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Abstract

Inversetheory concernsthe problem of making inferencesabout physical systemsfrom mea-
suremens. Sincethe measuremets are invariably subject to someuncertainty, to solve an inverse
problem it is necessaryto have information about the errors in the obsenations, otherwiseit is
impossibleto say whenafeature\ts the data." In practice one seldomhasa direct estimate of the
data errors, soin the absenceof repeated measuremets, it is important to be able to distinguish
systematic data variations from noise uctuations.

To estimate the noisewe usethe L-curve method to construct a referencemodel of the system.
The uctuations of the data predicted for this referencemodel about the obsenations represens
an initial estimate of the noise. We then usethe resulting noisevariance estimate to determine an
optimally truncated singular value decomposition (OTSVD) and to construct con dence intervals
on the OTSVD model for a VSP problem.

In tro duction

The goal of geoplysical inversion is to make quartitativ e inferencesabout the Earth from a
nite number of uncertain obsenations. It is necessaryto know something about the uncertainty
in the data in order to de ne which models are consistert with the obsenations. There are many
cortributors to the uncertainty in the data, which can be divided into systematic and random
componerts. If the relation betweenmodel parametersand obsenations is linear, we can write the
discretized forward problem as

d=AX)+e+s; 1)

where the obsenations are d 2 R™, model parametersx 2 R™ and discrete forward operator
A 2 R™ ™, The systematicerrorss consistprimarily of un-modeledphysicsand the e ects of model
discretization. The random errors e are, by de nition, those variations in the data that are not
deterministically reproducible. From here on we assumethat all physicsin our problem is modeled
and that the discretization level is ne enoughto make the discretization errorsinsigni cantly small
[van Wijk et al., 2001].

Estimating the data variance

If there were multiple realizations of the experiment, the distribution of random uctuations
could bedirectly quanti ed. Unfortunately, in geoplysicsthere is usually only onerealization of the
data acquisition. If the data are su cien tly redundant they could be binned so asto approximate
the situation of multiple realizations. If the (binned) data are not truly redundart it is necessary
to model the systematic variations in the data. A preliminary model could provide synthetic data
to be subtracted from the obsenations. If the preliminary model predicts the systematic variations
well, the residuals represen the random uctuations. We will obtain a preliminary model via
Tikhonov optimization, where the L-curve method determined the regularization parameter. The
L-curve trades 0 data prediction vs. model structure [Hansen, 199§, which knows nothing about
the errors in the data. The residuals betweenthe data predicted by Tikhonov optimization and
the obsenations can then be usedto estimate the noisevariance in the data:

~2=var(Ax d): (2)

In version

If the data variance is known, a traditional approad is to compute the 2 function. We use
the estimate ~ to do so:
1kAx ;, dk?

2 = S S 3)



where x, is the model obtained via truncated SVD, with k singular values:

kE T
u,,d
Xp= Y IV (4)
m=1 ™

where u,, is the m-th data spacesingular vector, v, is the m-th model spacesingular vector and
m the m-th singular value.

If the estimate of the data variance is correct, a model with 2 = 1 ts the data on average

to one standard deviation. Howewer, the 2 curve can be sud that a lot of structure needsto be
added to the model to improve the data t only slightly. We therefore proposean AIC criterion
[T. Sakamoto and Kitagawa, 1986 to penalize excessie model structure:

AICKK) = 2(k) e*k/m 5)

wherethe value of a determinesthe relative se\erity of the penalty on the number of singular values
used.

We acceptthe level of truncation to bethe smaller of the k's assaiated with the global minimum
of the AIC andthe 2 = 1. The resulting smooth truncated SVD model is assumedto t the signal

in the data, sothat the residuals can be usedto update the error estimate. The algorithm now
looks as follows.
Algorithm 1 OTSVD: Optimally Truncated Singular Value Decomp osition

Let 1 be the optimal Tikhonov reqularization parameter as determined by the L curve method. Let
~2 be the variance of the data residuals associated with the Tikhonov reqularized using = .

1. Kaic is the singular value associated with the minimum of the AIC.

Compute the TSVD model X}, and 2(X},) for values of K up to some upper limit Kpay.
K, is the smallest K such that 2(xp) < 1.

The optimal number of singular values is K, = mMin (Kaic; Ky ).

Compute the TSVD model with kK = K,: X, = AYd.

S o e

Update the noise variance estimate: ~> = KAX ,  dk2.

We solve the inversion problem by estimating con dence intervals on the model parameters. A
cartoon of the sequenceof stepsis depicted in gure 1.
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Figure 1: Cartoon of OTSVD algorithm with con dence estimation
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Vertical Seismic Prole

In travel time tomography rays are traced through the sub-surface. The travel time t of a single
ray is the integral of the local slowness, i.e. the reciprocal of velocity v, along the ray:
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We will investigate the discretized one-dimensionaltomography problem of Vertical SeismicPro I-

ing (VSP). The geometry is shown in Figure 2. A single sourceis on the surfacedirectly above a
number of receivers that are loweredinto a bore-hole. The sourceemits a pulse of energy and the
arrival times to n receiversform the data vectord. A model vector x consistsof m layersof constart
thicknessand slowness. In practice, we over-parameterizethe model space[van Wijk et al., 2001].
The discrete forward operator is a matrix A of dimensionsn m, whoseelement A;; is the length
of the i-th ray in the j-th layer. The The data are contaminated with uncorrelated noise drawn
from a pseudo-randomGaussiandistribution with = 0O and = 1 ms, sothat linear systemis
that asde ned in equation (1).
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Figure 2: The synthetic VSP con guration, the true slovnessmodel and the synthetic data.

In Figure 3 we seea typical L-curve for this example. The optimal value of the Tikhonov
regularization parameter is de ned to be the point of maximum curvature. With this value of
, the Tikhonov optimization leadsto a preliminary model x, which will then sere to determine
an estimate of the data variance ~> as de ned in (2). The data uncertainty estimate is within 4
percen of the true error, in this case. Note that this successs solely the result of a di erence in
frequency between noise and signal. We will not acceptthe Tikhonov model, becauseit has more
structure than neededto t the data.

With this estimate ~, OTSVD (algorithm 1) is initiated. The AIC curve is plotted in the
middle of gure 3. On the right side of this gure, you can seethe data predicted by the OTSVD
model and the Tikhonov model, regularized by the L-curve method. The data predictions are in
agreemen, but the OTSVD data is obtained with a model with much lessstructure (seethe left
side of Figure 4).
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Figure 3: Typical L-curve, the AIC curve penalizing the number of singular values used (here
a= 20in the exponen), and the predicted and obsened travel times.

Posterior uncertain ty analysis

In Figure 4, the smooth OTSVD model certers error bars consisting of the estimated standard
deviation. Theseerror bars tell us how much the model parametersvary asa result of the random

uc'g[u_ations in the data. By de nition, isthe squareroot of the diagonalelemerts of the covariance
matrix:

cov(X,) = E[Xo(x,)T]= E[AYd(AYd)T] = AYcor(d)AY : (7)



If the OTSVD solution was un-biased, these bars would be the nal uncertainty estimate. It is

usually impossibleto compute the bias of the model parameterssinceit involves knowing the true
model:

Bias(X,) = E[Xo  Xtruel = E[(AYA  DXtrue + AYEl = (AYA  1)Xtrue = BX true! (8)

A consenative alternative would be to compute bounds on the bias with prior bounds on the
solution. Howewer, since we over-parameterized, posterior bounds on the bias will be no smaller
than the prior ones. Extra conditions like smoothnessconstraints could possibly lead to smaller
con dence intervals.

To show the implications of - and relations between- covariance and bias, we have calculated
the bias in this synthetic example, plotted in Figure 4. From equations (7) and (8) it is clear that
there is a trade o betweenthe covariance and the bias. Increasingthe level of truncation results
in smooth solutions that vary lesswith random uctuations in the data, causingarti cially small
variance estimates, while the bias increases.
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Figure 4. The meanresult of the OTSVD model , the bias in the models for di erent levels of
truncation, and the un-biased OTSVD solution.

Conclusions

When provided with nothing but a single realization of noisy data, it is impossibleto separate
signal from noise: at some point choices basedon prior information needto be made. In the
OTSVD algorithm we propose, the initial estimate of the data variance came from a method (L-
curve) that knows nothing about the noise level in the data. Therefore, there are no guarartees
that the L-curve predicts the data variance well. In this exampleit was very successfulbut tests
on 2-d tomography led to failure of the L-curve method [van Wijk et al., 200]. In addition, the
size of the exponert in AIC is a subjective choice, that will vary from caseto case.

Simple interval constraints on parameters are insu cien t to make the posterior uncertainty
estimatessmaller than the prior, becauseof the nature of the null spacevectors. It is misleadingto
look at the smooth modelsproducedby the OTSVD or Tikhonov regularization and seehow closely
they resenble the true model; the true model is smooth and we are using methods that produce
smooth estimated models. Howewer, the fact is that with only interval constraints on the slovness
parameters, quite pathological models can be constructed that t the data. This is re ected in
posterior uncertainties that are the samesizeasthe prior uncertainties, even though the estimated
model looks quite reasonable.
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