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Summary

Using common-o set migration in a constant background
medium as an example, we show that using curvelets as
building blocks of seismic data, the Kirchho diraction-
stack can, to leading-order in angular frequency, horizon-
tal wavenumber, and migrated location, be rewritten asa
transformation of coordinates of the curveletsin the data,
combined with amplitude scaling. This transformation is
calculated using map migration which usesthe local slopes
provided by the curvelet decomposition of the data. This
transformation includes the earlier proposed method of
imaging with curvelets consisting of a translation, rotation
and dilation, but in addition incorporates a shear defor-
mation of eath curvelet and a term that (to leading order)
corrects for the focussing or defocussing of curvelets upon
imaging. The accuracy of the method is veri ed using a nu-
merical example that indicates that using the leading-order
approximation only, provides a good approximation to mi-
gration in a constant background medium. The essenceof
the preserted leading-order derivation applies to heteroge-
neous media also.

In tro duction

Recertly curvelets have been shown to optimally sparsify
smooth functions away from singularities along smooth
curves (Candes & Donoho, 2004). Since the wavefronts in
seismicdata lie mainly along smooth surfaces(or curvesin
two dimensions) and sincethe imaging operator belongsto
the classof operators that is sparsi ed by curvelets (Smith,
1998; Candes & Demanet, 2005), curvelets are plausible
candidates for simultaneous sparserepresenation of both
the seismic data and the imaging operator. In a nutshell,
a curvelet can be viewed as a piece of a bandlimited plane
wave that is in the Fourier domain localized near a wedge
(seeFigure 1a) indexed by a scaleindex j and an angular
index | (determining its frequency content and its main as-
sociated direction, respectively). The tiling of the Fourier
domain is particular in that the length of each wedge is
proportional to its squaredwidth (paralolic saling). Each
curvelet can be moved in the spatial domain over a grid as-
sociated with eac wedge(Figure 1b). The location on this
spatial grid is indexed by two translation indices m; and
m,. Therefore, a curvelet is uniquely identied by multi-
index = (j; I;m1;mz). Because curvelets constitute a
tight frame (which can be thought of as a non-orthogonal
basis) for L2, they satisfy 8f 2 L2(R?) the reconstruction
formula
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From the Kirc hho
nate transformation

In the following derivation we use migration in a constant
background medium asan example but emphasizethat the
essenceof the derivation continues to hold for migration
in heterogeneousmedia. The common-o set (CO) 2.5-D
time-migration equation is given by (Bleistein et al., 2000,
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Fig. 1: (a) Digital curvelet tiling of Fourier domain into wedges,
(b) spatial tiling asscciated with grey wedge shown in a, and (c)
curvelet in the spatial domain.

p.309, equation (6.3.25))
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where (y) is the re ectivit y function at migrated location

y = (y1y2)", ! is the angular frequency, and Us(x;!)

denotesthe scattered eld at midpoint location x, Fourier

transformed with respect to time t, and h is the half-o set.

Figure 2 shows the geometry assaiated with 2-D CO time-
migration. The amplitude a(y;x;h) is given by

prs+rg ri+rj
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a(y;x;h) = p=— = cos (x;y;h); (3
(yixih) = P (xy;h); (3)
with  (x; y;h) half the opening angle between the slow-

ness vectors at the source and the receiver locations, v
the medium velocity, and rs and rq the distancesfrom the
source and the receiver to the re ec&or location, respec-

tively, givenby rsg = rsg(y;x;h) =  (x h y1)? + y3,
where the minus-signin the r.h.s. relates to the source lo-
cation (rs) and the plus-sign to the receiver location (rg).
Anticipating that in the spectral domain a curvelet is lo-
calized near a wedge, we Fourier transform Us with respect
to x [using the convertion given in Bleistein et al. (2000,
p.29-30)] to get
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The quantit y betweenthe square brackets is an oscillatory

integral that can be approximated using the method of sta-

tionary phasele.g., Bleistein et al. (2000, p.129)]. Treating
I asthe formal large parameter and de ning the phase
as

rs(y;x;h) + rg(y;x;h) ke

(y:% ke;!sh) o= " i

x; (5)

we get
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Fig. 2: Geometry assaciated with 2-D CO time migration.

with — *Qy;x(y;ke=! ;h)ika;tih) = @ =@Pju(yie= in)
the Hessian evaluated at the stationary midp oint location
x(y;kx=!;h) and where we usedthat the Hessianturns out
to be positive de nite.

Let (y) bethe imageof oneinput curveletc , with multi-
index = (j; I;m1;mz). That is, we replace the input
data Os(ky;! ) in equation (6) with one curvelet & (kx;!),
where the notation ¢ denotesthe Fourier transform of the
curvelet ¢ (x;t) in the x t domain. Therefore we have
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€ (kx;!)dkkd! ; (7

where we have de ned

Rkt iy = p AUk
S 2] Qy;x(y;ke=";h)iko; ! R)j
(8)
and
P(y;ke:!;h) = 1 (yix(y;ke=!;h) ke ! h)
=1 t(y;x(y;ke=! s h) h) ke x(y; k=t ,h) 1 (9)
with

t(y:x(y; kx=!;h); h) := (rs(y; x;h) + rg(y; x;h))=v (10)

the traveltime from the source to the re ector and back
to the receiver. Equation (7) is reminiscent of plane-wave
migration (Akbar et al., 1996).

Noticing that € (kx;!) is localized near a wedgewith cen-
ter angular frequency ! , and certer horizontal wavenum-
ber k;, we linearize the dependenceof P on ! and ky
around ! , and kY. This meansthat, apart from the am-
plitude a° the oscillatory integral on the right-hand side of
equation (7) becomessimply an inverseFourier transform.
Doing this, we have

P(y;kx;!;h) P(y;ky;!uih)
oy e k) O . (1)
Co(kY ) Xo(kYs )

where the derivatives dP=d! and dP=dkx denote total
derivatives. From equation (9) it is immediate that

P(y;ke;tush) = Tut(y;x(y;push)ih) ke x(y;push) ;
(12)
where py := ky=!,. Then, calculating the total derivative,
it follows from equation (9) that
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Sincep= @=@ and ! p = ky, it follows that

dpP
ar = t(y;x(y;push);h): (14)
d! (kysta)
Similarly, it follows that
dpP
P = X(Y;pu;h): 15
dkx (gt w) ipeih) (13)

Using equations (12), (14), and (15) in (11), we have

P(y:kai!sh) 1 ty;x(yspush)ih) - kax(y;puih): (16)

In addition, using that the amplitude a%y;kx;! ;h) varies
slowly over the spectral support (i.e., a spectral wedge)of a
curvelet, we approximate a%(y;kx;! ;h)  a%y;k¥;!y;h).
Then, using this together with equation (16) in (7), it fol-
lows that
Z, 7,
(v) = alyik;!ush) & (ki!)
1 1
e Ift tlyx(yipuih)h) kxX(Y§Pu§h)gdkxd! C (A7)

which is indeed an inverse Fourier transform of a curvelet.

Furthermore, we make use of the fact that curvelets re-
main (fairly) localized in the spatial domain under the ac-
tion of the migration operator. That is, given a curvelet
in the data ¢ (x;t) with center location (xy,;ty) and main
slope pu, this curvelet is localized near the map-migrated
location y,, = Yy, (Xu;tu;pu). Therefore, we linearize
t(y;X(y;pu;h);h) and x(y;pu;h) in y around the map-
migrated location y,, . Linearizing x(y; pu;h) gives

X(yipush)  Xu+ (ryx(y;push)iy (v Ym): (18)

where we used xy = X(Y,;Pu;h) and where the notation
r y denotes the gradient with respect to y. Linearizing
t(y;x(y;pu;h); h) in y again involvestotal derivativesin-
stead of partial derivatives since both t and x depend on
y. Hence, we have
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ryt(y;x(y;puih)sh)jy + pur yx(y;push);h)j, — (19)

Using equations (18) and (19) in (17), while realizing that
the integral is peaked at y = y, (i.e., we can replace
a%y;k¥;:! y;h) in equation (17) with a"(ym kY:1,:h)) and
at the sametime recognizing the inverseFourier transform,
we nally have

()= aAymikstushyc (L (Y ym)+ Xu): (20)
where we have de ned

ryX(y;pu; iy, (21)
Ty t(y;x(yspeh) h) + pur yX(y;ipu; h)giy

and Xy = (Xu tu)'. Therefore, it follows that to leading-
order in angular frequency, horizontal wavenumier, and
migrated location, Kirchho dir action stacking becomes
a coordinate transformation of the curvelets in the data,
given by

y=L ' (X Xu)+yy; (22)
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Fig. 3: lllustration of the individual components of the linear
transformation R S 1 D S p,: input curvelet (a) after

S p, (), D (), S 1(d) adR (e).

combined with an amplitude scaling, where both the ma-
trix L and the amplitude a° are evaluated with the use of
(2D) pre-stack map migration (Douma & de Hoop, 2006,
their equations (7), (8), and (11) restricted to 2D). Hence,
using curvelets as building blocks of seismicdata, the inte-
gration along di raction surfacesis replaced with a simple
coordinate transformation of ead curvelet.

Now that we know the leading-order approximation to one
CO time-migrated curvelet ¢ through equation (20), we
can determine the total image of the (scattered) data us
using the reconstruction formula (1). Letting M denote
the 2.5-D CO time-migration operator and assuming that
seismicdata can be sparsely represerted with curvelets, we
have

X X
(y)= (us;c)[Mc J(y) =
2M 2M

(us;c ) (y): (23)

with (y) given by equation (20), and M the index set
that holds the multi-indices of curveletsthat survive a cer-
tain threshold. Note that the index set M is determined
through thresholding the projection of the seismicdata us
onto the curvelet frame.

For constant background media and a CO acquisition ge-
ometry the matrix L canbewritten asa sequenceof matrix
multiplications given by

y=R S'D 'S, (x xi)tyn: (24
whereR denotesa (clockwise) rotation with angle ,S p,
and S are shear matrices given by
X cos  sin '
cos + X sin

1

0 . . .
1 S= : (25)

with X := (tan srd+ tan ¢rd)=(rd+ rj), and D is a dila-
tion matrix given by

0
2cos =v

cos + X sin

D = 0

(26)

In equations (25) and (26) s the half opening-angle (see
Figure 2) and := ( s+ ¢)=2is the migrated dip. Both

and can be calculated using map migration. From
equation (24) it follows that the leading-order approxima-
tion to CO time-migration can be described by the fol-
lowing sequenceof transformations. First, a curvelet in
the data with certer location x (i.e., certer midpoint lo-
cation x, and center two-way traveltime t,) and center
slope pu, is shearedalong the time-axis to have zero slope.
Subsequertly, eadh curvelet is dilated in both the verti-
cal and horizontal direction. The dilation in the vertical
direction takescare of the stretch due to the imaging con-
dition (Douma & de Hoop, 2005), while the dilation in
the horizontal direction takes(to leading-order) care of fo-
cussing or defocussing of curvelets when they are imaged.
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Fig. 4. Sparse represertation of CO (h = 1000 m) data from a
syncline model (a) and its assaciated amplitude spectrum (b).
Each curvelet used to reconstruct the data shown in a is mi-
grated using equation (20), resulting in the image in d.

Subsequerttly, eacth curvelet is shearedalong the horizontal
direction and is rotated to have output dip . All these
linear transformations have the certer location x, of the
curvelet as their origin. Finally, the resulting transformed
curvelet is translated to the migrated output location y,,.
This sequenceof transformations (except the translation)
is depicted for one curvelet in Figure 3, where a parallel-
logram is added to allow easyidenti cation of the geomet-
ric character of eadh individual matrix multiplication. Note
that the coordinate transformation incorporates the rota-
tion, dilation and translation from Douma and de Hoop
(2005), but that this leading order approximation in addi-
tion incorpates a shear deformation and focussing (or de-
focussing) of the curvelet upon imaging.

Numerical examples

Figure 4a shows a CO section (with oset equal 1 km)
of synthetic data generated from a syncline model in a
constant-v elocity background. We use these data to high-
light that triplications in the data are dealt with natu-
rally; crossing everts in the data are simply constructed
from curvelets that have the same location but dierent
orientations. In Figure 4a we used only the 0.75% largest
curvelet coe cien ts of the data to reconstruct the data.
This thresholding percertage was determined without the
use of a sophisticated thresholding procudure but rather
by visually verifying that the di erence betweenthe orig-
inal and reconstructed data is negligible. The assaiated
amplitude spectrum of the reconstructed data is shown in
Figure 4b. Observe that almost all energy is contained in
frequency bands assaiated with scaleindices 4 | 6.
Figure 4c shows the 2.5-D CO Kirchho migrated result,
while Figure 4d shows the curvelet-based migration cal-
culated with the leading-order approximation [i.e, using
equation (23)]. The leading-order curvelet-based migra-
tion provides a good approximation to the Kirc hho result,
with somesmall artefacts related to nonlinear deformation
beyond the leading-order approach.

The bandlimited nature of curvelets allows the possibil-
ity to do migration velocity analysis as a function of fre-
quency. Such analysis has physical relevance since a wave
averagesthe medium properties upon prope}gation over the
rst Fresnel zone, which is prﬁportional to  (with the
wavelength) and thus to 1= T. Hence, waves of di er-
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Fig. 5. Images obtained using equation (20) from the thresh-

olded CO data shown in Figure 4a, for scalesj = 5 (), j = 6
(b), j = 7 (c), and for the cumulativ e scales]j 5(), j 6
(e), andj 7 (f).

ent frequencies indeed are sertitiv e to the earth's struc-
ture at dierent scales. Using curvelets in seismic imag-
ing allows naturally for such analysis by simply chosing
to image curvelets with selected frequency content (i.e.,
scaleindex) only. Although for constant background me-
dia the medium is the same at every scale, Figure 5 illus-
trates the principle by showing the resulting images as a
function of scale-index j (Figures 5a, b and c). Figures
5d, e, and f, show the assaiated cumulativ e images. Fol-
lowing such per-scaleimaging, the assaiated image gath-
ers can then be submitted to a per-scale velocity analy-
sis. Note that per-scaleimaging in principle also allows
the study of the frequency-dependenceof the re ectivit y.
Moreover, the locally-asscciated directions of curvelets al-
low controlled illumination (Rietveld & Berkhout, 1992) of
the subsurface. Figure 6a shows the amplitude spectrum
of the data in Figure 4a, but reconstructed with rightward
sloping curveletsonly. Figure 4b shows the resulting image,
which now shows the left part of the syncline only. Here,
the controlled illumination is achieved by dip- Itering the
data with curvelets. Dip- Itering the image with curvelets,
in contrast, leads naturally to the focusing-in-dip proce-
dure of Brandsberg-Dahl et al. (2003). These opportu-
nities for frequency-dependernt migration velocity-analysis
and controlled illumination studies are a straightforw ard
consequenceof curvelets being appropriate building blocks
of both seismic data and the imaging operator; no addi-
tional preprocessing,such as slant-stacking, is needed.

Conclusions

Using common-o set migration in a constant background
medium as an example, we show that with curvelets
as building blocks of seismic data Kirchho diraction-

stacking becomesto leading order in angular frequency;,
horizontal wavenumber, and migrated location, a trans-
formation of coordinates of the curvelets in the data,
combined with amplitude scaling. This transformation
includes the earlier proposed method of imaging with
curvelets consisting of a translation, rotation and dilation,
but in addition incorporates a shear deformation of each
curvelet and a term that (to leading order) corrects for the
focussing or defocussing of curvelets upon imaging. The
transformation is calculated using map migration which
usesthe local slopes provided by the curvelet decomposi-
tion of the data. The accuracy of the method is veri ed
using a numerical example that indicates that using the
leading-order approximation only, provides a good approx-
imation to migration in a constant background medium.

seismic imaging using curv elets

amplitudespectrum
-200 -Ra) :

-100 +

cuneletimage

 (rad/s)
z (;m)

100 -

200

Fig. 6: Amplitude spectrum of the data in Figure 4a, but now
using only rightward-sloping curvelets (a), and the resulting im-
age of these curvelets using equation (23) (b).

We emphasize that the essenceof the preserted leading-
order derivation, i.e. a stationary-phase evaluation of the
integral with respect to the non-common variable com-
bined with linearization in angular frequency, horizontal
wavenumber, and migrated location, applies to heteroge-
neous media also.
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