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Summary

We present a rational interpolation approach to nonhyper-
bolic moveout (NHMO) correction in the t � x domain, for
qP-waves in a single homogeneoustransversely isotropic
layer with a vertical symmetry axis. The accuracy of the
method is compared to the NHMO equation of Alkhalifah
and Tsvankin (1995) using both synthetic and �eld data.
Both data types con�rm that for � & 0:1 this method
signi�can tly outp erforms the Alkhalifah-Tsv ankin (A-T)
approximation in terms of combining unbiased parameter
estimation with accurate moveout correction, for arbitrary
o�set-to-depth ratios (ODR) and arbitrary levels of
anellipticit y. The proposed method has no additional
computational overhead compared to using expressions
explicit in the relevant parameters � and VN M O . The lack
of such additional overhead stems from the observation
that, for a �xed value of � and a �xed zero-o�set two-way
traveltime t0 , the moveout curve for di�eren t values
of VN M O can be calculated by simple stretching (or
squeezing) of the o�set axis, where the amount of stretch
depends on the change in VN M O . This observation is
based on the generally accepted assumptions that the
traveltimes of qP-waves in transversely isotropic media,
depend mainly on � and VN M O (i.e., we use � = 0), and
that the shear-wave velocity along the symmetry axis has
a negligible in
uence on these traveltimes (i.e., VS 0 = 0
km/s). The accuracy of the rational interpolation method
is as good as that of these approximations. The method
can be tuned to be accurate to any o�set range of interest
by increasing the order of the interpolation, making it
accurate for arbitrary ODR.

In tro duction

For velocity analysis in VTI media using qP-waves, the
NHMO equation for a single horizontal VTI layer, derived
by Tsvankin and Thomsen (1994) and rewritten in terms
of VN M O and � by Alkhalifah and Tsvankin (1995), is the
current standard in seismic data processing. Even though
this approximation is exact at zero o�set and in�nite
o�set, Grechka and Tsvankin (1998) mention that at
intermediate o�sets \this approximation can be somewhat
improved ... ." This was also noted by other authors [e.g.,
Zhang and Uren (2001), van der Baan and Kendall (2002),
Stovas and Ursin (2004), and Fomel (2004)]. Here, we
proposea rational interpolation (RI) approach to increase
the accuracy of NHMO analysis in VTI media at larger
ODR.

Dep endence of NHMO on � and VN M O for a
single VTI layer
From simple geometric considerations, it follows that for
a homogeneoushorizontal VTI layer, the traveltime t and
associated o�set x are given by

t =
VP 0 t0

v cos 
; x = VP 0 t0 tan  ; (1)

where VP 0 is the P-wave traveltime along the vertical sym-
metry axis,  is the group angle, and v is the group velocity
for propagation in direction  . In a TI medium, the ex-
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Fig. 1: Under the assumptions that VS 0 = 0 and � = 0, the
in
uence of VN M O on NHMO of qP-waves in a single horizontal
VTI layer is limited to a stretch along the o�set axis.

pressionsfor the group angle and group velocity are given
by Tsvankin (2001, p.29 and p.22)
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where V = V (� ) is the phase velocity at phase angle �
[given by equation (1.59) in (Tsvankin, 2001, p.22)].

The qP-wave phase-velocity in TI media depends only
weakly on VS 0 (Tsvankin & Thomsen, 1994), and is usu-
ally ignored in kinematic problems regarding qP-waves(i.e,
VS 0 = 0). Alkhalifah and Tsvankin (1995) showed that
the traveltimes of qP-waves in homogeneousVTI media
depend mainly on the (zero-dip) normal-moveout velocity
VN M O and the anellipticit y parameter � , with an almost
negligible in
uence of VP 0 . Hencewe can choose� = 0 and
thus VP 0 = VN M O and � = � . The equation for the phase
velocity then becomes

V (� ) = VN M O
�

� sin2 �

+
1
2

�
1 +
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(3)

while equation (1) for the traveltime t and the associated
o�set x become

t =
VN M O t0

v cos 
; x = VN M O t0 tan  : (4)

Note that the phasevelocity V (� ) now depends linearly on

VN M O . This linearit y causesthe term
1

V (� )
dV
d�

in equation

(2) to be independent of VN M O . Since the dependenceof
the group angle on the anisotropic parameters is governed

by the term
1

V (� )
dV
d�

[cf. equation (2)], the group angle  

is independent of VN M O and depends only on � . In addi-
tion, it follows from equation (2) that the group velocity v
dependslinearly on VN M O sincethe phasevelocity depends
linearly on VN M O . From equation (4) it then follows that
the traveltime t becomes independent of VN M O and that the
associated o�set x depends linearly on VN M O . Also, t0 is
a simple scaling factor for both the traveltime t and the
associated o�set x. In a single horizontal VTI layer, this
meansthat for �xe d � and t0 , the moveout curve for di�er-
ent values of VN M O can be calculated by simple horizontal
stretching along the o�set axis (seeFigure 1). This obser-
vation is a straightforw ard consequenceof the negligible
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in
uence of VS 0 on qP-wave traveltimes in TI media and
the fact that the kinematics of qP-waves in homogeneous
VTI media depend mainly on VN M O and � ; i.e., we can
useVS 0 = 0 and � = 0. To make explicit the independence
of the traveltimes of VN M O , we rewrite the traveltimes in
equation (4) as

t =
t0

vjVN M O =1 cos 
; (5)

where vjVN M O =1 denotes the group velocity calculated for
VN M O = 1 km/s.

NHMO using rational in terp olation

A [2=2] rational approximation to the squared traveltimes
is given by

T (X ) �
T0 + n1X + n2X 2

1 + d1X + d2X 2
; (6)

where T (X ) = t2(x) and X = x2 . The notation [2=2]
refers to both a quadratic numerator and denominator in
the rational approximation. Given four function values Ti

at squared o�sets X i , with i = 1; : : : ; 4, we have a linear
system of four equations with four unknowns, i.e., the co-
e�cien ts of the polynomials (i.e., n1 , n2 , d1 , and d2). We
solve for the coe�cien ts in terms of Ti and X i using Math-
ematica. The resulting equations can be used to �nd the
coe�cien ts for particular valuesof Ti and X i . Thesecoe�-
cients can in turn be used to �nd the function valuesT (X )
at values of X di�eren t from the interpolation points X i .

To calculate the four coe�cien ts n1 , n2 , d1 , and d2 , we
need four traveltimes and four associated o�sets. Let t i

(i = 1; : : : ; 4) be the traveltime for a �xed ODR k i (or
group angle  i ), and let the associated o�set be x i . From
the previous section, we know that the traveltimes t i are
independent of VN M O and depend on t0 through a simple
scaling only. Therefore the traveltimes t i can be calculated
from a small subsetof traveltimes calculated for a �xed ref-
erencevalue of t0 , denoted as t r ef

0 , and a range of � values,
say from � 0:2 to 1:0 in steps of 0:01. This subset can be
precomputed and stored in a table. The traveltimes t i for
a particular combination of t0 and � are found from a sim-
ple lookup in this table for the particular � , combined with
scaling with t0=tr ef

0 [cf. equation (5)]. Since the o�sets are
linear in VN M O , the desired traveltime t i and o�set x i for
given values of t0 , � , and VN M O , are thus obtained from

t i = t table
i

 
t0

t r ef
0

!

; x i =
VN M O t0 ki

2
; (7)

where t table
i is the value of t i obtained from the table (eval-

uated for t0 = t r ef
0 ), for ODR ki and the desired value of � .

Evaluating the table for t r ef
0 = 1 s allows the calculation of

t i to be done by scaling of t table
i with t0 only. The values

of t i and x i thus obtained can be used to determine the
coe�cien ts n1 , n2 , d1 , and d2 in equation (6), which allows
calculation of the NHMO curve.

The traveltimes and o�sets obtained using the method out-
lined above allow velocity analysis in VTI media using [2=2]
RI. The e�ciency is comparable to that of current veloc-
it y analysis using the A-T equation, since the small subset
of traveltimes for a range of � values is precomputed and
stored in a table. Hence, no computational overhead is re-
quired compared to that of current methods; the NHMO
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Fig. 2: Accuracy of A-T equation (a and c) and RI (b and d)
for maxim um ODR of two (a and b) and four (c and d).

equation is replaced simply with the RI formula, and trav-
eltimes neededto calculate the coe�cien ts n1 , n2 , d1 , and
d2 are read from the precomputed table. To precompute
the table of traveltimes, a standard anisotropic ray-tracing
algorithm can be used. Here, we solve
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(where we usedtan  i = ki =2) for � i numerically, using the
Matlab function `fsolve'. In equation (8), Vi is the phase
velocity associated with ODR k i . The traveltime is then
found through calculation of the group velocity vi jVN M O =1

using equations (3) and (2) with VN M O = 1 km/s, and
subsequent use of this velocity in

t table
i =

t r ef
0

vi jVN M O =1 cos
�

tan � 1 ki

2

� ; (9)

[cf. equation (5)]. We found that using the group angle as
an initial guessfor the phase angle generally worked well.
Calculating four traveltimes for 100 valuesof � in this way,
takesabout one minute on a modern PC.

Figures 2a-d show contours of the maximum absolute trav-
eltime di�erence (in percentage of t0) between ray-traced
traveltimes for a single horizontal VTI layer and (a and
c) the A-T equation and (b and d) the [2/2] RI method,
for a maximum ODR of two (a and b) and four (c and d),
for virtually all combinations of � and VN M O of practical
interest. For the RI method we used k1 = 1=2, k2 = 1,
k3 = 3=2, and k4 = 2 for a maximum ODR of two, and
k1 = 1, k2 = 2, k3 = 3, and k4 = 4 for a maximum ODR of
four. The di�erences in the traveltimes for the A-T equa-
tion (a and c) are of the order of a percent, which in this
caseamounts to 10 ms. Such errors are not negligible and
causeerrors in the estimation of � and VN M O in velocity
analysis. The [2=2] RI method has traveltimes errors of the
order 10� 3% of t0 (or 0.01 ms in this case)for a maximum
ODR of two, and of the order of 10� 2% of t0 (or 0.1 ms)
for a maximum ODR of four, henceshowing the signi�can t
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Fig. 3: Semblance scans and moveout-corrected gathers for a
maxim um ODR of four using the A-T equation (a) and RI (b).
Moveout correction was done with parameters derived from the
maxim um semblance (indicated by the star) as opposed to the
true model parameters (indicated by the square).

improvement in accuracy when compared to the A-T equa-
tion, for arbitrary levels of anellipticit y. With [2=2] RI we
achieved accuracy O(10� 1 )% of t0 up to maximum ODR
of 8. If accuracy is needed beyond such ODR, or higher
accuracy is neededfor ODR between4 and 8, higher order
interpolation can be used. Note how the traveltime errors
are independent of VN M O becausethe raytracing is done
with VS 0 = 0 km/s and � = 0; i.e., since under these as-
sumptions the in
uence of VN M O on the moveout is limited
to a stretch along the o�set axis, the errors in the trav-
eltimes are independent of VN M O . A comparison of the
RI method with Fomel's NHMO equation (Fomel, 2004)
for Greenhorn-shale anisotropy established almost identi-
cal accuracy of both methods (with a maximum di�erence
in absolute traveltime error of 1 ms over ODR up to 20).

Synthetic data example

Figures 3a and b show semblance scans (at �xed t 0) as a
function of VN M O and Vhor calculated using (a) the A-T
moveout equation and (b) the [2=2] RI, for a maximum
ODR of four. The true model parameters are indicated
by the star (� = 0:34) while the semblance maxima are
indicated by the squares. The residual moveout for the
parameters VN M O and Vhor associated with the semblance
maxima are shown on top of the semblance scans. The
RI method combines unbiased parameter estimation with
accurate moveout correction, while the A-T equations
yields biased estimates of Vhor (or � ) combined with
substantial residual moveout. In general, the combination
of biased estimates of Vhor (or � ) with substantial residual
moveout for the A-T equation method was found to hold
for � & 0:1. We found that the A-T equation generally
underestimates � , as is evident from this example also.
For a maximum ODR of two (not shown) we found that
the A-T equation allowed accurate moveout correction,
but with biased values of � (for � . 0:1 the bias in
the estimated � was small). The high accuracy of the
RI method yields both unbiased parameter estimation
and accurate moveout correction for arbitrary levels of
anellipticit y.

Field data example

We calculated semblance as a function of VN M O and Vhor

for a land dataset over a 100-ms window centered on an
event of interest, illuminated with ODR of approximately

d)

b)

c)

a)
Fig. 4: Semblance scans (a and b) and moveout corrected gath-
ers (c and d) for one CMP gather, calculated using the A-T
equation (a) and the RI method (b).

four. The geology consists of relativ ely 
at (dip less
than two degrees), predominantly shale layers, such that
a layered VTI model seems appropriate for these data.
Figures 4a and b show the semblance scans calculated
using (a) the A-T equation and (b) the [2/2] RI method,
for a randomly selectedCMP gather. The semblance cal-
culated with the A-T equation exhibits no clear evidence
of the inherent trade-o� relation between � and VN M O ,
whereas semblance calculated with the RI method does
display this known trade-o�. Figures 4c and d show the
moveout-corrected gather for both methods, with the
semblance-derived values of � and VN M O used for the
moveout correction. Note that the residual moveout from
the A-T equation is substantial, whereas the RI method
provides well-corrected moveout. Notice the resemblance
between the semblance scans and the residual moveouts
obtained from both the synthetic and �eld data (cf. Figure
3a and b). For this CMP gather, the estimated values of
� are indeed closeto the � value in the synthetic example.
Note that the estimated values of � and VN M O are
`e�ectiv e' quantities resulting from applying the method
for a single VTI layer to layered media.

Figures 5a-d show map views of the valuesof � obtained for
the event of interest over the entire dataset, using (a and
c) the A-T equation and (b and d) the [2/2] RI method,
for maximum ODR of two (a and b) and four (c and d).
For both methods, the estimated � valuesare spatially less
variable for maximum ODR of four compared to maximum
ODR of two. This can be understood in light of the im-
proved resolution in � for larger ODR. The � values re-
sulting from the RI method are on averageslightly higher
than those from the A-T equation method; for a maximum
ODR of four, � av = 0:28 for the RI method compared to
� av = 0:25 for the A-T equation. The lower values of �
from the A-T equation method, are consistent with the
results from the synthetic example (cf. Figure 3). The
[2/2] RI method resulted in more spatially smooth and
contin uous values of both � (and VN M O , not shown) that
in some parts seem to correlate with the geologic trend.
This spatial contin uit y was not imposedbut followed from
a straightforw ard application of the RI method. The rela-
tiv ely smooth spatial variation of � is consistent with the
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Fig. 5: Map views of � derived from the �eld data with maxim um
ODR � 2 (a and b), and maxim um ODR � 4 (c and d) using
the A-T equation (a and c) and the RI method (b and d).

seismic data, which showed no evidenceof substantial lat-
eral heterogeneity. This increasesour con�dence in the �
values obtained using the RI method.

Figure 6a shows the normalized semblance di�erence be-
tween the A-T equation method and the [2/2] RI method,
for a maximum ODR of two. The normalized semblance
di�erence is calculated as the di�erence between the sem-
blances from both methods divided by the semblance ob-
tained using the A-T equation. Figure 6b is as Figure
6a, but here the maximum ODR is four. For a maximum
ODR of two, both methods result in similar semblance val-
ues, indicating similar abilit y to 
atten the gathers. For a
maximum ODR of four, the [2=2] RI method hason average
10% higher semblance values. This supports (for the whole
dataset) our �ndings from the synthetic example that the
RI method results in more accurate moveout correction,
and con�rms the applicabilit y of the method to layered
media.

Conclusions

We have presented a RI approach to NHMO analysis in
VTI media that has no additional computational overhead
relativ e to that of methods that use equations explicit
in � and VN M O . This stems from the observation that,
in a single VTI layer, for �xed � and t0 , the in
uence of
VN M O on the NHMO curve is limited to a stretch along
the o�set axis. This observation is based on the generally
accepted assumptions that VS 0 in
uences the qP-wave
velocity only weakly and that the traveltimes of qP-waves
in VTI media depend mainly on � and VN M O . Using
this, the calculation of the traveltimes necessary for the
RI can be computed from a small precomputed table of
traveltimes for a range of � values and a reference value
of t0 . Due to the high accuracy of the RI combined with
the known accuracy of the above-mentioned assumptions,
the method combines accurate moveout correction with

Fig. 6: Normalized semblance di�erence between A-T method
and the RI method for (a) maxim um ODR � 2 and (b) maxi-
mum ODR � 4.

unbiased parameter estimation, for arbitrary levels of
anellipticit y and arbitrary ODR. Using both synthetic
and �eld data, we showed that for � & 0:1 the method
signi�can tly outp erforms the A-T equation basedmethod.
The application to the �eld data con�rms the applicabilit y
of the method to layered media.

Ac kno wledgmen ts

We thank Devon Energy and Mik e Ammerman for per-
mission to show these data, Edward Jenner for his
encouragement and help to test the method on �eld data,
and Matt Haney, Ily a Tsvankin, Ken Larner, Vladimir
Grechka, Pawan Dewangan and Ivan Vasconcelosfor some
valuable discussions.

References

Alkhalifah, T., and Tsvankin, I., 1995, Velocity analysis
for transversely isotropic media: Geophysics, 60, 1550{
1566.

Fomel, S., 2004,On anelliptic approximations for qP veloc-
ities in VTI media: Geophysical Prospecting, 52, 247{
259.

Grechka, V., and Tsvankin, I., 1998, Feasibility of non-
hyperbolic moveout inversion in transversely isotropic
media: Geophysics, 63, 957{969.

Stovas, A., and Ursin, B., 2004, New travel-time approx-
imations for a transversely isotropic medium: J. Geo-
phys. Eng., 1, 128{133.

Tsvankin, I., and Thomsen, L., 1994, Nonhyperbolic re-

ection moveout in anisotropic media: Geophysics, 59,
1290{1304.

Tsvankin, I., 2001, Seismic signatures and analysis of re-

ection data in anisotropic media , Elsevier ScienceLtd.

Van der Baan, M., and Kendall, J. M., 2002, Estimating
anisotropy parameters and traveltimes in the � -p do-
main: Geophysics, 67, 1076{1086.

Zhang, F., and Uren, N., 2001, Appro ximate explicit ray
velocity functions and travel times for P-waves in TI
media: Expanded abstracts of the 71st Ann. Internat.
Mtg. Soc. of Expl. Geophys, San Antonio, Texas, USA,
106{109.


