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SUMMARY

We present a 2D inversion methodology for transversely
isotropic media with a tilted symmetry axis (TTI) based on
combining reflection moveout with borehole information. The
input data include P-wave normal-moveout (NMO) velocities,
zero-offset traveltimes and reflection time slopes, as well as
vertical group velocities and reflector depths and dips mea-
sured in a borehole. For a dipping TTI layer with the sym-
metry axis confined to the dip plane of the reflector, estimation
of the symmetry-direction velocityVP0, the anisotropy param-
etersε andδ , and the tiltν of the symmetry axis proves to be
ambiguous despite the borehole constraints. If the symmetry
axis is orthogonal to the reflector (a model typical for dipping
shale layers),VP0 andδ can be recovered with high accuracy,
even when the symmetry axis deviates by±5◦ from the reflec-
tor normal. The parameterε, however, cannot be constrained
for dips smaller than 60◦ without using nonhyperbolic move-
out. To invert for the interval parameters of layered TTI media,
we apply 2D stacking-velocity tomography supplemented with
the same borehole constraints. If the symmetry axis is orthog-
onal to the reflector in each layer, estimation of the interval
parametersVP0 andδ remains stable in the presence of Gaus-
sian noise in the input data. Our algorithm can be used to build
an accurate initial TTI model for migration velocity analysis.

INTRODUCTION

Tilted TI models play an increasingly important role in seis-
mic processing. In particular, dipping TTI shale layers cause
serious imaging problems near salt domes and in fold-and-
thrust belts such as the Canadian Foothills (Isaac and Lawton,
1999; Vestrum et al., 1999; Charles et al., 2008; Huang et al.,
2008; Behera and Tsvankin, 2009). Also, the symmetry axis
is tilted in progradational clastic or carbonate sequences and
in the presence of obliquely dipping fractures (Dewangan and
Tsvankin, 2006a).

We describe P-wave kinematics in TTI media by the
symmetry-direction velocityVP0 and the Thomsen (1986) pa-
rametersε andδ defined with respect to the symmetry axis.
The symmetry-axis direction in 2D models is determined by
the tilt angleν with the vertical. To resolve the parameters
VP0, ε, δ , andν , which are needed for depth imaging in TTI
media, P-wave moveout typically has to be combined with PS-
or SS-waves (Grechka and Tsvankin, 2000; Grechka et al.,
2002a; Dewangan and Tsvankin, 2006a,b). However, inver-
sion of multicomponent data for the TTI parameters is ambigu-
ous for small and moderate reflector dips and tiltsν (Grechka
and Tsvankin, 2000; Grechka et al., 2002a). Also, PS-waves
are not always available and their processing is much more in-
volved than that of pure PP reflections.

Here, we include borehole constraints in P-wave stacking-

velocity tomography for a model composed of dipping TTI
layers and show that stable inversion requires knowledge of
the symmetry-axis orientation. Synthetic tests with a realistic
level of Gaussian noise illustrate the feasibility of estimating
the interval parametersVP0, ε, andδ for a wide range of re-
flector dips.

INVERSION FOR A SINGLE TTI LAYER

We start by considering the simple model of a homogeneous
TTI layer above a planar dipping reflector. To make the prob-
lem 2D, the symmetry axis is assumed to be confined to the dip
plane. P-wave surface data provide the NMO velocityVnmo,
the zero-offset reflection timet0, and the reflection slope (hor-
izontal slowness)p on the zero-offset time section. At a loca-
tion where a vertical well is available, one can measure the P-
wave vertical group velocityVGw along with the depthzw and
dip φw of the reflector (the subscript “w” denotes well data).

The inversion is based on exact expressions for the phase,
group, and NMO velocities in homogeneous TI media. Al-
though the input data allow us to construct enough equations
for the symmetry-direction velocityVP0, anisotropy parame-
ters ε and δ , and the tiltν of the symmetry axis, synthetic
tests on noise-contaminated data prove the inversion procedure
to be highly unstable. This instability is partially caused by
the nonlinear dependence of the phase velocityV on the tiltν
(Grechka et al., 2002a).

Symmetry axis orthogonal to the reflector

To overcome the problem caused by an unknown tiltν , we
fixed the symmetry axis in the direction orthogonal to the re-
flector (Grechka et al., 2002a; Zhou et al., 2008; Behera and
Tsvankin, 2009). This common assumption was shown to be
adequate for TTI symmetry associated with dipping shale lay-
ers (Isaac and Lawton, 1999; Vestrum et al., 1999; Charles
et al., 2008).

Inversion methodology
If the symmetry axis coincides with the reflector normal, the
tilt ν is equal to the reflector dipφw measured in the well (Fig-
ure 1). Also, the phase-velocity vector of the zero-offset re-
flection is parallel to the symmetry axis, and the velocityVP0
can be obtained directly from surface data and the dipφw:

VP0 =
sinφw

p
. (1)

The NMO velocity forν =φw is given by the isotropic cosine-
of-dip relationship (Tsvankin, 2005):

Vnmo(φw) =
Vnmo(0)

cosφw
, (2)

whereVnmo(0) = VP0
√

1+2δ . SinceVP0 is already known,
equation 2 constrains the parameterδ .



Figure 1: Dipping TTI layer with the CMP at the head of a
vertical well. The arrow marks the symmetry axis which is
orthogonal to the reflector with the dipφw. The phase-velocity
vector of the vertical ray makes the angleθ̃w with the vertical.

The P-wave group velocityVG in TI media can be obtained
from the phase velocityV and the phase angleθ with the sym-
metry axis (e.g., Tsvankin, 2005):

VG = V

s

1+

„

1
V

dV
dθ

«2

, (3)

whereV depends on the parametersVP0, ε, δ , and θ (θ is
taken positive for counter-clockwise rotation from the symme-
try axis). We can representθ through the phase anglẽθ with
the vertical asθ = θ̃ −ν . ThenVG becomes a function of the
parametersVP0, ε, δ , θ̃ , andν :

VG = f1(VP0,ε,δ , θ̃ ,ν) . (4)

The P-wave group angleψ with the symmetry axis is given by
(e.g., Tsvankin, 2005):

tanψ =
tanθ + 1

V
dV
dθ

1− tanθ
V

dV
dθ

. (5)

Therefore, similarly to the group velocity, the group angleψ̃
with the vertical can be written as

ψ̃ = f2(VP0,ε,δ , θ̃ ,ν) . (6)

For the P-wave propagating along the well, the group angle
with the vertical is zero, but the corresponding phase angle
θ̃w is unknown (Figure 1). Applying equations 4 and 6 to the
vertical ray yields:

f1(VP0,ε,δ , θ̃w,φw) = VGw ; (7)

f2(VP0,ε,δ , θ̃w,φw) = 0. (8)

SinceVP0 andδ are already constrained by the zero-offset re-
flection, the inverse problem reduces to estimating the param-
etersε and θ̃w from the vertical group velocity (equations 7
and 8). Whenν =φw, the inversion equations do not include
zw and are independent of the CMP location.

Synthetic examples
Figure 2a shows the inversion results for a TTI layer with
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Figure 2: Inverted parameters (dots) for a TTI layer with the
symmetry axis orthogonal to its bottom; the dip is 30◦. The
actual parameter values (VP0 = 2.5 km/s, δ = 0.10, andε =
0.25) are marked by the crosses. Due to the large standard
deviation (1.37) ofε, theε-axis on plot (b) is clipped.

ν = φw = 30◦ and typical values of the Thomsen parameters.
We generated 1000 realizations of the input data contaminated
by Gaussian noise with the standard deviations equal to 1%
for the reflection slopep and 2% forVnmo andVGw; the start-
ing model was isotropic. As expected from the above analysis,
VP0 andδ are estimated with high accuracy. Their mean values
coincide with the actual parameters (VP0=2.50 km/s,δ =0.1),
and the standard deviations are 1% forVP0 and 0.03 forδ . The
parameterε, however, is practically unconstrained (the stan-
dard deviation is 1.37; Figure 2b). The instability in estimat-
ing ε can be explained using the linearized weak-anisotropy
approximation. For weak anisotropy, the phase and group ve-
locities coincide (Thomsen, 1986), and for the vertical ray

VGw = VP0(1+δ sin2 φw cos2 φw + ε sin4 φw) . (9)

For moderate dips, such asφw = 30◦ used in the test, the con-
tribution of ε is much smaller than that ofδ becauseε is mul-
tiplied with sin4 φw.

Similar results were obtained for a wide range of small and
moderates dips (Table 1). While the inversion produces close
estimates ofVP0 andδ with small (and practically constant)
standard deviations, the errors inε are much larger. To resolve
ε from the vertical group velocity, the dip (and tilt) should
reach at least 60◦. Our algorithm operates with NMO veloc-
ity, which controls reflection moveout for offset-to-depth ratios
limited by unity. If long-spread P-wave data (with the offset-
to-depth ratio reaching two) are available, it is possible to ob-
tain ε from nonhyperbolic moveout (Behera and Tsvankin,
2009).

If the symmetry axis is not orthogonal to the reflector, the al-
gorithm based on settingν = φw produces errors in the in-
verted parameters. However, for typical moderate magnitudes
of ε andδ (|ε| ≤ 0.5; |δ | ≤ 0.3), the errors inVP0 andδ re-
main small, if the symmetry axis deviates from the reflector
normal by less than 5◦ and the dip ranges from 5◦ to 50◦ (Ta-
ble 2). For example, we computed the input data with the ac-
tual tilt ν = 15◦ and dipφw = 20◦, then obtained the param-



Dip (◦) VP0 (km/s) δ ε
sd (%) mean sd mean sd mean

5 1 2.50 0.03 0.10 1724 251
10 1 2.50 0.03 0.10 854 282
20 1 2.50 0.03 0.10 48 14.6
30 1 2.50 0.03 0.10 1.37 0.64
40 1 2.50 0.03 0.10 0.29 0.31
50 1 2.50 0.03 0.10 0.13 0.27
60 1 2.50 0.03 0.10 0.07 0.26
70 1 2.50 0.03 0.10 0.05 0.25

Table 1: Inversion results for a single TTI layer with the sym-
metry axis perpendicular to its bottom. The medium parame-
ters areVP0 = 2.5 km/s,δ = 0.10, andε = 0.25. The data were
contaminated by Gaussian noise with the standard deviations
equal to 1% forp, and 2% forVnmo andVGw. The standard
deviations and mean values of the inverted parameters are de-
noted by “sd” and “mean”, respectively.

Dip (◦) ν (◦) VP0 (km/s) δ
sd (%) mean sd mean

5 0 1 2.51 0.03 0.11
5 10 1 2.51 0.03 0.10
20 15 1 2.50 0.03 0.11
20 25 1 2.50 0.03 0.10
40 35 1 2.50 0.03 0.12
40 45 1 2.50 0.03 0.09
60 55 1 2.50 0.03 0.15
60 65 1 2.50 0.03 0.07

Table 2: Inversion results for a TTI layer with the symme-
try axis deviating from the reflector normal by±5◦. The pa-
rametersVP0 andδ are obtained under the assumption that the
symmetry axis is orthogonal to the reflector. The data were
contaminated by Gaussian noise with the standard deviations
equal to 1% forp, and 2% forVnmo andVGw.

etersVP0 = 2.5km/s andδ = 0.11 under the assumption that
ν = φw = 20◦. The inversion results become more distorted for
strong anisotropy because the value of sinφw/p differs more
significantly from the actual symmetry-direction velocityVP0.

TOMOGRAPHIC INVERSION FOR LAYERED TTI
MEDIA

Next, we present a tomographic algorithm for interval param-
eter estimation in layered TTI media using reflection and bore-
hole data. The model is composed of homogeneous TTI layers
separated by planar dipping boundaries with the same azimuth
of the dip plane. The symmetry axis in each layer is perpen-
dicular to its bottom, which makes wave propagation 2D. The
model vector for anN-layered medium can be written as

em = {V (n)
P0 ,ε(n),δ (n),ν(n)} , (n = 1,2, . . . ,N) . (10)

The data vector takes the form

ed = {t0(n), p(n),Vnmo(n),z(n)
w ,φ (n)

w ,V (n)
Gw} ,

(n = 1,2, . . . ,N) , (11)

wheret0(n), p(n), andVnmo(n) are the effective values for the

n-th reflector measured from reflection data,z(n)
w andφ (n)

w are
the depth and dip of then-th reflector at the well location, and

V (n)
Gw is the interval vertical group velocity in then-th layer.

Inversion methodology
The algorithm generalizes the inversion scheme for a single
TTI layer discussed above, and represents a modification of
stacking-velocity tomography introduced for VTI media by
Grechka et al. (2002b). Since the tiltν(n) of the symmetry

axis in each layer is equal to the dipφ (n)
w , there is a total of 3N

unknown parameters{V (n)
P0 , ε(n), δ (n)} for an N-layered TTI

medium.

The model geometry can be fully reconstructed from the
known depths and dips of the interfaces. For a given set of

the trial interval parameters{V (n)
P0 , ε(n), δ (n)}, we compute

the NMO velocitiesVnmo,calc(n) using the Dix-type averag-
ing procedure based on tracing the zero-offset ray (Grechka
et al., 2002b). Reflection slopes in layered media cannot yield
the interval symmetry-direction velocities directly (as in equa-
tion 1). Instead, we use the slopesp(n) and zero-offset travel-
timest0(n) to construct one-way zero-offset rays for the trial

TTI parameters and compute the “trial” reflector depthsz(n)
w,calc

in the well. The interval vertical group velocitiesV (n)
Gw,calc are

also obtained by ray tracing in the trial model. Fitting the in-

terval velocityV (n)
Gw is equivalent to solving equations 7 and 8

for a single layer because the phase angleθ̃w for the vertical
ray is obtained from the trial medium parameters.

The interval parameters{V (n)
P0 ,ε(n),δ (n)} are estimated by

minimizing the objective function that contains the differences
between the calculated (“calc”) and measured quantities:

F (em) ≡
N

X

n=1

“

‚

‚Vnmo,calc(n)−Vnmo(n)
‚

‚

+
‚

‚z(n)
w,calc− z(n)

w
‚

‚+
‚

‚V (n)
Gw,calc−V (n)

Gw

‚

‚

”

.

(12)

The dipsφ (n)
w are not included in the objective function be-

cause they are used to constrain the tiltν(n) of the symmetry
axis in each layer. For a single layer, the parameterε is ob-
tained from the vertical velocity (equations 7 and 8). However,
for layered TTI media,ε(n) also contributes toVnmo,calc(n) (ex-

cept forn = 1) andz(n)
calc. Therefore,ε(n) has to be estimated to-

gether withV (n)
P0 andδ (n) from equation 12. This tomographic

algorithm can be applied to a single CMP since each layer is
laterally homogeneous with planar boundaries.

It should be emphasized that we invert for all interval parame-
ters simultaneously without employing layer stripping. This
feature of the algorithm helps to reduce error accumulation
with depth and is particularly beneficial when the model in-
cludes a layer at depth that is known to be isotropic. Then, as
demonstrated by Grechka et al. (2001) on physical-modeling



Figure 3: Three-layer TTI model used to test the tomographic

algorithm. The dips areφ (1)
w = 15◦, φ (2)

w = 10◦, andφ (3)
w =

−30◦. The reflector depths at the well location arez(1)
w = 1 km,

z(2)
w = 2 km, andz(3)

w = 3 km.

data for a bending TTI thrust sheet, the reflection from the bot-
tom of the isotropic layer provides valuable constraints on the
parameters of the TTI overburden.

Synthetic example

The algorithm was tested on a three-layer TTI model with dip-
ping interfaces (Figure 3) and the interval parameters listed in
Table 3. The inversion results for 200 realizations of noise-
contaminated input data are shown in Figure 4. Since the dips
are moderate, estimation of the interval parameterε is highly
unstable, whileVP0 andδ are well constrained. The standard
deviations in the inverted parameters are higher in the third
layer (about 2% forVP0, and 0.04 forδ ). This reduction in
accuracy is due primarily to the smaller contribution of the
deeper layers to the effective reflection traveltimes. As was
the case for a single layer, rotating the symmetry axis by±5◦

from the reflector normal does not substantially distort the es-
timates ofVP0 andδ .

CONCLUSIONS

We devised a parameter-estimation algorithm for tilted trans-
verse isotropy that operates with conventional-spread P-wave
moveout and borehole data. The semi-analytic inversion pro-
cedure for a single TTI layer showed that the parametersVP0,
ε, andδ cannot be resolved without assuming the symmetry
axis to be orthogonal to the reflector. To estimate the interval
parameters of a stack of TTI layers separated by plane dipping
interfaces, we employed stacking-velocity tomography com-
bined with vertical group velocities and reflector depths and
dips measured in a borehole. The current implementation is
limited to 2D models, in which the vertical incidence plane
coincides with the dip plane in each layer. By performing the
inversion for all layers simultaneously, the algorithm mitigates
error accumulation with depth and produces more stable re-
sults for TTI formations overlying isotropic strata. Tests on

Layer 1 Layer 2 Layer 3
VP0 (km/s) 1.5 2.0 2.5

ε 0.10 0.50 0.25
δ -0.10 0.30 0.10

ν (◦) 15 10 -30

Table 3: Interval parameters of the three-layer TTI model from
Figure 3. The symmetry axis in each layer is orthogonal to its
lower boundary. The input data were distorted by Gaussian
noise with the standard deviations equal to 1% fort0(n) and
p(n) and 2% forVnmo andVGw.
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Figure 4: Interval symmetry-direction velocitiesV (n)
P0 (a) and

the anisotropy parametersδ (n) (b) estimated by the tomo-
graphic inversion for the three-layer model from Figure 3 and
Table 3. The dots mark the exact values, and the bars corre-
spond to the± standard deviation in each parameter.

noise-contaminated data demonstrate that the interval parame-
tersVP0 andδ are well constrained for a wide range of reflector
dips, while the inversion forε requires the dip to reach at least
60◦. The method can be extended in a straightforward way to
3D wide-azimuth P-wave data by replacing the NMO veloci-
ties in the objective function with the NMO ellipses.

Stacking-velocity tomography, possibly combined with non-
hyperbolic moveout inversion forε, represents an efficient tool
for building an initial model for migration velocity analysis
and post-migration reflection tomography. After carrying out
the interval parameter estimation at well locations, theVP0-
and δ -fields can be computed by interpolation between the
wells.
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