dip ¢ (n plays the role of a scaling coefficient). In realis-
tic heterogeneous media, nonhyperbolic moveout is also
caused by vertical and lateral velocity gradients, but ani-
sotropy usually makes the most prominent contribution
to A4 (Alkhalifah, 1997). In particular, the azimuthal
dependence of nonhyperbolic moveout over a medium
containing a tilted TI layer should be well-described by
the equations given in this paper.

In the important special case of the symmetry axis
orthogonal to the reflector (¢ = v), the quartic coefficient
goes to zero only on the dip line of a vertical reflector.
For this model, the strike-line A4 is independent of dip
(and tilt) and has the same value as in VTI media, while
the dip-line A4 decreases with dip as cos? ¢. Therefore,
the magnitude of nonhyperbolic moveout for ¢ = v is
significant mostly for azimuthal directions close to the
reflector strike. If the medium is VTI and reflector dip is
mild (¢ < 30°), A4 is negative for all azimuths, and its
magnitude increases away from the dip direction. For a
30° dip, nonhyperbolic moveout in VTT media vanishes
on the dip line, which agrees with existing numerical
results (Tsvankin, 1995, 2001). If the dip exceeds 30°,
A4 goes to zero in two different azimuths that do not
coincide with either strike or dip directions.

For purposes of anisotropic parameter estimation,
moveout equations have to be rewritten in terms of the
ray parameter p that can be determined from reflection
slopes on zero-offset (or stacked) sections. The dip com-
ponents of both A4 and NMO velocity expressed through
p depend on the same three parameter combinations in-
volving 7, v and the NMO velocity from a horizontal
reflector. This result and the high sensitivity of the az-
imuthal signature of A4 to the symmetry-axis orientation
indicate that P-wave nonhyperbolic moveout may pro-
vide valuable information for velocity analysis in TTI
media. Although the trade-off between Vimo and Ay
makes quantitative estimates of the quartic coefficient
relatively unstable (Grechka and Tsvankin, 1998a), the
azimuthal variation of the sign of A4 and the directions
of vanishing or small nonhyperbolic moveout should be
detectable from wide-azimuth reflection data.
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APPENDIX A: Derivation of the quartic
moveout coefficient

Here we develop a general analytic expression for the
quartic moveout coefficient A4 by extending the ap-
proach employed by Grechka and Tsvankin (2002) in
their analysis of NMO-velocity surfaces. Suppose the tra-
veltime of a certain pure (non-converted) reflected wave
is recorded on the CMP line oriented parallel to the unit
vector L. The coordinates of the source S and receiver R
are defined by the vectors y - h and y + h (Figure 1),
where y corresponds to the midpoint, and the half-offset
vector h can be represented as

h = hL = h[L1, L»,0). (A1)



The reflection point for a given source-receiver pair can
be described by

X = [.’L‘1,.’II2,Z(-’L‘1, -1‘2)] (A2)

The two-way traveltime can be written in terms of the
one-way traveltimes 7 of the downgoing and upgoing
waves:

t(y,h,x) = 7(y —h,x) + 7(y + h, x). (A3)
Then the zero-offset traveltime is
ty = T(y -0, xo) + T(y + O,XO) = 2T(y7x0) = 27—0,(A4)

where 7, is the one-way zero-offset traveltime, and x,
defines the zero-offset reflection point.

To obtain the quartic moveout coefficient, we ex-
pand the two-way traveltime in a Taylor series with re-
spect to the half offset h in the vicinity of the CMP
location (h=0):

h2
2!
h=0
h4
e (A9)

h=0

dt

dt Lit)
dh

t(h,L) = s

h+
h=0

e, dt
317

21, +

@
dh3

h=
For a pure (non-converted) reflection mode, ¢ is an
even function of h because the traveltime remains the
same when the source and receiver are interchanged.
Therefore, the odd derivatives of ¢ can be dropped from
equation (A5), which leads to
d’t n®  d't
dh?| 20" dn4

h=0

h4
Lt (A6)

h=0

t(h,L) =21, +

The second derivative of the traveltime was obtained
by Grechka and Tsvankin (2002) as
d’t %t o’t  dzn
k2 = B0 Y Bhdzn dn T
where £ = 1,2 and m = 1,2. By differentiating equa-
tion (A7) twice with respect to the half-offset h, we find
the fourth derivative of ¢:

(A7)

't d't
dht = Oh,0hydh,dh,
8%t Oz,
0%,0h,Ohy, Oh2
o't 0xp
+ 32,0he0hmoh, oh LeLmln
ot o0z,
NV T T T TR
+ 7841: %(%—mlzk
Ohdz,0%,m0h;, Oh Oh
9%t 0 [0z, Oxm
(3 ) &

t 92.02,,0h Oh \ Oh Oh

LyLiLpmLy,

+3 LyL,,

Quartic moveout coefficient 11

9%t  Pxm
dxmOhy, Oh® *

L Ot 0w O
0xn0rmOhy Oh Oh

Since not only the traveltime, but also the ray tra-

Ly . (A8)

jectory stays the same when the source and receiver are
interchanged, the vector x is an even function of h:

x(Y: hL) = x(ya _hL) ) (AQ)
and

dx d®x

% ho = % o = 0. (A].O)

Taking equations (A10) into account, the derivative
d*t/dh* [equation (A8)] at the CMP location (h = 0)
becomes

d*t 8%t
- = LyLyLy,Ly,
dh*|, _ "~ 0hyOhkOhmdhn |,
%t %z,
+3 LiLy, . (A11)
02,0hk0h |, _ 0K |, _

Introducing the offset X (X = 2h) and the one-way
traveltime 7 and using the results of Fomel and Grechka
(2001), equation (A1l) can be rewritten as

d*t
ax*

_ l 647'0
x—o 3 0YpOYyrOYmOyn

3 2
3 8n (Ba:n )LkLm_
h=0

t 8 9220us0ym \ B2

To express the derivative 8%z, /0h? in terms of the
traveltime, we use Fermat’s principle expressed in the
following form (Grechka and Tsvankin, 2002):

ot .
oz, = 0, (¢=1,2).

Differentiating equation (A13) twice with respect to h
yields

LyLiLyLy,

(A12)

(A13)

3
T e
2 2
+ axakgwn heo %IT;C o =0, (A14)
and
3
ayp??y:bmn Lol
2 2
315;" (%,ff h_o) =0. (A15)

Combining equations (A12) and (A15), we find
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d4t 1 847'0
= —--—F——F——F—L,LxL,L,
x4 X—0 8 OYpOYLOYmOyn F
_ § (937'0 (927'0 !
8 6$iaykaym (93:7;6.%]‘
837'0
————LyLyLyLy, . Al
070y 0yn g i (416)

After the fourth traveltime derivative has been de-
rived, the quartic moveout coefficient can be obtained
from the Taylor series (A6). Introducing the offset X =
2h into equation (A6) and squaring the first three terms
of the series leads to

d’t
270 + —— =
CIFCE

x* ) ?
2

Keeping only the quartic and lower-order terms in
X reduces equation (A17) to

2
t*(X,L) =~ X

d*t

+ x4

(A17)

t2(X,L) & Ao + A2 X7 + Ag X" (A18)
where Ay = 473, A = 1/V. 200 (L), and
T0 d4t 1
Ay = — ey (A19)
6 dX*|, _ 1675 Viimo(L)

Vamo (L) is the NMO velocity on the CMP line L given
by Grechka and Tsvankin (2002). Substituting the deriv-
ative d*t/dX* from equation (A16) into equation (A19),
we find the final expression for the quartic coefficient:

E 847'0
48 0YpO0YrOYm OYn

T0 837'0 827'0 !
16 0r;0Yr0Ym (Bxiaxj)
837'0
0z;0y,0yn
1
16 7 Vimo (L)

Ay = L,LyL; Ly,

LiLyLyL,

+ (A20)

APPENDIX B: Weak-anisotropy
approximation for the P-wave quartic
moveout coefficient in tilted TI media

We consider a homogeneous transversely isotropic layer
above a plane dipping reflector and assume that the sym-
metry axis (unit vector c) lies in the dip plane (Fig-
ure B1). Without losing generality, the x1-axis can be
aligned with the dip direction, so that the vector c is
given by

Figure B1. Reflected wave is recorded above a homogeneous
TI layer with a dipping lower boundary. The symmetry axis
is contained in the dip plane [z1,z3] but may be tilted away
from the vertical at an arbitrary angle v.

¢ = [sinv,0,cosv]. (B1)

The zero-offset ray should be confined to the dip
plane that represents a vertical plane of symmetry for
the whole model (Figure Bl). The two-way traveltime
between the common-midpoint y and the reflector in a
homogeneous medium is simply

t(y11y2:$17m2)
_2y/(m1— 1)’ + (@2 — 42) + 22 (w1, 32)
B Vo (y1, 92,1, 22) '

Here z(z1,x2) defines the
V4 (y1,y2,x1,x2) is the group velocity. Using the weak-

(B2)
reflecting plane, and

anisotropy approximations for the P-wave group velocity
and group angle in TT media (Tsvankin, 2001), V; can
be found as

Vo
4
—ncos 2v(2 cos” bsin® a + sin® asin® b — 1)

+ 1 cos bsin 2a sin 2v)] , (B3)

Vg = [4 +m(—8 — e — nsin® asin’ b

where we denoted

VvV —21)% + (y2 — 22)°

sina = , (B4)
\/(yl —21)2 + (y2 — x2)%2 + 22

cosa = i , (B5)
\/(yl —21)2 + (y2 — x2)%2 + 22

sinb = (y2 — 2) , (B6)
V1 —21)% + (y2 — 2)°

cosb = (b —21) ) (B7)
\/(yl —21)? 4+ (y2 — x2)?

m = —1-—sin’asin®b



—cos 2v (—1 + 2sin® acos® b + sin” asin® b)
+ cosbsin 2asin 2v . (B8)

The parameters used in equation (B3) are introduced in
the main text. Since the zero-offset traveltime needs to
satisfy Fermat’s principle, the minimum value of ¢ cor-
responds to the coordinates of the zero-offset reflection
point x§°> and :cgo). This implies that the derivatives of
t(y1,y2, %1, x2) with respect to z1 and x» should vanish

at the point [xgo), xgo)]:

Ot(y1, 42, ¥1,22) -0 (B9)
0z, [+, 2] ’
1 72
9t(y1, Y2, 21, 2) =0. (B10)
O [E(O) m<0)]
1 72

Equations (B9) and (B10) can be used to relate the
CMP coordinates y;1 and y2 to the coordinates :cgo) and
:cgo) of the zero-offset reflection point. Substituting equa-
tions (B2) and (B3) into equations (B9) and (B10) and
dropping quadratic and higher-order terms in the aniso-
tropic coefficients yields
sin 2(¢p — v)

yn = z[0+n—mncos2(¢—v) o2

(B11)

+ ztanq&—}—x&m ,

Yo = 2. (B12)

Using equations (B2), (B11) and (B12) to evaluate
the derivatives in equation (A20), we obtain the following
linearized approximation for the P-wave quartic move-
out coefficient:

2
AT = = [Fla, ¢, v) + €, (B13)
PO " PO

where C = 9/64 is a constant, and

Fla, ¢, v) = % [—24 cos2a
+6 cos 4a + 8 cos(6¢ — 4v)
+4 cos 2(a — 2v) — 4 cos(4a — 2v)
+24 cos2(¢ — 2v)
+12cos2(a+ ¢ —2v)
+8cos 2(a + 2¢ — 2v)
+4cos2(a + 3¢ — 2v)
+cos4(a —v) + 32 cos 2(¢p — v)
+32cos4(¢p —v) — 16cos2(a+ ¢ —v)
+8 cos 2v + 6 cos 4v
+cosd(a + v) —4cos2(2a + v)
—16cos2(a — ¢ + v) + 4cos 2(a + 2v)
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+4cos2(a — 3¢ + 2v)
+8cos 2(a — 2¢ + 2v)
+12cos2(a — ¢ + 2v)].
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(B14)
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