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SUMMARY:

Currently used one-way wave equations in depth fail at hori-
zontal propagation. One-way wave equations in time do not
have that shortcoming; they are omni-directional in space. In
these equations, spatial derivatives appear in a pseudo-differ-
ential operator—the square root of the Laplacian. With an ap-
propriate definition of this operator, we have proved via ray
theory that the solutions of one-way wave equations in time
asymptotically approximate the solutions to the two-way wave
equation to leading order for forward or reverse time propa-
gation. For us “true-amplitude” is meant in this ray-theoretic
(asymptotic) sense. The inverse series in powers of iω in the
frequency domain becomes a series in progressing waves in the
time domain. The propagation of the leading order progress-
ing wave is governed by the eikonal equation for the two-way
wave equation and the slowly varying amplitude of this lead-
ing order progressing wave satisfies the same transport equa-
tion as for the two-way wave equation. This theory provides a
solid theoretical base for the Explicit Marching algorithm for
solving reverse time migration and anticipates an inversion—a
true-amplitude reverse time migration. We present the correct
initial value problems for forward and reverse time Green’s
functions. These Green’s functions are the analytic extensions
of the Green’s functions for the two-way wave equation with
their imaginary parts being the Hilbert transforms of those real
(two-way) Green’s functions. The Kirchhoff approximation
of asymptotic ray theory in frequency domain applies to pro-
gressing waves in time domain, except that the incident wave
must also be the analytic extension of the data for the two-way
wave equation. A Green’s identity relating solutions of one-
way wave equations and their adjoint is derived. This allows
us to develop Kirchhoff integral representations from propa-
gation of surface data into the Earth and the propagation of
reflection data to the upper surface. Those identities plus iden-
tification of the adjoint operator for the forward modeling op-
erator lead to migration and inversion formulas using our an-
alytic Green’s functions. Observed data at the upper surface
must be extended to analytic data in order to apply the inver-
sion theory.

INTRODUCTION:

True-amplitude one-way wave equations in depth (Zhang, 1993;
Zhang et al. 2003) yield high quality solutions for forward
modeling problems and inversion. A shortcoming of these
equations is that they yield poor results near and fail at hor-
izontal propagation. In theory, the separation into equations
for up-going and down-going wave equations has a pathology
in the neighborhood of horizontal propagation where the ter-
minology, upward and downward, loses meaning.

Zhang et al. (2007) derived a new equations from the two-
way wave equation. They involve the first derivative term in

time and so-called analytic Green’s functions. These analytic
Green’s functions are complex-valued with the imaginary part
being the Hilbert transform in time of the real-valued Green’s
function of the two-way wave equation. These equations can
handle horizontal propagation and turning waves. Further, they
provide a new way of doing reverse-time migration, called
”Explicit Marching” (EM) method. Unlike the conventional
finite-difference methods, EM does not suffer from stability
and numerical dispersion problems. Unlike one-way wave equa-
tions in depth, the pseudo-differential operators involved in
EM are non-singular and the new equations can be efficiently
solved numerically.

Here, we analyze these temporal one-way equations in time
from a theoretical point of view. The methodology we use
is similar to what we have been using to analyze the one-
way wave equation in depth. We apply asymptotic ray the-
ory in time using smoothness of the functions as a basis for
ordering one-way wave equations in time. This is known as
the progressing wave formalism; see Lewis [1964]. We show
that the eikonal equation for traveltime and the transport equa-
tion for leading order amplitude in the asymptotic solution
of our new wave equations are equivalent to the eikonal and
transport equations for the two-way wave equation. We fur-
ther demonstrate through analysis of the Green’s function that
source problems for the two-way wave equations become ini-
tial or final value problems for the one-way wave equations.
We further demonstrate that boundary data for the two-way
wave equations become source problems for the one-way wave
equation. We provide formulas for forward modeling of Kirch-
hoff-approximate data on a surface at depth and for back-pro-
jection of observed data at receivers. Viewing the forward
modeling of reflection data as a linear integral operator, we
are able to identify the adjoint of this operator. That provides a
Kirchhoff migration formula for these data. We then derive an
pseudo-inverse operator by normalizing this adjoint operator.
This method is demonstrated for common-shot migration and
inversion.

We can only report on this list of results here. Details of the
theory are available in the preprint, Bleistein et al (2008).

ONE-WAY WAVE EQUATIONS IN TIME AND PROGRES-
SING WAVES:

The one-way wave equations that we will discuss below are

L±W =
1
v

∂W
∂ t

±
√

∇2W = 0. (1)

We introduce a symbolic correspondence for the square root of
the Laplacian appearing here:

∇ ↔ ik, k = (kx,ky,kz), (2)

and √
(∇)2 ↔

√
(ik)2 = ik. (3)



If the wave speed v were constant, we could think of k as just
the components of the spatial Fourier transform. In fact, this
is still reasonable when v is not constant, but only in a lead-
ing order asymptotic sense for “large” values of |k| = k. By
imitating the methodology of Zhang et al (2003), we can show
that

ik = i |kz| [I(k)+1], I(k)=
1
π

∫ 1

−1

√
1− s2k2

T

k2
z + s2k2

T

ds, kT =(kx,ky).

(4)
Both the factor i |kz| and the integral I(k) require interpretation
as pseudo-differential operators. We interpret i |kz| as follows.

kz > 0, i |kz|= ikz ↔
∂

∂ z
;kz < 0, i |kz|=−ikz ↔− ∂

∂ z
. (5)

We remark that this preliminary distinction of the vertical di-
rection is only a device that allows us to develop a ray theory
for our progessing waves and leads to an eikonal and transport
equation with no distinguishing directionality. We could have
as easily distinguished x or y and end up in the same place.

As for the integral I(k) in Equation 4, the multiplication in
the numerator of the integrand merely means differentiation.
The symbolic operator in the denominator is interpreted as
the inverse of a differential operator; that is, convolution with
a Green’s function or solution to an appropriate differential
equation. Thus, we introduce an auxiliary function WT (x, t,s)
that satisfies the differential equation,

∂ 2WT

∂ z2 + s2
∇

2
T
WT = ∇

2
T
W, ∇T =

(
∂

∂x
,

∂

∂y

)
. (6)

This is exactly what we need to interpret I(k)W with I and
ik defined below equation 4. We now have a compound of ±
signs due to the signs in the differential Equation 1 and the
signs of 5. Therefore, below we proceed only with L+ of
Equation 1 and then state results for L−, allowing ± to corre-
spond to the signs of i |kz| in Equation 5. Then, for the forward
going wave equation 1, we write

L+W =
1
v

∂W
∂ t

± ∂W
∂ z

± ∂

∂ z
1
π

∫ 1

−1

√
1− s2 WT ds = 0, (7)

Here, the upper sign corresponds to downgoing waves and the
lower sign corresponds to upgoing waves. Those signs are op-
posite (∓) for L−).

We introduce a sequence of progressing wave functions
F0[τ(x)− t],F1[τ(x)− t], . . . , with the property that

F ′n+1 = Fn, n = 0,1,2, . . . . (8)

Here the prime {′} means derivative with respect to total argu-
ment of the function. With this definition, each wave function
is smoother than its predecessor. This is the analog of the se-
quence of inverse powers of iω in the asymptotic series in the
frequency domain. We then assume that the solution W can be
written as a series in these functions as follows.

W (x, t) = B0(x)F0[τ(x)∓ t]+B1(x)F1[τ(x)∓ t]+ . . . . (9)

For leading order asymptotics, that is, to determine the govern-
ing equations for τ and B0 we will not need any further terms
in the series.

The procedure for asymptotic analysis of the one-way wave
equations 1 is as follows. Write down progressing wave se-
ries for both W and WT . Use the spatial differential equation
6 to determine the coefficients of the series for WT in terms of
the coefficients of the series for W . Those coefficients are also
functions of s Substitute the series for WT into the integral in
the one-way wave equations 7 just above, and carry out the in-
tegrals with respect to s. What results is a progressing wave
series totally in terms of the traveltime and amplitudes of the
progressing wave representation for W . The most singular part
of this equation will be the coefficient of F ′0 and the next order
will be the coefficient of F0, itself. Setting those two coeffi-
cients equal to zero yields the eikonal equation and transport
equation that we seek, namely,√

p2 = 1/v, and ∇ ·
[
vB2

0p
]
= 0, p = ∇τ, p2 ≡ p ·p. (10)

Our care with signs has led to the same eikonal equation for
upward and downward propagating waves, thereby not dis-
tinguishing them by direction. The transport equation con-
serves energy in ray tubes as it should. If we denote by A0
the same leading order coefficient for the progressing wave
solution of the two-way wave equation, then A0 satisfies the
transport equation

∇ ·
[
A2

0p
]

= 0. (11)
This is the same equation that we would obtain in frequency
domain. Thus, there is a minor scale difference between the
conserved quantity in ray tubes for the solution of the one-way
and two-way wave equations.

In contrast to the one-way equations in depth, there is no need
for an additional zeroeth order pseudo-differential operator in
this wave equation to achieve this conservation. Exactly the
same eikonal and transport equation are obtained for the oper-
ator L−.

ANALYTICAL/NUMERICAL SOLUTION TECHNIQUE:

The analytical scheme used in the previous section to derive
the asymptotic solutions of the one-way wave Equation 1 is not
a viable solution technique. Instead, we use a spectral method.
To this end, we introduce the spatial Fourier transform,

F [W (x, t)] = W̃ (k, t) =
∫

∞

−∞

W (x, t)exp{−ik ·x}d3x, (12)

and rewrite the one-way wave equations 1 as
1
v

∂W
∂ t

±F−1[ikF [W (x, t)] = 0. (13)

That is, we effect the square root operator by computing the
forward Fourier transform of W , multiplying by ik, and com-
puting the inverse transform.

The Green’s functions are solutions of the initial value prob-
lems

L±G± =
1
v

∂G±
∂ t

±
√

∇2G± = 0, G±(x,0) =∓v(0)
ik

δ (x).
(14)

For homogeneous media, the solutions of these equations are

G±(x, t) = ±H(±t)
1

4πr

{
δ (r/v− t)−δ (r/v+ t)



+
i
π

[
− 1

r/v− t
+

1
r/v+ t

]}
. (15)

The real parts of G± are the causal/anti-causal Green’s func-
tions of the two-way wave equation. The imaginary parts here
yield the analytic solutions. The complex values arise from
the implementation of the operator ik. This operator yields
analytic solutions whenever it is applied. Thus, the solution
obtained from a problem with real data will be the analytic so-
lution with its real part being the solution that we really want.

Note that these Green’s functions have the form of our pro-
gressing waves. That leads us directly to the structure of the
Green’s functions for heterogeneous media; namely,

G±(x,x0, t− t0) ∼ ±B(x,x0)

{
δ

(
τ(x,x0)∓ (t− t0)

)
± i

π
· 1

τ(x,x0)∓ (t− t0)

}
, (16)

±(t− t0) > 0, lim
x→x0

{|x−x0|B(x,x0)}=
1

4π
.

We can show that the adjoints (†) of the differential operators
are

L †
±W =−L∓W =−

{
∂W
∂ t

∓ [ikW ]

}
. (17)

Using these adjoints, we can obtain a Green’s identity,∫
dV ′

∫ t+

t−
dt ′

{
UL±W −WL †

±U
}

(x′, t ′)

=
∫

dV ′

v(x′)
U(x′, t ′)W (x′, t ′)

∣∣∣∣∣
t+

t−

. (18)

This identity allows us to model downward continuation of ob-
served surface data, D(x′,y, t ′) at z′ = 0 as

W (x, t)=
∫

z′=0

dx′dy′
∞∫

t

dt ′D(x′,y′, t ′)
1

v(x′)
∂G+(x′,x, t ′− t)

∂ t ′

(19)

=−
∫

z′=0

dx′dy′
∞∫

t

dt ′D(x′,y′, t ′)
1

v(x′)
∂G−(x′,x, t− t ′)

∂ t ′
,

with the source of the delta function here being at (x, t) rather
than at (0,0) as in differential equations 14 for the Green’s
functions.

The Green’s identity 18 also allows us to model upward prop-
agation from a reflector S when we use Kirchhoff-approximate
boundary data:

W (x, t) = −
∫
S

dS′
t∫

0

dt ′D(x′,y′, t ′)
1

v(x′)
∂G−(x′,x, t ′− t)

∂ t ′

(20)

=
∫
S

dS′
t∫

0

dt ′D(x′,y′, t ′)
1

v(x′)
∂G+(x′,x, t− t ′)

∂ t ′
.

Detailed derivations of all results presented here can be found
in Bleistein et al (2008).

COMMON-SHOT MIGRATION/INVERSION:

We use the Kirchhoff approximation for reflected data from a
point source xs. We are then able to write down the upward
propagation of the reflected data as a volume integral as fol-
lows.

W (xr, t) =
∫

d3x′
∫ t

0
dt ′

R0(x′,xs)
v(x′)

·G+(x′,xs, t ′)
∂G+(x′,xr, t− t ′)

∂ t ′
,

R0(x′,xs) = R(x′,xs)γ(x′). (21)

Here, R0 is the reflectivity function that we seek in the inverse
problem. The function γ(x′) is the singular function of the
reflecting surface. It is a delta function, δ (n) of signed normal
distance to the reflector. This function allows us to recast the
surface integral of model data in Equation 20 into a volume
integral. The function R(x′,xs) is the ray-theoretic reflection
coefficient at x′ for the ray incident from the source xs.

The function R0 corresponds to the reflectivity β of Bleis-
tein et al [2001]. This notation is consistent with the notation
in Bleistein et al (2005). When we divide the integrand by
|∇[τ(x,xs) + τ(x,xr)]| we obtain the reflectivity β1 of Bleis-
tein et al (2001), denoted by R in Bleistein et al (2005).

We remark that our modeled Kirchhoff-approximate data uses
the analytic Green’s function as the incident wave. Further-
more, the upward propagation of those data yields the analytic
extension of the standardly observed data of the two-way wave
equation. Thus, in using these formulas to migrate or invert
observed data for the two-way wave equation, we must first
generate its extension to analytic data.

If we think of the modeling of surface data in equation 21 as
the operator W (xr, t) = K[R0(x′)], then the adjoint operator
acting on the data—K†[W (xr, t)] migrates the data to produce
an image of the reflector. That is,

K†[W ](x, t) = 2π

∞∫
0

dtG−(x,xs,−t)W (x, t)

= −2π

∞∫
0

dtG+(x,xs, t)W (x, t) (22)

migrates the data. Here, W (x, t) is produced by using the
downward continuation of data of Equation 19 applied to the
data W rather than the data D.

We are also able to derive an asymptotic approximation of the
compound operator ||K†K|| to obtain the necessary normaliza-
tion for inversion. We are then able to claim that

R0(x,xs) = K−1[W (xr, t] =
K†

||K†K||
[W (xr, t] (23)



=
1

v2(x)|B0(x,xs)|2

∞∫
0

dtG−(x,xs,−t)W (x, t).

As above, W (x, t) is the downward continued data as defined
by Equation 19. The scaling factor v2(x)|B0(x,xs)|2 is an
asymptotic expansion of ||K†K|| under the assumption that the
incident wave does not have a caustic near the image point x.
The interpretation of the reflectivity R0 in terms of a reflec-
tion coefficient as in equation 21, has not been shown to be
valid near a caustic. Thus, we can content ourselves with sim-
ply regularizing this denominator so that it does not become
infinite at the caustic.

Here is one recipe for such regularization. Using ray theory in
ray-centered coordinates, one can show that

1
|B0(x,xs)|2

= (4π)2v(xs)|det[Q]|, (24)

with Q the standard notation of dynamic ray theory in ray-
centered coordinates. It is this determinant that goes to zero at
caustics. On the other hand, in homogeneous media, |det[Q]|=
|x−xs|2. Thus we propose the replacement

1
|B0(x,xs)|2

=⇒ (4π)2v(xs)
[
det[Q]|− iε|x−xs|2

]
, (25)

for some appropriately chosen “small” ε . Now, away from
caustics, this factor has phase near zero and we simply ignore
the imaginary part to estimate the reflection coefficient. Near a
caustic, the phase of this new term moves away from zero and
the estimate of a reflection coefficient is unreliable. However,
the output does not have a zero at the caustic and we are not
evaluating 1/|B0(x,xs)|2 which becomes infinite at the caustic.

APPLICATIONS TO REVERSE TIME MIGRATION:

Equation (1) has been applied to reverse time migration and
leads to a new algorithm called Explicit Marching (EM) method
(Zhang et al., 2007). Unlike the conventional finite-difference
algorithm, it is guaranteed numerically stable and dose not suf-
fer from numerical dispersion problems. To show how the EM
works, we apply it to the 2004 BP 2D data set (Billette and
Brandsberg-Dahl, 2005). This is a high quality dataset gener-
ated by finite-difference modeling with shot spacing of 50m,
receiver spacing of 12.5m and 15000m maximum offset. For
such a data set, the EM method handles complex velocity fairly
well and gives good delineation of the salt boundaries (Figure
1) especially the steeply dipping salt flanks and the overturned
salt edges, which require high angle propagation or turning
waves to image clearly.

CONCLUSIONS:

We have proved that the solutions of one-way wave equations
in time asymptotically approximate the solutions to the two-
way wave equation to leading order for forward or reverse time
propagation. This provides a solid theoretical base for Explicit

Marching algorithm. We present initial value problems for
Green’s functions. The Kirchhoff approximation of asymp-
totic ray theory in frequency domain applies to progressing
waves in time domain. A Green’s identity relating solutions of
the one-way wave equations and their adjoint is derived. This
allows us to develop Kirchhoff integral representations from
propagation of surface data into the Earth and the propagation
of reflection data to the upper surface. We were then able to
derive Kirchhoff migration and inversion formulas.

ACKNOWLEDGMENTS

We acknowledge BP and Frederic Billette for providing the
2004 BP 2D synthetic dataset. We also thank CGGVeritas for
supporting this work. Guanqaun Zhang’s research was par-
tially supported by the National Science Foundation of China
10431030.

(a)

(b)

Figure 1: BP 2004 velocity model (left) and its reverse-
time migration images with two-step explicit marching method
(right).
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