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ABSTRACT

In terms of ray theory, the focus point (also related to caustics and triplications)
is the point in space where the ray position is stationary for perturbations
in the initial condition. Criteria for the formation of caustics are presented.
With ray perturbation theory, a condition for the development of triplications
is defined for plane wave sources and for point sources. This theory is then
applied on two cases of slowness media; 1-D slowness perturbation models and
2-D Gaussian random media. The focus position in 1-D slowness models is
proportional to the inverse of the square root of relative slowness fluctuations.
For Gaussian random media, the distance at which caustics generate is depen-
dent on the relative slowness perturbation in a power of minus two thirds. It
is shown with snaphots of propagating plane wavefields that caustics develop
as predicted by theory. The theory for caustic formation can be generalised to

three dimensions.

1 INTRODUCTION

In terms of ray theory, the concept of caustics is under-
stood as the focus point in space through which rays
go. The consequence of the generation of caustics in a
wave field is, in the ray geometrical limit, that the am-
plitude in the wave field is infinitely high at the focus
point because the geometrical spreading factor is zero
at the caustic point (Aki and Richards 1980, Menke and
Abbot 1990). This phenomenon is investigated by sev-
eral authors; White et al. (1988) use limit theorems for
stochastic differential equations on the equation of dy-
namic ray tracing to predict when caustics start to de-
velop in Gaussian random media. Kravtsov (1988) gives
a thorough description of caustics. Brown and Tappert
(1986) use Chapman’s method to write explicitely the
variation of 2-D and 3-D wavefields in the vicinity of
focus points. They set up three properties of transient
wavefields away from caustics; the most important char-
acteristic of transient waves through caustics is that the
triplication will generate after the ballistic wavefield due
to causality.

A new theory for caustic formation is presented.

This theory is based on ray perturbation theory but
is formally equivalent to dynamical ray theory as used

in White et al. (1988) because the normal derivative
of the equations in ray perturbation theory is identical
to the equation of dynamic ray tracing (Pulliam and
Snieder 1998). In contrast to the treatment of White et
al. (1988) this application is not restricted to random
media.

In section 2, the general theory for caustic forma-
tion of wave fields emitted by plane wave sources and
point sources is presented. The theory is then applied on
a 1-D slowness perturbation medium and a 2-D Gaus-
sian random medium for both plane wave sources and
point sources. The results for the 2-D Gaussian ran-
dom medium are similar to those found in White et al.
(1988). In section 3, the theory for caustic formation
is tested on numerical experiments where a plane wave
field propagates in a 1-D slowness perturbation field and
in a 2-D Gaussian random medium.

2 THEORY

We demonstrate how the focal length of converging wave
fields in 2-D slowness perturbation fields can be com-
puted. First, we derive the general theory for two dis-
tinct source geometries; the plane wave (plw) source and
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Figure 1. Definition of the geometric variables for an incom-
ing plane wave in a 2-D medium with a constant reference
slowness. There is one horizontal reference ray at z and an-
other one at z + dz. The caustic develops at the intersection
point of the two perturbed rays.

the point source (ps). Second, we apply this theory on
two case studies; 1-D slowness perturbation fields and
2-D Gaussian random media. The presented theory for
caustic formation can be generalised to three dimen-
sions.

2.1 General Theory

We make use of ray perturbation theory (Snieder and
Sambridge 1992) and separate the ray into a reference
ray and a perturbed ray. The slowness field v = uo +wu1,
is decomposed into the reference slowness field up and
the slowness perturbation field ui. The reference slow-
ness uo is kept constant in this work which means that
the reference ray is a straight line. The perpendicular
deflection from the reference ray to the perturbed ray
at propagation distance zo is denoted by g(zo).

First, the case of an incoming plane wave is treated.
Imagine two horizontal reference rays with slightly dif-
ferent initial positions. One reference ray is at the po-
sition z while the other reference ray is at the position
z + 6z. See Fig. 1 for a definition of the geometrical
variables. For each reference ray there is a perturbed
ray due to the slowness perturbation in the medium.
The condition for caustics, that is to say that the two
perturbed rays intersect, gives the following equation:

q(x0,2+d2) + 2z — q(x0,2) = 0, (1)
or

0z 52—0 0z

Snieder and Sambridge (1992) show how the per-
pendicular ray deflection g(zo) from the reference ray
can be computed given the slowness perturbation u;

u1

ateo) = [ Glanolor ()i, 3)

uo

with 9, the component of the gradient perpendicular
to the reference ray so that

o) = [ Glan) 37 (1) @, (@

for a horizontal reference ray. The Green’s function
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has the boundary conditions, G(0,z) = G(0,z) = 0.
The condition for caustics in Eq. (2) contains the par-
tial derivative of g(xo) with respect to z. Using Eq. (4)
together with the condition for caustics in Eq. (2) at
given z, we find that caustics are formed at zo when

(5)

ux

" Gaoe) L (1) (@)de = —1. 6)
o 022 \wo

Second, the point source case is considered. We in-
vestigate the generation of caustics developing for rays
that leave a point source with the azimuth ¢. Assume
again that two reference rays with slightly different ini-
tial positions are emitted from the source. One reference
ray is sent in the direction ¢ + dp/2, while the other
reference ray is emitted in the direction ¢ — d¢/2. The
distance between the reference rays is given by zode.
The condition that the two perturbed rays cross each
other leads to the following equation:

1 1
(o, ¢ + 50p) + z0dyp — a(z0, ¢ — 509) =0, (7)
or

1 0q _

x_()%(%) =-1 (8)

Using 01 = (1/z)(0/0¢p) in Eq. (3) the perpendic-
ular ray deflection to the reference ray is derived. Hence

o 10 (w
seo) = [ Glana)g 2 (2) @i )
The Green’s function in Eq. (9) for the reference ray
with the azimuth ¢ is the same as in the case of incoming
plane waves which is stated in Eq. (5). With Eq. (9)
combined with the condition of caustics in Eq. (8) at
given z, we get that caustics generate at o when

T 2
xio 0 G(mo,m)iaa—spz (Z-é) (@)de = —1. (10)

The second derivative of u1/uo with respect to the
transverse coordinate is an important quantity. It re-
flects that it is the curvature of the relative slowness per-
turbation that generates caustics. For example, negative
8% /02% (u1/uo) and 820> (u1 /uo) lead to focusing of
wave fields, whereas in areas with defocusing effects the
two quantities are positive.

2.2 A medium with 1-D Slowness
Perturbations

The focus position of a plane wave propagating in a
medium with a constant reference slowness field ug and
1-D slowness perturbations u1(z) can be computed an-
alytically. The reference ray in such a medium is a
straight at given z. The condition for caustics in the



case of incident plane waves given by Eq. (6) can be
used to determine when caustics start to generate at
the offset 2%, at given z. The integration in Eq. (6) is
carried out from 0 to z2%,. Hence
plw _ —2
xcaus(z) - 92 Jui~s N (11)
2 (1) (2)

The focal distance zZ%;,, of wave fields emitted by
point sources is easily derived from the condition for
caustics in Eq. (10). The second derivative 8%/0¢* =
2°9%/82> which permits an evaluation of the integration
in Eq. (10) in the range from 0 to z%;,,. Thus
20ue(2) = | . (12)

W(ﬁ)(z)

The distance between the source and receiver is de-
noted L. If z%.%/P* () < L, triplications will be present
in the recorded wave field.

2.3 Gaussian random media

Secondly, we discus the formation of caustics in Gaus-
sian random media. The auto-correlation function F(r)
of a Gaussian random medium is given by

F(r)

< ui (1‘1)111(1‘2) >
= (ew)’exp(—=3), (13)

where ¢ is the rms value of the relative slowness pertur-
bations, a denotes the correlation length (or roughly the
length-scale of slowness perturbations) and r = |ry —r|.
Notice that the reference slowness is biased in a realisa-
tion of a finite Gaussian random model (e.g. Miiller et
al. 1992). However, this artifact does not lead to focus-
ing or defocusing effects because the shift in reference
slowness only affects the slowness field on average, but
not the derivatives of the slowness.

According to Eq. (2) caustics develop in a plane
wave field when 0q/0z = —1. This implies that on av-
erage in a random medium caustics develop when

< (%)2 (o) >=1, (14)

where < ... > is the expectation value. For this reason
the following quantity is used to monitor the formation
of caustics.

plw — aq ?
H (.TO) = < - ((L’O) >,
- / / G(z0, )Gz, "
a n 1
8 211,1(95' )—ul( ) > dz'dz'(15)
The monitor is zero at the source position and
HP"™(z9) = 1 when caustics start to develop at the

offset zo according to Eq. (14)
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We follow the same method as used in Roth et al.
(1993) to evaluate the right-hand side of Eq. (15). First,
the expectation value of the slowness perturbation field
differentiated with respect to z twice at the offset =’ and
z”, respectively, in Eq. (15) is expressed in a simple
form containing the characteristic parameters for the
Gaussian random medium. The following expression is
evaluated on the horizontal reference ray zo.

82 2 "
< gzml, z) U (27,2) > ez
4 ! ! " n
=< 9707 wi(x, 2 )ui(x”,2") > |prmpr =2y
d'F(r)
= T i (10)

The auto-correlation function F(r) is differentiated
twice with respect to 2’ and 2"’ in Eq. (16), which gives

0°F(r) |z,_2“_20 — i (F”("') _ @) |Z/:ZII:ZO. (17)

82'%202"* 72
The prime and double prime of F(r) signifies a single
and double differentiation with respect to r. Using the
auto-correlation function F(r) in Eq. (13) for Gaussian
random media the left-hand side of Eq. (16) is finally
written as

2 / 82 "
< @Ul(m ,z)Ful(m 12) > |a=z0

— 12 6“0) exp(— (2)2). (18)

The right-hand side of the monitor for plane waves in
Eq. (15) can be simplified further. Define

_ (92 ! 82 n
f(r) =< @Ul(ﬂc ,Z)@Ul(x 12) > |a=z0, (19)
where r = |z’ — 2| and
n(z’a:”'”) = G(zo,x')G(xo,z”)
= zo+2'z" - zo(z' + ). (20)

We then derive from Eq. (15) that
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for £’ and z" smaller than xo. Using the integration
technique in Roth et al. (1993) the expression for the
monitor in Eq. (15) is simplified further. The details of
this integration method are explained in appendix A;
here we just give the results. The double integration in
Eq. (21) from 0 to z¢ is changed to an integration from
0 to xo of the function f(r) in Eq. (19) multiplied by a
summation of two integrations of n(z’,z") in Eq. (20)
from r to zo and from 0 to zo — r, respectively. In brief,
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Eq. (21) is written as

/Owo drf(r)[/jo n(z’, ' — r)da’
+ /Omo—r n(z' ' + r)de’]. (22)

The solution to the two integrations of n(z’,z") inside
the rectangular brackets are computed analytically.

T ro—1
/ (', x' —r)de’ = / n(z' ' + r)de’
” 0

= %mg ;m% + ér (23)
The expression for the function f(r) in Eq. (19) and for
the integration of n(z’, =) in Eq. (23) are used together
with the expression for the monitor in Eq. (15). Hence
the monitor for plane waves propagating in a Gaussian
random medium simplifies to

P02z — agr + 37°)

x exp(— (Z)*)dr. (24)

By letting xo go to zero in Eq. (24) it is easy to verify
that HP'*(0) =0

Assume first that the propagation length is less
than the correlation length, i.e. zo/a < 1. The expo-
nential function is set to unity in this regime and the
integration of the right-hand side of Eq. (24) is carried
out directly. Hence

H"™(z0) = 125

4
HP™ (20) = 3¢ (?) <1, (25)
which reflects that caustics are not formed in this

regime.

Suppose instead that the propagation distance is
much greater than the correlation length, i.e. zo/a >
1. We can then compute the analytical solution of the
monitor in Eq. (24) by letting the range of integration
go to infinity because the exponential in the integrand
approaches zero for r > a. Thus

2 [e] 2 3

1
lew (.’1}0) ~ 12? A (5.’1}0 — .’II%’I" —+ 57"3)

x exp(— (2)2)dr
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125 - e
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We have made use of the assumption that zo/a > 1 to
eliminate the last two terms in the brackets of Eq. (26).
Let L denote the source-receiver offset. We then derive
the non-dimensional number L/a from Eq. (26) in the
case that caustics develop at zo < L. Hence by using
HP'"™ (L) > 1, we get that

L e 23 23,

=2 CNGEC 0.52 (27)

For a point source the generation of caustics can be
evaluated along similar lines. The monitor H?*(zo) is
defined in the same way as the monitor for plane waves
except that the condition for caustics formation in Eq.
(8) for point sources is applied. Thus

H"*(x0)
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According to Eq. (8) caustics develop at the offset zo

when the monitor in Eq. (28) is equal to one. The

mean value < aigul( ’)ai;gul(z”) > is related to

< (;922 w1 (x ')(;9—22 1(z'"") > by using the chain rule that

0 _0p 0 10
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because z = z for small values of . Thus
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The procedure used for the derivation of the mon-
itor for plane waves is repeated for the monitor
for point sources. The only difference from the pre-
vious example is that the function n(z’,z"”) =
G(.’IJO,.’II)G(JIO .’L‘”).’L" noo__ x%x'w” +( / 11)2 —.’Iio(wl +
x)z’'z"”. The final result of the rather long derivation
of the monitor for caustic formation in the point source
case is given by

T 4 4 77

ps _ L+ 3_ = 2 =3 L+t

H(wo) = 12(14 o (B3 R )
r\2

x exp(— (E) )dr. (31)

By letting zo go to zero it can be shown that H?®(0) = 0.

Similar to Eq. (25), it can easily be shown that
triplications due to point source wavefields do not gen-
erate when the length-scale of heterogeneity is greater
than the source-receiver distance. Assume instead that
zo/a > 1 and carry on just like in the case of incident
plane waves. The analytical expression of the right-hand
side of Eq. (31) is given by

HP (20) = @8 (%)3 (32)

The non-dimensional number L/a for the condition
that caustics develop in the recorded wave field is de-
rived from Eq. (32), thus the condition that H?*(L) > 1
gives that

L (L)I/S e =112 3 (33)
a =~ \ 27 o '

It is instructive to compare Eq. (27) for plane waves
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Figure 2. The 1-D slowness field with € = 0.035 is shown in a). The focal distance (solid line) of a plane wave field is calculated
as function of depth in b). Notice that the incoming plane wave field is focusing in regions with positive slowness perturbations
and it is being defocused when the slowness perturbation is negative.

and Eq. (33) for point sources with estimates obtained
by White et al. (1988). They use limit theorems for
stochastic differential equations on the equation of dy-
namic ray tracing in Gaussian random media to calcu-
late the probability that a caustic occurs at a certain
propagation distance. In Fig. 4 and 5 of White et al.
(1988), they demonstrate universal curves for the prob-
ability of caustic formation as a function of the universal
distance defined as

7= (8m)"/5 3%, (34)
where we have made a change of symbol from White et
al. (1988) by using € for the relative rms value of slow-
ness perturbations and L for the propagation distance
of the wave field. This means that in the theory of White
et al. (1988) caustics develop when the non-dimensional
number L/a is given by

L T —2/3

This expression has the same dependence on € as the
condition for caustics in Eq. (27) and (33).

According to Fig. 4 and 5 of White et al. (1988) the
highest probability for generation of caustics for plane
waves is found for ¥ = 0.9 and for point sources 7 = 1.9.
By inserting the appropriate value of 7 into the factor
7/(87)'/6 from Eq. (35), we find that the factor is 0.53
and 1.11 for the case of plane waves and point sources,
respectively. Comparing these two numbers with the
corresponding factors in Eq. (27) and (33), we see that

there is a good agreement between the work of White
et al. (1988) and our work.

Although we have derived the condition for caus-
tics due to plane waves and point sources in two dimen-
sions, the theory for caustics can be generalised to three
dimensions. In 3-D, the equation for the ray perturba-
tions ¢1 and ¢» in the directions perpendicular to the
ray decouples for a homogeneous reference model and a
coordinate system that does not rotate around the refer-
ence ray (see Eq. (50) of Snieder and Sambridge 1992).
The condition for caustics in Eq. (2) and (8) for plane
waves and point sources, respectively, can be applied to
the ray perturbation in two orthogonal directions sep-
arately. For example as it is shown in appendix B, the
non-dimensional number L/a for the point focus in 3-D
Gaussian random media is given by Eq. (27) for plane
waves and by Eq. (33) for point sources. Notice that
in 3-D a caustic is not necessarily the same as a point
focus. A caustic can in that case also be a line of fo-
cus points, whereas a focus point, as the word says, is
located at a point.

3 NUMERICAL EXAMPLES

In this section, numerical examples of caustic formation
of plane wave fields are shown for two distinct media;
A 1-D medium with the slowness perturbation field de-
scribed by u1(z) = V2euosin((z + 2z0)*/k), and a 2-D
Gaussian random medium with the slowness perturba-
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tion field described by Eq. (13). The quantity uo is the
reference slowness which is constant for all numerical ex-
periments shown in this paper. The rms value of relative
slowness fluctuations is denoted by e. The parameters
2o, k and e are appropriate values to adjust the media
such that the development of triplications is significant.

In Fig. 2a, the 1-D slowness medium with zo = 350
m, k= 1.510"° m* up = 2.5 107* s/m and € = 0.035 is
plotted. It is seen in that figure that the slowness field
changes more and more rapidly as function of z. In Fig.
2b, the focal distance of a plane wave field propagat-
ing in the 1-D slowness medium as shown in Fig. 2a is
computed by using Eq. (11). The offset from the source
position is plotted on the abscissa while the depth at
which caustics start to develop is plotted on the ordi-
nate. The focal distance of the converging, plane wave
field is shown with the solid line. Notice that there are
zones with defocusing of the plane wave field which is
manifested in Fig. 2b between 120 m and 205 m, be-
tween 265 m and 305 m, between 350 m and 380 m,
etc... In these zones the wave field propagates through
a zone with a positive curvature of the relative slowness
perturbation, so caustics do not develop. Thus the focal
distance is infinite. The curvature of the relative slow-
ness fluctuations increases as function of z, so the focal
distance of the converging wave field decreases as depth
increases.

In Fig. 3, snapshots of a plane wave field propa-
gating through the 1-D slowness perturbation field with
the same value of zg, k, uo and € as for the 1-D medium
in Fig. 2a are shown. The snapshots are produced with
a finite difference solution of the acoustic wave equa-
tion. The central frequency is 1000 Hz, and the applied
source function is a Ricker wavelet. The snapshots are
registered for every 5 ms with the first snapshot at the
source position and the last snapshot at about 100 m
offset. Positive amplitudes are dark while negative am-
plitudes are bright. The first triplications are visible in
the snapshot at ¢ = 10 ms (~ 40 m) at depths below
500 m as the wavefront contains large positive ampli-
tudes. In the snapshots for ¢ = 15 ms (~ 60 m), 20 ms
(~ 80 m) and 25 ms (~ 100 m), the triplications gener-
ated in the wave field are very clear as they give rise to
a half bowtie-formed wave after the ballistic wavefront.
Comparing the theoretically predicted minimum focal
distance of the converging wave field in Fig. 2b with the
offset at which triplications start to develop in the wave
field in Fig. 3, we find that there is good agreement be-
tween the presented theory for caustic formation and
the numerical 1-D experiment.

In Fig. 4, snapshots of a plane wave propagating
in a 2-D Gaussian random medium with the reference
slowness ug = 2.5 10~ s/m, the relative slowness fluc-
tuation € = 0.025 and the correlation length ¢ = 7.1 m
are presented. The central frequency is 1000 Hz, while
the Ricker wavelet is applied as source impulse. The
10 snapshots are computed for every 2.5 ms, where the
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Figure 3. Snapshots of plane wave propagation in the 1-D
slowness perturbation model with ¢ = 0.035. The absolute
travel times ¢ = 0, 5, 15, 20, 25 ms are marked at the respec-
tive wavefronts. Caustics become very clear after the ballistic
wavefronts for ¢ = 15, 20, 25 ms.

first snapshot is taken at the initial wavefront and the
last snapshot is taken at about 90 m offset. In the up-
per and lower part of the plane wavefronts in Fig. 4, a
circular wave due to diffraction at the edge of the nu-
merical grid can be seen. Inserting the appropriate value
for € into Eq. (27) the non-dimensional number L/a =
6.1 for the development of triplications in the Gaussian
random medium is found. The expectation value of the
offset at which caustics start to generate is then L =
43 m for @ = 7.1 m. In Fig. 4, no triplications are ob-
served in the wavefront at ¢ = 0 ms, 2.5 ms and 5 ms,
i.e. at approximately 0 m, 10 m, and 20 m, respectively.
Then for t = 7.5 ms (~ 30 m) and 10 ms (~ 40 m)
the multipathing that is associated with the formation
of caustics can be seen as a minor wave field after the
ballistic wavefront. This generation of minor wave fields
delayed compared to the ballistic wavefront is neither
due to uncertainties in the FD-code nor due to scat-
tering effects (for the employed wave A/a = 0.5) but
because of caustic formation. For the last 5 snapshots
at t = 12.5 ms (~ 50 m), 15 ms (~ 60 m), 17.5 ms (~ 70
m), 20 ms (~ 80 m) and 22.5 ms (~ 90 m) triplications
are developing rather strongly after the wavefront. The
maximum amplitude variation along the wave field for
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Figure 4. Snapshots of plane wave propagation in the 2-D Gaussian random model with ¢ = 0.025 and a = 7.1 m. The absolute
travel times ¢t = 0, 2.5, 5, 7.5, 10, 12.5, 15, 17.5, 20, 22.5, 25 ms are marked at the respective wavefronts. Caustics develop in
the wave fields for ¢ larger than or equal to 7.5 ms. The maximum amplitude variation along the wave field for each wavefront
is shown with the white solid line. Notice that the colour in the wavefronts gets darker when the maximum amplitude is at a
peak. The bar in the upper right corner shows the percentage variation of the maximum amplitude in the perturbed slowness
model compared with the reference amplitude computed in the constant reference slowness model.

each wavefront is plotted with the white solid line in Fig.
4. For the initial wavefront at £ = 0 ms, the amplitude
is constant, while the maximum amplitude along the
wave field varies with increasing extrema for the wave-
fronts for larger ¢. The bar in the upper right corner of
Fig. 4, shows the relative percentage of the amplitude
variations in the perturbed slowness model compared
with the reference amplitude computed for the homoge-
neous reference slowness model. Notice that the largest
positive values of the maximum amplitude along the

wavefronts correspond to the parts of the wavefronts
with darkest colour while the negative amplitude varia-
tions are shown with bright colours. Witte et al. (1996)
use the kinematic ray-tracing equation to construct a
ray-diagram for a Gaussian random medium with fixed
e = 0.03, but with different values of the correlation
length a. Using Eq. (27) with ¢ = 0.03, gives the non-
dimensional number L/a = 5.4. Looking at the top panel
in Fig. 4 of Witte et al. (1996) for L/a = 10, it is seen
that the first caustics generate at z = 5-6 which corre-
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sponds well with the theoretical value computed with
Eq. (27).

4 CONCLUSIONS

In this paper, we develop a theory for the formation of
caustics. The theory is based on ray perturbation theory,
but is equivalent to a similar approach by White et al.
(1988) where the equation of dynamic ray tracing is
used to predict when triplications develop in Gaussian
random media.

We have applied the theory for the generation of
caustics in two case studies (i.e. 1-D slowness perturba-
tions fields and 2-D Gaussian random media) where the
plane wave source and the point source are taken into
account. The theory for caustic formation can be gen-
eralised to wave fields propagating in 3-D. We find that
the formation of caustics for 1-D slowness perturbation
fields depends on the inverse of the square root of the
relative slowness perturbation, while for Gaussian ran-
dom media the formation of caustics is dependent upon
the relative slowness perturbation in a power of minus
two thirds.

ACKNOWLEDGEMENTS

We gratefully thank M. Korn and two reviewers, whose
comments helped us to improve the presentation of this
work. The investigations were (in part) supported by the
Netherlands Geosciences Foundation (GOA) with finan-
cial aid from the Netherlands Organisation for Scientific
Research (NWO) through the project 750.297.02. We
also thank Dr. K. Roy-Chrowdhury for supporting us
with the FD-code.

APPENDIX A: THE INTEGRATION IN
EQUATION (21)

In this appendix, the step from Eq. (21) to Eq. (22) is
demonstrated. The right hand side of Eq. (21) is written

as
*o ®o ! 1 ! 1 i 17
/0 / (@) f(le' —«")da'da”, (A1)

where

’ ey o 0’ ’ 0’ "
f(lz" —a7) =< ﬁ’lﬂ(ib’ az)@ul(w 1 2) > |z=z0, (A2)

and
(z',z") = G(xo, 2" )G(x0,z"). (A3)

The integration over z” in Eq. (Al) is split into one
integration over z” from 0 to z’ and another integration

a) X b) x
X0 7//

X'=r

—>

XO r

Figure Al. The integration technique which is found in
’

Roth et al. (1993). The area of integration for [5 n(z’,z’ —

r)f(r)dr and f(fofwl n(z',z' +7) f(r)dr in Eq. (A6) is shown

in a) and b), respectively.

over "/ from z’ to zo. Thus Eq. (A1) is rewritten as

’

/Omo dz’ [ /Om n(w',w")f(:c' _ :c")d:c"
+ / a2 - o)da"]. (A4)

Define now r = 2’ —z” and r = 2" — &’ for the first and
second integration over z” in the brackets of Eq.(A4)
and carry out a change of variables in the two integra-
tions over z” inside the brackets. The result is given

by
zo 0

dl _ ! I_ d
[ A = [ e s

’

+ /wo—w n(z',z' +r)f(r)dr]. (A5)
0

or
/de [/On(x,x —r)f(r)dr

’

* /Oﬁﬂ—m (@', ' +r)f(r)dr). (A6)

The integration over ' multiplied with the first and
second integration over r in the brackets of Eq. (A6)
corresponds to the triangle in the r-z’ plane as shown
in Fig. Ala and A1b, respectively. By changing the order
of integration in Eq. (A6), but still keeping in mind that
the double integration over r and ' must be over the
triangles as shown in Fig. Ala and Alb, it is possible
to rewrite the Eq. (A6) in the following way

/Omo dr | /Tmo (' &' —r)f(r)de’

" /owO_T (@', +r)f(r)da’]. (A7)

After rearranging the term f(r) outside the integration
over z’, the result is finally given by

/Oxo drf(r) | /jo n(z' &' —r)de’

zo—7T
+ / 0o +r)de], (A8)
0
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Figure A2. Estimation of the point focus in a 3-D medium.

which is the equation that is stated in Eq. (22).

APPENDIX B: CAUSTICS IN 3-D

Imagine that a plane wave field is propagating along
the x-axis with the decoupled ray deflections q1 and ¢
parallel to the y-axis and z-axis, respectively. See Fig.
A2 for the geometry. Using the results from Snieder and
Sambridge (1992), the decoupled differential equations
for the ray deflection coordinates are then given by

d? u1
—a¢=6-V|—], B1
dz? qi qi (UO ) ( )
where 7 = 1, 2. The ray deflections are gathered together
in the ray deflection vector g= (0,41, ¢2). The condition
for caustic formation in Eq. (2) is applied on each ray
deflection coordinate. Hence

0
Va(eo)= | -1 |, (B2)
-1

for a point focus at the offset zo. In order to deter-
mine when caustics develop in a 3-D Gaussian random
medium, the expectation value of Vq(zo) - Vq(zp) is
computed. Thus according to Eq. (B2) for a point fo-
cus, caustics develop when

< Vaq-Va > (5) =< (%—‘Iyl)z (20) + (%)2 (20) >

—< (%)2 (o) > + < (%)2 (20) >=2,

(B3)

at the offset xzo. For 2-D Gaussian random media, the
following result is derived;

HP"™ (z0) =< (%) (o) >=1, (B4)

when a caustic develops at the offset zo. According to
Eq. (26) H?'¥(x0) = 4v/m€*(x0/a)® for zo/a > 1. This
result can be used for each ray deflection g; separately,
so the monitors H?' (x0) and HE™ (xo) for q1 and ga,
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respectively, are defined as

H™(zo) = <(%—(Z> (o) > and
HZ™(z0) = <(%i) (20) >, (B5)

where HP™ (x0) = H™ (z0) = 4y/7e?(20/a). Combin-
ing Eq. (B3) with the monitors defined in Eq. (B5) it is
computed that

HY™ (o) + HY™ (z0) = 2, (B6)
or

2 (To\3 _
4y/me (?) =1, (B7)

for a caustic at the offset zo in a 3-D Gaussian random
medium which is also the result found for 2-D Gaus-
sian random media. Similarly, the result for caustic for-
mation due to a point source in 3-D Gaussian random
media is unaltered from the result in the 2-D case.
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