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Summary

Existing anisotropic parameter-estimation algorithms
that operate with long-o�set data are based on the in-
version of either nonhyperbolic moveout or wide-angle
AVO (amplitude-v ariation-with-o�set) response. Here,
we show that valuable information about anisotropic
reservoirs can also be provided by the critical angle of
re
ected waves.

To explain the behavior of the critical angle, we develop
the weak-anisotropy approximation for vertical transverse
isotropy and then useTsvankin's notation to extend it to
azimuthally anisotropic models of orthorhom bic symme-
try . The P-wave critical-angle re
ection in orthorhom bic
media is particularly sensitive to the parameters � (1) and
� (2) responsible for the symmetry-plane horizontal veloc-
ities in the high-velocity layer. The azimuthal variation
of the critical angle for typical orthorhom bic models can
reach 5{6 � , which translates into substantial changes in
the critical o�set of the re
ected P-wave.

The main diagnostic features of the critical-angle re
ec-
tion employed in our method include the rapid increase
of the re
ection amplitude at the critical angle and the
subsequent separation of the head wave. Analysis of syn-
thetic seismogramsgeneratedwith the re
ectivit y method
con�rms that the azimuthal variation of the critical o�set
is detectable on wide-azimuth, long-spreaddata. Critical-
angle re
ectometry can be usedto constrain the dominant
fracture directions and, in combination with other meth-
ods, to reduce the uncertainty in anisotropic parameter
estimates.

In tro duction

Long-o�set re
ection data play an important role in
anisotropic velocity analysis because they are recorded
for a wide range of angles with the vertical. In par-
ticular, nonhyperbolic (long-spread) moveout analysis is
used to constrain anisotropy parameters for both VTI
(transv ersely isotropic with a vertical symmetry axis)
and azimuthally anisotropic media (e.g., Vasconcelosand
Tsvankin, 2004; Tsvankin, 2005). Wide-angle AVO re-
sponse can provide information about anisotropy that
cannot be obtained from conventional analysis of the AVO
gradient (e.g., R•uger, 2001).

Here, we suggest another way of employing long-o�set
re
ections by extending to seismology a well-established
technique called \ultrasonic critical-angle re
ectometry"
(An tic and Mehta, 1997). The P-wave velocity in many
hydrocarbon reservoirs is higher than that in the cap rock,
which leads to critical and post-critical target re
ections.

The shift in the critical angle or o�set observed on time-
lapse data was shown to be helpful in monitoring reser-
voir production (Landr� et al., 2004). If the medium is
azimuthally anisotropic, the critical angle and the cor-
responding critical o�set vary with azimuth, which can
be used to identify the vertical symmetry planes of the
model and constrain the anisotropy parameters. Seismic
critical-angle re
ectometry can be particularly e�cien t in
fracture characterization, if it is combined with azimuthal
AVO and moveout analysis (e.g., Grechka and Tsvankin,
1999; Gray et al., 2002).

Analytic description of the critical angle

We considera plane P- or S-wave incident upon a horizon-
tal interface that separatestwo anisotropic media. If the
transmitted wave (P or S) has a higher velocity, for a cer-
tain incidence angle (called the critical angle) its group-
velocity vector becomeshorizontal. For simplicit y, we as-
sume that the re
ector coincides with a symmetry plane
of the re
ecting halfspace, so the phase-velocity vector of
the transmitted wave at the critical angle is also horizon-
tal. Then the critical phase angle � cr can be found from
Snell's law:

sin � cr

V1(� cr )
=

1
Vhor ;2

; (1)

where V1(� ) is the phase velocity in the incidence half-
space and Vhor ;2 is the horizontal phase velocity in the
re
ecting halfspace computed in the vertical incidence
plane. The critical angle for a particular wave mode
(e.g., PP, SS, or SP) can be obtained by solving equa-
tion 1 with the appropriate phase-velocity function V1(� )
and the horizontal velocity Vhor ;2 . For point-source ra-
diation, the segment of the wavefront orthogonal to the
phasedirection � cr is responsible for generating the head
wave, which interferes with the re
ected wave in the post-
critical domain.

VTI media

A conciseapproximation for the critical angle of P-waves
in VTI media can be obtained by linearizing equation 1
in the Thomsen parameters � and � :

sin � cr = n
�
1 � � 2 + � 1n2 + (� 1 � � 1) n4

�
; (2)

where the subscripts \1" and \2" denote the incident and
re
ecting halfspaces, respectively, n � VP 0;1=VP 0;2 , and
VP 0 is the P-wave vertical velocity (VP 0;2 > VP 0;1). Since
n < 1, the contribution of anisotropy to the critical angle
is controlled primarily by the parameter � 2 responsible for
the horizontal P-wave velocity in the re
ecting halfspace.
If the overburden is isotropic and the velocity ratio n is
known, the angle � cr can be used to estimate � 2 .
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Fig. 1: Critical angle of P-waves as a function of azimuth for
an interface between isotropic (incidence) and orthorhom bic
(re
ecting) media. The azimuth � is measured from the sym-
metry plane [x1 ; x3 ]. The solid curve is the exact angle � cr from
equation 1, the dashed curve is the weak-anisotropy approx-
imation 3. The P-wave velocit y in the isotropic halfspace is
VP 0;1 = 2100 m/s; the relevant parameters of the orthorhom-

bic halfspace are VP 0;2 = 2800 m/s, � (1)
2 = 0:25, � (2)

2 = 0:1,

and � (3)
2 = � 0:1.

Equation 2 can be easily adapted for shear or mode-
converted waves by applying the \substitution rule" de-
scribed by Tsvankin (2005, p. 26). When the incidence
medium is anisotropic, the critical o�set is determined by
the critical group (ray) angle  cr that corresponds to � cr .

Orthorhom bic media

Many naturally fractured reservoirs are believed to
possess e�ectiv e orthorhom bic symmetry. Existing
parameter-estimation methods for orthorhom bic media
largely rely on multicomp onent data (e.g., Grechka et al.,
2005), which are not acquired in the bulk of seismic sur-
veys. Suppose an interface separates two orthorhom bic
media with the sameorientation of the symmetry planes,
which are aligned with the coordinate planes. The weak-
anisotropy approximation 2 can be adapted for this model
by making the parameters � and � functions of the az-
imuth � with the x1-axis (Tsvankin, 2005):

sin � cr (� ) = n f 1 � � 2(� ) + � 1(� ) n2

+ [� 1(� ) � � 1(� )] n4g ; (3)

� (� ) = � (1) sin2 � + � (2) cos2 � ; (4)

� (� ) = � (1) sin4 � + � (2) cos4 �

+ (2� (2) + � (3) ) sin2 � cos2 � : (5)

The anisotropy parameters � (1) , � (2) , � (1) , � (2) , and � (3)

are de�ned in Tsvankin (2005).

In the azimuthal AVO analysis, the best-constrained pa-
rameter is the di�erence between the AVO gradients in
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Fig. 2: Critical angle of P-waves obtained from the weak-
anisotrop y approximation 3 for an interface between or-
thorhom bic (incidence) and isotropic (re
ecting) media. The
solid curve is computed for the following parameters of the
orthorhom bic halfspace: VP 0;1 = 2100 m/s, � (1)

1 = 0:25,

� (2)
1 = 0:1, � (1)

1 = 0:05, � (2)
1 = � 0:1, and � (3)

1 = � 0:1. For
the dashed curve, all parameters are the same, except for
� (1)

1 = 0:15. The P-wave velocit y in the isotropic halfspace
is VP 0;2 = 2800 m/s.

the vertical symmetry planes (e.g., R•uger, 2001). Lik e-
wise, the critical-angle re
ectometry can provide an esti-
mate of �(sin � cr ) = sin � cr (0� ) � sin � cr (90� ). When the
overburden is isotropic, �(sin � cr ) can be used to �nd the
di�erence between � (1)

2 and � (2)
2 :

� � 2 � � (1)
2 � � (2)

2 =
�(sin � cr )

n
: (6)

If both layers are orthorhom bic, equation 5 contains eight
anisotropy parameters, which cannot be resolved without
additional information.

Numerical examples

The magnitude of the azimuthal variation of the critical
angle for typical orthorhom bic modelsand the accuracy of
the weak-anisotropy approximation are illustrated in Fig-
ures1 and 2. When the incidencemedium is isotropic, the
dependence� cr (� ) is controlled by the P-wave horizontal
velocity in the re
ecting halfspace (equation 1). For the
model in Figure 1, � (1)

2 � � (2)
2 = 0:15, which translates into

a changein � cr betweenthe symmetry planesthat exceeds
5� (equation 6). The extrema of the function � cr (� ), how-
ever, do not necessarilycoincide with the symmetry-plane
directions, if the absolute value of � (3)

2 is relativ ely large.
The weak-anisotropy approximation is close to the exact
solution and correctly reproduces the trend of � cr (� ).

When the incidence halfspaceis orthorhom bic (Figure 2),
the critical angle becomesa function of all �v e anisotropy
parameters responsible for the P-wave velocity above the
re
ector (� (1)

1 , � (2)
1 , � (1)

1 , � (2)
1 , and � (3)

1 ). The azimuthal
dependenceof the critical angle in Figure 2 is more pro-
nounced for the model with a larger di�erence between
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Fig. 3: Real part of the exact re
ection coe�cien t for a plane
P-wave computed in four azimuthal directions for an inter-
face between isotropic (incidence) and orthorhom bic (re
ect-
ing) media. The P- and S-wave velocities in the incidence
halfspace are VP 0;1 = 2100 m/s and VS 0;1 = 1200 m/s,
the density � 1 = 2:4 g/cm 3 . For the re
ecting halfspace,
VP 0;2 = 2800 m/s, VS 0;2 = 1200 m/s, � 2 = 2:6 g/cm 3 ,

� (1)
2 = 0:25, � (2)

2 = 0:1, � (1)
2 = 0:05, � (2)

2 = � 0:1, � (3)
2 = � 0:1,


 (1)
2 = 0:28, and 
 (2)

2 = 0:15. The critical angle for this model
is plotted in Figure 1.

� (1)
1 and � (2)

1 . Variations in the critical angle on the order
of 5{6 � (Figures 1 and 2) would change the critical o�set
for deep interfaces by hundreds of meters, which should
be detectable on AVO plots.

Re
ection coe�cien t at the critical angle

The critical angle can be identi�ed on surface re
ection
data by analyzing the amplitude of the re
ected wave at
near-critical o�sets. The real part of the exact P-wave re-

ection coe�cien t for an isotropic/orthorhom bic interface
in Figure 3 varies with azimuth, but has practically the
same shape near the azimuthally-dep endent critical an-
gle � cr (� ). After a sharp peak at � cr where its derivativ e
becomesin�nite, the real part of the re
ection coe�cien t
decreaseswith angle.

The amplitude of the re
ected wave at near-critical in-
cidence, however, is determined not just by the plane-
wave re
ection coe�cien t. First, since the amplitude of
the re
ected wave has a contin uous derivativ e, it should
increase beyond � cr . Second, the re
ected wave in the
post-critical domain undergoes rapid phase changes and
interferes with the head wave. As con�rmed by the exact
synthetic seismograms below, the critical angle is close
to the point of the fastest amplitude increase of the re-

ected wave, with the amplitude peak shifted toward
post-critical o�sets.

Synthetic test using re
ectivit y mo deling

The method was tested on synthetic re
ection data com-
puted for a model that includes an orthorhom bic layer be-
neath an isotropic medium (Figure 4). The seismograms

Fig. 4: Synthetic seismograms of the vertical displacement for
the wave�eld re
ected from the top of an orthorhom bic layer.
The sourcesand receivers are placed in an isotropic halfspace;
the model parameters are the same as in Figure 3. The time
axis runs from 900 ms to 1900 ms.

were generated with the anisotropic re
ectivit y method,
which produces exact 3D wave�elds for horizontally lay-
ered media. We estimated the critical angle for the PP
re
ection from the top of the orthorhom bic layer (seethe
arrows). For both azimuths in Figure 4, there is a clearly
visible head wave splitting o� from the re
ected wave.
The separation of the head wave (marked by the arrows)
occurs at a smaller o�set for the azimuth � = 90� , which
is indicativ e of a decreasein the critical angle. The point
of the fastest amplitude increaseon the AVO curves(Fig-
ure 5) yields the critical angle closeto 43� for � = 0� and
38.5� for � = 90� .

The estimated critical angle in Figure 6 is close to the
exact value for the full range of azimuths. Assuming
that the vertical-v elocity ratio is known, � cr (� ) can be in-
verted for all three relevant parameters of the orthorhom-
bic medium { � (1)

2 , � (2)
2 , and � (3)

2 . If the o�set range is suf-
�cien tly wide, the horizontal velocity in the orthorhom bic
layer and the parameters � (1)

2 , � (2)
2 , and � (3)

2 can also be
estimated from the linear moveout of the head wave.

Discussion

Implementation of critical-angle re
ectometry requires
considering several important practical issues. First, the
critical-angle re
ection can be recorded only if there is a
signi�can t velocity increase at the top or bottom of the
reservoir. Second, the method has to operate on wide-
azimuth, long-o�set data that include the critical re
ected
ray from the target. Third, the critical-angle event may
be obscured by the overburden noise train, which can be
partially attenuated by such techniques as F-K �ltering.

Furthermore, quantitativ e analysis of critical-angle mea-
surements faces a number of serious challenges, such as
accurate detection of the critical o�set on AVO curves
and computation of the corresponding critical angle at
the target horizon. For models with a laterally homoge-
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Fig. 5: Amplitude of the re
ected P-wave from Figure 4 as a
function of o�set for the azimuths � = 0� (solid curve) and
� = 90� (dashed).

neous overburden, the amplitude of the re
ected wave is
convenient to treat as a function of the ray parameter.
At the critical o�set, the ray parameter is equal to the
horizontal slowness in the high-velocity layer controlled
by the azimuthally varying parameter � (� ).

Conclusions

We intro duced a method that can be called \seismic
critical-angle re
ectometry" becauseit is based on mea-
suring the critical angle � cr on re
ection seismic data.
In contrast to AVO analysis, this method does not re-
quire accurate amplitudes for a wide o�set range because
the critical o�set can be estimated from the point of the
fastest amplitude increase.

When the medium above or below the re
ector is az-
imuthally anisotropic, the azimuthal variation of � cr can
help to constrain the symmetry-plane directions, which
often coincide with the dominant fracture azimuths. Us-
ing the weak-anisotropy approximation, we obtained con-
cise expressions for the critical angle for VTI and or-
thorhombic media and identi�ed the parameter combi-
nations that can be estimated from critical-angle re
ec-
tometry . The analytic results were veri�ed by applying
the method to the exact synthetic seismogramsfor the
re
ection from an isotropic/orthorhom bic interface. The
synthetic test also con�rms that the extrema of the az-
imuthally varying function � cr do not necessarily corre-
spond to the symmetry planes, which underscores the
need for denseazimuthal coveragein critical-angle re
ec-
tometry . Currently we are analyzing the behavior of the
critical angle on a �eld data set from the North Sea.
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estimated from the re
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solid line is the exact critical angle.
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