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Summary

For the purp osesof predictiv e decorvolution one assumes
that the seismictrace results from the convolution of are-
ectivit y serieswith awavelet. A fundamental component

of the seismicwavelet model is the intrinsic absorption of
the earth that causesloss of high frequenciesto anelastic
processesduring propagation. Another potentially im-

portant componert of the wavelet model is the apparent

attenuation causedby short-p eriod multiples. Here we ex-
amine whether these two processesact similarly enough
to be combined into a single \e ectiv e attenuation" op-
erator for signal processingpurposes. We conclude that

they can be combined except in cyclic depositional envi-

ronments that contain many high re ection coe cien ts,

when the apparent attenuation operator can no longer be
accurately modeled as minimum phase.

Intro duction

Can a single \e ectiv e attenuation" operator be used in
the convolutional model of the trace to account for both
intrinsic absorption and the Itering action of thin, hori-
zontal layering?

Becausethe re ection coe cien t seriesdescribing the sub-
surface is \blue" (Saggaf & Robinson, 2000,) the trans-
mission response of the layered earth is dispersive and
high-frequency de cient even in the absenceof anelastic-
ity (O'Doherty & Anstey, 1971.) It is minimum-phase,
too (Banik et al., 1985.) In this sense,the ne layering in
the earth acts similarly to absorption on the transmitted
signal.

However, a seismic trace is more complicated than the
transmission response of a stack of layers; it results from
a re ection experiment conducted over a half-space that
is bounded by a free surface. Consequerily, the ques-
tion posedat the beginning of this section should be ap-
proached with care.

The intent of this paper is to investigate whether the in-
trinsic absorption and apparent attenuation operators can
be combined for the purp osesof wavelet estimation and
decorvolution. First, we derive a convolutional operator
accourting for short-period multiples and transmission
lossesat the interfacesin the earth. We then compare its
spectral properties to those of intrinsic absorption. We
focus on the phasespectrum and show that the apparent
attenuation operator can be signi cantly non-minimum
phasein media characterized by strong re ectivities. The
deviation from the minimum-phase property is causedby

multiples from the earth's surface and is larger when the
short-period multiples in the medium are strong.

Convolutional models for the seismic trace

Consider a horizontally-la yered medium characterized by
are ection coe cien t series,r. Let r,, denote its re ec-
tion impulse response. The sequencern, includes trans-
mission lossesat interfaces and multiples. Next, let wg
be a wavelet, which is de ned in more detail below. A
noise-freemodel of the seismictrace results from the con-
volution, wo rm. On the other hand, for signal processing
purp oses,one models the seismictrace asthe convolution
of somewavelet, w, with the earth's re ection coe cien t
series,r. The equivalenceof the two models of the seismic
trace can be expressedin the frequency-domain as

WR = WoRm ; (N

where the capital letters stand for the Fourier transforms
of the respective time series. This equation implies that
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As an example, supposethat the basic wavelet, Wy, con-
tains the source signature, S, the receiving instrumenta-
tion response,l, and the e ect of anelasticity, Q. We can
then write equation (2) as

W= Wopm
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Thus, multiples and elastic transmission lossescan be in-
cluded in the wavelet model through the apparent attenu-
ation operator, Ry, =R. If this operator hasthe sameprop-
erties as the intrinsic absorption operator, Q, namely:
expnential decay with frequency and minimum phase
short-period multiples and intrinsic absorption can be
combined into an \e ectiv e attenuation" operator, Qef s -
This would permit us to model the seismic wavelet as

simply
W = SI Qef ¢ 4)

where S and | are known, and Qe ¢ is measurable from
the trace.

W:SIQR?'"

Although the amplitude decay with frequency of the ap-
parent attenuation operator is not exactly exponertial, it
can be modeled as such reasonably well over a limited
frequency range'.

1The amplitude spectrum of Rm =R tends to level o at
high frequencies. Whether this deviation from the exponen-
tial decay would be observable in seismic data depends on the
geology, the frequency range examined, the noise level, etc.
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Fig. 1: The re ection impulse response Ry, of a layered half-
spacewithout a free surface: a weak-re ectivit y approximation
ignoring ray-paths trapp ed in the shallow subsurface.

The minimum phase property is under investigation in
this paper. We shall seethat the apparent attenuation
operator can be signi cantly non-minimum-phase when
the geologyis characterized by a strong \cyclic" re ectiv-
ity.

The analysis performed here is for a specic time win-
dow, as is common for predictive decorvolution. The
non-stationary aspect of the absorption is not directly
addressed.

The operator Rp, =R

The popular assumption that the stratigraphic Iter of
the horizontally layered earth is minimum-phase rests on
the fact that the transmission through a stack of thin
layersis minimum phase(e.g., Banik et al., 1985.) There-
fore, to understand the phase of the operator Ry, =R, it's
useful to relate it to the transmission response of a stack
of layers, which we will denote by M .

Below we discuss some weak-re ectivit y approximations
of Rm=R. Although our analysis is not limited to the
weak-re ectivit y case,these approximations are useful in
predicting when the minimum-phase property of Rn=R
might fail. For simplicity, we assumethat the re ection
coe cien t seriesis stationary, i.e., its spectrum doesn't
change with depth.

Earth model without a free surface

Consider a surface seismic trace that is free of surface-
related multiples. As is illustrated in Fig. 1, in a short
time window starting at two-way time T, the elastic
impulse response Ry, is approximately

Rm M?R (5)
This can be seenas a convolution between the series of
re ection coe cien ts describing the subsurface interval
reached by the direct arrival at time T=2 and the two-
way transmission Iter of the overburden. Thus, in the
absenceof surface-related multiples, the operator R, =R
coincides with the two-way transmission response M 2 of
the layered overburden, which is minimum-phase, with
an amplitude spectrum given by O'Doherty and Anstey's
formula:
e iRj2T

jRm =Rj (6)
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Fig. 22 Rm=R with (solid) and without (dashed) surface-
related multiples (re ection coe cien t of the earth surface set
to 1and Orespectively): (a) phase spectrum (b) power spec-
trum.

In media characterized by strong re ectivities equa-
tion (6) may become inaccurate but, as synthetic tests
show, Rm =R remains minim um-phasez.

Establishing that R =R is minim um-phasein the absence
of surface-related multiples is promising but insu cien t.
The earth surface has a very strong in uence on the seis-
mic trace and must be taken into accourt.

Earth model with a free surface

Let (Rm=R)o denote the operator discussedabove for
the model without a free surface, and let (Rm=R)1 be
that for a model with a free surface. Then,

Rm.
R 1

Rm

R . 1+ R(1)+ R¥(1)+

@)

The terms proportional to powersof R(! ) in the brackets
accourt for dierent orders of surface-related multiples.

2Deviations from the minim um phase property can be ob-
served if a long time-windo w is used for spectral estimation.
The reason is that Rm =R, in equation (6), is not stationary .
Thus, its estimate from a long time window includes sum-
mation over di eren t minim um-phase operators, the result of
which is generally not minim um-phase.
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Since these terms have random phases, (Rm =R)1 is not
minimum-phase. However, the phase distortion occurs
mainly at high frequencies where jRj is large. At the
low frequencies, containing most of the power of Ry, =R,
the phase of (Rm=R): will be almost the same as that

of (Rm=R)o. This is illustrated in Fig. 2a by a synthetic

example basedon 100realizations of a strong cyclic re ec-

tivit y, similar to that of Well 8 from the papers of Walden
& Hosken (1985, 1986.) Fig. 2b shows that the presence
of a free surface whitens the power spectrum of Ry, =R,
i.e., JRm=Rj1 has a smaller slope than jRm =Rjo. Indeed,
asis seenfrom equations (6) and (7), surface-related mul-
tiples partially compensate for the high-frequency de cit

in jRm =Rjo. This whitening e ect is more pronounced in

strong re ectivities and at low frequencies.

In summary, our obsenation is that surface-related mul-

tiples do not alter signi cantly the phaseof R, =R. How-
ever, they reduce the slope of its amplitude spectrum.

Therefore, the minim um-phase equivalent of jRm =Rj1 will

underestimate the phase of the apparent attenuation op-
erator. For our strong re ectivit y example, Fig. 3a shows
that the error in the phase of (Rm=R)1 derived under
the minim um-phase assumption reaches up to 45 degrees
over the lower third of the spectrum, which includes the

frequency band of maximum trace power.

Mo deling the phase of the apparent
atten uation operator

As seenin the previous section, the phase of the appar-
ent attenuation operator (Rm=R); is not well predicted
by the minimum-phase equivalent of its power spectrum
when the subsurfaceis characterized by a strong, blue re-
ectivit y. A better prediction of the phaseof (Rm=R)1 in
such casescan be made on the basis of two assumptions:

(Rm =R)o is minimum-phase

phaseof (Rm=R)1  phaseof (Rm=R)o

Numerical tests suggestthat these assumptions hold well
even under unfavorable conditions, namely, strong re ec-
tivities and long time windows for spectral estimation.
Thus, it seemsreasonableto attempt modeling the phase
of (Rm=R)1 through the minimum-phase equivalent of
jRm =Rjo. The result of such modeling is shown in Fig. 3b.
The t is obviously better than that in Fig. 3a. Most
important is the improvemert over the low frequencies,
where the power of the trace is concertrated. The phase
deviations at higher frequenciesare a consequenceof the
random phase of the re ection coe cien t seriesand the
assumption that surface related multiples do not change
the phase of Rm=R. Near the Nyquist frequency both
spectra in Fig. 3b go to zero, which is a characteristic
behavior of Hilb ert transforms of power spectra.

To achieve the phasematch of Fig. 3b we needan estimate
of jJRm =Rjo. This quantity cannot be measuredfrom the
seismictrace but can be computed from sonic and density
logs.
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Fig. 3: Phase spectrum of Rm =R (solid) and minim um-phase
spectrum (dashed) computed from: (a) jRm =Rj1 (b) jRm =Rjo.

Borehole data can be also used to predict the phase of
the e ectiv e attenuation Qer¢ as a whole, rather than
the phase of its elastic componernt alone. For example,
we could use well logs to assessthe impulse response
of the medium with and without surface-related multi-
ples. Then, compute the di erence betweenthe minimum
phase corresponding to jRm =Rjo and that corresponding
to jRm =Rj1. Adding this di erence to the minimum-phase
equivalent of the e ectiv e Q, measuredon the trace, would
correct the phase of the wavelet derived under the as-
sumption that the stratigraphic Iter is minimum-phase.

This processmay be repeated for seweral time windows.
The phase correction will grow with time because,while
jRm =Rj1 is stationary (White et al., 1990, equations (7)
and (8),) jRm=Rjo becomesprogressiwely high-frequency
de cient, i.e., the minimum-phase equivalents of jRm =Rjo
and jRm =Rj1 diverge.

Finally, it should be pointed out that the phase correc-
tion becomessignicant only in very strong, blue re ec-
tivities, e.g., thinly interlaced lithologies with contrast
imp edances.In weak, or even moderately strong re ectiv-

ities, the spectral slope of jRm =R|o is practically the same
asthat of jRn =Rj;1 and the standard assumption that the
stratigraphic Iter is minimum-phase works well.
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Conclusion

Short-period multiples can be included in the wavelet
model through the apparent attenuation operator Rn, =R.
In most cases,apparent attenuation and intrinsic absorp-
tion can be combined in a single e ectiv e attenuation
operator for the purp osesof signal processing. However,
this cannot be done in nely layered geologies with
strong re ection coe cien ts. In such casesthe apparent
attenuation operator becomessigni can tly non-minimum
phase. The minimum-phase equivalent of the observwed
e ectiv e attenuation underestimates the phase-lagof the
wavelet.
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