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ABSTRACT

An asymptotic inversion of seismic data in a heterogeneous isotropic elastic
medium is carried out using the Generalized Radon Transform (GRT). The in-
version is implemented in the scattering-angle/azimuth domain providing us
with a novel type of image gather: scattering-angle/azimuth gather (SAG).
These gathers are images of a specific subsurface location for varying range
of scattering-angles/azimuths and can be used for the purpose of AVA studies
and velocity analysis. We illustrate the method by two synthetic examples of a
geological setting with a gas cloud in the overburden.
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Introduction

The problem of imaging geological structures
through strongly heterogeneous overburdens has been
approached by different methods and with varying suc-
cess. Here we will focus on a specific kind of heterogene-
ity, namely the one of a gas cloud in the overburden.
This particular complication has a great impact on ma-
rine seismic acquisition since the P-wave speed is greatly
reduced when gas is present in the elsewhere water sat-
urated rocks. The lateral velocity variations can be pro-
nounced, and even though we use the term gas cloud,
the gas will more likely be distributed in zones made up
of various patches or layers. Then, not only the P-waves
are slowed down, but also extensive folding of the wave-
fronts will occur, something that needs to be taken into
account when imaging the data. In ocean bottom seis-
mic surveys some of these imaging problems have been
overcome by the use of converted (PS) waves. We em-
phasize that wavefront folding and multi-pathing occur
in other complex geological settings, also for example
sub-salt seismic imaging.

Conventional common-offset based imaging algo-
rithms perform poorly in the above mentioned situa-
tions. Here we will use the inverse generalized Radon
transform (GRT) to perform the imaging and inver-
sion. Several authors have treated the GRT inversion

procedure and pointed out the benefits of the method.
However, most authors transform the local geometry
at the image point that is inherent in the formulation
to the more conventional acquisition coordinate geome-
try (Beylkin & Burridge, 1990; Miller et al., 1987). In
this geometry, unfortunately, these approaches exclude
multiple rays between a given image point and a given
source or receiver at the surface, while the parameter-
ization in surface coordinates enforces the introduction
of a Jacobian, sometimes named the Beylkin determi-
nant (de Hoop et al., 1999).

In this paper, we present a GRT imaging algorithm
that can be used to process both conventional PP and PS
converted data. Based on a microlocal coordinate repre-
sentation of the seismic data, we present a data domain
in which we can carry out imaging and inversion in a
way that is consistent with the canonical relation that
governs the (linearized) inversion problem. By using the
phase directions (o, @) or, alternatively, the migration-
dip, scattering-angle and azimuth (v, 8,v), we are able
to parameterize the problem in a single-valued fashion
at the image point (de Hoop & Brandsberg-Dahl, 2000).
Using any of these domains we are able to unfold the
wavefield and correctly treat any conversion that takes
place at the image point.

Not only the ‘angles’ parameterization based migra-
tion improve the image, it is also useful in applications
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Figure 1. The multi-pathing between scatterer and receiver
is indicated with primed quantities.

such as 3D AVA, where we must work in image-point
coordinates. Further it allows for the removal of AVA ef-
fects and the creation of scattering-angle/azimuth gath-
ers (SAGs). These gathers can provide information about
the medium parameters (Ursin et al., 1996), and be used
in migration velocity analysis through a differential sem-
blance approach (Symes & Carazzone, 1991; Symes &
Carazzone, 1991). The SAGs will, depending on the cur-
rent background medium, have a uniform signature in
the reconstructed perturbation, and any residual move-
out or AVA effects can then be related to errors in this
background model. Also, the occurrence of migration dip
in the parameterization allows us to estimate of the local
geological dip, which procedure we will call dip focusing.

Though we set up the procedure for anisotropic me-
dia, we develop it for heterogeneous, isotropic elastic
media. Within such media we define a setting wherein
a remote scattering domain is illuminated with elastic
waves generated by a point source. The scattering is
linearized using the Born approximation, dividing the
medium into a known smooth background and an un-
known singular perturbation. In the smooth background
we propagate waves in the geometrical ray approxima-
tion (GRA). With the scattered field recorded by point
receivers on the surface, we invert for the unknown sin-
gular perturbation using the inverse generalized Radon
transform (GRT) for fixed scattering-angle and azimuth
at the image point. We illustrate the performance of our
method with to two synthetic data sets, mimicking the
ocean bottom seismics from the Valhall field.

Single-scattering volume integral

‘We consider wave propagation in an inhomogeneous

anisotropic solid. The wave equation for the Green’s ten-
sor gin(x, ', t) is

PO gin — 0;(Cijr1igrn) = dind(x — x')3(t) (1)
with
gm(w, mla t) = atgin (:1}, wla t) =0 (2)

for t<0 and & #a'.

Here gin(z,x’,t) is the displacement in the z; direction
at the point & = (z1,z2,2z3) due to a point source in
the z,, direction at the source position x’' = (z1, x5, z%).
In equation (2p(x) is the density and ¢;;xi () represents
the elastic stiffness tensor at the point x

The time-Fourier transform of the Green’s tensor

Gin(, ') = / gon (3, @', 1) explicwt]t, 3)
0

satisfies the equation

w2p Gin + 6,- (Cijklalen) = —Jiné(w - a:') . (4)

As a solution we shall use the geometric ray approxima-

tion (GRA)
Gip(z, @', w) = &(z)&p (2’

Here 7(z,z’) is the traveltime along the ray connect-
ing & with «’. The ray-theoretical displacement ampli-

YA(z, ') expliwr(x,z')] . (5)

tudes can be expressed in terms of the relative geometri-
cal spreading function described by the matrix @, along
the ray (Cerveny, 1995, eq.4.14.40)

Az, z') =

expl—ifsgn(w)o(2, o) ©
Am(p(z)p(x')V (z)V (2'))'/?| det Q,(z, =")|'/> -
This is in general a complex quantity where the integer
o(x,x') is the KMAH index that accounts for the phase
shifts introduced by any caustics along the ray, and the

determinant | det Q,(x, ')|*/? is the relative geometrical
spreading factor. The vectors &; and &, are the polariza-
tion vectors at the endpoints of the ray, and describe the
direction of the particle displacement. The polarization
vectors are normalized so that &¢& = 1. V(x) and V(')
are the phase velocities at © and &’ respectively.

We will discuss the geometry and rays needed to de-
scribe the two-way scattering process where a scattering
point  in the subsurface (D) is connected with a source
point 8 € S and a receiver point r € OR at the acqui-
sition surface with rays emanating from . The slowness
vectors associated with the source ray and the receiver

ray at x are
Yo = Var(®,9),
(7)

Y. = Var(z,7),
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respectively, and the associated phase directions are
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where V and V are the phase velocities at the point x
corresponding to the modes of propagation. The source
and receiver Green’s functions are given as special cases
of equation (3) by substituting the corresponding coor-

dinates
é(a:,w) = G(z, s,w) , a(w,w) =G(r,z,w) . 9)
The mapping
8:(5%)a — 85, & — s(z,8), (10)

r: (e — OR, 8= — r(z,8a),

transforms the scattering point related variables
(Ct, ém) into acquisition variables (s, 7). Here, the sub-
set (S2)w of the unit sphere S? is the area element that
contains a, defining 3 rays that connect x with actual
sources 8. Likewise, (S?), is introduced for the receivers.

We assume that the parameters of the medium can

be expressed by
p=p"+ oM, ciji =y + e, (11)

where the superscript () denotes a smoothly varying
background component and the superscript () denotes
a rapidly varying perturbation. We shall consider a wave
which travels in a given mode from the source to the
scattering point and, after a possible mode-conversion,
travels further to a receiver point. In the ray-Born ap-
proximation, where the wave propagation operators are
given by the GRA, the p-component of the scattered
wave field due to a g-component point body force at s is
given by (Burridge et al., 1998; Ursin & Tygel, 1997)

Ué;)(s,r,w) ~ (Lc(l))(s,’r,w) =

o / PO (@), (r) A(@)Ey ()

(w(s,2,7))" eV (@) expliwT (2)]de, (12)

with polarization vectors §~ and E at the source and
receiver respectively. The relative perturbation in the
medium parameters ¢(!) are

1)
(1 _ p(l) Cijke
[+ = W, — == 5 (13)
P p(o) VoVo
where V, and V, are the local phase velocity of the ap-
propriate mode in the background medium averaged over

all phase directions. The notation . is meant to empha-
size that the quantity is angle independent. The point
contrast-source radiation pattern w is given by

w={&.&. 0 [B385u | (10

In acquisition coordinates, we define the total or two-way
travel time T for the two rays connecting a source s with
a receiver r via a scatterer at x, as

T(r,xz,s8) =7(s,x) +7(r,x). (15)

Both of these quantities should be written as functions of
the two phase directions (Qtz, @tz ), and hence we define

T(x) = T(Qw, T, 0z) = 7(8(Q), ) + 7(r(az), ) . (16)

The ray-geometrical amplitudes are given as special cases
of equation (9)

A(m) = A(s,z),  Ax) = A(r,2), (17)

and the total amplitude is
A(x) = A(@)A(z) = A(5(Ga), 2) A(T(Ga), @) . (18)

We also define the gradient of the total traveltime at the
scattering point

which, in acquisition coordinates, corresponds to 'y =
V2T (r,z, s). The inverse generalized Radon trans-
form

In the following section we will briefly discuss the
mathematical formulation of the seismic inverse problem:
our formulation is based on the generalized Radon trans-
form. Detailed descriptions can be found in (Beylkin &
Burridge, 1990; Burridge et al., 1998; de Hoop et al.,
1999; de Hoop & Brandsberg-Dahl, 2000). A more ex-
tensive list of references for the fundamental theory can
also be found in these papers.

The inversion is carried out for one image-point y
at a time as an integral over phase directions (o, Qy).
Shooting the rays from vy, we control the initial phase
directions and extract a source and a receiver at the sur-
face from the locations where the rays intersect the ac-
quisition surfaces S and OR, respectively, see figure 1.
The inverse GRT in the presence of caustics and multi-
pathing (de Hoop & Brandsberg-Dahl, 2000), gives an
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estimate of the perturbation in medium parameters

(€(y) =Z'D)' LUV (y) ~

lRe dw !

T o 8m2

. ITy(ay, ay)|3
PO (y)A(y)

X{A—l;eo}(’ya ay, ay)
S2><S2

w(y, oy, Oy)

Ay, vy)™"

Ep(r(y, 8y)) UL (7(y, Gy, 8(y, Gy, w)Eq (5(y, &y))

- exp[—iwT (y)] daydary (20)

where L is the forward modeling operator in equation
(12) and L' denotes the adjoint (imaging) operator. The
factor |T'y|® induces a natural taper attenuating con-
tributions over increasingly large scattering-angles, and
X{a-1x0} is a smooth taper function that removes any
caustics at the source or receiver. The effect of the radi-
ation pattern is removed by applying the inverse of the
expression

o(a,a)
A(-,v) ww’ 7d dé ,
¢ /Eg(u) /E¢(u9)( (v, 0,v) v

at y, and where v, is the migration dip defined by
v r,
Yo Dy

(21)

(22)

The scattering angle § and azimuth ¢ at y are defined
by

cosfy = ay-ay ,0€E;C[0,7), (23)

(ay - ”y)ay
sin 6y

P, = @y - vy)ay € Ey C S'(24)
Note that the definition of the azimuth angle is singu-
lar for zero offset rays (imaging ray) where qy = Quy,
but this is not a problem for all practical applications
since the azimuth will be specified as part of the imaging
coordinates. The migration dip is described by an unit
vector at the image point that can point in any direction
on the unit sphere S?. Since any real seismic experiment
has limited aperture we can not expect to have a full or
continuous coverage in migration dip. The range of mi-
gration dips available will be within some limited domain
making up the support E, of the migration dip. Similar
limitations also holds for the scattering-angle and az-
imuth, that in theory can lie in [0,7) and [0, 27), but
with a limited aperture these have supports Eg and Ey
respectively. The above representations gives a novel co-
ordinate frame:

(ayaay) = (Vy, Oy, y) = (Vy,aZ). (25)

S. Brandsberg-Dahl, M. V. de Hoop & B. Ursin

Here, in terms of acquisition coordinates, the migration
dip vector replaces the midpoint and the combination of
scattering-angle and azimuth (‘directivity’ aZ) replaces
the offset vector. For the image-point dependent vectors,
we use a subscript to indicate the point to which the
vector is related. To perform this change in variables
from phase directions to migration-dip, scattering-angle
and azimuth we need to introduce the following Jaco-
bian (Burridge et al., 1998)

oa,@) sin g (26)
8w.6,0) ~ 1+ (RIRI/TF) (% —tan ) sinf
where
cosY =7 -a and cosY =Ty -Q (27)

Here, ﬁ\l and 7| denotes the normals to the slowness
surface at the imaging point projected onto the azimuth
plane ¢. The source and receiver coordinates can then be
written in the form s = s(vy, Oy, ¥y), 7 = 7(Vy, 0y, 1y),
as functions of migration-dip, scattering-angle and az-
imuth.

We summarize the different choices of variables
by setting up an overview of the change from
the surface/acquisition controlled variables to the
subsurface/image-point controlled variables. For a given
scattering point & € D, with two rays connecting it with,
respectively, a source 8 € 05 and a receiver r € OR, we
have

z°, z" midpoint and offset,
T
r, 8 source and receiver,
t (28)
Ay, Oy phase directions,
T
Vy, QZ migration dip,(scattering-angle, azimuth).

The corresponding angles and phase direction vectors are
shown in figure 1. For all the further developments we
will exclude rays that are grazing at the acquisition sur-
faces 0S and OR. Also, for the migration dip to be well
defined we need to exclude rays that scatter over =, that
is, single rays that connect a point in S with a point in
OR in the background medium.

Inverse surface scattering

The medium parameters are now assumed to vary
slowly along the interface ¢(x) = 0, and to vary rapidly
normal to the interface. The surface normal,

vy =|Vé| Vo,
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Figure 2. Conical neighborhoods around the geological dip
direction.

corresponds to the local ‘geological dip’. When there is a
discontinuity in the medium parameters at the interface,
the background is defined by the average values of the
parameters. At the interfaces the perturbations p(l) and
cz(.Jl.,)cl in equation (13) then corresponds to the jump in
the parameters.

The inverse GRT in this case (de Hoop & Bleistein,

1997) becomes, locally,
() (@) Vasly ~

1 e 1
—Re/ dw —2/
T 0 8m S~2><S2

_ X{A—1#0} (y1 ayv ay)

. (—iw)|1"y(&y,ay)|3 [Ty (ey, ay)|
POYAY)  (vy-vs(y))

' (A('ya V’y))ilw(y’ a'yy a‘y)
& (r(y,0y))USY (r(y, By), 8(y, &), w)Eq (3(y, Ay)

- exp[—iwT (y)] dayday , (29)

which is an analogue of equation (20). Note that in this
inversion formula the actual shape of the level surfaces
¢ is not used; just the local normal at the image point
plays a role.

Scattering-angle/azimuth image gathers

We change the variables of integration (stack-
ing), from phase directions at the image point to dip,
scattering-angle and azimuth. For the purpose of velocity
analysis and geological dip estimation (Brandsberg-Dahl
et al., 1999; Symes & Carazzone, 1991), we introduce the
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incomplete inverse GRT
(MU(I))(yﬁy,wy) =
1Re/mdw 1/ X (y, vy, Oy, y)
— ) A—1+£0 yVy,Vy, Yy
T Jo 87 /5, (0,9) { '

. (—iw)ll“y('/y79y,1/fy)|3 Ty (vy, by, ¥y)|
PO(YA(Y, vy, 0y,0y)  (vy - vs(y))

(A, 1)) " W (Y, Oy, 1) Ep (7(1, vy, By, )
) Ulg;) (’I"(y, Vya ny ‘ﬁy), s(y7 Vy: 9‘95 wy):w)

E(8(y, vy, 0y, 1y))

d(ay, ay)
O(vy, Oy, 1by)
Substituting the convolutional model approximation for
U,g;) (de Hoop & Bleistein, 1997), subjecting the phase
directions to Snell’s law at specular reflection

ay = ay(”¢(y)7 (e‘ya ¢y)) )

ay = ay(”(b(y): Oy, y))

- exp[—iwT (y)] dvy . (30)

and after applying an appropriate generalized matrix in-
verse for the radiation pattern the radiation characteris-
tics are removed. This corresponds to replacing the weak
inverse (de Hoop et al., 1999) with a localized (point-
wise) inverse. The outcome is a scattering-angle/azimuth
image gather: effectively, inside the complete integral ac-
tion of M, we have replaced

-1 a(&‘yz ay)
(A(ya V‘y)) a(yy, Gy, 1/)1.1) )
by
(ww")(y, @y, ay))

The incomplete inverse GRT operator M’ for a fixed
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pair (fy,1y) is then given by
MI[C]U(I)('y:eya Py) =

1 it 1 1
1 Re / dw - / -
iy 0 87‘(‘2 Ev(8,%) |E9 X E¢|(V)

. (—iw)|Ty(y, Vyzeyawy)|3 Ty (y, vy, Oy, y)|
PO (x)A(y, vy, 0y, y) (vy - vy(y))

! ((WWT)(ya 9’97 ¢y))_1w(y7 Vy, 9'.'!: 'l[)y)

' gp(r(ya Vy, 9‘.11: ’(ﬁy))UIS;)(S, r, w)

€q(8(Y, vy, 0y,1y)) exp[—iwT (y)] dvy, (31)

where

((ww")(y,6y)) " (32)

is the generalized inverse of the radiation pattern at
the point contrast-source. The measure is corrected
by normalizing by the support of available scattering-
angles/azimuths. The combination of sources and re-
ceivers will dictate the maximum coverage possible of
the migration dip, and hence the support E, is data de-
pendent. This limited acquisition aperture will translate
into a limited coverage of the unit sphere available when
performing the actual inversion. Ideally we want to have
a full coverage such that E, = S2. This is usually not the
case, hence distortions will be introduced in the image,
see (de Hoop & Spencer, 1996) for details. The outcome
of equation (31) is a reconstruction of the medium per-
turbation for a fixed scattering-angle/azimuth (8, ¢,,).

The full reconstruction of the perturbation is
achieved by integrating the output from equation (31)
over all scattering-angles and azimuths, i.e.

) (@) Vadly =

/ M (y, by, 6y) dpdd. (33)
Eo J By

In the vicinity « of y, the LHS behaves like § (vy - (y—x))
with proportionality factor equal to the jump contribu-
tion to ¢ (discussed at the beginning of the previous
section). The support |Eg x Ey| is integrated to yield
unity, and the outcome of equation (33) is directly com-
parable to the output of equation (29).

Dip focusing

The introduction of the local geological dip in the
inversion procedure allow us to investigate the microlo-

6=0 6=0

0 “

6=t 6=

Figure 3. Isotropic elastic radiation pattern, PP and PS con-
versions in terms of Lamé parameters and density.

cal behavior of the inversion operator. In the setting de-
scribed above, where the medium perturbations are lo-
calized at, and vary rapidly across interfaces, it is clear
that the specular rays will provide the stationary con-
tribution to the integral. After introducing a microlocal
cutoff function in the shape of a small cone it will be
possible to discriminate the dip directions, and hence
provide us with a tool to estimate the local geological
dip. Let the conical cutoff in the dip domain be ¢, (vy).
Then the modified measure in the inverse operator (31)
becomes

dvy = @y (Y, vy)dyy,

allowing us to perform the inversion for different orien-
tations of the cone ¢, see figure 2. Whenever the cone
is oriented normal to the interface the specular rays will
provide the dominant contribution to the integral. If the
conical cutoff is oriented with an angle to the interface,
non-local and non-stationary contributions will be dom-
inant. This allows for a scan over dominant migration
dips to find an estimate of the local geological dip.

Isotropic parameter inversion

For an isotropic medium, the elastic stiffness tensor
is completely specified by the Lamé parameters A and p:

cijri(®) = M@)0i500 + p(2)(dirdji + dudjk) - (34)

The medium is described by smoothly varying parame-
ters with superscript (¥ and perturbations with super-
script (Y, so that

p o= p9+pM,
A = A0 D, (35)
PR ONRNON

The P-wave polarization vector is in the direction of
the slowness vector along the ray, or perpendicular to
the wave front. Normalizing any vector in this direction
yields a vector identical with the phase direction vector
a, hence

0 (z) = +a.. (36)
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The S-wave polarization vectors are degenerate in the
isotropic case. It is common practice to define S-wave
polarization in the ‘horizontal’ and ‘vertical’ direction;
SH and SV waves (Cerveny, 1995, sec.2.4.2). Introducing
a vector 3 perpendicular to the plane of incidence, we
have the relations

B,

ESH

& = £ xe" (37)

The volume scattering integral gives the displace-
ment field that arise from the perturbation

c(1>:{& pt &} .
PORMOMPO)

For the two cases of wave scattering that will be

(38)

studied in this paper; isotropic PP and PS scattering,

the radiation patterns are
wpp(Ap,p) = (39)

(0)2 (0)2 (0)2
V — 2V 2V
(Ve s ) S cosz(GPP), cos(GPP) ,

V,SO)2 ! V;oﬂ
wps(Ap,p) = (40)
(0)2 T
_ Vs i 2059PS\ . gPS
0, e sin“ (26" 7), —sin(8" )
P

These radiation patterns are illustrated in figure 3. Both
the PP and PS radiation patterns are independent of az-
imuth and migration dip. This is a special feature of the
isotropic case and simplifies the treatment of the reflec-
tion problem over the full anisotropic case. To illustrate
this fact we will denote the radiation patterns w = w(6).
The Jacobian given in equation (26) also simplifies in
isotropic media
M =sinf.
(v, 0,v)

We note that the PS backscattered wavefield does
not depend on AV, the perturbation in the Lamé param-

(41)

eter A. So, for the PS-wavefield one must use the reduced
parameter vector

[CONIIKEY
m_Jr P
c - {H(O),p(o)} b) (42)
with
wrs(A\,p,p) =
O ’
— | = sin*(26079), sin(87%)| . (43)
V(0)2
P
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In order to construct an angle independent quan-
tity we need to undo the action of the radiation pat-
tern w (de Nicolao et al., 1993). To achieve this with-
out performing the integration over scattering-angle and
azimuth as in equation (31), we need to introduce the
concept of a generalized inverse of the, in general, sin-
gular matrix ww”. The radiation pattern w is calcu-
lated in the current background model as a function of
position and scattering-angle, that we control through
the ray tracing. Then the pseudo-inverse of ww?’ is
calculated through a singular value decomposition, say
ww! = BSK”, where B and K are orthogonal matrices
containing the eigenvectors and S is the matrix contain-
ing the eigenvalues. The pseudo-inverse is then given by

(ww'y ' = KSTB", (44)

where the diagonal matrix ST has entries with the recip-
rocal values of the entries of the diagonal matrix S. Mul-
tiplying w from the left by (ww?T)~! leads to a quantity
that will be independent of scattering-angle and azimuth
(radiation pattern) up to leading order.

The performance of the pseudo-inverse is a function
of the current background model, so residual radiation
effects are expected unless the current background model
is close to the true model. The residual effects after ap-
plying (wwT)™! are, however, believed to be of higher
order even if the background model is relatively far from
the true medium.

In the isotropic case the inverse of the matrix A, as in
equation (21), can be found analytically. In the correct
background medium this will provide an exact inverse
for the radiation pattern (Beylkin & Burridge, 1990).
The pseudo-inverse of ww? on the other hand does not
provide an exact inverse, something that is obvious since
the reflection coefficient easily can take on the value zero.
For the PS reflection coefficient the same problem occur
for small scattering-angles. Numerically the problem is
even worse as we are dealing with small numbers and
their reciprocal values, something that is known to lead
to numerical unstability due to finite precision. In all the
tests shown in the later sections we are using a pseudo
inverse derived by removing all singular values smaller
than 0.01 times the maximum singular value.

Algorithm and implementation

To illustrate some of the features and capabilities of
the inverse GRT, we will apply the inversion procedure
outlined in the previous sections to various data exam-
ples. First, we will say a few words about how the ac-
tual implementation is carried out in a 2D heterogeneous
isotropic configuration. The inversion code is based on a
ray tracing scheme in a smooth, isotropic, elastic medium
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/* Start looping over image points */
for (iz=0+nwsz; iz<(nz-nwinz); ++iz) {
for (ix=0+nwsx; ix<(nx-nwinx); ++ix) {

/* start looping over angles */
for(itheta=0; itheta<ntheta; ++itheta) {
for(idip=0; idip<ndip; ++idip,nu-=ddip) {

/* trace source and receiver rays */
rayl = makeRay(x0,z0,angs,velxz);
ray2 = makeRay(x0,z0,angr,velxz);

check if rays are inside geometry

get ray quantities: s, r, t, Q2s, Q2r, KMAH...
if (KMAH>0)

filter(trace,KMAH)

resultl(itheta)
result2(idip)

eq.(31)
eq.(29)

Figure 4. Pseudo-code for the main loop in the inversion
code.

parametrized by velocities. The smooth velocity models
are represented on 2D grids with a grid size chosen equal
to the imaging grid size for convenience. This allows for
an efficient calculation of Green’s functions and all the
quantities needed in the inversion. It also provides a sim-
ple representation of the calculated quantities without
having to interpolate between different grids. The inver-
sion code has, however, the possibility of making images
in a specified target domain within the model. The ray
tracing is based on the work of Cerveny (1995); the stan-
dard dynamic ray tracing system in Cartesian coordi-
nates is solved with a 4th order Runge-Kutta numerical
integration scheme. We shoot rays from the image points
and up to the surface.

The seismic data are stored in memory to allow for
rapid access to the traces. Since we are shooting the rays
from the image points, we will have to access traces on
an almost random basis, a situation that strongly favors
shared memory computers. Then several CPUs can per-
form the ray calculations while the data only need to be
stored once. The inversion ‘loop’ is arranged such that
for each image point in the model, rays are traced up to
a user specified acquisition surface. If a given ray end-
point is sufficiently close to a real data point (source s or
receiver r) a simple linear interpolation is employed to
get the relevant dynamic ray quantities at the location of
the data point. The rays are sampled uniformly in takeoff
angles at the image point, giving direct control over the

scattering angle. The migration dip follows directly from
the initial (phase) directions of the two rays making up
unique scattering path connecting the points r, y, s. The
traveltimes and KMAH indices of the two rays are added
to give the total traveltime and accumulative KMAH in-
dex for the event. With these quantities in place we can
access a specific time sample on the trace picked out by
the two ray endpoints. If a phase shift is necessary the
trace is passed through an appropriate phase shift fil-
ter before the contribution is added to the incomplete
inversion integral (cf. equation (31)).

The inversion code has two systems of equations in
it’s inner loop: an implementation of equation (33) pro-
duces a series of scattering-angle gathers for the hori-
zontal grid locations that can be used for velocity analy-
sis. The full inversion is carried out using equation (20)
since this provides an exact inverse for the radiation pat-
terns. The code is designed such that it can handle both
conventional marine streamer seismic data and multi-
component ocean-bottom seismic (OBS) data . A flow
chart of the algorithm can be found in figure 4.

Some of the amplitude effects that can be observed
along the base reflector of the gas-cloud model in fig-
ure 12 might also be due to to problems with the renor-
malization of the inverse integral. The theoretical renor-
malization is only correct for the peak amplitude of the
reflector (de Hoop et al., 1999), but the lens might have
a distorting effect on the peak and hence on the renor-
malization. These are issues that need to be investigated
further.

The gas-cloud model

As a first test of the inverse GRT algorithm we will
apply it to a synthetic dataset from a model with a low
velocity lens: the gas-cloud model. This can be viewed
as a simplification of the gas cloud situation (O’Brien
et al., 1999).

The model consist of two layers separated with a
ramp-like interface that illustrates a target reflector with
an adjacent normal fault. The upper layer has a constant
gradient in both velocities and density, while the base
layer has constant velocities and density. In the upper
layer we insert a circular lens with Gaussian parameter
variations to mimic the effect of an overburden gas cloud.
All parameters defining the gas-cloud model are given in
table 1, and the P-wave and S-wave velocity distribu-
tions are also shown in figure 5. A representative ray fan
from the gas-cloud model can be seen in figure 6. The
caustic due to the gas cloud is clearly visible, and there
are up to four more or less equally energetic arrivals that
need be taken into account when creating the images.

A total of 134 shots were generated by a finite-
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Figure 5. P-wave and S-wave velocity profiles for the gas-cloud model. Also shown are the two locations where SAGs have

been produced.
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Figure 6. A ray fan from the gas-cloud model at position 1.

difference modeling program, each shot having 468 re-
ceivers with a receiver spacing of 18m. The receivers were
fixed for all shots, and the source move-up was 36m. The
first receiver location is at 1.2km and the first shot loca-
tion is at 2.4km in the model. Some numerical dispersion
is present, but the grid would have to be unrealistically
small to get rid of all dispersive effects due to the rapid
velocity variations and relatively low S velocities. The
two components of a typical shot gather are plotted in

figure 7. Note how the triplicated PP event from the hor-
izontal reflector and the PS event from the dipping fault
interfere in the central part of the shot gather. The di-
rect arrival has been removed from the shot gathers by
an exact remodeling without the reflector present. Due
to the severe ray bending by the lens, the direct arrival
actually masks some of the primary energy, something
that might also cause problems in real data with similar
features.
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Parameters in layer 1:

Vp = 1.6 + 0.452 — 0.8 exp[ =25 |& — @o|?] km/s]
Vs = 6.0 + 0.55z + 0.1exp[

300

306/ % — @o|?] [km/s]

p=2.0+0.32—-0.2 exp[ﬁkzz —x0|?] [g/cm?]

Parameters in layer 2:

Vp =25[km/s] Vs =1.6[km/s] p=2.5[g/cm?]

Gas cloud center:

zo = (2)0, 20) = (4.6,0.8)

Layer boundary defined by:

(0.0,0.7), (2.4,0.7) (4.4,1.5) and (12.0,1.5)

Images at:

z =4.68 and z = 6.0

Table 1. Definition of the variables in the gas-cloud model (all

distances in km).

Imaging the PP reflected waves

To create an image of the reflector in the gas-cloud
model we apply the algorithm outlined in the previ-
ous section. For each horizontal location we make a
scattering-angle gather (SAG) in depth. Some typical
SAGs are shown in figure 8 for angles up to 60°. To cre-
ate the final image these gathers are summed (stacked)
according to equation (33). Note how the SAG directly
under the lens in position 1 (figure 10(d)) has a single
coherent event even though the region is subject to se-
vere multi-pathing. The “noise” in the images are non-
stationary contributions and wave-modes not treated by
the PP inversion. The SAG from the simple medium re-
gion, position 2, has hardly any such effects since the
data travels only through the v(z) velocity profile (fig-
ure 8(c)). By imaging cones of 20° variation in migration
dip about a central dip at —20°, 20° and 0°, we reveal
the microlocal behavior of the inversion algorithm and
how specular reflections come into play in the inverse
GRT.

First, we focus on a location to the right of the lens
in the simple part of the model (position 2), see fig-
ures: 5,8(a)-(c). When the chosen dip direction is far
from the geological dip the rays correspond to non-
specular events, resulting in an image made up of non-
coherent, non-local contributions as in figures 8(a) and
(b). When the migration dip is aligned with the true geo-
logical dip we reconstruct the stationary part of the data,
resulting in a coherent image as in figure 8(c). Since the
coherent image of the reflector is the predominant fea-
ture in the SAGs, the sum over all conical neighborhoods
gives a relatively clean image, figure 8(d). Note that most
of the non-local effects that are present are introduced
by the conical neighborhoods that do not align properly
with the local geological dip. The complete image in this
location can be seen in figure 9, where figure 9(a) shows
the result from summing only the cone centered at 0°
(figure 8(c)), and figure 9(b) shows the result from sum-
ming the full conical neighborhood (figure 8(d)).

Second, we perform the same analysis for a location
directly underneath the lens (position 1). At this loca-
tion multi-pathing will be significant and will provide a
more realistic test of our imaging algorithm. We use the
imaging cones of 20° variation in migration dip about a
central dip of —20°, +20° and 0° as in the previous ex-
ample, see figures 10(a)-(c). Since this imaging location
is strongly influenced by the lens feature we detect more
non-stationary events in the SAGs, but the reflector still
appears as the dominant feature. Due to the ramp and
the stronger conversion from P to S waves that take
place there, there are more converted wave present in
these panels. When the migration dip is aligned with the
true geological dip we reconstruct the stationary part of
the data quite well, resulting in the coherent image in
figure 10(c). The sum of all the conical neighborhoods is
shown in figure 10(d). After stacking the imaging cone
centered at 0° we get the image in figure 11(a). The stack
over all conical neighborhoods is shown in figure 11(b).
The peak amplitude is well conserved in the latter im-
ages where the ray coverage is limited, indicating that
the renormalization in equation (31) is satisfactory.

Finally, we show some more complete images from
the central part of the gas-cloud model. Figure 12(a)
shows an image created by centering the dip cone at 24°.
As expected, the ramp, with a geological dip of 24°, is
the dominant feature in the image. Figure 12(b) shows
the corresponding image with dip cone centered at 0°,
resulting in a dominant image of the horizontal reflec-
tor. The complete image of the central part of the model
is shown in figure 12(c). The varying amplitude along
the reflector corresponds to the medium variation across
the interface. As we move up the ramp the magnitude of
the perturbation increases. An explanation for some of
the non-stationary contributions is offered in figure 6. In
the area above the lens the multiple arrivals are clearly
visible. In the offset domain this feature of the ray field
will not be properly unfolded, resulting in phantom im-
ages and non-local contributions in the image gathers.
In the scattering-angle domain, however, this problem
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Figure 7. The z- and z-components from a shot at location
1 from the finite-difference modeling in the gas-cloud model.
The z-axis indicates the true receiver location in the model.
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Figure 8. Scattering-angle gathers for the gas-cloud model in
position 2. The z-axis labels scattering-angle and the z-axis
depth.

will be resolved since the events are separated in both
scattering-angle and migration dip. As we have seen, the
SAGs do indeed contain non-stationary contributions,
but they are results of wave modes not considered in the
inversion or post-critical events.
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Figure 10. Scattering-angle gathers for the gas-cloud model
in position 1. The z-axis labels scattering-angle and the z-axis
depth.
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Figure 11. Stacks of the scattering-angle panels in fig-
ures 10(c) and (d).

(b) conical section centered at 00

(c) complete inverse: sum of all migration dips in a range
+40°

Figure 12. The resulting PP image after stacking the SAG
in the region 3-6 km for various conical sections. The ramp
has a dip of 24°. Note how the decreasing strength of the
perturbation with depth is reconstructed.
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Figure 14. Stacks of the converted wave scattering-angle
051 051 panels in figures 13(c) and (d).
1ol o] scattering-angles will be difficult to handle. Any non-
local events or noise present at such small angles will
be boosted by the action of the pseudo inverse of the
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Figure 13. Converted wave scattering-angle gathers in posi-
tion 2.

Imaging the PS converted waves

As mentioned earlier the gas-cloud model data con-
tains converted waves. For zero scattering angle no en-
ergy is converted from P-mode to S-mode, as expected,
but with increasing scattering-angle more and more en-
ergy is converted. When imaging the PS reflection coef-
ficient and inverting for the angular behavior, the small

radiation patterns. The gathers shown are the result of
applying the pseudo inverse in its raw form, except for
omitting the singular point at § = 0°. Applying a taper
function for the small angles seems to be appropriate,
but this has not be investigated so far. The result af-
ter applying the full inverse, as given by equation (20),
however, eliminates this problem.

The resulting SAGs from position 2 show a satis-
factory angular signature, see figure 13. The non-local
contributions are far stronger in these converted wave
SAGs, but the stack shows a similar quality as the PP
stack (figure 11).
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Figure 15. Converted wave scattering-angle gathers in posi-
tion 1.
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(a) conical section centered at 240

(b) conical section centered at 00

(c) complete inverse: sum of all migration dips in a range
+40°

Figure 17. The resulting PS image after stacking the SAG
in the region 3-6 km for various conical sections. The ramp
has a dip of 249. Note how the decreasing strength of the
perturbation with depth is reconstructed.
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The synthetic Valhall data

In this section we apply the imaging algorithm to
the synthetic Valhall dataset (O’Brien et al., 1999). This
is a multicomponent, synthetic dataset that was devel-
oped to study some of the imaging problems encoun-
tered at the Valhall field. Conventional P-wave imag-
ing has so far proven to be unsuccessful, but a high
quality image has been produced using converted waves
(PS) (Thomsen et al., 1997). The failure of the P-wave
imaging has mainly been blamed on absorption effects
in the gas cloud. The limited experiments shown here,
however, indicate that by correctly treating the scatter-
ing process and unfolding a multi-pathed wave field the
P-wave imaging can be successful. Some of the compli-
cations that exist in the ray field can be seen in figure 21.
Clearly multiple arrivals exist in the rat field (Lambaré
et al., 1996). These are redundancies that can not be
properly resolved in the offset domain.

The velocity model used for the modeling has a lot of
detailed features so that the synthetic data would mimic
the real data as good as possible. The P-wave velocity
profile, figure 18, shows the gas pockets in the overburden
directly above the reservoir dome. A synthetic well log
from the central part of the model is shown in figure 19. A
typical shot from the finite difference modeling is shown
in figure 20. The only preprocessing applied to the data
is a mute of the direct arrival and then a sum of the
hydrophone and vertical component to suppress parts
of the free-surface multiples. We believe that the results
can be further improved by devoting more time to the
pre-processing and the removal of multiples.

Imaging the PP reflected waves

We apply the same imaging procedure as before to
this dataset. Given the character of the dataset it is not
as easy to quantify the results except with visual impres-
sions. The important fact is that we manage to recon-
struct the reservoir reflector in a location within the gas
cloud, see figure 22.

The same conical neighborhoods as in the previous
examples are applied, but this time in a model where
the local geological dip is varying with depth. The top
of the reservoir, however, is known to close to horizon-
tal in this location, favoring the cone centered around
0°. The corresponding SAGs are shown in figure 22, and
they confirm the presence of the reservoir reflector at
about 2480m in the central cone (figure 22). Again we
see the same behavior as in the gas-cloud model, that
the imaging cones that do not align with the true geo-
logical dip are dominated by non-stationary events. In
the SAG centered at 0° (figure 22(c)) we can see several
reflectors that do not appear in any of the other imaging

cones. The SAG resulting from adding the three cones
does still show the reservoir reflector, but the panel has
substantially more non-stationary events than the one
centered at 0°.

We also performed a small test by imaging 10 con-
secutive horizontal locations at the crest of the reservoir,
the location is marked by the insert in figure 18). The
resulting image after summing the SAGs shows a clear
image of the top of the reservoir, figure 23. This is a
significant improvement over the results achieved by a
conventional PP Kirchhoff migration in the offset do-
main (O’Brien et al., 1999).

Conclusion

We have developed an imaging and inversion algo-
rithm for anisotropic media, appropriate for imaging,
dip-focusing, AVA studies and migration velocity analy-
sis. For complex geological settings which involves caus-
tics and multi-pathing, the algorithm is superior to stan-
dard methods.

The performance of the method was illustrated by
imaging PP and PS waves in two isotropic synthetic data
sets, simulating a gas cloud and the Valhall field.
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Figure 20. inite-difference shot modeling from the Valhall model with the source at the position of the image gather (at 3
km in the model).
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Figure 21. A ray fan from the Valhall P-wave velocity model in the location of the image gather.
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Figure 22. Scattering-angle gathers for the Valhall model.
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Figure 23. The resulting image after stacking the SAGs. The
reservoir reflector is marked by an arrow.



