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Summary

We treat the sparsification of the inverse scattering oper-
ator in the curvelet frame and state the conditions when
such sparsification is feasible. Since common-offset (CO)
Kirchhoff migration in the absence of caustics satisfies
these conditions, we analyze the sparsity after such
migration of a curvelet, and observe little leakage into
neighboring curvelets, in both the spatial and spectral
domains. This exemplifies the ability of curvelets to
sparsify the imaging operator. In addition, we compare
CO Kirchhoff time-migrated curvelets with CO map
time-migrated curvelets, and show that map migration
maps the indices of the unmigrated curvelets onto (or
near) the indices of the largest coefficients of the migrated
curvelets. This shows that map migration indeed provides
the geometry of migration in the curvelet domain. Hence,
we can devise a wave-character preserving map migration
that essentially images the data in the compressed domain
through a mapping of coefficients given by map migration.
In essence, we present the CO time-migration variant of
this. Hence, we lift the restriction of applicability of map
migration beyond velocity model building, and show its
use for fast imaging in the curvelet domain. Importantly,
in our example, the curvelet CO map time-migration
is almost two orders of magnitude faster than the CO
Kirchhoff migration.

Introduction

The slope information in seismic data, together with the
velocity model, determine the directions of the recorded
wavefronts. Map migration (Kleyn, 1977; Douma &
de Hoop, 2003) explicitly uses this information to deter-
mine the reflector position and orientation in the image
from surface seismic data. However, the wave character
of the data is lost in map migration, which is based solely
on traveltime picking. Hence, its main application, so far,
has been in velocity model building (Gjoystdal & Ursin,
1981; Iversen et al., 2000).

Recently, Hua and McMechan (2003) introduced parsi-
monious migration, which explicitly uses the slopes in
common-source and common-receiver gathers to image the
data pre-stack. The slopes are estimated using local slant
stacks in these gathers, and rays are traced only in the
associated directions. This results in a large reduction of
computation time compared to, e.g., Kirchhoff methods,
where many rays need to be traced to calculate the diffrac-
tion surfaces. In addition, an amplitude thresholding pro-
cedure aims to select the reflections, and thus further re-
duces computation time.

Like most existing migration algorithms, parsimonious mi-
gration images the data on a sample-by-sample basis.
A sample-by-sample representation of the data, however,
does not incorporate the a prior: knowledge that a wave-
field consists largely of a superposition of bandlimited, ori-

ented singularities (or reflections). It seems natural to at-
tempt to represent seismic data with functions that have
such character built into them. In this way, the slope in-
formation would be naturally built into the data represen-
tation, and would follow from a projection of the data onto
these functions.

In the field of harmonic analysis, Candés and Guo (2002)
and Candés and Donoho (2002) recently introduced a tight
frame of (second-generation) curvelets, which provide an
essentially optimal representation of objects that are twice
continuously differentiable (C?) with discontinuities along
C? edges. Moreover, Candés and Demanet (2002) showed
that these curvelets in essence optimally sparsify certain
Fourier Integral Operators (FIO’s). Since reflections in
seismic data lie mainly along curves, and since our imag-
ing operator is an FIO, curvelets should be plausible candi-
dates for simultaneous compression of seismic data and the
imaging operator. This was earlier also noted by Herrmann
(2003).

This frame of curvelets is closely related to the frame in-
troduced by Smith (1998). In fact, the elements in this
frame are closely related to the notion of parabolic cutoff
(Boutet de Monvel, 1974) that leads to a decomposition
of FIO’s into operators with amplitudes of type (1/2,1/2).
(As a consequence, the amplitude aspects of imaging in the
compressed domain are not straightforward.) A key con-
dition here is that the canonical relation of the FIO is a
canonical graph. In the absence of caustics, CO Kirchhoff
migration satisfies this condition. In the presence of caus-
tics, the usual scattering and imaging operators have to be
extended to satisfy this condition.

Curvelets have direction built into them. This directional
sensitivity, together with their spatial localization, suggests
a close connection with map migration. As we show in this
work, map migration provides the mapping of the coeffi-
cients from the curvelet decomposition of the seismic data
to their migrated counterparts. This, combined with the
oscillatory nature of curvelets, suggests that we can setup
a pre-stack map migration that preserves wave character to
image seismic data. This idea is somewhat related to par-
simonious migration, where we replace the slant-stacking
and amplitude thresholding parts with a curvelet decom-
position of the data (followed by thresholding for denoising
purposes). This decomposition both compresses the data
and provides the slopes in the data, and hence allows imag-
ing in the compressed domain using map migration.

Here we compare a map-migrated curvelet with a
Kirchhoff-migrated curvelet, and show that map migration
indeed provides the mapping from unmigrated to migrated
curvelets. As an example we use 2D CO pre-stack time
migration. We concern ourselves with the geometry of mi-
gration only, and defer the treatment of the amplitude as-
pects to a future paper, as this requires a technical analysis.
Hence, strictly speaking, we treat the mapping of only the
curvelet indices rather than the coefficients.
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Fig. 1: Tiling of the spectrum (a) in the digital curvelet trans-
form, and a particular dual tiling of 2D space (b) related to the
shaded wedges in (a). The directions of increasing j, [, k' and
k? are indicated with arrows.

Constructing the inverse scattering operator

Let F be the modeling or scattering operator. The ge-
ometry of the action of this operator and its adjoint
JF*, the imaging operator, is described by its canonical
relation A, which relates the data (reflection positions,
traveltimes and slopes) to the image (location and ori-
entation of the imaged reflectors). Under some weak
conditions, F and F* are FIQ’s. By composition of F*
with an ap;;ropria,te pseudodifferential operator, e.g.,

2 = (F*F) 2, we obtain a continuous inverse scattering
operator H = ZF* : L*(Y) = L*(X), where Y contains
the acquisition variables and X the scattering points.
In this case, H is a continuous FIO of order zero. This
operator belongs to the class of FIO’s that are optimally
sparsified by curvelets. A key condition for the decom-
position of FIO’s is that the canonical relation A be a
canonical graph. In that case, the situation that a single
surface seismic measurement has multiple images cannot
occur. Since curvelets are currently 2D, we will limit
ourselves to 2D seismics.

Inverse scattering in the curvelet domain

Wavelets sparsify objects with point singularities well, but
fail to sparsify objects with edges along curves. It turns
out that such edges can be represented by a superposition
of functions of different lengths and widths that satisfy
the anisotropic scaling relation widthxlength®’. These
functions are called curvelets. The upper left panel in
Figure 2 shows an example of a curvelet.

Roughly speaking [for details see Candés and Guo (2002)
and Candeés and Donoho (2002)], curvelets are 2D exten-
sions of wavelets. Just as wavelets are localized in one
variable and its Fourier dual (e.g., time and frequency),
curvelets are localized in two variables and their Fourier
duals (e.g., 2D space and 2D spectrum). Thus, much
as wavelets are determined by a tiling of, e.g., the time-
frequency plane, curvelets are determined by a tiling of,
e.g., both the z-z plane and its 2D spectrum (Figure 1
shows the tiling of these planes for the digital curvelet
transform we use throughout this work). Therefore, just
as wavelets are determined by two parameters (scale and
translation), curvelets are determined by four parameters,

i.e., a scale parameter (j = 0,1,2,...), an orientation pa-
rameter (I = 0,1,...,2U/21 — 1, where |z] indicates the
integer part of z), and translation parameters k' and k>
(with k' and k> integers). In relation to seismic data, j
and ! determine the length and orientation of the wave-
vector (or k; and k), and thus determine the ‘wedge’ on
the spectral lattice (Figure 1a), i.e., the spectral support
of the curvelet. Each particular wedge, in turn, defines a
dual spatial lattice (Figure 1b). The translation parame-
ters k' and k? determine the location on this lattice. Over-
all, curvelets are obtained by anisotropic dilations (remem-
ber the anisotropic scaling relation), rotations, and trans-
lations of 2D waveforms that are smooth and oscillatory in
the one direction and bell-shaped in the orthogonal direc-
tion.

Let y,, be a curvelet, with index u, = (4,1, k', k?). Using
that curvelets are a tight frame, we represent the action of
‘H in terms of v,, as
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where the matrix Hu,, pu = {VYum > HYuu ), @ is the recorded
wavefield, and v,, and 7,,, are the curvelets in the data
and image domain respectively, i.e., p, and p, are the
indices related to the (unmigrated) data and (migrated)
image domain. The mapping of u, to p., is governed by
map migration. To prove the concept just outlined, we
restrict ourselves throughout the remainder of this work to
CO Kirchhoff migration in the absence of caustics.

CO curvelet time-migration

Recently, Douma and de Hoop (2003) derived explicit ex-
pressions for CO map time-migration. The 2D expressions
are easily derived from their 3D counterparts [equations
(7), (8) and (11) in Douma and de Hoop (2003)] and
provide us with p(Zy,tu,Pu, by v), tm(Tu,tu, Pu, h,v),
and pm (T, ty, Pu, h,v), where Ty, ty, and p, = %gi‘; are
the midpoint location, two-way (unmigrated) traveltime,
and the (unmigrated) slope in a CO section respectively,
Tm, tm and py,, = %g;—*; are the migrated location, two-
way traveltime and slope respectively, h is the half-offset,
and v is the medium velocity. These expressions define
the canonical relation (from the unmigrated quantities
to their migrated counterparts) for 2D CO Kirchhoff
time-migration, which is given by

(2)

with € = (Zm, vtm/2) the migrated location, and &,, =
(|€,,] sin 6, —|€,, | cos 6:,) the wavevector associated with
the reflector (0, is the angle measured clockwise positive
with the downward vertical). The angle of this wavevector
is related to p, as O, = tan~* (vpy,), while its length |&

is given by
w 0, — 0
€l = cos (252, ®

with 85 = tan '[2(xy, —h — Tm)/(vty)] and 6, =
tan"' [2(zy + b — Tm)/(VEn)].

Now, we follow the work of Candés and Demanet (2002)
and show that A indeed defines the mapping from p, to

A = {(.’I)u, tuawpuyw; (Bm, £m)}’

ml
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Mm- Let 7,, be a curvelet with scale 279#« | phase direc-
tion 6, (or orientation parameter l,, ), and location z,, (or
translation parameters kj,, and k7, ). The scale determines
the length of the unmigrated wavevector £, and thus the
dominant frequency w of the curvelet. The phase direction
0, is related to the unmigrated slope as p, = tan#é, /v,
while the location x,, = (zu,vt./2). Hence, we have all
the necessary information (i.e., zy, tu, pu and w) to use A
to find the migrated location (x,,) and wavevector (£,,) in
the image. To determine p,, we find the wedge in the spec-
tral lattice that contains the endpoint of &,,, and the cell
in the spatial lattice that contains the migrated location.
This wedge in the spectral lattice determines the scale and
the orientation parameters j,, and [,,, of the migrated
curvelet, while the cell in the spatial lattice determines its
translation parameters k, . and k;, . Note that the scale
parameter j,, can be different from j,,,, since in general
|€,] # |€,,,|- The pairing of p, and p., found in this way,
describes the geometry of the migration.

Example

In order to estimate what becomes of a curvelet after
subjecting it to migration, we CO Kirchhoff time-migrate
a curvelet and examine the coefficients of the resulting
output in the curvelet frame. Herrmann (2003) also
migrated (and demigrated) curvelets, and observed that
“they remain fairly localized”. Here, we use the coefficients
of CO Kirchhoff migrated curvelet for a comparison with
the migrated curvelet coefficients resulting from our map
migration.

The top row of Figure 2 shows, from left to right, a curvelet
in space (we converted the time axis to depth, z = vt,/2,
for consistency with the remaining figures), its coefficients
on the spatial lattice, and its spectrum. The coefficients
for this curvelet are shown on the spatial lattice (the grid
shown in the middle panel); each cell in this lattice, which
is related to the translation parameters k' and %2, is shaded
according to the normalized absolute values of the coefhi-
cients (black equals one and white equals zero).

The middle row shows the result after subjecting the
curvelet in the top row of Figure 2 to a 2D CO Kirch-
hoff time-migration. Here we used v = 3.0 km/sand h =1
km. Notice how the migrated curvelet determines only
part of the isochron (indicated by the dashed line). This
is in sharp contrast to the resulting whole isochron if we
would migrate a single spike, the basis function currently
used to represent seismic data. The (nonzero part of the)
spectrum of the migrated curvelet overlaps several wedges
in the spectral lattice, indicating that the migration in-
duces some leakage into neighboring curvelets. The main
energy, however, resides in the wedge labeled ‘1’. The mid-
dle panel shows the coefficients for the spatial area in the
lower left quadrant of the leftmost figure (outlined by the
dotted lines), for the wedges labeled ‘1’ through ‘4’. Indeed
there is also some leakage to neighboring curvelets in space,
but again this can be considered small. Ideally, we would
like to see no such leakage, and have a single curvelet on
output after migrating one curvelet. In that case we could
image seismic data by mapping curvelets one for one, with-
out any loss of accuracy. The fact that we observe little
leakage indicates that the curvelet frame approaches this
situation.

The bottom row shows the result of CO map time-
migrating the curvelet from the top row, using the map-
ping outlined above. Indeed the map-migration finds the
wedge that had the most energy after the Kirchhoff migra-
tion (labeled ‘1), while the translation parameters from the
map-migration identify the cell in the spatial lattice that
lies next to the cell with the maximum coefficient after the
Kirchhoff migration (see the middle panel of the bottom
row in Figure 2). Thus, map-migration identifies the index
m near the indices of the largest coefficients of -, . This
is precisely the behavior of the action of an FIO on curvelet
elements predicted by Candés and Demanet (2002). Hence,
using curvelets, we have built a wave-character preserving
pre-stack map time-migration. Significantly, in our exam-
ple, the map time-migration with curvelets is almost two
orders of magnitude faster than the Kirchhoff migration.

Conclusions

We argue that curvelets are plausible candidates for si-
multaneous sparsification of seismic data and the inverse
scattering operator, and treat the decomposition of this
operator in the curvelet frame. In addition we state the
conditions under which sparsification of this operator is
feasible. Knowing that CO Kirchhoff migration in the
absence of caustics satisfies these conditions, we analyze
the sparsity after CO Kirchhoff time-migrating a curvelet,
and observe little leakage into neighboring curvelets, in
both the spatial and spectral domains. This exemplifies
the ability of curvelets to sparsify the imaging operator.

A comparison of a CO Kirchhoff time-migrated curvelet
with a CO map time-migrated curvelet shows that map
migration maps the indices of the unmigrated curvelets
onto (or near) the indices of the largest coefficients of the
migrated curvelets. Therefore, map migration indeed pro-
vides the geometry of the migration in the curvelet do-
main. Hence, we can devise a wave-character preserv-
ing map migration that in essence images the data in the
compressed domain through a mapping of coefficients. In
essence, we present the CO time-migration variant of this,
albeit we do not treat the amplitude aspects of the imag-
ing, as this still requires a technical analysis. The CO
curvelet time-migration we present can readily be used for
time-migration velocity analysis. Significantly, the wave-
character preserving CO map time-migration, here, is al-
most two orders of magnitude faster than the CO Kirchhoff
migration.
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